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Signal temporal logic (STL) is a temporal logic formalism for specifying properties of continuous signals. STL
is widely used for analyzing programs in cyber-physical systems (CPS) that interact with physical entities.
However, existing methods for analyzing STL properties are incomplete even for bounded signals, and thus
cannot guarantee the correctness of CPS programs. This paper presents a new symbolic model checking
algorithm for CPS programs that is refutationally complete for general STL properties of bounded signals. To
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a syntactic separation of STL, which decomposes an STL formula into an equivalent formula so that each
subformula depends only on one of the disjoint segments of a signal. Using the syntactic separation, an STL
model checking problem can be reduced to the satisfiability of a first-order logic formula, which is decidable
for CPS programs with polynomial dynamics using satisfiability modulo theories (SMT). Unlike the previous
methods, our method can verify the correctness of CPS programs for STL properties up to given bounds.
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1 INTRODUCTION

Signal temporal logic (STL) is a temporal logic formalism for specifying linear-time properties of
continuous real-valued signals [Maler and Nickovic 2004], defined by extending metric temporal
logic (MTL) for real-time properties [Koymans 1990]. Just as linear temporal logic (LTL) is widely
used for formally analyzing conventional (discrete) programs, STL is widely used for analyzing
programs in cyber-physical systems (CPS) that interact with physical entities exhibiting continuous
dynamics. This kind of CPS programs includes automotive, avionics, robotics, and medical software
[Dokhanchi et al. 2015; Goldman et al. 2016; Jin et al. 2014; Raman et al. 2015; Roohi et al. 2018].
Since CPS programs are often safety-critical, formal analysis of STL is receiving growing attention,
and various techniques have been developed for STL [Annpureddy et al. 2011; Deshmukh et al.
2017; Donzé et al. 2013; Jaksi¢ et al. 2016; Nickovi¢ et al. 2018; Roehm et al. 2016].
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However, model checking of STL properties is still very limited. Due to continuous signals,
STL model checking inherently takes into account an infinite number of states. Furthermore, a
state of a CPS program changes continuously over an uncountable time domain. For this reason,
existing methods for analyzing STL properties are incomplete, even for bounded signals. Specifically,
monitoring and falsification techniques analyze only a finite number of signals [Annpureddy et al.
2011; Deshmukh et al. 2017; Jaksi¢ et al. 2016; Nickovic¢ et al. 2018], and a symbolic model checking
technique recently proposed in [Roehm et al. 2016] considers only a finite number of sampled time
points. This is in contrast to the case of discrete programs where model checking techniques can
typically be complete, at least up to a bound (e.g., [Biere et al. 2003; Cordeiro et al. 2012]).

In this paper we present a symbolic model checking algorithm for STL properties which is
complete for bounded signals. Our algorithm is based on a new foundational technique for STL,
called syntactic separation, proposed in this paper. The syntactic separation decomposes an STL
formula into an equivalent formula in which the satisfaction of each subformula only depends on a
specified time interval. Using this result, an STL model checking problem can be reduced to the
satisfiability of a first-order logic formula, which is decidable if the reachability of the underlying
CPS program is decidable. The satisfiability of the resulting formula can be determined using
satisfiability modulo theories (SMT) techniques [Biere et al. 2009]. Unlike the previous methods,
our method can verify the correctness of CPS programs for STL properties up to given bounds.

Syntactic Separation of STL. Generally, a temporal logic formula ¢ is called syntactically separated
if ¢ is a Boolean combination of formulas, each of which depends only on a disjoint part of the
underlying time domain (such as the past, present, or future).' Syntactically separating STL formulas
is nontrivial, because temporal operators in STL are further constrained by time intervals. Consider
an STL formula g 31(x > 0 — Oo.5,2) x < 0), which involves two temporal operators [ 3) and
Ol0.5,2)- Intuitively, this formula means that “during the first 3 time units, whenever the value of
signal x is greater than or equal to 0, the value of x will be less than 0 after some time in the interval
[0.5,2).” For this kind of quantitative temporal logics, including STL and MTL, there has been no
generic method proposed for separating a formula into disjoint parts [Hunter et al. 2013].

To address this problem, we generalize the syntax of STL by adding extra time constraints. In
addition to existing intervals to denote “local” time constraints, the temporal operators of STL are
annotated with extra intervals to represent “global” time constraints. For example, by annotating

03 (x>0 - o[[gj;?z)x < 0),
which means that “during the first 3 time units, whenever x > 0 at a global time in [0, 1), after some
time in the interval [0.5, 2), x < 0 will hold at some global time in [0, 1).” This makes it possible to
write a formula that only depends on a specified time interval. Adding such global intervals to STL
yields a more expressive temporal logic, namely, STL with global time (STL-GT).

In this paper we propose a syntactic separation procedure for STL-GT formulas at a chosen time
of separation. More precisely, an STL-GT formula ¢ is syntactically rewritten into an equivalent
formula in which every temporal operator is globally restricted, given a time 7, by one of the
disjoint time intervals [0, 7), {7}, or (z, ). As a consequence, each subformula of the resulting
formula can depend only on one of the disjoint segments of a signal before 7, at 7, or after 7. We
show a number of equivalence laws that can globally separate any STL-GT formulas, including
the Until operator. We then identify a precise syntactic subclass of STL-GT that includes STL and
is closed under the separation operation. This separation procedure can be repeatedly applied to
obtain a formula separated at different time points 7; < - -+ < 7p,.

Opo,31 and Opg.5,2) with the interval [0, 1), we obtain the formula D{

For example, in a discrete time domain, an LTL formula O(p — <¢q) can be rewritten into the syntactically separated
formula (p — (g vV O0q)) A OO(p — ©q), using the equivalences (g = ¢ A OOg and O¢ = ¢ V OO ¢. Observe that
p and q depend only on the present, and O<¢g and OO(p — <¢¢q) depend only on the future.
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Translation of STL to First-Order Logic. Using syntactic separation, we present a simple procedure
to translate STL formulas into first-order logic formulas for symbolic model checking. Because the
semantics of STL is definable in first-order logic, one can immediately translate STL into first-order
logic. However, the translation by the semantic definition gives no decision procedure, because
the satisfiability of STL is undecidable [Alur et al. 1996]; indeed, formulas with deeply nested
quantifiers can be generated by this approach. Instead, we translate STL formulas into a decidable
fragment of first-order logic for a signal with a finite number of variable points. A signal has a finite
number of variable points if the meaning of each proposition changes a finite number of times on
the signal, while the value of the signal may continuously change over time.

A key idea underlying our translation procedure is the notion of full stability. For a signal with a
finite number of variable points, a fully stable formula behaves like a propositional formula in the
sense that the truth value of every subformula is fixed to either true or false. We show that any
STL formula can be equivalently rewritten into a fully stable STL-GT formula using the syntactic
separation, given variable time points 7; < -+ < 7. It is then straightforward to translate a fully
stable STL-GT formula into first-order logic. For fully stable STL-GT formulas, the time constraint
of each temporal operator can be expressed as a quantifier-free first-order logic formula in interval
arithmetic. The requirement that a signal has given variable points 7; < - -+ < 7, can be encoded as
a first-order logic formula with universal quantification over time variables. The resulting first-order
logic formula can be decidable under reasonable assumptions.

Symbolic Model Checking Algorithm. Based on our translation method, we propose a symbolic
model checking algorithm for STL properties of CPS programs. The proposed algorithm constructs
a first-order logic formula that is satisfiable if and only if there exists a counterexample from an
initial set with a particular number k of variable points. By iteratively incrementing the number
k, this algorithm is refutationally complete for bounded signals with finite variability, where the
number of variable points is finite over a finite period. This condition is typically assumed when
analyzing realistic real-time and CPS programs [Ho et al. 2014; Maler and Nickovic 2004; Ouaknine
and Worrell 2008]. Our algorithm is related to the notion of bounded model checking [Biere et al.
2003], where the bound is the maximal number of variable points in a continuous signal.

In our algorithm, the behavior of a CPS program is encoded as a first-order logic formula,
following SMT-based approaches for reachability analysis of hybrid automata. The semantics of
CPS programs can be formalized as hybrid automata [Alur 2015]. Finding a signal with a given
number of variable points can be considered as a special case of the reachability problem. The
reachability problem can be reduced to the satisfiability of first-order logic formulas [Cimatti et al.
2012b], which is decidable if the continuous dynamics involves only linear functions or polynomials.
Together with our translation method, the satisfiability of the generated formula for symbolic
model checking can be decided using Z3 [De Moura and Bjerner 2008]. If the continuous dynamics
involves transcendental functions, the satisfiability is undecidable. Nevertheless, we can still use a
specialized SMT solver based on approximation methods [Gao et al. 2012, 2013a].

Related Work. Separation is one of the foundational techniques in temporal logic. Theoretically,
separation has several important consequences [Hodkinson and Reynolds 2005]. Gabbay showed
that every LTL formula can be separated into the past, present, or future, and using this result he
proved the expressive completeness of LTL [Gabbay 1981], in a much simpler way than Kamp’s
original proof [Kamp 1968]. A separation plays an important role in formal analysis techniques.
Many tableau construction methods use a separation of a formula so that the constraints for
the current state can be separated from the constraints for the future states [Clarke et al. 1999;
Gerth et al. 1995]. SAT-based model checking [Biere et al. 2003] and rewriting-based monitoring
[Havelund and Rosu 2004] use a syntactic separation to translate LTL formulas.
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There are two syntactic separation methods for MTL that we are aware of. Hunter et al. proposed
a separation of MTL to prove the expressive completeness of MTL [Hunter et al. 2013]. Their
method separates a formula into a Boolean combination of subformulas that are either bounded or
unbounded; unlike our method, a specific time of separation cannot be chosen. Geilen presented
an on-the-fly tableau construction for a fragment of MTL, called MITL ., based on a separation of
MITL< in a logic extended with timers [Geilen 2003]. Geilen’s method considers only a fragment
of MTL, and how to separate a formula strictly in the extended logic, beyond MITL ., is not studied
in [Geilen 2003], whereas any STL-GT formula is separable by our method.

STL was first proposed by Maler and Nickovic for runtime monitoring of continuous signals
[Maler and Nickovic 2004]. A variety of techniques and tools have been developed for monitoring of
continuous signals, including [Deshmukh et al. 2017; Donzé 2010; Donzé et al. 2013; Ho et al. 2014;
Jaksic et al. 2016; Nickovi¢ et al. 2018; Nickovic and Maler 2007]. These techniques are combined
with temporal logic falsification of hybrid systems for finding counterexamples using Monte-Carlo
methods [Annpureddy et al. 2011]. As mentioned, monitoring and falsification techniques can
analyze only a finite number of bounded signals; they are quite useful for finding counterexamples
in practice, but cannot be used to verify STL properties of CPS programs.

Reachability analysis of hybrid automata has been studied for a long time. There are three
different approaches in general. Reachable-set computation methods calculate (approximate) sets
of reachable states by symbolic constraint solving, e.g., [Althoff 2013; Bak and Duggirala 2017;
Chen et al. 2013; Dang and Testylier 2012; Frehse et al. 2011]. Simulation-based methods attempt
to obtain approximate sets of reachable states by performing a finite number of simulations and
by bloating the simulated trajectories, e.g., [Abbas et al. 2013; Dang and Nahhal 2009; Duggirala
et al. 2013; Fan et al. 2016; Girard and Pappas 2006]. SMT-based approaches reduce the reachability
problem to the (approximate) satisfiability of first order logic over the real numbers, e.g., [Cimatti
et al. 2015; Eggers et al. 2015; Gao et al. 2013b; Ishii et al. 2011; Tiwari 2015]. These methods can
verify invariant properties, but cannot verify general STL properties of CPS programs.

Roehm et al. recently proposed a symbolic model checking method for STL properties using
reachable set computation [Roehm et al. 2016]. Given a finite number of sampled time points, their
method reduces the model checking problem of a “sampled time” STL formula into reachable-set
computation of bounded signals. But their method is inherently incomplete, because only a finite
number of sampled time points is considered. For MTL, Bersani et al. proposed an SMT-based
satisfaction checking algorithm by translating MTL into a different temporal logic [Bersani et al.
2015, 2016]. Because their method lacks separation of MTL, the translation is very complex. Also, it
is not clear how to use their method for model checking of real-time (CPS) programs.

Summary. Our main contributions are as follows. (1) We present a foundational technique for
syntactically separating STL formulas. We define an extension of STL, called STL-GT, and a number
of equivalences laws to separate any STL-GT formula. (2) We present a simple procedure to translate
STL formulas into a decidable fragment of first-order logic by syntactic separation. This procedure
is based on novel ideas of finite variability and full stability. (3) We present a new model checking
algorithm for STL that is refutationally complete for bounded signals. This allows verifying STL
properties of CPS programs up to given bounds, which was previously not possible.

The rest of this paper is organized as follows. Section 2 provides some background on hybrid
automata and STL. Section 3 presents STL-GT, and a syntactic separation procedure for STL-GT.
Section 4 explains a translation method from STL formulas into first-order logic formulas using
the separation. Section 5 presents a symbolic model checking algorithm for STL properties of CPS
programs. Section 6 shows experimental results using a prototype implementation of our algorithm.
Finally, Section 7 presents conclusions and discusses future work.
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Fig. 1. A trajectory ¥ of a hybrid automaton Fig. 2. The motion of an autonomous car

2 PRELIMINARIES ON HYBRID AUTOMATA AND STL
2.1 Hybrid Automata

Hybrid automata [Henzinger 2000] are widely used for formalizing the semantics of CPS programs.
In a hybrid automaton H, a set of modes Q specifies discrete states, and a set of real-valued variables
X ={x1,...,x;} specifies continuous states. That is, a state of H is a pair (g, ) of a discrete mode
g € Q and a vector G = (vy,...,v;) € Rl There are two kinds of transitions in hybrid automata. A
jump condition jump(q, J, q’, J’) defines a discrete transition between two states (g, d) — {q’, J’).
A flow condition v; = flow(q, 0y, t) defines trajectories of X for duration ¢ in mode ¢, describing
continuous changes of X’s values from ¢ to ¥;. An invariant condition inv(q, ¥) defines all possible
values of X in mode ¢, and an initial condition init(g, ) defines a set of initial states in mode g.

Definition 2.1. A hybrid automaton is defined as a tuple H = (Q, X, init, inv, flow, jump).

A flow condition of a hybrid automaton is normally written as a system of ordinary differential
equations (ODEs). In practice, flow conditions are often restricted to a certain class of real functions.
Specifically, a hybrid automaton H is called a linear hybrid automaton if its flow conditions are
linear functions, and a polynomial hybrid automaton if its flow conditions are polynomials.

An [-dimensional signal ¥ = (xi, .. .,x;) is a function D — R, where its domain D = dom(¥) is
a left-closed interval of nonnegative real numbers with left endpoint 0 € D. A signal X : D — R/
is bounded if its time domain is bounded (i.e., sup(D) < ). A signal ¥ is called a trajectory of a
hybrid automaton H, if ¥ describes a valid behavior of H over continuous time, as depicted in Fig. 1.
To be precise, consider a sequence of time points 0 = 7y < 7y < 73 < - - -. The initial condition holds
at time 7y. For each i-th step, the values of X change from ¥(r;_;) for duration 7; — 7;_; according
to the flow condition, while satisfying the invariant condition. A discrete jump happens at time z;
from the final values of the current step to the starting values ¥(z;) of the next step.

Definition 2.2. For a hybrid automaton H, a signal ¥ is a trajectory of H, written ¥ € H, if there
exist sequences of modes ¢q1,qz,¢s3, . .. and of times 0 = 7y < 7y < 7, < - -+ such that fori > 1:

(1) init(q1, %(70));

(2) inv(q;, %(t)) for t € [1i_1, 7;);

(3) )?(t) = ﬂOW(qi,)_C)(Ti_l), t— ’[','_1) fort e [Ti—l» Ti); and

(4) jump(qi, Vi, i1, X(11)), where T; = flow(qi, ¥(7i-1), 7 — Ti—1)-

Example 2.3. Consider an autonomous car that is controlled by a CPS program. As illustrated in
Fig. 2, the car can be thought of as a rigid body that moves in the plane, where its position is based
in the center of the rear axle. Let L be the distance between the front and rear axles. The position
(x,y) and the direction 0 of the car change according to the speed v and the steering angle ¢. The
motion of the car can be modeled using the ODEs [LaValle 2006]:

X =vcos0, y=wvsinb, 9=v/L~tan¢.
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if (goal—0 > c): ¢ goal — 0 < —c goal — 60 > ¢ ¢
setVelocity (viow); Left Straight Right
se'tSteerlng (a); T = V) COS B, & = Upign cOS 0, I = Vo COS B,

else if (goal-6 < —c): . . . . . .
setVelocity (vpw); U = Vo SIn 0, Y = Uhigh Sin 0, U = Vjo SIN G,

ow/ . . .

setSteering (-a); 0 = vjow/L - tan(—a) 0 = Vhign/L - tan 0 0 = vjo/L - tana

else: goal — 0 < —c¢ |goal — 0| < ¢ goal — 0 > ¢
setVelocity (vpigh); | T |
setSteering (0);

|goal — 0| < ¢

Fig. 3. A CPS program and its hybrid automaton

We consider a simple CPS program to control the direction of the car, adapted from [Alur 2015].
Given a goal direction goal, the program determines the velocity 8 and the steering angle ¢ based
on the difference between goal and the current direction 6. If the difference is greater than some
threshold ¢ > 0, the program changes the velocity and the steering angle so that the vehicle turns
left or right at low speed. Otherwise, the program makes the vehicle go straight at high speed.

Fig. 3 shows the simple CPS program, and the hybrid automaton H that specifies its semantics
with respect to the physical states. There are three modes Left, Straight, and Right, and three
variables (x, y, 8). Each mode has a flow condition specified as ODEs over (x, y, 8), where the velocity
and the steering angle are given as constants. The jump condition and the invariant condition
are basically given by the program logic. A trajectory of the hybrid automaton H describes the
behavior of the physical variables when the program runs on a controller of the car.

2.2 Signal Temporal Logic

Signal temporal logic formulas specify linear-time properties of continuous real-valued signals,
such as properties of trajectories for hybrid automata. The syntax of signal temporal logic (STL) is
defined as a simple extension of metric temporal logic (MTL).

Definition 2.4 (STL Syntax). The syntax of signal temporal logic (STL) is defined by
p=true | f(X)>01]-¢ [ oAg|eUrg

where ¥ : D — Rl is a signal, f : R! — R is a real-valued function, and I C D is an interval of
nonnegative real numbers in the time domain D.

Untimed notations, such as U, are used as shorthand for Ujg .. Intervals in STL formulas are
often written using arithmetic expressions; for example, U-, for U4y and U<, for Upg 4. We can
define other common Boolean and temporal operators as syntactic abbreviations; e.g.,

oV ==(mpA=¢), Ore=trueUrp, Ore=-01-¢, @R =-((-p)Ui(=¢")).

Example 2.5. For the model of an autonomous car in Example 2.3, we can think about various
STL properties over a signal (x, y, 8, v, ¢). For example:

o po,e01(v < 180 A ¢ < 60): during the first 60 seconds, the speed of the vehicle will always be
less than 180 km/h, and the steering angle will always be less than 60°.

e (¢ >30A ¢ < 30)Ucsp (x =100 A y = 100): the car will arrive at the position (100, 100)
within 300 seconds; until then the steering angle is within the range (-30°,30°).

o o 1201(¢ > 60 — Opg8) 0 > 30): during the first 120 seconds, whenever the steering angle
is greater than 60°, the direction will exceed 30° sometime within 8 seconds after 2 seconds.

o Opo,301(v > 100 A O, 201 v > 100): at some time in the first 30 seconds, the speed will go over
100 km/h and stay above 100 km/h for 20 seconds [Dokhanchi et al. 2015].
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The semantics of STL is defined as the satisfaction of a formula ¢ with respect to a signal ¥
and a global time ¢t € D. Observe that the interval I in an STL formula ¢U;¢’ defines the local
temporal context of its subformula ¢’, because the satisfaction of anf ¢’ at global time ¢ requires
the satisfaction of ¢’ at some “local” time ¢’ — t in the interval I.

Definition 2.6 (STL Semantics). The satisfaction of an STL formula ¢ at a given time ¢t over a
signal ¥, denoted by ¥, t |= ¢, is inductively defined as follows:

X, t |= true
XLtEfE) >0 iff f(X(@F) >0
Xt E e iff XtlEe

XtlEeAQ iff Xtk and %, t|=0¢
%t = oUre’ iff @A'=2t)t'—-tel, {,t' E¢, and(Vt" € [t,t']) X, t" E ¢

For an STL formula ¢, the future-reach fr(¢p) indicates how much of the future is required to
determine the satisfaction [Hunter et al. 2013]. Notice that the satisfaction X, t |= ¢ is well-defined
if the time horizon of ¥ includes the future-reach of ¢, i.e., t + fr(¢) € dom(X).

Definition 2.7. Given an STL formula ¢, the future-reach fr(¢) is inductively defined by:
fr(true) = 0, fr(=e) = fr(e), fr(e A ¢") = max(fr(¢). fr(¢")),
fr(f(x) >0) =0, fr(eU1¢") = sup(I) + max(fr(). fr(¢’)).

The STL model checking problem, denoted by H, 7y |= ¢, is to check whether an STL formula
¢ is satisfied for every trajectory ¥ of a hybrid automaton H at an initial time 7, (i.e., ¥, 7 |= ¢).
By definition, this is equivalent to finding a counterexample trajectory X that satisfies the negated
formula —¢. The STL model checking problem is undecidable in general. The reachability problem
for hybrid automata is already undecidable [Henzinger et al. 1998], which is a special case of STL
model checking. Further, the existing techniques for STL model checking are inherently incomplete,
as discussed in Sec. 1, and thus cannot guarantee the correctness for STL properties.

For a signal ¥ : D — R/, a time point 7 € D is called a variable point if the truth value of a
proposition changes at the time 7 on the signal X. For example, the set of variable points with
respect to the proposition y > 2 for the signal y = |t — 3| is {1, 5}.

Definition 2.8. Given a signal ¥ : D — R!, a time point 7 € D is a variable point of ¥ with respect
to a proposition p(¥X) if for some neighborhood B 3 r, there are different truth values u and v such
that p(¥(t)) = u for every t € BN [0, 7) and p(X(t)) = v for every t € BN (, c0).

In this paper we consider the STL model checking problem for bounded signals. There are two
bound parameters: the domain of a signal is bounded by a given time 7, € R*, and the number
of variable points in a signal is bounded by a given number k € N.

Definition 2.9 (STL Bounded Model Checking). An STL formula ¢ is satisfied at a time 7y on a
hybrid automaton H up to bounds zmax > 79 + fr(¢) and k € N, denoted by H, 7y |=¢, o, ¢, iff
%, 7o |= ¢ for every trajectory ¥ € H with at most k variable points such that sup(dom(X)) < Tax-

3 SYNTACTIC SEPARATION OF STL

We first introduce a syntactic separation procedure of an STL formula so that the satisfaction
of each subformula can be exclusively determined by disjoint parts of a signal. We argue that
this problem is quite nontrivial for STL, because there are usually overlaps between local time
constraints of different subformulas. For this reason, we define a more expressive temporal logic,
called STL-GT, and present a separation of STL-GT that meets this requirement.
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3.1 Local Separation of STL

Consider the STL formula ¢ = [y 5)(x > 0 = O[1,31y < 10). The satisfaction of the formula ¢ (at
global time 0) depends on the segment of the signal (x, y) over the time interval [1, 8]. Our goal is
to obtain an equivalent formula in which each subformula depends only on a disjoint segment of a
signal, say, before 2, at 2, or after 2. In principle, we can separate the formula ¢ according to its
local temporal contexts, given by the intervals [1,5] and [1, 3] in ¢. The following equivalence rule
in [Hunter et al. 2013] can be used to separate this formula:

WUl = ¢Ucrg’ V (Oerp A 0= ((0 A ¢) V 0Us0p))).
However, this kind of “local separation” does not exclusively separate the entire formula, allowing

overlaps between different segments. By the above equivalence, the formula ¢ can be rewritten
into the following STL formula that is separated at time 2:

U2 >0 = O3y < 10) A O=p(x > 0 — Opg31y < 10) A Do 5(x > 0 — Oy 31y < 10)

Observe that the subformula [y 2)(x > 0 — <&1,31y < 10) depends on the segment over [1, 5),
and the subformula Oz 51(x > 0 — <py,31y < 10) depends on the segment over (2, 8]. There is an
unintended overlap (2, 5), because the local temporal context [1, 3] is not considered. As a matter
of the fact, combining such local temporal contexts in a proper way is very difficult, and thus there
has been no satisfactory way for separating STL formulas into disjoint parts.

3.2 STL with Global Time

We consider a simple extension of STL, called signal temporal logic with global time (STL-GT),
by also adding global time constraints. The only syntactic difference from STL is that temporal
operators of STL-GT contain extra global time intervals K, besides local time intervals I.

Definition 3.1 (STL-GT Syntax). The syntax of STL with global time (STL-GT) is defined by
g:=true | f(F)>0 | -~¢ | orp | oUfe
where ¥ : D — R is a signal, f : R! — R is a real-valued function, and I, K C D are any intervals

of nonnegative real numbers in the time domain D.

Intuitively, ¢ Uf ¢’ means that ¢’ will hold, simultaneously, at some “local” time in the interval I
and some “global” time in the interval K, and until then ¢ holds. Similarly, we define other common
temporal operators as syntactic abbreviations as follows:

Of p=trueli g, Of p=-07 =g, ¢R{¢ =~((~9)Uf (=¢")

The satisfaction of STL-GT formulas takes into account global time intervals as well as local time
intervals. The global interval K in tpr ¢’ defines the global temporal context of the subformula
¢’, because the satisfaction of quf ¢’ requires the satisfaction of ¢’ at some “global” time ¢’ € K.
Unlike STL, we can explicitly express the global temporal contexts of subformulas in STL-GT.

Definition 3.2 (STL-GT Semantics). The satisfaction of an STL-GT formula at time ¢ over a signal
%, denoted by ¥, ¢ |= ¢, is inductively defined as follows:

X,t |= true
Xt fX) >0 iff £(X()) >0
Xt = iff X,tlEo

XNtlEeAe M XtlE@ and X tE@
XtEeUKe iff A >t)t' €K, t'—tel, ¥t' ¢, and(Vt" € [t,t']) %t E ¢
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3.2.1 Expressiveness of STL-GT. Any STL formula can be written in STL-GT. E.g., the STL formula

Ocs(x > 0 = O3y < 10) is written as the STL-GT formula D[SO’SDO)(x >0 —> OE):;)) y < 10).

Notice that Uy and UEO’OO) have exactly the same meaning by definition. This implies that an STL-GT
formula with only global interval [0, c0) can be equivalently rewritten into an STL formula by
replacing each occurrence of UEO’OO) by Uy, and vice versa. Therefore, STL-GT with only global
interval [0, co) has the same expressive power as STL.

STL-GT is related to timed propositional temporal logic (TPTL) [Alur and Henzinger 1994]. In
the same way that STL extends metric temporal logic, one may define a signal version of TPTL.
TPTL formulas can contain many clock variables. For example, the TPTL formula

x(Oy.(y<5-p—=02z.(z2<52 A x>1AQ))))
contains three clock variables x, y, and z. Any STL formula can be written using one clock variable
denoting each local time; e.g., the STL formula U<5(x > 0 — Oy 31y < 10) is written as the formula
Oi.(l<5Ax>0—- ¢l.(I € [1,3] Ay < 10)). Similarly, any STL-GT formula can be written in
TPTL using two clock variables, one for local times, and the other for global times.

TPTL is strictly more expressive than MTL without past temporal operators. (MTL with past has
the same expressiveness power as TPTL [Hunter et al. 2013].) Bouyer et al. showed that the TPTL
formula x.O(p A x <1 A O(x <1 — —q)) has no equivalent formula in MTL [Bouyer et al. 2005].
However, it can be written as O[f)’loo) P A D[So’loo)—'q) using the STL-GT syntax. Since STL is a signal
version of MTL, this formula demonstrates that STL-GT is strictly more expressive than STL.

ProrosITION 3.3 (EXPRESSIVENESS OF STL-GT). STL-GT is strictly more expressive than STL.
STL-GT with only global interval [0, o) is as expressive as STL.

Remark. It is worth noting that STL-GT captures a subclass of TPTL that is expressive enough
for separation of STL. The full expressiveness of TPTL is not needed in this paper. Moreover, the
greater expressiveness of TPTL makes it more difficult to define a separation of TPTL formulas,
because TPTL allows writing any quantifier-free constraint over multiple clock variables.

3.3 Separation of STL-GT

We first show a number of equivalences to obtain a separation of STL-GT. Usual equivalence laws
for STL, including distributive laws for the Until operator, also hold for STL-GT as follows.

LEMMA 3.4. For nonnegative intervals I, ], K € R*, we have the following equivalences:

(1)U (¢' VY') = oUre" V oULY’ @) (e AY)UTe" = UL’ A yUF e’

(3) pUp,;0" = @Ufe’ Vv oUTy’ (4) pUFPte" = oUTe" Vv oUrg’

In STL-GT, the zero interval {0} can be used to bound its global temporal context. If ¥, t |= pUX ¢’
the global time ¢ must be in the interval K. From this we have the following equivalences.

LEMMA 3.5. For nonnegative intervals I, K,L C R*, we have:
(1) eUF (0L, ¢") = oUi™e"  (2) 0 (0L ) = of e ()OF (O ) = O
(4) (I:Ifogo)Uf o = <>IL @', ifsup(L) < inf(K) and LNK =0

Consider the problem of separating an STL-GT formula ¢UX ¢’ at time 7 that is earlier than the
global interval K. As depicted in Fig. 4, q)Uf ¢’ holds if and only if (i) the subformula ¢ holds until
7, and (ii) the rest of the formula (pr ¢’ holds after 7. The first condition is written as the STL-GT

formula (JS{ ¢, and the second condition can be specified by restricting the global temporal context

to the interval (z, o). Similarly, we can separate a formula with respect to the local interval I,
where the second condition can be specified by shifting the local temporal context by time 7.
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Fig. 4. Separation of (pU?(p’ at time 7 < inf(K)

LemMA 3.6. For a time T and nonnegative intervals I, K C R*, we have:
(1) pUFe’ = Of ¢ A (OZ@)UF g, if 0 < 7 < inf(K).
(2) pUKg" = O2) o A OZ22(pUK _¢"), if0 < v < inf(J).

We now present a separation of an STL-GT formula (pr ¢’ at an arbitrary time 7, based on the
equivalence explained above. Again, we fix either the local interval I or the global interval K, and
separate the other interval at time 7. Hence, there are two ways to separate STL-GT formulas:

e Global separation: the global interval K is separated into [0, 7), {7}, and (z, o).
e Local separation: the local interval I is separated into [0, 7), {r}, and (7, o).

Using the global separation of STL-GT, we can syntactically separate the entire STL-GT formula so
that the satisfaction of each subformula exclusively depends on disjoint segments of a signal. On
the contrary, the local separation of STL-GT has the same limitation as the STL case.

THEOREM 3.7 (SEPARATION OF UX). For a time r:
(1) pUKy = UV v (D550 A O350 A (OF " v (O U "))
@) oUfe" = oUR 0"V (OZ¢ A (O 0 A O ,¢) V O2(UR @)

Proor. (1) By applying Lemma 3.4, we have (pUI o = (pUKﬁ[O T)qo’ \Y% @Uf o' v quKn(T =) ¢

Kn(T ’, because they depend on the

We still need to separate the formulas unI ¢" and ¢U;
initial segment of a signal over the interval [0, 7). For (prn T](p', we obtain the equivalence

quKmT}qo’ = OKmT}(p’ A OZ{ ¢ as follows. Since t’ € K N {r} implies [t,t'] = [t, 7], we have:
it UMyt (At > t) t’ eKm{ Wt —tel, £t = ¢, and (V" € [t,r]) Xt E o
iff X,tl=< (p and ¥, ¢ |= D>0<p
For quKm(T oo)tp’ we obtain the equivalence tpUIm - oo)(p’ = 03 oA (02 e) UKQ(T oo) " as follows.

IfKN(r,00) #0,0 <7 <inf(KN(r,0)) and so we apply Lemma 3.6.fKnN (7.' ) = Q), both sides
are equivalent to false. Hence, by the distributive laws and Dig(p = [12% A 02% by Lemma 3.4:

oU g v @55 A o) v @50 A OZ 0 U
R (e T = T (A (PO L )

oUT ¢’

(2) Similarly, by Lemma 3.4, (pUI ¢ = qum[O’T)(p (pUm{T ¢V (pUm(T o
we can easily see the equivalence (pUI q)’ = Diftp A Om{f}‘/’ . By Lemma 3.6, we obtain the

020 A 02 (qu

)(p . By definition,

equivalence pUK ¢’). Consequently:

In(z, oo)q)
oU mof)qo V(OZ9 A Opy@) V (O 0 A 020U )-0)
= Ul ¢ vV (O 0 A (B2 A O )0) V 022(e Ul ), ¢)). O

ZNotice that we use the zero interval {0} to restrict the global temporal context of the left operand ¢ to the interval (z, co)
in the formula (OZ (p)Uf ¢’, by applying Lemma 3.5.

IN(zr,00)—-1

oUL ¢’
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Example 3.8. Consider the STL-GT formula ¢ = D>0 (x >0 - 0[1 5y < 10) again. We can

separate each subformula at time 2 by the global separatlon as follows:
D[<125](x>0—>¢) [15(x>0—>¢)/\D[15(x>0_>¢),

where ¢ = <>[<123 y <10 Vv <> 5y <10V [1,3]y < 10. The satisfaction of each subformula

exclusively depends on one of the dlSJOlIlt segments over [0, 2), {2}, and (2, 00).

3.4 Global Separation of STL and Restricted Operators

Theorem 3.7 allows separating STL-GT formulas at a given time 7. Because any STL formula can
be considered as an STL-GT formula with the global interval [0, co) by Proposition 3.3, we can also
separate STL formulas by Theorem 3.7. This section shows the interesting result that the global
separation of STL needs only a subclass of STL-GT with restricted temporal operators.

Definition 3.9. The restricted Until operator fIK is defined as the syntactic abbreviation:
oUr e’ = (50 Uf ¢’

The restricted Until operator ﬁf also bounds the global temporal context of the left operand ¢
to the interval K. Using ﬁf instead of Uf , we have the subclass of STL-GT, written STL-GT[fJ].
Other temporal operators can also be defined as syntactic abbreviations in STL-GT[U]:

Of ¢ = trueUfp,  Of ¢ =-07 ¢, ¢R{¢" = ~((~9)U7 (=¢")
We can easily see that the operators DK and <>K have the same meaning in both STL-GT and

STL-GT[U]. Applying Theorem 3.7 to the restrlcted Until operator, any STL-GT[U] formula can be
globally separated at an arbitrary time 7, as stated in the following proposition.

PROPOSITION 3.10 (GLOBAL SEPARATION OF fJf ). For atimert:
quI ¢’ (pUKr\[o ,T) s v (DKO[O T)tp A Dim{r:q) A (0 ‘P v qDUIm(roo ‘Pl))
Proor. Recall qu "= (0K U <p’ By Theorem 3.7, (OX (p)U ’ is equivalent to:

@)U o v (@50 e A 05050 A (0f "y v (@7 0K p) UF ) )

Using the equivalence O (0% ¢) = Ok

(D—O(P) Kﬁ[O T) ry (DIZ((T[O,T)(p A DKQ oA (<> (P Vi (DKH(T oo)(p) U;(ﬁ(‘r,oo) (pl))
Because sup(K N [0, z')) < inf(K N [r,)), by Lemmas 3.4 and 3.5, we have the rewriting steps:

(D (p)UKOOT)q)/ = (DKm[o,r)qo A DKn[r,oo) (p)Ufm[O’T)QD’

(|:| N[0, 7) )UKﬂ[O T)(p/ A (DKn[T,oo) @)Ufn[o’r)(P/

(D N[0, 7) )UKH[O T)(p/ A trueUKﬁ[O T) r _ (DKQ[O T) )Ufﬂ[o,‘r)(p/

¢ in Lemma 3.5, we can rewrite the formula as:

As a consequence, the formula (D_O(p) K¢’ is equivalent to one in the desired form:

(DI:(?[O’T)QD)Ufn 0,7) q)/ v (DKH[O,f)qD A DIZ((T{T}(/) A (Ofm{T}QD, V (DI::(T’OO)QD)Ufn(T’OO) (P/)) O

>0

This proposition implies that STL-GT[U] is precisely related to the global separation of STL.
Any STL formula can be written in STL- -GT[U] with the global interval [0, c0), because U and
UEO ") also have exactly the same meaning. STL-GT[U] can be considered as the smallest syntactic
subclass of STL-GT that includes STL and is closed under the global separation. As a matter of fact,

STL-GT[U] is used for symbolic model checking of STL in the rest of the paper.
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Example 3.11. Consider the STL formula <1 (x <0 A (y < 5)U<;(x > 0)). By separating each
subformula at time 1 using Proposition 3.10, we obtain the STL-GT[U] formula:

OSxSO AP) A OI(X<SOAP) A OZI(x<0A @)
where ¢ = (y < 5)U§%(x >0)V (D<1(y <5)A |:| oy <5)A (<><2(x >0)V(y< 5)U25(x > 0))).

4 TRANSLATION OF STL TO FIRST-ORDER LOGIC

This section explains how to translate STL into first-order logic for symbolic model checking. We
first define fully stable STL-GT[U] formulas that behave like propositional formulas with respect
to a signal with finite variable points. We then present a procedure to translate a fully stable
STL-GT[U] formula into a quantifier-free first-order logic formula. We show that any STL formula
can be equivalently rewritten into a fully stable STL-GT[U] formula by the syntactic separation.

4.1 Full Stability

Recall that a time point 7 is a variable point of a signal if the truth value of a proposition changes
at the time 7. For a set of propositions AP, when a signal ¥ has no variable point in a particular
interval L, the truth value of every proposition in AP is clearly fixed in L by definition. Such a
stability condition was previously studied for MTL, and has been extended to formulas with respect
to timed words [Alur et al. 1996]. Similarly, we define the stability condition for STL-GT formulas.

Definition 4.1. An STL-GT formula ¢ is called stable for an interval L with respect to a signal ¥,
if for all time points u,u’ € L, X,u |= ¢ iff X,u’ |= ¢

The stability condition is important for STL-GT, as a formula can be treated as a propositional
formula if every subformula is stable. Consider the formula ¢; = D<9(X >0— 07 35X~ 0), and a
signal x with the single variable point 9, say, x(¢) > 0 for ¢ € [0, 9). In this case, every subformula
is stable, and the satisfaction can be easily determined like a propositional formula as follows:

x,0 = D<9(x>0—><>[35]x>0)

iff x,0 = Dii(true - 0[3’5] true), because x > 0 is stable for [0, 9)
iff x,0 = OZ)(true — true), because <>[<395 true is stable for [0, 4)

iff x,0 |= true

In STL-GT, the truth value of a formula may still vary according to its global temporal context,
even if all the propositions are stable. A formula (pr ¢’ can be vacuously falsified regardless of the
satisfaction of its subformulas ¢ and ¢’, when the time constraint imposed by the intervals K and I
cannot be satisfied. For example, consider another STL-GT formula

@ =053(x>0— <>[3 5% > 0),

obtained from the above formula ¢, by replacing the global interval [0, 9) by [0, 4). For the same
signal x with the single variable point 9, the subformula <> x > 0is not stable in the interval [0, 4)

anymore. For example, x,0 |= <><345]x > 0, but x,3 | <><345]x > 0. Specifically, ¥, t [£ O G, 5]x >0
for any t > 1, since there exists no ¢’ > t such that ¢’ — ¢ € [3,5] and ¢’ € [0, 4) in this case.

This observation motivates our definition of the full stability. It characterizes a sufficient condition
for STL-GT[U] that all subformulas become stable with respect to their global temporal contexts.
(We will explain how to obtain a fully stable formula using the syntactic separation in Sec. 4.3.)
Let us first define some interval operations for nonnegative intervals: J -1 ={j—i|j€ J,i € I},

J=I=J-D)nR* and (J = I)C =R*\ (J = I), for nonnegative intervals I, ] C R*.

[3,5]
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Definition 4.2 (Full Stability). The full stability of an STL-GT[U] formula ¢ for an interval J with
respect to a signal ¥, written stablez (¢, J), is inductively defined as follows:

stableg (true, J)
stablez(f(¥) > 0,]) iff f(X) > 0 is stable for J with respect to ¥
stablez(—¢@,J) ift stablez(o,])
stablez(p A ¢’,J) iff stablez(¢p,J) and stablez(¢’, J)
)

stablex(goUI ¢’,]) iff stablez(p,K), stablez(¢’,K), and (J C K =1, or J C (K4I)B)

A simple but important idea is to express the satisfiability of the time constraint of an STL-GT[U]
formula (pr ¢’ as a quantifier-free expression in interval arithmetic as follows.

LEMMA 4.3. Fort > 0 and nonempty intervals LK € R*,t e K=Tiff (At’ > t)t' € Kandt' -t € L.

Proor. (=) By definition, t = k — i for some k € K and i € I. Let t’ = k. Observe that t’ € K
andt'—t=i€l («)Sincet—t' € -I,t' €eK,andt > 0,wehavet € K~ 1. o

For an interval J, if an STL-GT[U U] formula ¢ is fully stable, ¢ is also stable for J. If any point in |
cannot satisfy its time constraint, (pU " will be vacuously falsified. If every point in J satisfy the
time constraint, the satisfaction of ¢U; K¢’ will be entirely determined by its subformulas.

LEMMA 4.4. If an STL-GT[U] formula ¢ is fully stable for an interval ] with respect to a signal %,
then the formula ¢ is stable for the interval J with respect to the signal X.

Proor. The proof is by structural induction on ¢. The only nontrivial case is (pﬁf ¢’, because
the other cases are immediate by definition and induction hypothesis. Suppose stable;(qof]f o',])
holds. Then, both stablez (¢, K) and stablez(¢’, K) hold, and either ] C K ~Tor J C (K = I)G holds.
Ifj=0, (pﬁfq)’ is stable for J by definition. If I = @ or K = 0, (pﬁf(p' is false and so is stable. Now
let us assume I, J, K # 0. Consider t1,t; € J. For £ = 1, 2, by definition,

Xt oUFe" f Aty 2t)tyeK, t)—trel, %t, ¢, and (Vt" € [te, t)]NK) %t E ¢

There are two cases. When J C K = I, since t¢, € J, by Lemma 4.3, there exists té > ty such that
té € K and té —ty € Ifor € = 1,2. Also, [ty, t(’,] N K # 0, because té > ty and té € K. By induction
hypothesis, both ¢ and ¢’ are stable for the interval K. Therefore,

Xt Ee iff Xtyl=¢, and (V1" € [t1,{]]NK) %t =@ iff (Vi €[t t5] NK)X,t" E @

Therefore, (,oflf< ¢’ is stable for J. When J C (K = I )C, by Lemma 4.3, there exists no t{’, > te such
that té € K and té — ty € I. Therefore, %, t; = (pf]f(p’, for £ = 1, 2. Thus, qoﬁf(p’ is stable for /. O

Notice that if a formula (prK ¢’ is fully stable for an interval J, then both ¢ and ¢’ are fully stable
for its global temporal context K. As a consequence of Lemma 4.4, if an STL-GT[U] formula is
fully stable, then every subformula is stable for its global temporal context. Therefore, Lemma 4.4
provides a sufficient condition for each subformula to be stable for its global temporal context.

Remark. 1t is crucial in Def. 4.2 that only STL-GT[U] formulas are taken into account. In the proof
of Lemma 4.4, to apply the induction hypothesis, it is necessary to restrict the global temporal
context of the left operand of (pﬁf ¢’ to the interval K. For the normal Until operator, the global
temporal context of ¢ also includes the initial segment [0, inf K], in addition to K.
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4.2 First-Order Logic Translation of Fully Stable Formulas

It is straightforward to translate a fully stable STL-GT[U] formula into first-order logic. Because
each subformula of a fully stable formula is stable for its global temporal context, as mentioned
above, the satisfaction of the entire formula can be evaluated just like a propositional formula.
Using this fact, we present a simple procedure to translation a fully stable STL-GT[U] formula ¢
into a quantifier-free first-order logic formula of size O(|¢|) as follows.

Definition 4.5 (First-Order Translation). For an STL- -GT[U] formula ¢ and a signal ¥, the first-order
translation fotr;(¢, J) for a nonempty interval J is inductively defined by:

fotry(true, J) = true
fotrz(f(%) > 0,]) = f(¥(a)) >0, fora€] (eg.a= (sup(J) +inf(J))/2)
Jotrz(=e,]) = = fotrz (o, J)
fotrz(¢ A @', ]) = fotrz(.]) A fotrz(¢',])
fotro(pUX o', J) = J S K =1 A fotra(p.K) A fotra(¢’,K)

Example 4.6. Consider the formula ¢ = D(z 4 (x >0 - 0[1 Y < 5), and a signal with one
variable point {5}. The formula ¢ is fully stable for [1,2], because (2,4) C [0,5) =~ [1,3] = [0,4) and
[1,2] € (2,4) = [0,2] = (0,4). The first-order translation of ¢ for [1, 2] is then:

fotr, (Dg;‘(x>o_><> 4y < 5). [1.2])

=[1,2] € (2,4) = [0,2] = (fotrz(x > 0,(2,4)) — fotry (<>[1 5 Y <5, (2,4)))
=[1,2] € (2,4) = [0,2] = (x(3) > 0 — ((2,4) € [0,5) = [1,3] A y(2.5) <5))

An STL-GT[U] formula ¢ is equisatisfiable to its first-order translation fotrz(¢@, J) over J, provided
that ¢ is fully stable for the interval J with respect to the signal ¥. (We will explain how to obtain a
fully stable formula in Sec. 4.3 and how to encode the requirements for the signal in Sec. 5.)

THEOREM 4.7. Given an STL-GT[U] formula ¢, if ¢ is fully stable for a nonempty interval J with
respect to a signal X, then (At € J) %, t |= ¢ & fotry(e,]).

Proor. The proof is by structural induction on ¢. The base cases are immediate by definition.

o (¢ = —¢): Because —¢ is fully stable for J, the formula ¢ is fully stable for J. By Lemma 4.4, ¢

is also stable for J # 0, and thus (3t € J) X,t |= ¢ iff (Vt € J) X, t |= ¢. By induction hypothesis,

Fte )X tEiff ~(Vt e ]) X t = $iff (3Tt € J) X, t |= ¢ iff ~fotrz (e, J).

o (p = ¢ A @) Because ¢ A ¢’ is fully stable for J, both ¢ and ¢’ are fully stable for J. First, if

(Tt e))Xtl=dA¢, then (Tt € J) X,t = ¢ and (It € J) ¥, ¢ |= ¢’. By induction hypothesis,

fotrz(o, J) A fotrz(¢’, J). Conversely, if fotr:(¢, J) A fotrz(¢’, ), by induction hypothesis, (3t €

DX tE¢and (At € J) X, t |= ¢'. Since ¢ and ¢’ are stable for J, ¥t € J) X, t |= ¢ A X, t |= ¢'.

o (p= ¢[~I§(¢'): Since qﬁﬁfg’)’ is full stable for J, stablez (¢, K), stablez(¢’, K), and either (] € K =1I)

or (J € K = I)®. Further, by Lemma 4.4, ngfJfg{)’ is stable for J. By definition, X,t |= quJfg{)’ iff

@Atz t'eK, t'—tel, X,t' = ¢, and (Vt"" € [t, '] NK) X, t" |= ¢.

- (=) @te])) 2t $UK¢, since pUK ¢’ is stable for J # 0, (V¢ € ]) X, t |= pUK¢’. Therefore,
from (Yt € J)(At' 2 t)t" € K A t' —t € I, by Lemma 4.3, we have ] C K = I. Since t’ € K and
[t,t'] N K # 0, by induction hypothesis, we have fotr;(¢’, K) and fotr; (¢, K).

- (&) Iffotr;(g{)Ufgﬁ’,]), then J € K = I, fotr;(¢,K), and fotr:(¢’,K). Since @ # J € K = I, by
Lemma4.3. (At € J) (At' = t) t’ € K A t' —t € 1. Because ¢ and ¢’ are stable for K, by induction
hypothesis, X,t" |= ¢’ and (Yt € [t,t'] N K) X, t” |= ¢ hold for any ¢’ € K. O
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———————— ¢ o9 Q={1,3,5,6,7}
Y : ¢ : Ty P={1,57}
1 2 3 4 5 6 7

Fig. 5. Two partition P = {1,5,7} and Q = {1,3,5,6,7}, where P C Q

4.3 Full Separation

This section presents a separation procedure to obtain a fully stable STL-GT[U] formula with
respect to a signal with finite variable points 7; < - - - < 7,,. We first introduce some definitions that
are necessary to formally define our procedure. For a set of time points {r,--- ,7,}, an interval
can be divided into a collection of disjoint subintervals, called a partition. For example, [0, 10) can
be divided into five subintervals [0, 1), {1}, (1, 3), {3}, and (3, 10), by two time points 1 and 3.

Definition 4.8. A finite set of time points P = {ry, ..., 7,} is called a partition of an interval D if
inf(D) <7 <:-- < 1, <sup(D). A partition P divides D into a set of disjoint subintervals:

[Plp = {zi}, (zi,i+ 1) €D |1 <i<n} U {DN[0,71),D N (tp, )}

For two partitions P and Q of the same interval D, the partition P is called finer than Qif P 2 Q. A
restriction P | E by a subinterval E C D is the partition P N E.

For two partitions P; and P, of an interval D, the union P; UP; is also a partition of D, which is finer
than both of P; and P,. An interval in a finer partition Q 2 P is a subset of one in the coarser partition
P. For example, consider two partitions P = {1,5,7} and Q = {1, 3,5, 6, 7} of the interval [1, c0). As
depicted in Fig. 5, any interval in [Q] 1,00 = {{1}, (1,3), {3}, (3,5), {5}, (5,6), {6}, (6,7), {7}, (7, 00)} is
a subset of some interval in [P][1,«0) ={{1}, (1,5), {5}, (5, 7), {7}, (7, 0)}.

LEMMA 4.9. For two partitions P and Q of an interval D:

(1) if Q 2 P, for any interval L € [Q]p, there exists L’ € [P]p such that L C L'; and
(2) ifE C D, for any interval L € [P | E]g, there exists L’ € [P]p such thatL C L’.

We ready to define our full separation procedure. First, we assign to each subformula ¢ a partition
I (¢). The base partition for propositions is a set of variable points, and a partition of (pf}f ¢’ is
inductively built using the partitions for their subformulas. The intuition behind the construction
is to make 1 ((prf ¢’) fine enough to satisfy the full stability condition in Def. 4.2, by adding all the
points obtained by subtracting I’s endpoints from the partitions for the subformulas.

Definition 4.10 (Partition Construction). For an STL-GT[U] formula ¢ and a base partition B, a
partition mapping I assigns to each subformula ¢ a partition 7 (¢) of [0, 00), inductively constructed
as follows, where e(I) denotes the set of endpoints (e.g., inf(I) and sup(I)) of an interval I:

TeP

A partition mapping I is minimal if every 2 is an equality in the definition. In this case, the size of
I((pr(p’) is at most 2|(Z (¢) U I (¢’) U e(K)) | (K U e(K))|. In total, the size of I is O(k - 2"(®)),
where k is the size of the base partition B, and h(¢) is the height of the formula ¢.
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Example 4.11. Consider the STL-GT[U] formula ¢ = [J2° [0.2] (x>0-—> <>[103 y < 5) and the base
partition {0, 5, 7}. A partition mapping 7 is then given by:
T(x>0)=I(y<5)=1{0,57) I(x>0— 0f% y<5) =1{0,2,4,56,7)
[(<>[l 1Y <5)=1{2.4,6} [(D[>002 (x>0— 0[21?3] y <5)) =1{0,2,3,4,5,6,7}

We describe the global separation procedure for (prf ¢’, given multiple time points 7y < - -+ < 7y,
based on Proposition 3.10. Let 7~ = (zy, . . ., T,) be an increasing sequence of time points. We denote
the empty sequence by @, and (1, 73, . . ., 7,) by (71, T ') with the suffix T’ = (1o, . . ., 7p).

Definition 4.12 (Global Separation Procedure). For an STL -GT[U] formula qu ¢’ and a sequence
7, the global separation sep((pU @', T) is the STL-GT[U] formula inductively defined by:
sep(pUK o', @) = pUK ¢’
sep(pUK g’ (2,7)) = UKD v (@KOD o A DKo A (0K v sep(pTK" g7 7))
We then apply the global separation procedure to separate each subformula (prK ¢’ by the

partition for its subformulas ie, (T (p)UZI(p')Ue(K)) | (KUe(K)), so that the resulting separated
formulas of (pr ¢’ are fully stable for each interval in the partition 7 ((pU .

Definition 4.13 (Full Separation Procedure). For an STL- GT[U] formula ¢ and a partition mapping
T, the full separation fsep ;(¢) is an STL-GT[U] formula inductively defined as follows:

fsepy(true) = true
fsepr (f(X)>0) = f(X)>0
= —fsepr (o)

fsepr <pA @) = fepr(p) A fsepr(¢”)
fsepr o) sep(fsepz(rp) Uf fsep;(@'), (I(9) UI(9)Ue(K)) | (KU e(K)))

The size of fsep 7 (¢) can be linear with respect to the size of a partition mapping 7, if subterms are
shared as usual. The full separation fsep ; (¢) is equivalent to the original formula ¢ by Theorem 3.7.
Moreover, fsep ; (¢) is fully stable with respect to a signal with finite variable points.

(
fsepr(=¢)

(

(U

THEOREM 4.14. Consider an STL-GT[U] formula ¢, a signal X with finite variable points, and a
partition mapping I. The full separation fsep;(¢) is fully stable for any interval J € [I (¢)][0,00)
provided that the base partition of I contains all the variable points of X.

Example 4.15. For the STL-GT[U] formula ¢ = D[>002] (x>0— 0[2103] y < 5) and the partition
mapping 7 in Example 4.11, we separate <>[1 5Y <5 by the partition 7 (y < 5) = {0,5,7}, and

separate ¢ by 7 (x > 0 — &7° LY < 5) ={0,2,4,5,6,7}. The full separation fsep ; (¢) is then:

_ I J
foeps(p) = /\Ie[{0,2,4,5,6,7}]][0‘m)D[O’z](x >0= JGH{0-5-7}H[0,M)0[L3] y <5

Thanks to Theorem 4.14, the formula fsep ; (¢) is fully stable for any interval in [ (¢)][,.) With
respect to any signal with the variable points {0, 5, 7}. By Theorem 3.7, fsep;(¢) = .

4.3.1  Proof of Theorem 4.14. We first state some lemmas that are necessary to prove the theorem. If
a formula ¢ is stable for an interval L, then ¢ is clearly stable for any subinterval J of L by definition.
We can easily see that the same property also holds for the full stability.

LeEmMA 4.16. If ¢ is fully stable for an interval L, then ¢ is fully stable for any subinterval of L.
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The global separation sep(q)fJf ¢’,T") is a Boolean combination of its top-level subformulas of
the forms: (pﬁ%(p’, DLZOq), Déorp, <>1qu', and (prf(p’. For the temporal operators of these top-level
subformulas, the global intervals are in the partition 7~ of the interval K.

Lemma 4.17. Given an STL-GT[U] formula ¢ and a partition P of K, for a top-level subformula of
sep(q)quo’, T"), every nonempty global interval of its top-level temporal operator is in [T | k.

To build a partition I ((prf ¢’) in Def. 4.2, we add all the points obtained by subtracting I’s
endpoints e(I) from the partitions for the subformulas to make I ((prf< ¢’) fine enough to satisfy
the full stability condition. The following proves that this is indeed the case.

LemMA 4.18. Given intervals K,I,D C R* and a partition P of K that includes K’s endpoints, for
any interval L € [(J,cp{r —e € D | e € e()}]p, either LC J=IorL C (J=1DC foreach ] e [P]k-

Consider an STL-GT[U] formula ¢, a signal X with a finite set B of variable points, and a partition
mapping 7, where the base partition of 7 includes B. Theorem 4.14 states that stablez(fsep(¢), J)
holds for any interval J € [Z (¢)][o,c0)- The proof is by structural induction on ¢ as follows.

o (¢ = true): fsep(true) = true, which is always fully stable by definition.

® (¢ = f(X) > 0): For any subinterval of J € [Z(f(X) > 0)][0,0), f(X) > 0 is stable, because
I(f(X) > 0) 2 B and thus J includes no variable point. Therefore, stablez(f(¥) > 0,J). Since
foep; (FR) > 0) = £(2) > 0, stablex(fsep; (f (%) > 0), J) holds.

® (¢ = =¢): Consider an interval J € [1 (=¢)][o,c0)- Because T (=¢) is finer than I (¢) by Def. 4.10,

J is a subinterval of some interval J* C [Z(¢)][0,«) by Lemma 4.9. By induction hypothesis,
stablez(fsep;(¢),J’), and by Lemma 4.16, stablez(fsep ; ($), J) holds. Therefore, by definition:

stablez(foepr (§).]) iff  stablex(~foepy (§).]) iff stablec(foepr (~¢).)).

® (¢ = $1 A ¢2): Consider an interval | € [I(¢1 A ¢2)][0,0). Similarly, since 7 (¢1 A ¢;) is finer
than both of 7 (¢) and 7 (¢,), by Lemma 4.9, J is a subinterval of some J; C [Z($1)]0,c0)
and of some J; C [ (¢$2)][0,0). By induction hypothesis and Lemma 4.16, stablez(fsep 7 ($1), J)
and stablez(fsep ; (¢2), J). Therefore, by definition, stablez(fsep;(¢1),J) A stablez(fsep;(¢2),]) iff
stablez(fsepr (91) A fsepr($2), J) iff stablez(fsep; (P1 A ¢2), J).

° (p= gblljfgbz): Consider an interval J € [[I(g{)lﬁfgbz)]][o,m). Let
P=(T($)UI(p)UeK)) [ (KUeK)),  Q=Urepl{r—ec[0,0)]ece()})

Since 1 (¢11~Jf ¢2) is finer than the partition Q by Def. 4.10, J is a subinterval of some interval

J’ € [Ql0,00)- It suffices to show stable;(fsepf(qﬁlﬁfgbz),]’), since then stablez(fsep (qﬁlfJf{qu),])
by Lemma 4.16. By definition, fsep (¢1I~J§<¢2) = sep(fsepr (gbl)INJffsepI((;Sz), P), which is a Boolean
combination of top-level subformulas of the forms:

fsepr (9007 fsepr ($2), Dzafsepr($1), Diofsepr($1), Orfoepr($2), foepr ($1)Urfoepr(¢2)

By Lemma 4.17, for each global interval L for these top-level subformulas, L € [P]k. Observe
that L € [P][o,0) also holds, since e(K) C P. Because P = (I (¢1) U I (¢2) U e(K)) | (K U e(K)) is
more restrictive and finer than both of 7 (¢;) and 7 (¢;), by induction hypothesis, Lemma 4.9, and
Lemma 4.16, stablez(fsep ; (¢1), L) and stablez(fsep;(¢,), L) hold. By Lemma 4.18, for J* € [Q]0,0)
either Y e (L=1T)orJ' e (L~1 )G holds. Therefore, each top-level subformula is fully stable for J’
by Def. 4.2, and consequently, stable;(fsep](gblljfgbz),]’). O
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qu,...,quf(l),...,J‘C’,’iﬂff,...,f,iﬁro,fkﬂ. 0=10<17 < < Tk < Th41 = Tpmax N
. S0\ A 2t _ -0 . 20
init(q1, X7) A X; = flow(q1, X7, 71 — 70) AVt € [0, 71 — 19). inv(qs, flow(q1, X1, 1)) A

k
A Jump(qi—1, ¥_1, qi, X2) A XL = flow(qs, ¥, 1 — Tim1) AVE € [0, 71 — 1) inv(gqs, flow(qi, X0, 1)) A
i=2 n k+1

A\ A\ € 0.7 = 1i1). py(flow(qs, £, 1)) V = (¥t € (0,75 = 7i-1). p;(flow(gs, K0, 1))

j=1i=1

Fig. 6. The encoding ‘I’I]fl fmac(r, .., ;) of a bounded trajectory with variable points in {ry, ..., 7}

5 SYMBOLIC MODEL CHECKING OF STL

In this section we present a symbolic model checking procedure for STL properties. We explain
how to encode the STL model checking problem of hybrid automata as first-order logic formulas
over the real numbers, up to bound k of variable points, based on our translation method. We then
describe our STL model checking algorithm for hybrid automata, which is refutationally complete
for bounded signals with finite variability, and discuss its complexity.

5.1 Encoding of STL Model Checking

5.1.1  Time Bound of Signals. We first choose a time bound 7, to determine the satisfaction of
an STL formula ¢. For an STL formula ¢ and a chosen bound 7,y > 0, we can easily obtain the
bounded restriction ¢|,,, using the global separation. The formula ¢l is an STL-GT[U] formula
where every global interval is bounded by pmax. Simply, ¢l . can be built by separating every
subformula at the bound 7., and by replacing each subformula that refers to the unknown future,
i.e., (Tmax, ©), by a Boolean constant. If the time bound 7, is less than the future-reach fr(¢), then

@z, is @ bounded under-approximation of ¢. If 72 > fr(¢), both ¢ and ¢l are equivalent.

LEMMA 5.1. For an STL formula ¢ and tyax > 0, there is an STL-GT[fJ]formula @lr, SUch that:

(1) each global interval in ¢|__ is bounded by Tmay;
2) %,t E ¢ly,,, = X tl=¢, fort >0;and
(3) %, t E ¢lg,, = X tE @ for0 <t < tmax — fr(@).

5.1.2  Encoding of Signals. In order to encode the existence of a bounded trajectory, we apply
SMT-based techniques for reachability of hybrid automata. The reachability of a hybrid automaton
H, involving a finite number of jumps, can be reduced to the satisfiability of a first-order logic
formula over the real numbers, provided that the init, inv, jump, and flow conditions are encoded
in first-order logic [Cimatti et al. 2012b]. Nonlinear functions, such as polynomials and solutions
of Lipschitz-continuous ODEs, can also be used to specify flow conditions in these approaches
[Eggers et al. 2015; Frinzle and Herde 2007; Jovanovi¢ and de Moura 2012; Kong et al. 2015].

Given a set of propositions AP = {p;(¥), ... .pn(X)}, finding a signal ¥ € H containing up to
k variable points is a special case of reachability. Without loss of generality, assume that jumps
can happen at any time without state changes. Consider k first-order variables 7; < - -+ < 7} with
linear order constraints. The k variability of ¥ is equivalent to say that every proposition is stable
for each interval (z;, 7j4+1), 0 < i < k, where 7y = 0 and 741 = Timax. This condition can easily be
encoded in the form of invariant conditions. As a consequence, the problem of finding a trajectory
with at most k variable points can be reduced to the reachability up to k mode changes.
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J(f@) >0)={n,..., =} T (=) =T (9) TeAe)=T(@)UIT ()
T (@07 ¢) = {wi,...,wy),  for P=T(p) UT(¢) Ue(K),and N = le(D)| - |P|
J — J —wyJ J _wJ J
‘Pf(fpo—true ‘I’W—‘{’q, ‘{’(pw,—‘{’q} /\‘I’q),
N-1
J _wJ J
P, =¥ A EL A /_\lwi < Win
/\/\ /\((TEKUE(K)/\T—eZO)—)\/W=T—e)
T€P ece(I) wew
/\/\ (w:O\/ \/ \/ (r € KU e(K) /\T—eZO/\w:T—e))
wew T€P ece(l)

Fig. 7. A symbolic partition J and its partition constraint ‘{’;Z(Tl, ces TE)

Using this idea, the existence of a bounded signal ¥ € H with variable points in the set {zy, . .., 7x}
can be encoded as a first-order logic formula ‘I/I]; fmax (730, Tk in Fig. 6. This formula encodes
the definition of the trajectory in Def. 2.2, together with the stability condition. Each i-th step is
in mode q;, and the values of X begin with )?? (at time 7;_1) and end with )?f (at time ;). At the
beginning of the first step, the initial condition init(qs, ¥?) holds, and at the beginning of each i-th
step, for 2 < i < k, the jump condition holds from the final values ¥_, of the previous step to the
starting values X! of the current step. The invariant and the stability conditions are encoded as

formulas with a universal quantifier over time. The size of ‘I’I]; fmax (L, 1k ) is O(k).

5.1.3 Encoding of Partitions. Consider a set of symbolic variable points 71 < -+ < 7}, given
by first-order variables. We construct a symbolic partition mapping J, where each partition is
a set of first-order variables. The constraint for the variables to be a partition mapping for the
full separation is encoded as a quantifier-free first-order logic formula. As Def. 4.10 for concrete
partitions, the base partition for propositions is given by the set {zy,. .., 7,}, and a partition for
Boolean connectives is given by J (—¢) = J (¢) and T (¢ A ¢") = T () U T (¢').

A symbolic partition J (qof]f ¢’) is defined as a set of fresh first-order variables {wy, ..., wn},
with linear order constraints w; < wy < --+ < wy. The number N is the maximum size of the
partition that is determined by the size of the subformulas’ partitions 7 (¢) and J (¢’). As explained
in Sec. 4.3, the partition of qofJf ¢’ contains all the points obtained by subtracting the local interval
I’s endpoints from the partition for the subformulas P = (J (¢) U J (¢") Ue(K)) | (K U e(K)).
Therefore, the number N is | (¢) U J (¢") U e(K)| multiplied by the number of I’s endpoints |e(I)].
For example, the interval [0, 5) has two endpoints, but [1, c0) has one endpoint.

It is straightforward to construct the quantifier-free first-order logic formula ‘I‘g (t1,- .., 1) that
includes every partition constraint of . The only nontrivial case is J° (qoflf @) ={wy,...,wn}
The encoding includes the linear order constraints w; < --- < wy, which are non-strict because the

size of the partition can be smaller than the maximal case. For the constraint between J° (q)ﬁf @)
and the partition for the subformulas P, we encode the following set inclusion relations:

| Jir-eclo)lece) ¢ T@UF¢) < (0)u| Jir-ec0,0)|ece@),

TeP T€eP

Notice that J (¢f]§< ¢’) may not be minimal, because 0 can be a redundant element. This condition
is necessary to deal with the case when the minimal partition is empty.
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Given an STL-GT[U] formula ¢ and a symbolic base partition {ry, ..., 7}, Fig. 7 summarizes
how to construct a symbolic partition 9 and its partition constraint ‘I’g (t15. . ., Tk ). If the size of
the base partition is k, the~size of the top partition [ (¢) is O(k - 2"#)). Because the size of the set
inclusion constraint for quf ¢ is 02(1F (¢)| + 1T (¢")] + 2)?), the size of the top-level constraint
is O(k? - 4")). The accumulated size of the entire formula ‘I/;p7 is O(|g| - k? - 4M(@)),

5.1.4 Encoding of STL Counterexamples. For a hybrid automaton H, a counterexample of an STL
formula ¢ can be encoded as follows, given a number k and a time bound 7y,y. First, we build a
first-order logic formula ‘PI]; fmax (g, ..., 1) with free variables {ry, . .., 7¢}. Second, we construct a
symbolic partition mapping J for the negated formula —¢|,__ , together with its partition constraint
yJ (t1, ..., 7). Third, we obtain the translation ‘I‘f;fmax (0) = fotrz(fsep 4 (=l ), {70}) of the

¢ | rmax

full separation fsep +(=¢lz,,,), as explained in Sec. 4. Consider the conjunction:

k, T k, 1, k, Tm: J
\I/ max = \I/ max A \I] > Tmax A \Il
H,—¢ (TO) H - (TO) =0 | zmax

We claim that this formula is unsatisfiable iff every trajectory of H with at most k variable points
satisfies the STL formula ¢, up to the time bound 7p,y, If ‘I’Z”:“‘(;X (19) is satisfiable, by construction,
there exists a bounded trajectory ¥ € H with a time bound 7y, where its variable points are in
{r1,...,Ts}. A concrete partition mapping can be built from the base partition {zy, ..., 7,}, and
the translation of the full separation of —¢|,_ is satisfiable. By Theorem 3.7, Theorem 4.7, and
Theorem 4.14, =¢|,___is satisfied by the signal X at time 7. Conversely, suppose that there exists
such a counterexample ¥ € H such that X, 7y |= —¢|,, . By construction, there exists a set of time
points {1, ..., 7,} that contains all variable points of X and satisfies ‘I’I]; fmax Based on {11, ..., Th},

we can construct a partition mapping 7 that satisfies ‘If:{o . -By the above theorems again, the

Tmax
> Tmax

translation ‘I’fq,

(o) is satisfiable, because ¥, 7y |= ¢l ... Consequently:

THEOREM 5.2. Given a hybrid automaton H, an STL formula ¢, a time bound ty.x, a variability
bound k, and an initial time 7, ‘I’fl”f‘;"(ro) is unsatisfiable iff H, 7y =k, . @lone (-6 X T0 = @lo,,
for every trajectory ¥ € H with at most k variable points such that sup(dom(X)) < Timax)-

5.2 SMT-Based Bounded Model Checking

Our bounded model checking algorithm for STL is summarized in Alg. 1. For a hybrid automaton H,
an STL formula ¢, a time bound 7,5, and a maximum bound N, the algorithm builds a first-order
logic formula that encodes a counterexample of ¢ up to k variable points, where 0 < k < N. The
correctness of the algorithm is given by Theorem 5.2. If the encoding is satisfiable, there exists a
counterexample of ¢ with up to k variable points (i.e., H, 79 [~ ¢l,,,), and the algorithm reports the
counterexample using the satisfiable assignment (line 9). If the encoding is not satisfiable, we can
guarantee that there is no counterexample of ¢ up to the bounds 7, and k (i.e., H, 70 Fk, 7,0 @lrmac)-
We can repeat this procedure by incrementing the number k until kK = N.

Our algorithm uses an SMT solver to check the satisfiability of the encoding (i.e., checkSat in
line 8). The universal quantification in the encoding is introduced to express invariant and stability
conditions. For linear and polynomial hybrid automata, because these conditions can be encoded as
quantifier-free formulas [Cimatti et al. 2012a], the entire encoding can be quantifier-free. In this case,
the satisfiability is decidable, and an SMT solver, such as Z3 [De Moura and Bjgrner 2008], provides
a decision procedure for the encoding [Jovanovi¢ and de Moura 2012]. If the continuous dynamics
involves transcendental functions, such as solutions of ODEs, the satisfiability is undecidable; but
there exist various tools based on approximation methods, such as dReal [Gao et al. 2013a].
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Algorithm 1: Bounded Model Checking Algorithm of STL

Input: Hybrid automaton H, STL formula ¢, time bound sy, maximum bound N
Output: True, or a counterexample of ¢

1 7@ ¢ Q| g 5 // Lemma. 5.1
2 fork =0to N do

3 Be—{n,10,.... 1}

4 Yy «— encoding of H’s trajectory with variable points B ; // Fig. 6
5 J «— symbolic partition for =¢ with base partition B ; // Fig. 7
6 ¥J «— partition constraint for J with respect to =g ; // Fig. 7
7 Y=5 « fotrz(fsep 4 (59),{0}) ; // Def. 4.5 and Def. 4.13
8 if checkSat(¥y A I A ¥=5) is Sat then

9 ‘ return counterexample(result.satisfiableAssignment);

10 return True;

Our algorithm is refutationally complete for bounded signals with finite variability. A signal has
finite variability if there is only a finite number of variable points between any two time points.
Consider a time bound 7y > 0 and an STL formula ¢. Suppose that there exists a counterexample
% that has finite variability. Then, in the interval [0, 7.y ), the signal ¥ has a finite number of
variable points, say n € N. By running our algorithm up to the bound n, a formula that encodes a
counterexample of ¢ with at most n variable points is constructed. By Theorem 5.2, the encoding is
satisfiable because ¥ is such a counterexample, and a counterexample of ¢ is reported.

The complexity of the algorithm is determined by two factors: the size of the encoding and
the complexity of the underlying decision procedure. Consider a bound k for one iteration. As
mentioned, the size of the formula ¥} is O(k), the size of the symbolic partition J is O(k - 2(®)),
the size of the partition constraint ¥ is O(|¢| - k? - 4"()). Because the size of the full separation is
linear in both the size of the partition and the size of the formula, the size of Y= is O(lp| - k- Zh(‘”)),
provided that common subterms are shared. In order to share a subformula ¢, we introduce an
extra variable y, with constraint y4 < ¢, and replace each occurrence of ¢ by y4. Therefore:

PROPOSITION 5.3. In Alg. 1, the size of the encoding for k (line 8) is O(|¢| - k? - 4h(®)).

Checking the satisfiability of SMT constraints is NP-hard [Biere et al. 2009], and the worst-case
complexity is often very high. Specifically, typical algorithms for solving polynomial constraints
are doubly exponential [Jovanovi¢ and de Moura 2012]. This implies that for polynomial hybrid
automata, the complexity of SMT-based algorithms, including ours, is also doubly exponential in k.
(This high complexity is unavoidable, because the reachability problem is already quite difficult.)
Despite that, the computation is often feasible in practice, as shown in Sec. 6.

6 EXPERIMENTAL EVALUATION

To experimentally evaluate our methods, we have developed a prototype tool that implements our
STL model checking algorithm of Alg. 1. We have defined a simple API to specify hybrid automata
and STL formulas in Python, and implemented functionality to perform STL model checking. In our
tool, we use the Z3 solver [De Moura and Bjerner 2008] as a subroutine to check the satisfiability
of the generated formulas. Because Z3 can deal with nonlinear real arithmetic [Jovanovi¢ and
de Moura 2012], STL properties of polynomial hybrid automata can be verified using our tool up to
given bounds. We apply the quantifier-free encoding [Cimatti et al. 2012a] to eliminate universal
quantification from the encoding. The benchmark models and the prototype implementation are
available at https://github.com/cee5539/stIMC/tree/popl2019.
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Table 1. Hybrid automata models and their STL formulas

Model STL Formulas
Cars S1: 0o, 100y (dist > 0.1) f2: Ojo, 201 (dist < 6 — O, 151acca)
31 Ol12,20) (deca — O3, 151accz) f1: O, 401 (dec2Up1g,20) (Ix1 = x2]| < 0.5A y1—y2| < 0.5))
Sf1:Upo,40)(x1 < 21) f2: Ojo,20) (2 > 20)Rpg, 12y (1 < 10))
Thermostats > > >
f3: 00,100 ((2 > 20)Upq,570n1) Sar 00,201 (off 1 A off ; = Do, 51(0n1 v onz))
Watertanks fi: D[0’50] (0<x1 <IAN0<x2<9) fa: 0[5’15)(0]7‘1 - ()[0’7] (on1 A x1 > 5.5))
f3: 0,100 (x1 < 4.9 = Opo,100(x1 2 5.1))  fa: Opo, 201 ((on1 A onz) — o 51(0ff ;1 V offy))
Railroad fi: 00,50 (pos < 0) f2: Uj20,40) (angle > 80 — Oy 201 (pos < 0))
S50 013,501 (5,201 (angle > 80)) fa: Do, 601 (angle > 80 — Dz, 401 (angle < 60))
Batteries f1:D0.20.5)(Cp3.14) (1 > 1.4)) fa: Os,30) ((livey A livez) — Oy s 25) (liver A livez))
f3: D(O,SO)(dl >0.5A dz > 0.5) ﬁ;: D(10,50]((gl >0V g2 > O)U(1’15)(dead1 A deadz))
Model ol 1X| Model 10| IX| Model Q| IX|
Cars (Linear) 6 2 Thermostats 4 2 (linear) / 4 (poly) Railroad 4 2 (linear) / 4 (poly)
Cars (Poly) 3 17 Watertanks 4 2 (linear) / 4 (poly) Batteries 6 4 (linear) / 6 (poly)

We have conducted experiments on STL model checking of various polynomial hybrid automata.
As summarized in Table 1, five different models are considered: (i) autonomous driving of two
cars, (ii) two networked thermostat controllers, (iii) two networked water tank controllers, (iv) a
controller for a railroad gate, and (v) a load management controller for two batteries. These examples
are adapted from existing benchmarks on nonlinear hybrid systems [Alur 2015; Bae and Gao 2017,
Fox et al. 2012; Platzer 2008; Raisch et al. 1999]. For each model, we consider two variants: a
polynomial hybrid automaton with nonlinear functions, and a simplified model with only linear
functions, where (transcendental) flows are approximated using Taylor series and discretization.
Therefore, total 10 different models have been used in the experiments.

We consider four STL properties for each model, including nontrivial formulas with nested
temporal operators. For example, the formula Cl(10,50)((g1 = 0 V g2 2 0)U(y,15)(dead; A dead;))
includes the Until operator inside another temporal operator, and various types of intervals with
non-zero left endpoints. We have performed bounded model checking of these STL properties up
to k = 50 for linear models, and k = 20 for polynomial models. For time bounds 7y, different
time bounds are assigned to different models, since 7,,,x depends on model parameters. We have
measured the size of the encoding and the running time, including SMT solving by Z3, for each
case of (model, formula, k). All the experiments in this section were conducted on Intel Xeon 2.6
GHz with 512 GB memory, where we set a timeout of 150 minutes.

The experimental results, summarized in Table 2, show that our model checking algorithm can
deal with nontrivial STL properties of complex models. For linear models, all the experiments
up to k = 50, except for the formulas f; and f; of Cars, were terminated within 5 minutes. The
nonlinear models show more unpredictable results. E.g., for Watertanks, the analysis of the formula
f1 took 17.45 seconds for k = 8, but took 16.06 seconds for k = 12. This unpredictability is due to
the underlying algorithms and heuristics for Z3, which try to find satisfiable assignments for the
encoding. It is possible that a satisfiable assignment or a contradiction can be found earlier for a
bigger k, depending on branching heuristics, learned clauses, restarting policies, etc. It is worth
noting that our method can guarantee the correctness for STL up to given bounds, but existing
“incomplete” methods cannot provide any assurance even for k = 1.
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Table 2. STL bounded model checking

(a) Linear models (up to k < 50)

k=10 k=20 k=30 k=40 k =50

Size Time (s) Size Time (s) Size Time (s) Size Time (s) Size Time (s)

fi 81,481 6.83 251,311 21.65 512,341 45.73 864,571 79.62 1,308,001 128.55
f2 132,508 12.75 438,958 60.59 922,208  376.07 1,582,258 47593 2,419,108 1,085.60

C
ars fz 23575 1.97 62,565 5.25 117,555 9.93 188,545 16.14 275,535 24.16
fa 139,259 13.19 455,619 60.74 952,379 195.63 1,629,539 639.49 2,487,099 1,582.02
f 18,258 1.62 52,038 437 101,818 8.50 167,598 13.97 249,378 21.07
Themo f 91,078 7.73 294,118 24.72 611,958 52.77 1,044,598 92.17 1,592,038 145.25
fz 90,526 7.62 293,066 25.06 610,406 52.76 1,042,546 92.38 1,589,486  146.99
fa 138,048 11.98 464,268 39.93 981,688 87.71 1,690,308 159.39 2,590,128  275.19
f 27,159 2.25 80,249 6.72 160,139 13.49 266,829 22.27 400,319 33.28
Water f2 129,895 10.99 437,265 37.88 925,035 84.57 1,593,205 154.50 2,441,775  249.84
fz 127,589 10.67 429,089 37.12 907,389 81.35 1,562,489 146.01 2,394,389  234.13
fa 135,166 11.47 458,666 40.47 973,366 87.88 1,679,266 159.17 2,576,366  292.58
f 16,859 1.47 49,289 4.13 97,719 8.22 162,149 13.87 242,579 20.84
Railroad fa 127,333 10.89 428,623 38.04 906,713 84.54 1,561,603 153.86 2,393,293  257.33
fz 74,237 6.29 237,027 20.48 491,017 43.70 836,207 76.97 1,272,597 120.32
fa 127,333 10.83 428,623 37.84 906,713 83.67 1,561,603 150.02 2,393,293  243.20
f 83,621 6.85 255,571 21.13 518,721 42.85 873,071 72.85 1,318,621 110.27
Batter fo 135,287 11.24 444,437 37.17 930,387 77.79 1,593,137 13394 2,432,687  200.94
Y fz 30,529 2.60 79,789 6.62 148,649 12.22 237,109 19.43 345,169 28.48
fa 100,733 8.40 313,103 26.06 640,273 53.70 1,082,243 90.54 1,639,013  141.68
(b) Nonlinear models (up to k < 20)
k=4 k=8 k=12 k=16 k=20

Size Time(s) Size Time(s) Size Time(s) Size Time(s) Size Time(s)
f 9,091 0.78 19,759 1.69 32,987 2.76 48,775 4.10 67,123 5.64
Cars f 35,183 2.95 95,307 7.92 183,719 15.34 300,419 25.33 445,407 37.53
fz 34,238 2.86 93,606 7.77 181,262 15.17 297,206 25.09 441,438 37.33
fa 27,777 2.33 70,581 5.86 131,753 11.01 211,293 17.82 309,201 26.22
f 6,349 14.42 14,613 16.18 25,437 17.08 38,821 24.62 54,765 22.41
Themo f 25,037 16.58 65,437 19.81 124,205 26.78 201,341 - 296,845 -
fz 24,785 5.78 64,985 - 123,553 - 200,489 - 295,793 -
fa 34771 19.39 96,939 21.85 189,699 29.90 313,051 44.34 466,995 59.61
f 9,326 14.52 21,898 17.45 38,758 16.06 59,906 18.40 85,342 20.47
Water f» 33222 17.23 92,210 2,397.67 180,062 - 296,778 - 442,358 -
fz 32,710 17.68 90,646 2445 176,870 - 291,382 - 434,182 -
fa 33,999 2.92 95,551 26.44 187,695 8,684.17 310,431 - 463,759 -
f 5,469 0.48 13,061 2.68 23,213 13.57 35,925 19.02 51,197 20.28
Railroad f2 31,811 3.42 89,059 2390 174,595 32.73 288,419 44.42 430,531 59.78
fz 20,727 17.06 53,391 20.33 100,647 25.08 162,495 31.53 238,935 39.44
fa 31,811 18.61 89,059 24.41 174,595 32.99 288,419 45.21 430,531 60.43
f 24,601 2.00 60,805 4.90 111,601 9.00 176,989 14.35 256,969 20.87
f2 35,035 2.93 95,303 7.66 183,859 14.76 300,703 24.23 445,835 36.01

Battery

fz 10,755 0.96 23,659 2.02 39,699 3.35 58,875 4.80 81,187 6.69
fa 28,789 2.35 72,665 5.89 134,909 11.02 215,521 17.39 314,501 25.66
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7 CONCLUSIONS AND FUTURE WORK

In this paper we have presented symbolic techniques for formally verifying STL properties of CPS
programs. Previous methods for analyzing STL properties are inherently incomplete, due to the
difficulties of dealing with an infinite state space over a continuous time domain. To address this
problem, we have proposed a new foundational technique, namely, syntactic separation of STL,
that allows decomposing a formula so that each subformula depends only on one of the disjoint
segments of a time domain. For this purpose, we have defined a more expressive temporal logic,
called STL-GT, and studied a number of equivalences rules for separating STL-GT formula. Then,
we have developed a separation-based procedure to translate STL into a decidable fragment of
first-order logic. Our procedure is based on the notion of full stability that characterizes a sufficient
condition for STL formulas to behave like propositional formulas. Based on the translation method,
we have presented the first symbolic model checking algorithm for STL properties of hybrid
automata that is refutationally complete for bounded signals under reasonable assumptions. Using
state-of-the-art SMT technology for linear and nonlinear real arithmetic, this allows verifying
general STL properties of CPS programs, which was previously not possible.

There are several directions for future research for improving the proposed techniques. Because
hybrid automata are infinite-state systems, there exists no completeness threshold for STL bounded
model checking; that is, our algorithm cannot verify STL properties of unbounded signals. For
reachability analysis of hybrid automata, there exist many techniques to verify invariant properties
for unbounded time horizon, such as [Gulwani and Tiwari 2008; Platzer and Clarke 2009; Prajna
et al. 2007]. Combining our techniques with these approaches will make it possible to verify STL
properties for unbounded time horizon. Other immediate next steps are to optimize the encoding
to build a smaller size of the formula for better performance, and to apply our algorithm to hybrid
automata with nonlinear ODEs by using a specialized solver for this purpose [Eggers et al. 2015;
Gao et al. 2013a]. Besides SMT-based approaches, reachable-set computation and simulation-based
methods are widely used for analyzing of hybrid automata, as discussed in Sec. 1. Extending our
techniques with these approaches is also one of the important research directions.

A syntactic separation of STL opens a number of possibilities for analyzing continuous-time
temporal logics. As mentioned in Sec. 1, separation is widely used in formal analysis techniques
for discrete programs, including model checking, monitoring, and tableau construction. Similarly,
the syntactic separation techniques for STL also have a wide range of applications for analyzing
real-time and CPS programs. For example, the first-order translation procedure in Sec. 4 already
gives an online monitoring algorithm for STL formulas, if the construction is optimized to remove
redundant computation. The bounded restriction for STL formulas in Lemma 5.1 can be used to
identify the future fragment of a formula given by a partial signal, which is usually a key problem
to address for online monitoring of STL and MTL [Deshmukh et al. 2017; Ho et al. 2014]. Separation
was applied for an on-the-fly tableau construction for MITL <, which is a fragment of MTL where
every interval has the form [0, d) [Geilen 2003]. Similarly, it can be possible to construct a hybrid
automaton for (a decidable fragment) of STL using the syntactic separation.

A PROOFS OF LEMMAS

LEMMA 3.4. For nonnegative intervals I, ], K C R*, we have the following equivalences:

(D) Uf (9" V') = oUfe" v oUfy’ @) (e AU = oUFe" A YUT e’

(3) pUp,,0" = oUfe’ Vv oUSe (4) pUfte" = oUFe" Vv oUpe’

Proor. (1) By definition. %, ¢ |= (pr((p’ VYHYIT @Y >t) ' e K, t' -t e Xt | ¢, and
(Yt € [t,t']) X, t” |= ¢. Notice that ¥, ' |= ¢’ V¢ iff ¥,t' |E ¢’ or X, t' = ¢'.
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(2) Suppose that ¥,t = (¢ A Iﬁ)UF ¢’ holds. Then, (At’ 2 t) t' e K, ' —t € I, X,t' E ¢’, and
t" et t]) X, t7 = ANY). serve that using the same t’, bot t" et t’]) X, t7 = @ an
v// [ /])_’ /l| qo ) Ob h H g h /b h(v// [ /])_’ //I qo d
(Vt” € [t,1']) X, ¢ |= ¢ hold. Therefore, %, t |= pUX ¢’ A UK ¢’. Now suppose that %, t |= pUX ¢’

and X, t |= 1//Uf ¢’ hold. Then, there exist ¢, t; > t such that:
tieK, tj—tel, X,t] E ¢, and (Vt"" € [t,1]]) X, t" = ¢
hekK, t,—tel, %t =@, and (V" € [t,5]) X, t" E ¢

For t’ = min(t],t;),t' € K, t' —t € X, t' |= ¢’,and (Yt € [t,t']) X, t" = (p A V).

x,t = 1 t">t)t"eK,t"—telU],x,t' = ¢, an t" e |t t']) X, t7 = @. Since
(3) Xt F oUp, ¢ it At 2 1) 1’ € K, t/ TUJ.X,t" = ¢’ and (V7 € [t,1']) X, 1" |= ¢. Si
t'—telUJifft' —telort’—te ] wehaveX,t |= pUKp’ v qufqo’

(4) %t | UKL iff A > 1) ' e KUL ' —t € L%, t' = ¢, and (Yt € [1,1']) %,t” | ¢.
Becauset’ € KULIifft' € Kort' € L, we have X, t |= (pr(p' \Y q)Uﬁ(go’. O

LemMa 3.5. For nonnegative intervals I, K,L C R*, we have:
(1) UF (0L ") = oUf™e"  (2) 0F (0L 9) = O (3) 05 (L, )
(4) (OX@)UF ¢’ = ©F ¢, ifsup(L) < inf(K) and LNK =0

Dfﬁl‘(p

ProOF. (1) By definition, ¥, t [= UK (0L o) iff At > 1)’ €K, t' —t € LX,t' | OL ¢’, and
(Vt” € [t,t']) X,t” |= ¢. Notice %, ¢’ |= Oio @' iff t’ € Land X,t’ |= ¢’. Therefore, ¥, t |= (prmL o
(2) and (3) are immediate by Of @ = true Uf ¢ and Df Q= —|<>f .

(4) %t = (OX UL iff A’ > 1)t e Lt/ —t € LX,t' |= ¢/, and (V1" € [1,t']) X, t" = 0K o.
Notice that by definition, (Vt" € [¢t,¢']) ¥,t” |= Dfo(p iff (Vt"” € [t,t']) t”" € K — %, t” |= ¢. By
the assumption, ¢’ < inf(K), and therefore t"” ¢ K for any t”’ € [t,t’]. This immediately means
that (V¢ € [t,t']) t”" € K — X,t” |= ¢ is equivalent to true. Therefore, X, t |= (0K ¢)UF ¢’ iff
X,t [= true Ut ¢, where true Ul ¢’ = OF ¢’ by definition. O

LEMMA 3.6. For a time © and nonnegative intervals I, K C R*, we have:
(1) (pr(p’ D;g o A (Dzofzp)Uf(p', if 0 < 7 < inf(K).
(2) 9Uf e’ = 022 ¢ A OZXUL L ¢"), if0 < 7 < inf(I).

Proor. (1) We prove a series of semantic equivalences as follows. By definition, ¥, ¢ |= (pr ¢’

iff (A >0t ek, t'—tel, X,t'E¢, and (¥t € [t,t']) X, t" = o
Because either t” € [0,7] or t”” € (r, 00) always holds, the statement can be rewritten as:

iff At'>2t)t'eK, t'—tel, %,t' |=¢’, and
V" e [t,t']) ¢" € [0,7] = Xt |E @) and (" € (r,00) = X, |= @)

Observe that X, t"” |= 27 ¢ iff t”" € (r,00) — X,t” |= ¢ for any t”” € R by definition. Therefore:

iff A'=20)t'eK, t'—tel, %,t'|=¢, and
(V1" € [t,t']) (1" € [0,7] = X,t” |= @) and (V¢ € [1,t']) %, t” E 25 )

Since 7 < inf(K), if t’ € K, then 7 < t’. In this case, ¢’ < 7 implies t”” < t’. Therefore:
iff @A'=2nt'eK, t'—tel, %,t'|=¢’, and
(Yt € [t,00)) (1" € [0,7] = X, 1" | ¢) and (V1" € [t,t']) X, " = 025 9)
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Now the condition (Yt € [t,00)) (t”" € [0,7] — X,t”" |= ¢) does not depend on t’. Hence, the
above statement can be equivalently rewritten as the following statement:

iff (Yt € [t,0)) (t"” € [0,7] = %,t"” |= ¢), and

@'zt ek, t'-tel, %t =@ and (V" € [1,t']) X, " = OZ5 0)
which is exactly by definition ¥, ¢ |= OS5 ¢ A (0Z] ) UK
(2) Similarly, we show a series of semantic equivalences as follows. By definition, ¥, t |= UK o
iff (A =>0)t' ek, t'—tel, X,t'E¢, and (¥t € [t,t']) %,t" = o

Because 0 < 7 < inf(l),if t' —t € I, thent < t + ¢ < t +inf(I) < t’. By subtracting 7 from both
sides of t’ — t € I, and using [t,t'] = [¢,t + 7) U [t + 7, t], we have:

iff @A'=2n)t'eK, t/—-@+r)el-1, %t =¢, Vt" e[t t+1)) Xt [ o,
and (Vt" e [t+r,t') Xt = ¢

Observe that the condition (Yt € [t,t + 7)) X,t”" |= ¢ does not depend on ¢’. Therefore:

iff (Vt”" €[t,t+1))%t" ¢, and
@'z2t)t' e KAt -(t+r)el-1, 5t E@, M et+r,t']) %t " Eo

Because 0 < 7 < inf(I), t' — (t + ) € I — r implies ¢’ > (t + 7). By introducing a new variable
u = 7 + t with an existential quantifier, the above statement can be equivalently rewritten as:

iff (Vt"€e[t,t+1))%t"E@ and(Tu>t)uec[0,0), u—t=r, and
@' z2u)t’'eK, t'—uel-1, %t E¢, V" e[u,t') %t ' Eo

which is exactly by definition %, ¢ = (022 ¢ A ©Z0( Uf_T(p’). O

LEmMA 4.17. Given an STL-GT[U] formula ¢ and a partition P of K, for a top-level subformula of
sep((pr(p’, T"), every nonempty global interval of its top-level temporal operator is in [T | k.

Proor. Let 7 = (11, ..., 7n). We claim that for each separated subformula of sep(quf( o', T),
the global interval of its top-level temporal operator is one of the following:

Kn[0,71), KN(tn,o), KN{r;}, KN (13,7i+1), for1 <i <N

For a partition P = {ry,..., 7y} of K, these intervals are in [P]x by definition. When N = 1, it is
immediate by definition. Suppose that the claim holds for any increasing sequence of length N — 1,
say, 7' = (12,...,7N). For T = (11,7 ’), consider the formula sep((pr ¢’, 7). All the top-level
global intervals are by definition, K N [0, 71), K N {71}, and by induction hypothesis:

Kn (TI’OO) N [03 TZ)s Kn (Tl’OO) N (TN’ 00)9 Kn (TI’OO) N (Th Ti+l), Kn (ThOO) N {Ti},

for 2 < i < N. Thus, the top-level global intervals for sep(quf( @', T )are KN [0,71), K N (1N, ),
KN (r;,1i41), KN {r;},for1 <i < N. O

LEMMA 4.18. Given intervals K,I,D C R* and a partition P of K that includes K’s endpoints, for
any interval L € [|J,cp{r —e € D | e € e(I)}]p, either L C J =T orL € (J = I)® for each J € [P]x.

Proor. Let Q = J,cp{r—e € D|ece()} = {u1, 2y tm}, Where piy < -+ < pip,. Consider
an interval L € [Q] p. Suppose that the lemma does not hold for J € [P]k. For L C D to intersect
bothJ~Tand (J=~1 )G, L must include an endpoint of J = I in D, and Q contains all such endpoints.
By definition, L has one of the forms {y;}, (1, pti+1), DN [0, 1), and D N (g, 00), but only L = {y;}
can include an endpoint in Q. But {y;} € J=Tand {y;} € (J = I)B cannot hold at the same time. O
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LEMMA 4.9. For two partitions P and Q of an interval D:

(1) if Q 2 P, for any interval L € [Q]p, there exists L’ € [P]p such that L C L’; and
(2) ifE C D, for any interval L € [P | E]g, there exists L’ € [P]p such thatL C L.

Proor. (1) Let Q = {ry,...,7,}, where 1; < --- < 7,,. Suppose that the lemma does not hold for
some L € [Q]p. The interval L intersects with at least two different intervals in [P]p, because
otherwise, L is a subset of some interval in [P]p. Let y, i’ € L be these intersect points. There exists
an endpoint 7 € P between p and p’. Since L is an interval, 7 € L, and since Q 2 P, 7 is an endpoint
in Q. By definition, L has one of the forms: {z;}, (7, 7j+1), DN[0,71), DN (T, o). Thus, to include
an endpoint, L has to be {r}. Because t is an endpoint in P, {r} € [P]p, which is a contradiction.
(2) LetP = {r1,...,tp}, where 1y < 7, < - < . For1 < j<n-mand0 < m < n, let
P | E = {1j,Tj4+1,...,Tj+m}. Consider L € [P | E]g. Clearly, if L has one of the forms {r;} and
(7, Tiv1), then L € [P]p. There are now two cases: L = EN [0, 7;) or L = E N (Tj4pm, ).

e For L=EN[0,7;): whenj =1, EN[0,7;) € DN [0, 1), since E C D. When j > 1, since 7j_; is
smaller than any element of E (otherwise, 7_1 € E), EN [0, 7;) C (tj-1, Tj).

e For L = EN (Tjym, 0): when j + m = n, EN (tp, 00) € DN (15, 00). When j + m < n, since Tjim41
is greater than any element of E (otherwise, 7j4m+1 € E), E N (Tj4m, ) C (Tjtm, Tjrm+1)- ]

LEMMA 5.1. For an STL formula ¢ and tax > 0, there is an STL-GT[U]formula @z, Such that:
(1) each global interval in ¢|__ is bounded by Tmay;

2) %,t E ¢ly,,, = X tl=¢, fort >0;and

(3) %, t E ¢lg,, &= X tE @ for0 <t < tmax — fr(@).

Proor. With out loss of generality, we assume that an STL formula ¢ is in negation normal form
with the temporal operators U; and R;. By Proposition 3.10, we immediately have:

Xt U™ ¢ = %t gUY, Rt gRT™ ¢ A OS¢ = Xt k= gR7Y.

>0

Therefore, we obtain an STL-GT[U] formula ¢l from the formula ¢ by replacing each subformula
¢U¢" by (/’Jﬁffm“"g{)’, and each subformula ¢R;¢’ by gblflffma"(ﬁ' A 0;3‘“‘”‘" ¢, where every global
interval is bounded by Tax. Because ¢ is in negation normal form, X, ¢ |= ¢l implies X, ¢ |= ¢.
It remains to prove ¥,t = ¢ < X,t |E ¢|;, for 0 < t < 7 — fr(p). The proof is by structural

induction. The only nontrivial case is ¢Uj¢’. First, because t < 7 — fr(¢U¢’), t' — t € I implies
t' < t+sup(I) < 7+ sup(l) — fr(pUr¢’) = 7 — max(fr(¢), fr(¢")).
That is, t’ < 7 — fr(p) and t’ < 7 — fr(¢’). By induction hypothesis, ¥,t" |= ¢ iff X,t’ |= ¢|,, and
Xt =@ it %t |= ¢’|,. Hence, X, t |= @U@  iff %, ¢t |= (¢|.)Us(¢’|;) iff, by Proposition 3.10,
1l (el)U(¢'le) v (O5 (ele) A O5(ele) A (077 (@) V (0l)T77(¢'12)))
Since t < 7 — sup(I), the time constraints for X, ¢ [= ¢;7(¢’|;) and ¥, ¢ |= (¢|T)I~JI>T(<p’|T) cannot be

satisfied. Therefore, ¥, t |= (¢p|;)U(¢’|;) iff X, t = ((pIT)INJfT((p’h) iff %,t |= (pUr¢")l7. O
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