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ANALOGUE STUDY OF ELECTRON TRAJECTORIES*
By BENJAMIN F. LOGAN, GEORGE R. WELTI AND GEORGE C. SPONSLER

Massachusetts Institute of Technology, Cambridge, Mass.

INTRODUCTION. The advantages of employing analogue computers in
the study of dynamic systems are well known. Recently, the Dynamic Analysis
and Control Laboratory (D.A.C.1..) at M.1.T. demonstrated another use-
fulness of simulation techniques by applying the D.A.C.L. Generalized
Computer to a problem in electron optics.

In the past, the problem of determining electron trajectories in electro- -
static fields specified by boundary potentials usually has been solved by
means of rubber-sheet models or by numerical analysis employing poten-
tial plots obtained with the aid of electrolytic tanks or resistor-network
analogues.' A number of investigators have developed automatic electron-
trajectory tracers employing various types of electromechanical analyzers
in conjunction with electrolytic tanks.”™® The most successful of these
automatic devices have been those in which some form of differential an-
alyzer was used to integrate directly the equations of motion of the elec- -
trons 47 These differential analyzers have been of the rotating-shaft
type and, consequently, have traced trajectories rather slowly (e.g., 0.4
in./min.)},

In a recent study, standard D.A.C.L. analogue computing components
were employed, together with an electrolytic tank, to generate electron
trajectories directly at speeds of the order of 1 in./sec. With minor setup
changes, the same equipment was used to map the electrostatic field in
the tank,

FUNDAMENTAL EQUATIONS

Trajectory Fquations. When relativity is neglected, the basic equa-
tions of motion for an electron in an electrostatic field are
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where E E, and E_ are the comppnents of the electric field and e/m is
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the charge-to-mass ratio for an electron. Only the cases will be considered
in which the equipotential surfaces are parallel cylinders or surfaces of
revolution. A coordinate system will be chosen such that

z{0) = 0. @

In the case of cylindrical equipotential surfaces, the z axis will be
chosen paralle! to the elements of the cylinders in order that

E, {(x.y.z1)=0. 5)
Therefore,

dz _ - dz

P constant = 7s o (6

Thus, motion in the z direction is independent of the electric field, and
the problem reduces to solving equations (1) and (2).

In the case in which the equipotential surfaces are surfaces of revolu-
tion, the x axis will be chosen to coincide with the axis of revolution so

that

E, I =g = 0 (N
If it is assumed that

4z = 0. 8

dt t=20 ( )
then

z(t) = 0, 9

and the problem reduces to solving equations (1) and (2) in a more re-
stricted form, that is:

d’x -2 E (10)
dtéz m X z=

dil

£y .eF (11):
diz mo z=0

Equations (10) and (11) also may be applied to the case of cylindrical e-
quipotential surfaces, since in that case the partial derivatives are in-
dependent of z. These equations may be tepresented by the biock diagram
of ¥FIGURE 1. A practical computer setup for solving these equations is
presented in Section 3.
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FIGURE 1. Block diagram for trajectory tracing.
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FIGURE 2. Block diagram for flux-line tracing.

Equations for Field Plotting. A means for tracing flux lines in fields
of the type discussed in the preceding section is illustrated by the block
diagram of FIGURE 2. The corresponding equations are:

dx _ Te
&~ m B (12)
dy _Te
dy_Te g (13)

where T, an arbitrary constant having the dimensions of time, is intro-
duced to make the equations dimensionally correct. Since the velocity of
the tracer is always in the direction of the field, the tracer must describe
a field line.

Equipotential lines may be traced in a similar manner, according to
the scheme shown in FIGURE 3.

Ex _Te | »X
v (t}—wl v F{x.y,0) m § PLOTTING
.,.TLL -y TABLE
T Ey ‘ m S

FIGURE 3. Block diagram for tracing equipotential lines,
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The corresponding equations are:
dx Te
dr m Y (14
dy _,Terp
at "t m B as)

Here the resultant velocity of the iracer is always normal to the field;
hence, the tracer must describe the intersection of an equipotential sur-
face with the x,y plane.

SIMULATOR SETUP. A simplified simulator setup for trajectory tracing
appears in FIGURE 4. The block marked Function Generator includes
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FIGURE 4. Simplified simulator setup.

two servomechanisms, the electrolytic tank, and a special probe for
measuring two components of the electric field in the tank. The [solation
Amplifiers were developed especially for this application and are des-
cribed later. The remaining blocks in the diagram represent standard
Dynamic Analysis and Control Laboratory computing components or net-
works of such components, . ' '

Function Generator. One of the D.A.C.L. function generators'’
adapted to generatc the electric field as a function of x and.y. In conven-
tional operation of the function generator a potentlometer mounted on'a
servo-driven reading head'is displaced by a three- dimensional cam havmg
a surface which tfepresents the desired function of the independent vari-’
ables x and y. For this study, an electrolytic tank was substitated for
the cam, and the cam follower and potentiometer were replaced by a probe"
which measured directly the components of the electric field in the tank.

‘was
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Electrolytic Tank. The use of the electrolytic tank for plotting elec-
trostatic potential distribution is well l«mown,l'11
of its capabilities and failings in this application have been made.
Therefore, little additional information need be given here other than a
description of the particular equipment used in this study. The tank was
constructed of plexiglass, and the electrolyte chosen was ordinary tap
water. The various electrodes immersed in the tank were fabricated of

and thorough studies
112

gold-plated brass and gold-sputtered formed pyrex glass. Gold was em-
ployed to minimize the polarization difficulties encountered with electro-
lytic tanks.'? Also to combat the polarization cffects, an a-c voltage
{416.7 cps.) was used to excite the tank.

Probe. The probe consisted of three wires of 10-mil diameter spaced
-approximately 25 mils apart in a ‘‘rexolyte’’ plastic rod, as shown in
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FIGURE 5. Construction details of probe.

FIGURE 5. Platinum wire was employed in the probe 1o reduce further the
effects of electrolyte polarization!? The potential difference between
two probe wires was assumed to be proportional to the component of the
electric field in the plane of the wires.

Measurement Errors. The finite spacing of the probe wires mtroduces
a small error into the measurement of the field components; however,. it
can be demonstrated easily that this error is negligible if the spacing is
small compared to the distance between the probe and the nearest tank
electrode or if it is small compared to the spacing between tank electrodes.
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FIGURE 6. Probe assembly.
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A serious soutce of measurement error was the evaporation of the water
the level of which was found to drop at the rate of 0.5 mil/min. under ay
eiage conditions. Originally, it had been planned to immerse the probe
wires just barely beneath the surface (e.g., 3 mils); and for this purpose,
the probe had been mounted on a micrometer head to permit accurate depil
setting (see FIGURE 6). However, evaporation of the water caused such
stretching of the meniscus that after a brief time the field measurements
in the electrolytic tank were altered greatly. This difficulty was partially
remedied by immersing the probe to a depth of 100 mils and then raising
it 50 mils, whereupon it could be left for periods greater than one half
hour without further adjustment, FIGURE 7 is a typical graph showing the

IN VOLTS
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oL . _ ' ‘
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DEPTH OF IMMERSION IN MILS

FIGURE 7. Variation of probe output voltage with depth of immersion.

'relatlonsl:up between probe depth and output voltage. The following pro-
cedure was evolved for keeping the probe depth constant: First, the func-
tlon—generdtor table was leveled carefully, and the probe was Set to the
proper depth. Then the probe output was measured- 1mmed1ately at a con-.
) venlent XY posmon Erforg in depth due to water evaporation were re-
moved. ‘from time to time by returning the probe to the same x, ¥ position.
and lowenng it “antil the output voltage was restored to its original value.
. Before cotrectmn, the largest measurement errors were due to improper:
placement of the probe wires. relative to-each othet and relative ta the x
and y. ax1s in-the tank. The field components E and E measured by the
:ptobe dlffeted from the desu-ed components- E and E ifi two respects:”
the directions in which’ they were taken were not parallel to the x and ¥
axis, and their sensitivities were unequal. These two types of discrep--
ancy were corrected by feeding the measured field components through
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FIGURE 8. Corrective network.

the network shown in FIGURE 8. The cutputs E: and E: of the cor-
rective network can be made equal to E_ and Ey by proper adjustment of
the cross-feeds, Ign, and ny, and the channel gains, Kx and Ky. The ad-
justment procedure is described in Section 4.

Another type of error arises from the perturbation of the electrostatic
field caused by the finite diameter of the individual probe wires. This is
a difficult problem to analyze exactly. An approximate analysis shows
that the effect of finite diameter is analogous to that of 1mproper place-
ment of the probe wires. 14 Then this type of error is also removed by
proper adjustment of the corrective network.

Isolation Amplifiers. The output impedance of the probe was high be-
cause of the small contact area of the probe electrodes. Consequently,
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FIGURE 9. Isolation-amplifier unit:
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isolation amplifiers having high input impe.dances were used to prevent
loading of the probe in order to keep probe leads short, a compact unit
consisting of two simple difference amplifiers was designed for direct
mounting on the probe assembly, as shown in FIGURE 6. A simplified
diagram of the amplifier unit is shown in FIGUREO. The voltage sensed
by each pair of probe elements was fed to a pair of matched cathode fol-
lowers. Each pair of cathode followers was provided with balance ad-
justments. The output of each pair of cathode followers was fed to a
difference transformer to yield a voltage proportional to a component of
the potential gradient in the electrolytic tank. The outputs of the isola-
tion amplifiers were subject to a zero drift caused by slight gain varia-
tions in the cathode followers. As a result, the cathode followers
needed to be rebalanced frequently. Balancing was accomplished by
trimming the cathode impedances until the outputs of both channels
were zero when all tank electrodes were held at the same potential,

CALIBRATION PROCEDURE. In order to cdlibrate the system, it was
necessary to have precise knowledge of the field in the electrolytic tank
With this knowledge, the corrective network could be adjusted, and the
proper ptoportionality between scale factors could be established. Since
the magnitude and direction of the field in the ‘‘working’’ tank was un-
known, a special tank formed by two concentric circular cylindrical
electrodes was constructed for calibration purposes, The electric field:
at any radius in the calibration tank is a radial vector inversely pro-
portional to the radius.

Adjustment of Corrective Network. Sinusoidal command signals 909
out of phase with each other were fed into the function generator, caus-
ing the probe to trace a concentric circular path of radius r in the cylin-’
drical tank. This situation is described by the following equations:’

x =7 sin @! (16)
y =r COS Wi 17)
E =Ksinwt=£ x (18
B =Kcos wi= Ky 19
¥ or r

With the probe circling in the tank, a Lissajous pattern of E_ versus
x was plotted automatically, and the cross-feed coetficient K, e (see
FIGURE 8) was adjusted until the pattern reduced to a straight line
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Similarly, K” was adjusted while Ez versus y was pIotted, with the
result that

E" = Ax (20)

E” = By 21)

The next step was to plot E; versus E,"' and to adjust K_ and K, until

the Lissajous pattern was made to be an exact circle. This adjustment
was facilitated by interchanging the inputs to the plotting table and not-
ing the discrepancy between the superimposed plots.

Partial System Checkout. A partial checkout of the system was ob-
tained by using the setup shown in FIGURE 3 to trace equipotential lines
in the cylindrical tank. In addition to ensuring the proper operation of two
of the four integrators, this procedure provided a sensitive check of the
adjustment of the corrective network. If the cross-feeds were adjusted im-
ptopetly, a spiral, (or in a special case a tilted ellipse) was plotted; if
the channel gains were adjusted improperly, a right ellipse was obtained.
If a perfect circle were obtained, the partial system was assumed to be
opetating satisfactorily. :

Final Calibration of Complete System. The final step in the calibration
procedure was to use the setup of FIGURE 4 with the cylindrical tank to
generate electron trajectories, With suitable initial conditions, a circular
trajectory can be obtained. in the field existing in this tank. The relation
between electron velocity and electrode potential difference for this tra-
jectory is calculated readily by equating the centrifugal force of the elec-
tron and the centripetal force exerted by the field: :

my, e eE eVO .(22)
. log "2
1
v

v = L. ° 23
o m r
log 2
r

1

where v is the velocity of the electron, e/m is the charge-to-mass ratio
o . . :

of the electron, 7, is the radius of the outer cylinder, r, is the radlus_ of

the inner cylinder, and V is the potential difference between the cyl-

inders. The relation between initial velocity and voltage for a circular
trajectory is independent of the trajectory radius r.
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In the calibration procedure, the probe initially was positioned in the
cylindrical tank at x_ =0 and y =7 where r,Sr<r, With a given poten-
tial across the tank, the initial velocity :&o was varied (5:0 = () until the
tesulting trajectory was a circle. The velocity % togive a circular trajec-
tery then was chosen to represent a desired electron velocity v and the
actual electrode voltage represented by the tank voltage was calculated
from Equation (23).

A SPECIFIC APPLICATION, The electron-trajectory tracer was used
to determine the relative merits of several acceleration-electrode configura-
tions in a cathode ray tube utilizing post-deflection acceleration.” The
electrode assemblies shown in FIGURE 10 were placed in a sloping-bot-
tom tank to simulate a wedge-shaped section of the tube.® After the sys-
tem was calibrated using the cylindrical tank, the tube model was placed
in the function generator, and the accelerating electrodes were connected
to a multitap low-impedance voltage divider, as shown in FIGURE 11.The
probe was positioned initially in the neck of the tube and given an initial
velocity representing an electron enertgy of 2700 electron-volts. Initial
deflection angles of 5.5° 13.5° 21.5° and 30° were established by setting
in the proper x and y components of the Ainitial velocity. For each deflec-
tion angle, trajectories wete plotted for maximum accelerating potentials
representing 2.7, 5, 7.5, 10, 12.5 and 15 kilovolts, A total of 250 trajec-
toties were traced for six different electrode configurations in less than
two days of running time. Some of these were check solutions. The repro-
ducibility of the trajectories was better than 3 per cent. The trajectories
showed that a spiral acceleration electrode (e. g-, the acceleration poten-
tial is applied across a spiral resistance element painted on the tube en-
velope) resulted in maximum linearity of deflection and maximum deflec-
tion sensiti’vity. ' '

RECOMMENDATIONS AND CONCLUSIONS. Operation of the computer
would be simplified and made mote reliable by eliminating isolation-am-
plifier drift and the effects of probe-depth variation, Replacing the cathode
followers with high-negative-feédback amplifiers should reduce the drift
to negligible values. However, an investigation of the effects of probe
loading on field distortion might show that the isolation amplifiers canbe
replaced with difference transformers, tuned to eliminate phase shifts and
to present maximum impedance to the probe. Effects of probe-depth
variation could perhaps be eliminated by a new probe design. Another
possible apptoach would be to maintain constant probe depth by auto
matically controlling the water level in the tank.

The usefulness of an electrolytic tank as a means of generating cer-
tain functions of twq variables has been demonstrated in an analogue com
puter study of electron trajectories. Techniques have been developed for
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calibrating and operating a computer employing electrolytic tanks. These
techniques are not restricted to electron-optics problems but may be ap-
plied in the study of many field and boundary-condition problems.

10,
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