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Abgtract. The generalized Stirling numbers of the firet kind are defined, ecrtain of their
basic properties are discussed, and tables are given for the square grid £ = 0(1)10 and
3 = 0{1)10 with ! = --10(1)10.

Many preblems which arise in the solution of differential equations, in the
evaluation of integrals or in interpolation can be treated using techniques which
rest upon the construction of an approximating polynomial. When the funetion
to be approximated can be computed over a set of equally spaced points, the
approximation is readily constructed by means of a lozenge diagram [{]. However,
the use of this method requires the evaluation and/or expansion of the faciorial
polynomials

(m—D% = (e —Du—1—1 - (u—l—k+1 {1)
where 1 and k are integers, k being non-negative and I unrestricted, and this can
be both eomplicated and time-consuming if either of the two indices is large.
The labor, and the possibility of blunder, involved in working with the factorial

polynomials can be considerably reduced by dealing with (u — 1)® in a series
rather than in a produet form:

k
(= DY = 28 @)

The coefficients :8,° can be called the generalized Stirling numbers of the first
kind in analogy with the terminology used for the numbers oS,%. They are eon-
veniently determined by using the obvious identities,

18 =1, k=10,1,2 - (3a)
8 =0, §=1,2,3 - (3b)

I

and the recursive relationship
S e (U RS S, R =0, 1,2, = 1,28 . (4)
(4) is readily derived by expanding
(= D% (— 1 — k) — D™ (5)

and equating the coeflicients of the several powers of .
Ouly the 1S;* for [ = 0 have been extensively tabulated [2]; those for { = 0

* Received July, 1963. The work reported in this paper was supporied by a grant from
the National Science Foundation,
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78 WILLIAM F. PICKARD

seem to have been neglected. To [acilitate the construction of formulas from the
lozenge diagram, the IBM 7090 at the Harvard University Computing Center
was utilized to caleulate the 8, over the square grid & = 0(1)10, 7 = 0(1)10
with [ = —10{1)10. The results of these calculations are presented in Table L
The ,8;° given here enable one to construct a variety of polynomials of degree
less than or equal to ten. This will be adequate for virtually all problems to which
lozenge diagram methods ean be applied: the practical limitations in aceuracy
imposed by modern computing machinery and/or by uncertainties in the inpug
data make polynomials of degree k& > 10 of dubious usefulness since, as & in-
creases beyond 10, the growth of computational error will almost surely vitiate
any reduction in truncation error achisved by increasing k.
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