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ABSTRACT An algorithm 1s presented for obtamning the K best solutions of the resource allocation
problem with an objective function which is the sum of convex functions of one variable 1t requires
O(T* + Klog K + Kvnlogn) time and O(Kvnlogn + n) space, where n 1s the number of vanables and
T* 1s the computational time to obtain the best solution
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1. Introduction

The following resource allocation problem (also called the distribution of efforts
problem) is extensively studied:

n

P: minimize z(x)= Y fi(x.),

(L.1)

n
subjectto ) x,= N and x,:nonnegative integers,
=1

where the f; are convex functions defined over [0, N] and N is a positive integer. This
simple integer programming problem has a rather long history, as evidenced by
numerous papers [2-13, 15, 17-27]. In addition to the standard procedure of dynamic
programming (e.g., [10] and textbooks [2, 26]), which is applicable even 1f the f, are
not convex, several more efficient algorithms are known. The first one 1s called the
incremental method [4, 5, 9, 11, 18-21, 24]. If each evaluation of fi(x;) can be
done in constant time, an appropriate implementation of this method runs in time
O(Nlogn + n). The method of [27] requires O(c(n, N) + nlogn) time, where c(n, N)
is the time required to solve the continuous problem P’ obtained from P by dropping
the integrality condition on the x,. A third type of approach is exemplfied by [6, 7,
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13], the most efficient of which [6] requires only O(nlog(N/n)) time if N = n and
O(n) time if N < n.

We consider the following generalization of this problem. Let an integer solution
satisfying /-1 x, = N and x, = 0 be called feasible. The kth best solution x* = (xf, x,

.., X*) is defined recursively as follows.

(1) x'is an optimal solution of P, that is, a feasible solution minimizing the objective

value z(x).
(2) x* with k = 2 is a feasible solution of P with the minimum objective value among
those different from x!, x2, ..., x* L.

In this paper we present an algorithm for obtaining the K best solutions
x!, x% ..., x¥ of P. In real-life problems the simple structure of the resource
allocation problem is usually attained by neglecting some complicating side con-
straints; hence an optimal solution may not satisfy such side constraints. References
[22, 23, 26] contain some examples of such resource allocation problems with more
than one constraint. In this respect it is important to obtain more than one good
solution of P, preferably the K best solutions, where K is a given positive integer. A
best solution satisfying the suppressed side constraints may then be found among the
K solutions obtained.

Our algorithm requires O(T* + Klog K + Kvnlogn) time and O(Kvrlogn + n)
space to obtain K best solutions, where T* denotes the time to obtain x . It partitions
the solution space into finer and finer subsets and computes xY x? ..., x¥ by
systematically obtaining the best solutions in the partitioned subsets. The general
scheme is based on the framework described 1n Lawler [16].

Section 2 gives necessary definitions and basic results. Section 3 gives an outline
of the entire algorithm. Section 4 gives a detailed description of the algorithm and
analyzes the time and space requirements. The algorithm explained in Sections 3
and 4 requires O(T* + Klog K + Kn) time and O(Kn) space. These are reduced to

O(T* + Klog K + Kvnlogn) and O(Kvnlogn + n), respectively, in Section 5.

2. Definitions and Basic Concepts

For an integer x with 0 < x < N, let
dr(x) = fix + 1) = fi(x), @1
di(x) =filx) = filx = 1), 2.2)

where fi(—1) = +o and f(N + 1) = +o are assumed by convention. Note that
d(x)=d. (x + 1), and that d,"(x) and d. (x) are both nondecreasing by the convexity
of f,. We assume throughout this paper that each fi(x,) can be evaluated in constant
time. For a feasible solution x = (xi, X2, ..., x»), a patr of indices [i, 7] is called an
exchange if 0 < x, < N,0 < x, < N, and 1 5 j. Applying an exchange [i, j] to x yields
another feasible solution x’" = (x1,..., %+ 1,...,x,— 1,..., x,) with the objective
value z(x) + ¢ (i, j), where

(i, j) = d(x)) — d; (x)).

LemMa 2.1[17]. A feasible solution x is optimal if and only if there 1s no exchange
with negative cost.

LEMMA 2.2. For an optimal solution x', let [i, j] be an exchange with minimum
cost (which is nonnegative). Then the solunon x* = (xi, ..., x{ + 1, ...,
x; = 1,..., x3) obtained by applying [i, j] to x" is a second best solution x>.
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PrOOF. Let X be a second best solution not equal to x*. Then there exists a pair
of indices p, ¢ such that £, > x; and %, < x}. From dy(X, — 1) = dj(x;) and
d (X, + 1) = dj(x}), it follows that a feasible solution x’ = (X1, ..., %, — 1, ...,
%, + 1, ..., %) has an objective value not greater than X because z(X) — z(x") =
di(F— 1) —d (%, + D)= di(xp) — dy(xg) = df (x}) — dj (x)) = 0 by the optimality
of x' and the minimality of exchange [i, j]. Repeating this, we eventually obtain a
feasible solution x such that z(X) = z(X), and X; = x/ + 1 and %, = x,, — 1 for some
I and m but £, = x} for all k % I, m. Then z(X) = z(¥) = z(x*) follows from
2(X) — z(x*) = (d(x]) — du(xm)) = (d}(x)) = d;(x})) = 0 by the minimality of
[i, /1. This implies that z(X) = z(x®) and therefore that x™ is also a second best
solution. [

To construct an algorithm for computing x* for k = 3, we need to generalize
Lemma 2.2 as follows. The proof is similar to Lemma 2.2.

LemMa 2.3. Let two n-dimensional integer vectors X and x with 0 < x < X be given.
Let x = x* be a best feasible solution of P among those satisfying

X =EX <X, i=12,...,n

Then a second best solution X satisfying the above constraint 1s obtained by applying
[i’, j'1 to x*, where [i’, j'] is @ minimum exchange satisfymgx) < X, andx}’ > x,-.

3. The Outline of the Entire Algorithm

Our algorithm consists of routines COMPBS and KBS. COMPBS computes x* when
the first &k — 1 best solutions x', x?, ..., x*" are given. KBS generates all the K best
solutions using COMPBS as a subroutine.

Now assume that x', x% ..., x*%, k > 1, have been generated. The set of
remaining feasible solutions is partitioned into k — 1 disjoint subsets,

Pk —1)={(x|I>k—1,x"k- 1)< x'=x"(k- 1), G0
m=12.. k=1

As will be discussed shortly, these sets have the property that x* is equal to a solution
with the minimum objective value among those obtained as best solutions in the
respective P™(k — 1).

Vectors x™(k — 1) and x™(k — 1) are recursively defined as follows. Initially, when
k =2 (ie, only x' is obtained), (1) and x™(1) for m = 1 are given by

() =(N, N, ..., N), 32)
x'()=(0,0,...,0).

In general, let x™(k — 1) and x™(k — 1), 1 = m =< k — 1, be given, and assume that
x* is obtained from x™ by applying an exchange [1*, j*]. Then x™(k) and x ™(k) are
defined as follows:

k)= EE k= 1), ..., xE, . . Xk - 1)),

x™ (k) =x""(k = 1),
Xkk) =™ (k — 1), (3.3)
xR =@k =), .., xEEE D, (k= 1)),
)=z =1, xk)=x'k—1), forall [+ m* k.

These new sets define P™(k) for m = 1,2, ..., k. From this definiion and Lemma
2.3, the next lemma is obvious.
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LeMMA 3.1, Letkbe2 <k=K.
() Form=1,2,...,k—1,x™is a best feasible solution satisfying
x"k — 1)< x = x™(k — 1). (3.4)

Furthermore, no other x', = 1,2, ... m—1,m+1, ..., k—1, satisfies (3.4).
(2) Any feasible solution x of P satisfies (3.4) for exactly onem withl = m<k — 1.

Lemma 3.1(2) asserts that
-1
U1 P™(k — 1) = (the set of all feasible solutions of P) — {x', x%, ..., x*1},

and P™(k — 1) N Pk — 1) = @ for m 5 I, since the condition / > k — 1 in each
P™(k — 1) excludes x', x? ..., x*™%. Thus, letting ™ be a best feasible solution in
each P™(k — 1), x* is given as a best one in the set ("|m=1,2, ...,k — 1}.
Lemma 3.1(1) says that X™ is a second best solution among those satisfying (3.4).
In order to compute X™ according to Lemma 2.3, we maintain two sets of labels,

Tek—D={d'xMl=i=nx"<ilk-1)},

Dk —D={d;xM)|l=<j=nx">xMk~- 1)},

form=1,2 ..., k- 1(GfdI ™ =dix"), both are stored). DI(k — 1) and
DZ(k — 1) contain at most O(n) labels. A minimum exchange [i’, /'] of Lemma 2.3
for x = x™(k — 1) and x = x™(k — 1) is then determined as follows. Let i; and #; be

the indices of the first and second minimum d; (x,™) in DX'(k — 1), respectively, and
Jrand j; be the indices of the first and second maximum d4; (x;") in DZ'(k — 1). Then

(i, Al if h#j,
[v,/1 =

(3.5)

[p.ql if i=j and c(p, g) = minf[cG, j2), c(ia j)], (3.6)
where p € {i, i}, 9 € {ju, jo}.

Note that @, iz, j1, and j» are computed in O(logn) time if the D¥(k — 1) use
appropriate data structure (any efficient priority queue discussed in [1, 14] for
example). [i’, j’] is then computed by (3.6), and X™ is obtained from x™ by applying
exchange [/, j'].

When x* is obtained as ¥™ (which is generated from x™ by exchange [i*, j*]),
the DI'(k) are computed from the D¥'(k — 1) as follows (see (3.3)):

DT (k) = DT'(k — 1) = {d¥(x™")}, 3.7
D™(k) = D™ (k — 1), (3.9)
Di(k) = D' (k — DU {dE(x2 + 1), dis(x® = 1)} = {dE(x™), dA(x2)}, (3.9)
D(k) = D™k — D) U {d7(x}* — 1)} — {da(x™), dr(x;)}, (3.10
mky=DPk—1), D™k)=D7"k—-1) for m#m* k. @3.11)

(Although not explicitly written, it should be understood in (3.9) and (3.10) that those
d¥(x™) whose variables violate the condition of (3.5) are not included in D%(k).)
Using the appropriate data structure for a priority queue, the deletion of an element
from DF(k — 1) and the addition of an element to DI'(k — 1) are each done in
O(logn) steps (e.g., [1, 14]). Thus the DT (k) are computed in O(logn) steps and
the D%(k) are computed in O(n) steps (since DT'(k — 1) must be copied and it
requires O(n) steps). Other DI'(k) do not require any computation time because the
DIk — 1) can be used as D (k) with no change.
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We note that each P™(k — 1) is represented in our algorithm by the following list:
PYk— 1) =(,[i",j), x", x"(k — 1), x™(k — 1), DZ(k — 1), D¥(k — 1)), (3.12)

where ¢’ = z(x™) + ¢(i’, j') and [, j’] is a minimum exchange with respect to
x™k — 1) and x™(k — 1). This list uses O(n) space.

The computation of x* = £™, x™(k), x™(k), and DZ(k) for each k described above
constitutes Subroutine COMPBS. COMPBS is repeated for k = 2, 3, ..., K. The
entire procedure is organized as KBS.

4. Algorithms KBS and COMPBS

This section describes algorithms KBS and COMPBS in an ALGOL-like language
and then analyzes its running time.

Procedure KBS(P, X);
begin
comment This procedure computes x’, x% .. , x* together with their costs ¢', ¢%, ..., ¢*. If P
does not have X feasible solutions, KBS terminates after generating all feasible solutions;

1 Find an optimal solution x' for problem P,
2 ')« (N, N,...,N),x'(1) « (0,0, . ,0); compute D1(1) and Di(1);
3 Find a minimum exchange [+, ;'] with cost ¢(¥’, '),
4 PY(1) « (2(x") + (', ), ¥, y'), %', x'(1), T'(1), DL(1), DX(D)),
5 for k = 2 until X do call COMPBS(P™(k — Dim=1,2,.. ,k—1),
end KBS,
Subroutine COMPBS(P™(k — ){im=1,2,. ., k—1),
begin
1 Find P™(k — 1) = (c*, [i*, j*], x™, x™(k — 1), £ (k — 1), D™ (k — 1), D7"(k — 1)) with the
minimum cost ¢* among P*(k — 1), m= 1,2, . ,k—1;
2 if ¢* = oo then stop (all feasible solutions have been output and P has only k — 1 feasible
solutions);
3 else begin
comment Computation of x*,
4 Output [i*, j*], m*, and c* as x* (x* 1s obtamned from x™ by exchange [i*, ;*]) and c*,
respectively;
comment Updating P™ (k);
5 Construct x™ (k) and ™ (k) by (3.3);
6 Construct D™ (k) and D7’ (k) by (3.7) and (3.8);
7 Using (3.6), find 2 mmimum exchange [i’, ;] for DZ'(k);
8 if such [#, ;'] exists them P™(k) « (¢™ + c(, ), [, J'} x™, x™(k), ¥™(k),
D™ (k), D7 (k));
9 else (1.e., D7 (k) =@ or D™'(k) = D) P™ (k) « (», D, D, D, D, D, D),
comment Computation of P*(k);
10 Construct x*(k) and £*(k) by (3.3);
11 Construct D*(k) and D4(k) by (3.9) and (3.10);
12 Using (3.6), find a minimum exchange [#', ;'] for D%(k),
13 if such [/, ;'] exists them PX(k) < (c* + c(t/, J'), [V, j'), x*, x*(k), x*(k), D (k), DX(K));
14 else P*(k) « (0, D, D, @, D, D, D),
comment Computation of other P™(k);
15 P™(K) — P™(k — 1) for m s m*, k;
16 end
return
end COMPBS;

LemMa 4.1. Foreachk=2,3,...,K, COMPBS correctly computes x* and P™(k)
form=12, ..., kin O(ogK + n) time.

Proor. The correctness is obvious from the discussion in Sections 2 and 3. The
time requirement is considered here. Line 1 of COMPBS is done in O(log(k — 1))
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= O(log K) time if the P™(k — 1) are linked in the form of an efficient priority queue
[1, 14]. Lines 2 and 3 are executed in constant time. Line 4 is executed in constant
time since x* is output only by m* and [i*, j*] instead of the full vector x* =
(x% ..., x5). Line S is executed in constant time, as is obvious from (3.3). Line 6
requires O(log n) time as explained after (3.11). Lines 7 and 12 require O(logn) time,
as explained after (3.6). Hence P™'(k) of lines 8 and 9 is obtained in O(logn) time.
Line 10 requires O(n) time, as is obvious from (3.3) (note that O(n) is necessary to
copy x™ (k — 1) and x™ (k — 1) beforehand). Line 11 requires O(n) time, as explained
after (3.11). This implies that P*(k) of line 13 or 14 is constructed in O(n) time. Line
15 requires constant time because it is accomplished by keeping the previous data.
The adjustment of links among P™(k), m = 1,2, ..., k, (which are used at line 1) as
a result of the addition of P*(k) and the modification of P™ (k) is done in O(logk)
(=0(log X)) time. Thus all computation in COMPBS is done in O(logK + n)
steps. U

THEOREM 4.2. KBS correctly generates the K best solutions from x' to x* in
O(T* + Kn + Klog K) time and O(Kn) space, where T* is the time required to compute
x'. If P does not have K feasible solutions, KBS terminates after generating all feasible
solutions.

ProOF. The correctness of KBS follows from the previous discussion. The time
complexity is analyzed here. Line 1 of KBS requires 7* time. Line 2 obviously
requires O(n) time since the initial construction of a priority queue is done in O(n)
time [1, 14]. Line 3 requires O(log n) time, as explained after (3.6), and line 4 requires
O(n) time. Line 5 calls COMPBS K — 1 times and requires O(K log K + Kn) time in
total by Lemma 4.1. Thus the total time is O(T* + Kn + K log K). Finally, O(Kn)
space is required to store P™(k), m= 1,2, ..., k, since each P™(k) needs O(n) space;
the space for other data is obviously dominated by O(Kn). O

The time T™* was discussed in Section 1. The most time consuming part is the
generation of P*(k) at lines 10-14 of COMPBS; this requires O(n) time since it must
copy x™(k — 1), ™ (k — 1), and DT"(k — 1). The time requirement of this part will
be further reduced in the next section by introducing a sophisticated data structure
for P™(k).

5. Time and Space Reduction
The time and space required for KBS will be reduced to

O(T* + KlogK + K+vnlogn) and O(K+vnlogn + n),

respectively, in this section. To attain these bounds, it is essential to output x* by
[i*, j*] and m* (as indicated at line 4 of COMPBS). If the n-dimensional vectors x*
are to be directly output, O(Kn) time is required only for this purpose.

5.1 DERrIVATION TREE T AND SOME DEFINITIONS. First we represent the process
of deriving x?, x°, . .. from x' by a rooted tree T defined as follows: x™" is the father
of x* (or x* is a son of x™) if x* is obtained from x™ by an exchange. x' is an
ancestor of x™ (or x™ is a descendant of x') if there is a sequence x" (=x9,
x%, ..., x (=x™) such that x* is the father of x**, i=1,2,...,p— 1. x™ and x™,
m % m’, are brothers if their fathers coincide; x™ is placed to the left of x™ifm<m’.
Obviously x' is the root of this tree. For any ancestor x’ of x™, #(l, m) denotes the
path from x’ to x™ in T. For any x?, let [i*(p), j*(p)] denote the exchange with
which x” is obtained from its father.
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Now consider the time instance when x* is attached to x™ in T, corresponding to
the generation of x* from x™. Special attention needs to be paid to the fact that
™ (k) of (3.3) is modified whenever its son is created. This implies that each £™(k)
is generally dependent upon the entire history of how x', x% ..., x* have been
generated (i.e., the structure of T). Let x’ be an ancestor of x™ in T. Then we see
from (3.3) that ¥™(k) is computed from ¥’(/) by taking into account the effects caused
by those nodes in T which are either left brothers of some x? on #(I, m) or are sons
of x™. To carry out this computation, we define

flmy. x 7™ is the father of x™ 5.1

s(m):  x*™ is the tightmost son of x™ (5.2)
(s(m) = & if x™ has no son); ’

b(m):  x**™ is the brother immediately to the left of x™ 53

(b(m) = D if x™ is the leftmost son); 63

Ii(l, m} = {i*(p)|x* is a left brother of some x? 5.4)
(note p # ¢) on m(l, m), and g # I}; ’

I(m)={i*(p)|x?is ason of x™}; (5.5)

J, my = {j*(p)|x? is on #(/, m) and p % I}, (5.6)

I(, my = {i*(p)|x? is on «(/, m) and p = I}. (X))

Then we have, by the definition of T and (3.3),
q
"=+ ¥ e- T e, where ¢,=(0,...,0,1
=ilm) Jegilm)

x7, where p* = max{p|i*(p) € I(, m) and i*(p) = i},
(k) icf(k), if p*isnotdefined, i=12,...,n

,0,...,0, (5.8

(5.9

xf¥), where p* = max{p|i*(p) € L(l, m) U I(m)
(k) = and i*(p) = i}, (5.10)
(), ifp*isnotdefined, i=12, ... ,n
32 Tyres 1 AND 2 DATA STRUCTURES OF P™(k). On the basis of the above

notations we now introduce two types of data structure of P™(k) with which the time
and space reduction is attained. Call the following P™(k) type 1:

Pm(k) = (C", [i’, j’]i [lt(mL _]*(M)], xm, ‘&m(k)’ -Em(k)f DT(k), (5,1 ])
DRk, ™(m), D3(m), fim), f'(m), b(m), s(m)),

where ¢’ and [/, j'] are defined after (3.12) and f'(m) will be explained later in
Section 5.3. Note that x™ is obtained from x”*™ by.an exchange [i*(m), j*(m)]. A
type-1 P™(k) requires O(n) space.

We also use a simplified data structure called #ype 2:

P(k) = (¢, [, J') [i*(m), j*(m)), fOm), £'(m), b(m), s(m)). (5.12)

A type-2 P™(k) requires only constant space.

Consider now the instance immediately after x* is obtained from x™'. It is shown
in this section and the rest of Section 5 how a type-2 P™(k) (though only the cases of
m = m*, k are our concern because P™(k) = P™(k — 1) for m % m*, k, as discussed
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X]

Fic 1 The relation between a
rooted tree T and the directed forest
T’ (solid lines denote 7 and broken
lines denote T7)

above) can be constructed from type-1 P(k), where x' is an ancestor of x™ such that
no node x” on 7(l, m), p # I, has type-1 PP(k). The essential part is the computation
of [i’, j'} and ¢’ of P™(k), which is done after temporarily constructing DZ(k).

On the basis of (5.9) and (3.5), D(k) is constructed in O(| »(l, m)|{ logn) time as
follows (| 7| denotes the length of path 7). x™(k) is obtained from x (k) by changing
X (k) to x%(, for each x? on n(l, m) by following =(I, m) from x! to x™. This
requires O(| (I, m)|) time, since a change of an element is done in constant time.
Corresponding to the changes in x™(k), DZ'(k) is obtained by appropriately modifying
D' (k) in O(| (I, m)| log n) time, since a deletion or a change of an element in DL (k)
is done in O(logn) time.

Note that after type-2 P™(k) is computed (which will be explained in Section 5.3),
the modified x’(k) and D.(k) in P'(k) (which now become x™(k) and
D(k), respectively) must be set back to the original form. This is also done in
O( =(l, m)| log n) time just by following #(/, m) in reverse.

The construction of DY(k) from D%(k) 1s more involved and 1s discussed in
Section 5.3.

5.3 DIRecTED FOREST T” AND CONSTRUCTION OF A TYPE-2 P™(k). To compute
DI (k) efficiently, we introduce a directed forest 7" defined as follows (see Figure 1).
T’ has nodes x’, x?, ..., x*7%, and x" is the father of x‘ in 7" (denoted by r = f(1))
if r = b(¢) or if b(¢) = & and r = b(g), where x? is the closest ancestor of x* in T with
b(q) # ©. Note that an x” is a root in T” if and only if x” is on the leftmost path in
T. The path from x* to x" in 7" (i.e., x“ 1s an ancestor of x" in 7”) is denoted by
7'(u, v). Then we have by (5.4) and (5.5) that

I, m) U I,(m) = {i*(p)|x? 15 on 7'(u, v)}, (5.13)
where
)= s(m) if s(m)#D (see (5.2)),
b(g) otherwise,
g = max{p|x?1s on n(l, m), p # l and b(q) # };
u = min{r|x" is an ancestor of x” in 7" and is a descendant of x’ in T}.
The situation is illustrated in Figure 2. If x* and x” are not defined by this (i.e., the

set on the right-hand side of x? is empty), I5(I, m) U I(m) = & is concluded. x" can
be computed in O(| #(/, m)|) time. Let

= {max{qlx" 15 on 7'(u, v) and is of type 1}, (5.14)

u if a type-1 node is not on 7'(u, v).
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@ ... type 1 node
O ... type 2 node

m(%,m)

————————

Fic 2 Relauve positions of the nodes in 7 and T” used for the computa-
tion of type-2 P™(k)

x" is obtained in O(|7'(w, v)|) time by following 7" upward from x° and checking at
each node x” whether f(r) =2 I (i.e., x" is a descendant of x’ in T') or not.

Case A. If x"is of type 2 (i.e., w = u), f(w) = f(u) =  holds. x™(k) and DI'(k) are
obtained as follows. Starting with x’(/) and D%(J) stored at P{(k — 1), follow the path
7(l, m) from x' (=x"") to x™. At each vertex, first modify '(/) and D%(7) by (3.3)
and (3.7), respectively, to take into account the generation of each son which is
contained in «’(w, v), and then move to its son on «(/, m) while modifying x’(/) and
DL(l) by (3.3) and (3.9), respectively. When this process is completed, x’(/) and
D'(I) have been changed to x™(k) and D7(k), respectively. The time required is
O(| m(f(w), m)| logn + | 7’'(w, v)|log n), because (3.3) is executed 1n constant time per
vertex, and (3.7) or (3.9) is executed in O(logn) time per vertex.

Case B. If x* is of type 1 (see Figure 3), we have

DA where p* = max{p|p(#w) is on 7'(w, v)
k) = and i*(p) =1}, (5.15)
x19(w), if p* is not defined,

by (5.10) and (5.13). First x/“(w) and D1*(w) are obtained in O(logn) time from
x*“(w) and D{¥(w) by using (3.3), (3.7), and (3.9). Then x™(k) and DZ'(k) are obtained
in O(| 7( f(w), m)|logn + | #'(w, v)| log n) time from ¥/®'(w) and D{*’(w) in a manner
similar to case A.

Upon constructing D{*(k) and DZ'(k) it is easily seen that ¢’ and [i’, j'] can
be computed in O(logn) time, as noted in Section 3 following (3.6). Other data,
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@ ... type 1 node
O ... type 2 node

Fic 3 The relative positions of the nodes in 7 and 7” when 7'(u, v) has a type-1 node.

[i*(m), j*(m)], f(m), b(m), and s(m), 1n type-2 P™(k) can be obtained in constant time
as follows. For m = k,

[1*(k), j* (k)] <[+, j1  (in P™(k — 1)),
* / s(m*) if s(m*)#Q, (5.16)
Sk —m*, - Jk) < { f/(m*)  otherwise,
b(k) « s(m*), s(k) « .
Form = m*,

s(m*) « k, (5.17)

and other data in type-2 P™ (k — 1) do not change. From the above discussion the
next lemma follows.

LeMMa 5.1. A type-2 P™(k) is constructed in
O(|n(f(w), m)|logn + |7'(w, v)|logn)

time, where x", x", and x™ are defined as above. A type-2 P™(k) requires constant
space.

5.4 SCHEME FOR CREATING A TYPE-1 DATA STRUCTURE. Let y be a prespecified
positive integer not larger than K. Assume that P'(1) is of type | and all the other
P™(k) are initially type 2. A P™(k), m > 1, 1s then altered from type 2 to type 1 if one
of the following three conditions 1s satisfied.

(@) |7(l, m)|=y and
(the number of descendants of x™ in T) =y (5.18)

hold, where x' is the closest ancestor of x™ in T with type-1 data structure.
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(b) x™ is on the leftmost path of T (i.e.,, a root in T”), and
(the number of d¢scendants of x™ in T") = y. (5.19)
(c) x™ is not on the leftmost path of T and satisfies
|7'(w, m)| =y and (5.19), (5.20)

where x* is the closest ancestor of x™ in T” with type-1 data structure. (Note that
if an x™ of (c) satisfies (5.19), there is an ancestor in T” satisfying the condition
of (b); therefore the above x” always exists.)

Consequently it always holds for any x™ that
|7, m)| = 2y, (5.21)
|7 (w, m)| < 2. (5.22)

LemMMAa 5.2 The numbers of P™(k) of type 1 and 2 are O(K/y) and O(K),
respectively.

ProOOF. The result for type 2 is obvious. We show that the number of type-1
P™(k)is O(K/ y). Let type 1a, 1b, and Ic denote the type-1 data structure generated
by the above rules (a), (b), and (c), respectively. Consider P'(1) to be of type la for
convenience. Define a set,

D(m) = {x”|x? 15 a node not of type la whose closest ancestor
in T with type-la data structure 1s x™},

for a type-la P™(k). By the generation rule (5.18), D(m) contains at least y — 1|
nodes. Since the D(m)’s for type la nodes x™ are mutually disjoint and their union
is the set of all nodes not of type la, the number of type-la nodes is O(K/ y). It is
similarly shown that the number of type-1b or -lc nodes is O(K/ y). Thus the total
number of type-1 nodes is O(K/y). O

5.5 TIME NEEDED TO CREATE A TYPE-1 DATA STRUCTURE. We analyze here the
time needed to create a type-1 data structure. It is not difficult to see that the
conditions (5.18)-(5.20) for altering type 2 to type 1 can be detected in constant time
by introducing some additional data such as the numbers of descendants of x™ 1 T
and T, respectively. When it is decided to change type-2 P™(k) to type 1, let x’ be
the closest type-1 ancestor of x™ in T, and let x” and x* be defined by (5.13) and
(5.14) (see Figure 2). As discussed in Sections 5.2 and 5.3, x™, x™(k), DZ(k), x"(k),
and DY (k) are obtained in O(ylogn + n) time (including the time to copy these
data), since |7(f(w), m)| < |#(l, m)| =< 2y and |#'(w, v)| < 2y hold by (5.21) and
(5.22). x™(m) and DT (m) are also obtained in O(ylogn + n) time from x™(k) and
D¥(k) by a similar procedure. The other data can be obtained in constant time by
(5.16). Consequently the following lemma is proved.

Lemma 5.3.  The time required to alter type-2 P™(k) to type 1 is O(ylogn + n).
The results of Lemmas 5.1-5.3 are summarized in Table 1.

5.6 TIME AND SPACE COMPLEXITY OF THE ENTIRE ALGORITHM. This section
analyzes the time and space requirement of Algorithm KBS and Subroutine
COMPBS implemented with the above data structure. First consider the time
requirement of COMPBS for each iteration. The time required for lines 5-14 1s
reduced to O(ylogn) by Lemma 5.1, (5.21), and (5.22). The other lines are not
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TABLE 1. THE TIME AND SPACE REQUIREMENT OF THE
MOoDIFIED DATA STRUCTURE

Time for Space for Total
Type a P™(k) a P™(k) number
1 O(n + ylog n) O(n) O(K/y)
2 O(y log n) constant O(K)

changed. Thus COMPBS requires O( ylogn + log K') time for every iteration. Since
COMPBS is called X — 1 times, the total time is

O(K)-O(ylogn + logK) = O(Kylogn + KlogK). (5.23)

In addition to the time consumed by COMPBS, the modified KBS with the new
data structure must take care of the alterations of some P™ (k) from type 2 to type 1.
The total time required for this process is

O(K/y)-O(ylogn + n) = O(Klogn + Kn/y), (5.24)
by Lemmas 5.2 and 5.3. Thus the modified KBS requires
O(Kylogn + KlogK + Kn/y)

in total.
The space requirement for all P™(k) is also easily obtained from Table I:

O(K) + Q(K/y)-O(n) = O(K + Kn/ y).

Other space is obviously dominated by this.
Letting y = min(X, vn/logn) in the above discussion results in the next theorem.

THEOREM 5.4. KBS (with subroutine COMPBS) can be implemented with
O(T* + Klog K + K</nlogn) time and O(KNnlogn + n) space, where T* is the time
to obtain x".

The +n in the space complexity is added since at least O(n) space is neces-
sary even if K < vn/logn. It is not added to the time complexity because T* is at
least O(n).
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