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ABSTRACT

In 2002, Intan and Mukaidono proposed Knowledge-based Fuzzy
Sets (KFS) as an extended concept of the fuzzy set. Here, the
membership function of a fuzzy set is subjectively determined by
the knowledge. Wang et al. (1988) generalized the concept of fuzzy
set, called Dynamic Fuzzy Sets (DFS). In the DFS, the membership
degree of an element might dynamically change according to the
time’s variable. Both extended concepts of fuzzy sets were then
combined by Intan et al. to be a hybrid concept, called Knowledge-
based Dynamic Fuzzy Set. The concept is regarded as a more
generalization of fuzzy sets by considering that the membership
function of a given fuzzy set provided by a certain knowledge may
be dynamically changed over time as usually happened in the real-
world application. To continually extend the concept of
knowledge-based dynamic fuzzy sets, this paper discusses how the
fuzzy granularity is constructed in the knowledge-based dynamic
fuzzy sets. The concepts of objectivity and consistency are
discussed, along with their proposed measures.
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1. INTRODUCTION

L.A. Zadeh introduced the concept of fuzzy set in 1965 [1, 2] as
a generalization of crisp sets regarding the membership degree of
elements. Here, the membership degrees of elements in a fuzzy set
is given gradually by a real number started from 0 (non-member)
to 1 (member).

In the concept of fuzzy sets proposed by L.A. Zadeh, the
membership degree of an element given by a membership function
is unchangeable regarding the time variable. However, it is well
known that in the real-world application, everything is always
changing dealing with time. Thus, the membership degree of an
element is also possibly changeable anytime. To present this
reality, Wang et al. (1988) [3, 4] introduced Dynamic Fuzzy Sets
(DFS). The DFS might be considered as an extended concept of
fuzzy sets, for each membership degree of an element in DFS is
dynamically changeable dealing with time’s variable. Here, the
DFS may also be considered as multi-fuzzy sets by means that
every time a given fuzzy label may have different fuzzy sets
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represented by different membership functions dealing with time
variable.

As discussed by Intan and Mukaidono (2002) [5, 6, 7], the
probability is a concept to solve the problem of objective
uncertainty. On the other hands, fuzziness is regarded as a concept
to represent a subjective uncertainty. A certain knowledge
subjectively determines the membership degree of an element in a
given fuzzy set. To realize this situation, Intan and Mukaidono
(2002) [5, 6, 7] introduced an extended concept of fuzzy sets, called
Knowledge-based Fuzzy Sets (KFS). Like the DFS, the KFS may
also be considered as multi-fuzzy sets by means that every fuzzy
label may have different fuzzy sets represented by different pieces
of knowledge. Here, we may consider fuzziness as a deterministic
uncertainty by means that even in an uncertain (unclear) situation
or definition of a given object, a person through his/ her knowledge
may be subjectively able to determine the object. Therefore, a given
fuzzy label may have n different membership functions (fuzzy sets)
based on n different pieces of knowledge.

Since DFS and KFS are two extended concepts of fuzzy sets
with different interpretations, it is possible to combine them to
provide a more general concept. In this case, a membership
function of a fuzzy set given by a specific knowledge is possibly
changeable over time. Therefore, both extended concepts of fuzzy
sets were then combined by Intan et al. [6] to be a hybrid concept,
called Knowledge-based Dynamic Fuzzy Set (KDFS). The concept
is regarded as a more generalization of fuzzy sets by considering
that the membership function of a given fuzzy set provided by a
specific knowledge may be dynamically changed over time as
usually happened in the real-world application. We may consider
the KDFS as a concept of two-dimensional multi-fuzzy sets dealing
with time and knowledge. Three kinds of summary fuzzy sets
provided by the aggregation functions were proposed and
discussed. Also, some basic operations and properties of KDFS
such as equality, contentment, union, intersection and complement
were defined and examined.

This paper discusses how the fuzzy granularity, e.g. the crisp
and fuzzy coverings of pieces of knowledge is constructed in the
knowledge-based dynamic fuzzy sets. Crisp and fuzzy similarity
classes of pieces of knowledge are created based on the conditional
probability relations. The concepts of objectivity and consistency
are discussed, along with their proposed measures.

2. KNOWLEDGE-BASED DYNAMIC
FUZZY SETS (KDFS)

Intan et al. [8] introduced an extended concept of fuzzy sets,
called Knowledge-based Dynamic Fuzzy Sets as a hybrid concept
between dynamic fuzzy sets and knowledge-based fuzzy sets. The



concept presented the practical world application that a particular
membership function of fuzzy set A given by a specific knowledge
k may dynamically changeable over the time. The following
definition formally defines knowledge-based dynamic fuzzy sets.

Definition 1 Let U be a universal set of elements, K be a set of
pieces of knowledge and T € R* be a set of time, where Rt =
[0, ). Then a knowledge-based dynamic fuzzy set A on U based
on the knowledge k € K , denoted by A, , is defined and
characterized by the following membership function.

AT x U - [01] (1

Related to (1), A,(t,u) €[0,1] is the membership degree of
element u € U in fuzzy set A based on knowledge k € K at the
time t € T. Similarly, A, (t,u) = 1 means u is a full member of A
based on k at the time t. On the other hand, A (¢t,u) = 0 means
u € U is not a member of Ay (t). Thus, the membership degree of
an element u in A may also vary depending on both the knowledge
k and the time t. Here, Ay (t) € F(U) is regarded as a knowledge-
based dynamic fuzzy set of A which is based on knowledge k at
the time t. A (t) is also a similar concept to the fuzzy set defined
by Zadeh in 1965[7,8], where F(U) is a fuzzy power set of U. Set
of knowledge-based dynamic fuzzy sets A on U, denoted by D(4)
is given by D(4) = {4, (H)|k € K, t € T}.

The relation among dynamic fuzzy sets, knowledge-based fuzzy
sets and knowledge-based dynamic fuzzy sets was discussed by
Intan et al. in [8]. Also, fuzzy summary sets, namely the time-based
summary fuzzy set, the knowledge-based summary fuzzy set and
general summary fuzzy set were proposed and discussed in detail
using some proposed aggregate functions. Some basic operations
and properties in the relation to the summary fuzzy sets are
discussed and examined.

2.1 Basic Operations and Properties

As defined and proposed in [8], some basic operations of the
knowledge-based dynamic fuzzy sets were discussed and defined
as follows.

Definition 2 Let U be a universal set of elements, K be a set of
pieces of knowledge and T € R* be a set of time, where Rt =
[0, ). A and B are two fuzzy sets on U. The following equations
give some basic operations and properties of FEgquality,
Containment, Union, Intersection and Complementation.

Equality

1. Ak(t) = Bk(t) =14 Ak(t,u) = Bk(t,u),‘v’u e,
2.A=B o A, (t,u) = Bi(t,w),Yu e U,Vk e K,Vt €T,
3.A=2B & Ak(th,u) = Bk(tjz,u),
Yu € U,Vk € K'th1'tj2 € T,
4 AtB &S Akil (t, u) = Bkiz (t, u),
Yu € U'Vkillkiz EKVteT,
5.A=B& Akil(tjl,u) = Bkiz(tjz,u),
Yu € U!Vkilvkiz € K,Vth,tjz € T,

6. kil = kiz & Akil(t,u) = Akiz(t,u),‘v’u eU,VteT,
VA € F(U), where F(U) is fuzzy power set on U.

Containment

7. A (t) € B (t) © Ar(t,u) < B (t,uw),vVu € U,
8. AC B e Ai(t,u) < By(t,w),Vue U Vk e K,VteT,
9.ACB &S Ak(th,u) < Bk(tjz,u),

Yu € U,Vk € K,thl,tjz € T,

10. A< B & Ay, (tw) < By, (),
Yu € U'Vkil'kiz € K,Vt € T,
11.A € B © Ay, (t),,w) < By, (t;,,w),

vu € U,Yk; , k;, € K,Vt;,t;, €T,
12.k; 2k, & Akil(t,u) < Ay, (t,u),Vvue U, vt eT,
VA € F(U), where F(U) is fuzzy power set on U.

Union

13. (AU B)(t,w) = max(A,(t,w), Bi(t,uw)),Vu e U,
14. (Aki1 (th) U Bkiz (tjz))(u) = max(Akil (tjl,u), Bkiz (tjz,u)),
Yu € U, tj1'tjz € T, kil'kiz € K,

Intersection

15. (AN B)(t,w) = min(Ag(t,u), By (t,u)),Vu € U,
16. (A, (t;,) N By, (t;,))(w) = min(Ay, (t;,,u), By, (t;,, u)),
Yu € U, tj1'tjz € T, killkiz € K,

Complementation

17. _‘Aki(tj'u) =1 —Aki(tj,u),
18. Aﬂki(tj,u) =
Akr(tj,u),r * 1, |K| =2,
@(akl,~'-,aki71,akm,~'-,akn), |K| > 2, a’kp = Akp(tj,u),
19. Ay, (—tj,u) =
Ay, (tr, ), # J,|IT| =2,
Y(ﬁtlv "',,Bt]._l, :Btj+1v'"!ﬁtm)' |T| > Zvﬁtp = Aki(thu)r

More basic operations and properties related to the summary fuzzy
sets could be found in [3].

3. GRANULARITY OF KNOWLEDGE

As discussed by Intan and Mukaidono [5, 6, 7] in proposing the
concept of knowledge-based fuzzy sets, the granularity of
knowledge was constructed to obtain the similarity classes of
knowledge. All knowledge in a specific similarity class will
consider having a similar perception subjectively toward a given
fuzzy set. Through the similarity classes of knowledge, this paper
discusses and introduces three necessary measures, namely
Objectivity Measures, Individuality Measures and Consistency
Measure in the knowledge-based dynamic fuzzy sets. Here, the
similarity classes of knowledge are provided by a fuzzy conditional
probability relation [S, 6, 7] which is an asymmetric relation as
defined by Definition 3.

Definition 3 A fuzzy conditional probability relation is a mapping,
R:F(U) x F(U) - [0,1] such that for X,Y € F(U),
Zuey min(X (w),Y (u))

ZueuY(W) (2)
where R(X,Y) means the degree Y supports X or the degree Y is
similar to X or similarity degree of X given Y.

R(X,Y) =

An interesting mathematical relation characterizes the concept of
fuzzy conditional probability relation. This relation is called weak
fuzzy similarity relationship and defined as follows.

Definition 4 A weak fuzzy similarity relation is a mapping,
S:F(U) x F(U) - [0,1], such that for X,Y,Z € F(U),

1. Reflexivity: S(X,X) =1

2. Conditional symmetry: if S(X,Y) > 0 then S(Y,X) > 0

3. Conditional transitivity:
IfS(X,Y) = S(Y,X) > 0and S(Y,Z) > S(Z,Y) > 0 then



SX,2)=85Z,X)>0
where U is an ordinary set of elements and F(U) is fuzzy power
sets of U.

Furthermore, in the relation to (2), similarity degree of k;, given
k;, concerning fuzzy set A in time t is given by the following
equation.

Ty min(Ag; (tw),Ax; (L))

Tuev Ak, (t)

R(A,, (6,4, () = 3

It can be followed clearly that the degree of similarity between two
knowledge satisfy the following properties.

rl. [R(Akil (), Ak, (1)) = R(Ay,, (), Ak, (D) = 1,VA €
FU), vt € T] o ki =k,

2. [R(Akiz (), Ak, () = 1, R(Ag,, (D), Ag, () < LVA €
FU), vt € T] ok Sk,

13. [R(Ar,, (©), A, () = R(Ak,, (), Ay, (£)) > 0, VA €
FW)LVEET| o kiy~ki,

4. [R(Ar,, (6), Ay, () < R(Ax,, (), Ay, (1)), VA € F(U), ¥t €
T| & ki, < ki,

15. R(Ax(D),A(t)) = 1,Vt € T,Vk € K,YA € F(U)

6. [R(Akil (), Ak, (1)) > 0,VA € F(U), vt € T] o

[RCAk,, (), 41, (£)) > 0]

17 [R(Ai, (8, A, (£)) = R(Ay,, (), Ay, (),
R(Ak,, (8), Ak, (1)) = R(Ag,, (1), Ay, (1)), VA € F(U), Vt €

T| = [R(A, (©), Ax,, (©)) = R(Ay,, (), Ay, ()]

Property (r1) is to prove that both knowledge, k;, and k;, are the
same, and it is similar to Equality (6). (r2) shows that k;, covers
k;,, or k;, contains in k;,. It means that in all the time, k;, gives a
higher degree of membership for all element of all fuzzy sets than
k;,, and it is the same as Containment (12). Property (r3) points to
similar cardinality between k;, and k;, for all fuzzy sets in all the
time. On the other hand, (r4) means the cardinality of all fuzzy sets
and all the time is given by k;, is always less or equal to k;,. As
related to the weak fuzzy similarity relation, (r5) is the property of
reflexivity. (r6) is a conditional similarity, and (r7) is a conditional
transitivity.

Using degree of similarity between two pieces of knowledge as
calculated by (3), two asymmetric similarity classes of a given
element of knowledge k.

Definition 4 Let K be a non-empty universal set of knowledge, and
A be a fuzzy set on U. For any k; € K, S4(k;, t) and PA(k;, t) are
defined as the set of knowledge that supports k; and the set
supported by k; at time t € T, respectively by:
Si (i, t) = {k € K|R(Ay,(£), A (£)) > a} @)
P(k;,t) = {k € K|R(Ax (D), Ay, (1)) > a} 5)
where @ € [0,1].
S4(k;,t) can also be interpreted as the set of knowledge that is
similar to k; at time t with respect to fuzzy set A. On the other

hand, P (k;, t) can be considered as the set of knowledge to which
k; is similar. In this case, S4(k;, t) and PA(k;,t) are regarded as

two different semantic interpretations of similarity classes in
providing the crisp granularity of knowledge.

For two asymmetric similarity classes of knowledge, S& (k; o0
and S2 (ki,, t), the complement, intersection and union are defined
by:

=S8 (ki t) = {k € K|k & S§(k;,, t)} (6)
S§ (i, ) N SE (ki t) =
{keK|ke S;,,“(kl-l, tyand k € S&“(kiz,t)} @)
S§ (e, ) U SE (ki t) =
{k € K|k € S§(k;,, t) or k € S§(k;,, )} (8)

Similarly, the complement, intersection and union might be defined
on Pg(k;,t) and P (k;,t). Since the similarity classes of
knowledge are crisp sets, they satisfy the Boolean Lattice. Based
on these two asymmetric similarity classes, we then construct two
dynamic crisps covering of the universal knowledge regarding
fuzzy set A , YF() ={PA(k,t)lk €K} and W{(t) =
{S4(k,t)|k € K}, where a € [0,1]. Here the crisp, dynamic
covering means that the crisp covering will be dynamically
changed depending on time ¢t.

By removing a, crisp similarity classes, SZ(k;, t) and P{(k;, t)
will be generalized to the fuzzy similarity classes, S.(t) and
P,é_ (t), respectively. Naturally, the fuzzy similarity classes of a
specific knowledge k; with respect to fuzzy set A at time ¢ is given
by the following equations.

SA(t k) = R(Ag,(8), A (D), VEk € K ©9)
PA(t k) = R(Ax (D), Ay, (D)), Vk € K (10)

Basic operations, such as the complement, intersection and union
of the fuzzy similarity classes are defined by:

—Si(t, k) = 1= S{(t, k), vk € K an
S,ﬁ‘il (t, k) A S,;‘iz (t, k) = min(S,;‘i1 (t, k),S,g‘i2 (t,k),vke Kk (12)
s,g‘il (t,k)v s,éiz (t,k) = max(S,fil (t, k),S,fiz (t,k)),vk € K (13)

Furthermore, two dynamic fuzzy coverings of the universal set of
knowledge are constructed dealing with a fuzzy set A as defined by
04(t) = {PA(t)|k € K} and Q4(t) = {SA(t)|k € K}. Here, the
fuzzy coverings of the universal set of knowledge are also
dynamically changed based on the time ¢t.

4. OBJECTIVITY AND CONSISTENCY
MEASURES

Concerning the knowledge-based dynamic fuzzy sets, it is
necessary to discuss and propose objectivity, individuality and
consistency measures. In general, a given object is described
objectively if and only if its description can be accepted by all
persons (knowledge). Naturally, it may say that the more a given
description is acceptable or agreeable means the description is more
objective. Since in the knowledge-based dynamic fuzzy sets, a
given fuzzy label may have many membership functions provided
by knowledge, it is necessary to propose a measure, called
objectivity measure, to calculate the degree of objectivity regarding
the knowledge-based dynamic fuzzy sets. First, objectivity measure
is defined on the dynamic crisp covering of knowledge as follows.

Definition 5 Let K be a non-empty universal set of knowledge, and
P2 (k;, t) is a set of knowledge that is supported by k;. o2 (k;, t) is
defined as a function to calculate the degree of objectivity k; in



dealing fuzzy label A at time t in the degree of similarity greater
than « by:

P ki,
98y, £) = HECADL, (14)

where a € [0,1].

Instead of using SZ (k;,, t), (14) uses PA(k;, t) in calculating the
degree of objectivity because intuitively we would like to find the
similarity of others given k; . As a contrary to the objectivity
measure, individuality measure may be defined as follows.

Definition 6 Let K be a non-empty universal set of knowledge, and
PA(k;, t) is a set of knowledge that is supported by k;. 94 (k;, t) is
defined as a function to calculate the degree of individuality k; in
dealing fuzzy label A at time ¢t in the degree of similarity greater
than «a by:

K—PA(kit)|+1
92y 1) = HEPEOI, (1s)

where @ € [0,1].

Relation between @2 (k;, t) and 94 (k;, t) is given by the following
equations.
Ak, Ak, Lz o
@ 9 Gk, 0), 08 G, 0) € {72y, 1},

(b) @& t) =1 -9k, t) +|71|,

From (a), it shows that the minimum degree of both ¢ (k;, t) and
94 (k;, t) equal to ﬁ The minimum of objectivity cannot be 0
because when nobody supports or agrees with k; in its description
to a fuzzy set A at time t, at least there is one knowledge will
support that is k; itself. However, even if all knowledge in K
support or agree with k;, it does not mean that individuality of
becoming extinct. Thus, similarly, the minimum degree of
individuality also equals to ﬁ Here, the degree of objectivity will

be higher when more knowledge support and agree with k;. On the
other hand, the degree of individuality will be higher when less
knowledge supports and agrees with k;. Clearly, it can be proved
that @2 (k;,t) = 94(k;,t) = 1 & |K| = 1. In addition, as given
in Definition 5 and 6, the degrees of objectivity and individuality
rely on discrete value as a result of using crisp coverings. The most
important thing is that both ¢@Z(k;t) and 9Z(k;t) are
dynamically changed over time t. It represents the real-world
application that the objectivity of someone will always be changed
over time. (b) show a simple equation representing the relation
between & (k;, t) and 94 (k;, t). It can be verified that 2 (k;, t)
and 92 (k;, t) satisfy some properties such as:

@ oflk,t) = 1,9k, t) = = o k; Sk, Vk €K

(b) 9§k, t) = 1,98 (k,t) = L, Vk €K

(©) a1 S @y @ @f (k1) = g, (k, t),9Z (k, )98, (k,t),Vk € K
Consistency measure is represented by a function to calculate the
degree of consistency regarding a specific knowledge k in
describing a given fuzzy set A between two different times, ¢;, and
t;,. Formally, a consistency measure is defined in Definition 7.

Definition 7 Let K and T be two non-empty universal sets of
knowledge and times, respectively. 4 be a fuzzy set over U, where
U is a universal set of elements. n,‘?i(tjl, tj,) is defined as a function
to calculate the degree of consistency regarding a certain
knowledge k; € K in describing a given fuzzy set A between two
different times, ¢; € T and t;, € T as follows.

(0, = 1 - Bl el )
From (16), it can be verified that ng.(t;,,t;,) = 1 © Ay (t;,) =
Aki(tjz),vk €K, t;,t;, €T. The bigger degree of consistency
does not mean better or more accurate the description. It could be
meant that the description is getting worse or more inaccurate. For
instance, supposing that the object is changed from t;, to t;,, the
higher degree of consistency in describing the object between ¢;,
and t;, may be more considered as inaccuracy. Therefore. It is
necessary to also consider the degree of consistency in objectivity
as given by Definition 8.

Definition 8 Let K and T be two non-empty universal sets of
knowledge and time, respectively. A be a fuzzy set over U, where
U is a universal set of elements. a)(‘;‘(kl-,th,tjz) is defined as a
function to calculate the degree of consistency in objectivity
regarding a certain knowledge k; € K in describing a given fuzzy
set A between two different times, t;, € T and t;, € T (¢;, < t;,) in
the degree of similarity greater than a € [0,1] by:
|P&4(ki'ti1)npét4(ki'ti2)|
—_— 17

P8 k) an
Obviously, it can be proved from (17) that w4 (k;, t,t,)=1e
P (ki t;) € Pg (ki tj,). Since tj, < t;,, this situation means the
degree of objectivity in ¢;, could be maintained or even higher in
tj, . Thus, even degree of consistency between ¢; and ¢,
(nﬁi(tjl,tjz)) is low, high degree of consistency in objectivity
(g (ki t;
tj1t0 tjz'

5. CONCLUSION

This paper discussed how fuzzy granularity, especially crisp and
fuzzy coverings of knowledge were constructed dealing with the
concept of knowledge-based dynamic fuzzy sets. Crisp and fuzzy
similarity classes of knowledge were created based on the
conditional probability relations. The concepts of objectivity and
consistency were discussed, along with their measurer to calculate
the degree of objectivity and the degree of consistency. Their
properties were examined.
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