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ABSTRACT

A quantum walk algorithm can detect the presence of a marked
vertex on a graph quadratically faster than the corresponding ran-
dom walk algorithm (Szegedy, FOCS 2004). However, quantum
algorithms that actually find a marked element quadratically faster
than a classical random walk were only known for the special case
when the marked set consists of just a single vertex, or in the case
of some specific graphs. We present a new quantum algorithm
for finding a marked vertex in any graph, with any set of marked
vertices, that is (up to a log factor) quadratically faster than the
corresponding classical random walk, resolving a question that had
been open for 15 years.
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1 INTRODUCTION

As shown by Szegedy [14], quantum walks provide a quadratic
speedup over classical random walks for search tasks. If a classical
random walk hits a marked element in an expected number of HT
steps, called the hitting time, then the quantum walk runs in time
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O(VHT). However, this speedup comes with a caveat: the quantum
walk does not necessarily find a marked element, but it can detect a
deviation from the starting state caused by marked elements. This
issue has been well known since Szegedy’s work in 2004, yet so far
it has eluded all attempts to solve it.

Several generalizations of Szegedy’s framework have been pro-
posed, but they only solve this issue in restricted cases. Tulsi [15]
showed how to solve it for the random walk on an N X N grid
with exactly one marked element. Here, the classical hitting time
is HT = O(N? log N). While Szegedy’s algorithm detects the pres-
ence of a marked element in O(\/ﬁ) = O(N+/log N) steps, mea-
suring the final state of the algorithm only gives the marked element
with probability ©(1/log N). Tulsi showed how to improve this
to ©(1), with the running time remaining O (N+/log N). Magniez,
Nayak, Richter and Santha [12] extended this to the random walk
on any vertex transitive graph with exactly one marked element.

In addition Magniez, Nayak, Roland and Santha [13] presented
an alternative extension of Szegedy’s work, giving a quantum algo-
rithm for finding a marked vertex that runs in a number of steps
O(+/1/(8¢)), where § is the eigenvalue gap of (the Markov chain
corresponding to) the walk and ¢ is the probability that a vertex is
initially marked. This bound can be as small as O(\/ﬁ ) in certain
cases, but significantly larger in others.

Later, Krovi, Magniez, Ozols and Roland [8] proposed a new
algorithm (based on a new notion of interpolated quantum walk)
that achieves a quadratic advantage for finding a marked element
for a random walk on any graph G with exactly one marked element.
The same result was achieved by Dohotaru and Heyer [5], using a
different method.

In the general case (with multiple marked elements), the al-
gorithm of Krovi et al. finds a marked element, but takes time
O(VHTY) where HT is the extended hitting time of the walk. HT*
is a new quantity obtained by modifying the expression for HT in
terms of eigenvalues and eigenvectors of the walk. If there is only
one marked element, then HT* = HT and this yields the quadratic
advantage for the quantum walk. However, HT* may be signifi-
cantly larger than HT when there are multiple marked elements,’
as we show in Section 5.

!The first version of the paper by Krovi et al. [8] claimed HT* = HT for any number
of marked elements but this turned out to be false, as corrected by the authors in later
versions.
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Lastly, for a two-dimensional grid, a quadratic advantage for any
set of marked elements was achieved by Heyer and Komeili [7]
using a divide-and-conquer approach. However, their approach is
specific to the two-dimensional grid and does not seem to generalize
even to grids in higher dimensions.

1.1 Our Contributions

In this paper, we finally resolve the problem of finding a marked
element quadratically faster (up to a log factor) compared to the
classical random walk, on any graph, for any number and any
arrangement of marked elements.

Our main new algorithm combines interpolated walks with the
recently invented quantum fast-forwarding technique of Apers and
Sarlette [2]. Quantum fast-forwarding is a primitive that allows

one to replace t steps of a classical random walk with O(\/?) steps

of a quantum walk, in a certain sense. A caveat is that quantum
fast-forwarding may only produce the final state with a very small
success probability. However, in our application, it succeeds with
probability Q(1). This is shown by an insightful argument that
interprets the success probability of quantum fast-forwarding in
terms of the classical random walk. Namely, it corresponds to the
probability that the classical random walk, started in a random
unmarked vertex, visits a marked vertex after ¢ steps, but returns
to an unmarked vertex after t additional steps. We show that this
probability can be tuned to be Q(1) by adjusting the interpolation
parameter of the walk. After describing some preliminaries in Sec-
tion 2, we discuss Algorithm 1 and the main result in Section 3, and
provide the details of the analysis in Section 4.

In Section 5 we show that the gap between HT* and HT can
indeed be very large. We construct an arrangement of marked
elements on an N X N grid for which HT* = Q(N?) but HT =
O(f(N)) where f grows to infinity arbitrarily slowly. This shows
that the algorithm of Krovi et al. can be severely suboptimal when
there are multiple marked elements. The reason is that their algo-
rithm actually solves a harder problem: it samples from the station-
ary distribution restricted to marked vertices (which is the uniform
distribution in case of the grid). Hence, their algorithm may be slow
in cases when sampling from this distribution is substantially more
difficult than just finding some marked element.

In Section 6 we present a second, simpler, new algorithm, which
we conjecture? to find a marked element in time O(\/ﬁ ), for an
arbitrary arrangement of marked elements (Conjecture 11). This
second algorithm is also based on the idea of interpolated walks,
but uses it differently from [8]. Namely, Algorithm 2 just runs the
interpolated walk for O(VHT) steps (instead of using eigenvalue
estimation to produce an eigenstate of the walk, as in [8]). Our
numerical experiments suggest, that for any arrangement of marked
vertices, there is a choice of the interpolation parameter and a choice
of running time ¢ = O(\/Iﬁ ) which results in the walk producing
a marked vertex with probability Q(1). We tested this conjecture
for all examples with HT* > HT that we found.

ZVery recently a slightly weaker version of our conjecture has been proven by Apers,
Gilyén, and Jeffery [1]. They essentially prove Conjecture 11 up to a log factor in the
success probability. Remarkably, their proof heavily builds on the correctness of our
Algorithm 1, and its implementation details.
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2 PRELIMINARIES
2.1 Markov Chains and Random Walks

For a random variable Z and probability distribution p, we will use
Z ~ p to indicate that Z is distributed according to p.

A sequence of random variables Y = (Y;);2, is a Markov chain if
foralli > 0,

Pr(Y; = yilYo = yo,. .., Yi-1 = yi—1) = Pr(Y; = yi|Yi-1 = yi—1).

A (time-independent) Markov chain on a discrete state space X with
|X| = n is specified by an n X n row-stochastic matrix #, whose
xy-entry Py denotes the probability that the Markov chain makes
a transition from state x € X to the state y € X in one step. For
a distribution p on X, we say that Y is a Markov chain evolving
according to P starting from p if Yo ~ p, and for all i > 0 and
x,y € X, Pr(Y; = ylYi-1 = x) = Pxy. We will left-multiply with
probability (row) vectors to follow the common conventions in the
literature for Markov chains, so if Yy ~ p, then ¥; ~ pPi , for any
i>0.

We say that P is ergodic if for a large enough ¢ € N all elements of
P! are non-zero. For an ergodic P there exists a unique stationary
distribution 7t such that TP = 7, and we define the time-reversed
Markov chain as P* := diag(m) ! - PT - diag(7r). We say that P is
reversible if it is ergodic and P* = P. Note that reversibility can be
equivalently expressed by the detailed-balance equations:

Vx,y € X: iy Pxy = TyPyx, (1)

intuitively meaning that in the stationary distribution for each
pair of states the probability of a transition between the states in
both directions is that same. Moreover, it is easy to see that if P is
reversible then so is P! for every t € N.

For an ergodic Markov chain #, we define the discriminant

matrix D such that its xy-entry is |/PxyP . It is easy to see that

D = diag(m)? - P - diag(m) 2. @)

This form has several important consequences. First of all the spec-
tra of # and D coincide, and moreover, the vector /7t that we get
from 7t by taking the square root element-wise, is a left eigenvector

of D with eigenvalue 1. Also from the definition Dxy = |/PxyPyx

it follows that for reversible Markov chains, D is a symmetric ma-
trix, and therefore its singular values and eigenvalues coincide up
to sign.

Reversible Markov chains are equivalent to random walks on
weighted graphs; for a survey on the topic see Lovasz [10]. They
have been used to design search algorithms in various contexts.
Specifically, if P is a random walk on a state space X, and M C X is
a set of marked vertices, then a randomized algorithm that begins
in any vertex x € X and repeatedly makes a step of the walk, while
checking whether the current state is marked, will eventually find
some x € M (assuming M is non-empty). When the algorithm
starts in the stationary distribution of £, the expected number
of steps needed before a marked vertex is reached is called the
hitting time, and is denoted HT = HT (P, M). Let Z be the smallest
number such that Yz € M, where Y is a Markov chain evolving
according to P starting from 71, then HT (P, M) = E[Z]. Moreover,
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by Markov’s inequality, for any positive real number ¢ we have
Pr(Z > cHT(P,M)) < 1.

Thus, for any reversible Markov chain £ on X, and M C X, if
C is the complexity of checking whether x € M (for an arbitrary
x € X), U is the cost of taking one step of the walk #, and S
is the cost of sampling according to the stationary distribution,
then there is a randomized algorithm that finds a marked vertex
with high probability in complexity O(S + HT(U + C)). In the next
subsection, we will consider quantum analogues of this procedure.

For simplicity in the rest of the paper we will work with re-
versible time-independent Markov chains, unless otherwise stated.

2.2 Interpolated Walks and Quantum Walk
Search Algorithms

Interpolated walks. Some previous quantum walk algorithms are
based on the notion of interpolated walk. Intuitively speaking such
a walk works as follows: first it checks whether the current node is
marked. It the node is unmarked, then it performs a normal step of
the walk; but if it is marked, then it performs a normal walk step
only with probability 1 — s, and with probability s it stays at the
current marked node.

Let us fix some reversible Markov chain > and marked set M C X.
We first define the absorbing walk operator P’ as the modified
Markov chain that, once it hits the set of marked vertices M, stays
where it is. If we arrange the states of X so that the unmarked states
U = X \ M come first, the matrices P and P’ have the following

block structure:
— s _ [ Puu Pum
p._( ) P ._( G )

We define the interpolated walk operator, for s € [0, 1), as:
P(s) == (1-5)P +sP’,

Puu  Pum
Puu  Pmm

®)

staying at a marked vertex with probability s. We denote the cor-
responding discriminant matrix by D(s). Let ITy be the projector
onto marked vertices and let IIyy := I — I be the projector onto
unmarked vertices. Then we define 7ty := 7l and 7ty := 7ty as
the row vectors that are obtained by restricting 7t to sets U and M,
respectively. We denote the probability that an element is marked
in the stationary distribution by pas := > epm Tix = |I7tm ;- Then
7' := mpr/py is a stationary distribution of ’.% In analogy to the
definition of P (s) in Eq. (3), let 7t(s) be a convex combination of 7t
and 71U/, appropriately normalized:

(1-s)m+sn’ 1
(1-s)+spm  1-s(1-pum)
Krovi et al. [8] showed that for any s € [0, 1), P(s) is a reversible
ergodic Markov chain with unique stationary distribution 7t(s).

mi(s) := (1-s)my +ma). (4)

Quantum walk operator. For a (reversible) Markov chain P, let
V() be a unitary such that*

Vx € X: V(P)0)x) = ) \[Pryly, ),
yeXx

3In fact, any distribution with support only on marked states is stationary for P’
“4Note that here we swapped the role of the two registers compared to some previous
works, in order to make the resemblance with block-encodings [4, 6] more apparent,
see Section 2.3 for more details.
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where |0) is some fixed reference state. The action of V() is anal-
ogous to taking one step of the random walk £ in superposition.
Let SwaP be defined by the action |x,y) — |y, x), for all x,y € X,
and let Rer = (2|0X0| — I) ® I. The corresponding quanium walk
operator is

W(P) = Vi(P) Swar V(P) Rer.
Note that (0[(x|W(P)[0)|y) = y/PxyPyx = Dxy-

Extended hitting time. For any s € [0, 1), suppose that D(s) has
eigenvalue decomposition

D () o ()X (5)],
k=1

with A, (s) = 1, so A4 (s) < 1 for all k < n. Then we can define’

n—1 2
_ N\ o) V)|
HT(s) = ; T ae

and
HT* (P, M) := lim HT(s),
s—

where [\TIg) = Yyer Vix|x). We call HT* the extended hitting
time. To put this definition into context, note that one can show

’ 2
b, - 52

eigenvalues of D(1) and |U;C> are the corresponding eigenvectors.
For a proof see, e.g., [8, Proposition 9].

, where Al’c ranges over the (# 1)

Quantum walk search algorithms. We introduce the following
black-box (oracle) operations:

e Check(M): checks if a given vertex is marked by mapping
|x)|b) to |x)|b) if x ¢ M and |x)|b & 1) if x € M, where |x)
is the vertex register and b € {0, 1};

e Setup(P): construct the superposition

V) = > Vs
xeX
e Update(P): perform one update step. More precisely imple-
ment (separately, controlled versions of"’) SwapP, REF, and
V(P)*L.
Each of these operations has a corresponding associated implemen-
tation cost, which we denote by C, S, and U, respectively.

For implementing the interpolated quantum walk we define a
modified version of the update operator, which is a direct quantum
analogue to the interpolated classical update: if the current vertex
is marked flip a coin and do noting when the result is “heads”,
otherwise proceed as usually. Accordingly the modified quantum
update operator V(P, s) for all x € U acts as I ® V() on the initial
state |0)|0)|x), and for x € M acts as

0)[0)]xx) = V1 = s|0)V(P)[0)|x) + V5[1)[0)]x).
We define the interpolated quantum walk operator as

W(s) := VI(P,s) Swar’ V(P,s) Rer’, (5)
Note that this definition slightly differs from the definitions of [8], namely these
quantities are (1 — pas)-times smaller here; this additional factor in [8] comes from
conditioning on starting in an unmarked state. Our notation matches other standard
definitions in the literature, and since the interesting regime is when ppr < 1, this is
anyway an unimportant difference.

®This is mostly needed for implementing interpolated versions of the quantum walk.
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where Swar’ := |0X0| ® Swar + [1X1| ® I and Rer’ := (2]0X0] ®
[0X0] — I) ® I. It is easy to see that

(O[0I(x|W (5)]0)]0)[y) = Dxy(s). (6)
Note that W (s) can be implemented’ for any s € [0,1) in cost of
order C + U, in the following way. First check whether x € X is
marked, and if it is, then apply the map |0) — V1 — s]0) + +/s|1) to
the first qubit. Controlled by the first qubit’s state being |0), apply
V(%) to the last two registers. (From now on for simplicity we will
just write |0) instead of |0)|0) when we work with interpolated
quantum walks W (s).)

While a classical random walk can find a marked vertex in com-
plexity® O(S + HT(U + C)), Krovi et al. [8] showed that using the
quantum walk W(s) one can find a marked vertex in complex-
ity O(S + VHT*(U + C)). However, in Section 5, we show that
HT* may be much larger than HT. In Section 3, we show that in
fact, a quantum algorithm can find a marked vertex in complexity

5(5 + VHT(U + C)), see Theorem 3 (full analysis in Section 4).

2.3 Quantum Fast-forwarding

We will use the quantum fast-forwarding technique of Apers and
Sarlette [2], which allows us to, in some very “quantum” sense,
apply t steps of a walk in only vt calls to its update operation. We
state their main result in a slightly adapted form.

Theorem 1 ([2]). Lete € (0,1),s € [0,1] andt € N. Let P be any
reversible Markov chain on state space X, and let Q be the cost of
implementing the (controlled) quantum walk operator W (s). There

is a quantum algorithm with cost O(\/t log(1/¢) Q) that takes input

[0)|¢) € span{|0)|x) : x € X}, and outputs a state that is e-close to
a state of the form

10)®¢[0)D’[y) + T

where a = O(log(tlog(1/¢))) and |T) is some garbage state that has
no support on states containing [0Y24|0) in the first two registers.

To gain some intuition it is useful to think about the walk op-
erator W as a block-encoding of the discriminant matrix D, i.e., a
unitary matrix containing D in the top-left corner. In this terminol-
ogy, fast-forwarding reads as implementing a block-encoding of D*
by using the block-encoding of D only roughly vt times. By this
insight one can rederive Theorem 1 via recent qubitisation [11] or
quantum singular value transformation [6] result as well.

Consider the case when we start with the subnormalised vector
[WTU) = Yxeu VTix|x) and apply the “fast-forwarded” Markov
chain from Theorem 1, before measuring. We show how to re-
express the probability of measuring a marked element in terms of

"We note that [8, Appendix B.2] also describes a way to implement the interpolated
quantum walk operator with similar complexity but additionally require (query) access
to the diagonal entries of P.

8We note that in the classical case, S is the cost of classically sampling from 7t, and U
is the cost of classically sampling a neighbour of the current vertex. These classical
sampling operations may be cheaper than Setup and Update, but in applications, they
are often similar to the quantum costs.
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the interpolated walk #(s). The probability of measuring a marked
state is given by the square of:’

[mD! S| = D! ) ||t (o)1) |
> (VG |D! ()TuD' ()|

= (Vg |diag(e(s)) 2 P (s) [P (s)diag (7e(s)) 2 [V7D)
by Eq. (2)

(Vg |diag(m) 2 P! (s) Iy P! (s)diag(m) "2 [yg) by Eq. (4)
D P (TP (5)]2). 7)

x,zeU

by Cauchy-Schwarz

In the first inequality ¢ can be an arbitrary positive integer since
[|D(s)|| = 1; in the penultimate equality we have used the fact from
Eq. (4), that 7t(s) restricted to U is proportional to 7, so for some «,

(Vg |diag(n1(s)) ? = (yg|Vadiag(my)?, and

diag(71(s)) "} |V7g) = %diag(ny)—% N

The expression in (7) can be equivalently expressed as

| 1Pt w5y |

1
which is the probability that upon starting from the stationary
distribution of # and evolving according to P (s), the first vertex is
unmarked, after ¢ steps we are at a marked vertex, and after another
f steps we are at an unmarked vertex again. We summarize this in
the following lemma:

Lemma 2. Lets € [0,1), and P be any reversible Markov process.
LetY(s) = (Yi(s));2, be the Markov chain evolving according to P (s)
starting from Yo(s) ~ 7. Then for any t,t € N, letting t’ = t + -

[pD* () [VrD)|| = Pr(Yo(s) € U, Ye(s) € M, Yer(s) € U).  (8)

Thus, it suffices to lower bound the probability in (8) by Q(1) for
some choice of s and t = O(HT); this is established by Corollary 7
in Section 4. Note that t’ > t can be arbitrarily large in principle,
but we will ultimately choose some ¢’ = O(HT). In fact, we will
not even directly use Lemma 2, because we can get a slightly better
bound by the direct argument presented in the proof of Corollary 8.

3 THE MAIN RESULT
Our main result is the following.
Theorem 3. Let P be any reversible Markov chain on a finite state

space X, and let M C X be a marked set. Then Algorithm 1 outputs a
vertex x from M with success probability at least % with cost

0(5 log(HT) + VHT(U + C)ylog(HT) log log(HT)),

where HT is a known upper bound on HT(P, M), S is the cost of the
Setup(P) operation, U is the cost of the Update(P) operation, and
C is the cost of the Check(M) operation.

Now we sketch the proof of Theorem 3. The two key ingredients
are Theorem 1 and Corollary 8, which is proven in Section 4.

9For a parametrized matrix M (s) we denote (M(s))* simply by M? (s), so for example
Pt(s) = (P(s))*.
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Algorithm 1 Our new fast-forwarding-based search algorithm

Input: Oracles for the Markov chain ¥ and the marked set M, and
upper bound HT on HT(P, M)

SetT :=72HT and S := {1 -1l.re{1,24,. “"g(%m}}.

Use ©
success probability of steps 1-3:

( log(T)) rounds of amplitude amplification to amplify the

1.) Use Setup(?’) to prepare the state

Z |>Z—IS>|\/_>

S€S
2.) Perform a binary measurement {IIss, I — I3} on the last
register. If the outcome is “marked”, then measure in the com-
putational basis, and output the entry in the last register. Oth-
erwise continue with the (subnormalised) post-measurement
| ) Z TV

state
seS

3.) Use quantum fast—forwarding, controlled on the first two
registers, to map |t)|s)|\/7Ty) to |1)|t)|s>Dt(s)|7tU) +]0)|T')

for some arbitrary |T'), with precision ¢ = O( ) Finally,

log(T)
measure the last register and output its content if marked,

otherwise output Non-marked vertex.

Corollary 8 shows that if T > 72HT(P, M) then the success

probability of the above steps 1-3 is Q( ) Therefore, after

log(T)
O(\/log(T)) steps of amplitude amplification,'? the success prob-
ability becomes Q(1). By Theorem 1 the complexity of step 3 is

O(\/T loglog(T)(U + C)), since W (s) can be implemented in cost
O(U + C) as in (5). Thus, the complexity of steps 1-3 is

0(5 +Tloglog(T)(U + c)),

where S is the complexity of generating |/7), using Setup(P).
Amplitude amplification gives a /log(T) multiplicative overhead.

If no upper bound is known on HT (%, M), then one can apply the
exponential search algorithm of Boyer, Brassard, Hoyer and Tapp
[3] (see also [8, Theorem 24] with similar analysis as in our case),
where we simply run Algorithm 1 with exponentially increasing
guesses of an upper bound HT. This leads to the following corollary.

Corollary 4. Let P be any reversible Markov chain on a finite state
space X, and let M C X be a marked set. There is a quantum algorithm
that outputs a vertex x from M with bounded error in expected cost

0(5 log"* (HT) + VHT(U + C)y/log(HT) log log(HT)),

where HT = HT(P, M), S is the cost of the Setup(P) operation,
U is the cost of the Update(P) operation, and C is the cost of the
Check(M) operation.

1911 order to avoid “over-amplification”, one can use a random number of amplification
steps, or alternatively use a “fixed-point” version of amplitude amplification [6, 17].
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Finally, we briefly describe how the above corollary follows
from Theorem 3. The main idea is to repeatedly run Algorithm 1
until a marked vertex is found, with 4’ as our guess of an upper
bound for HT in the it® round of iteration for i = 1,2, 3, etc. Once
i > j:=[log,(HT)], Theorem 3 guarantees that a marked vertex
is found with probability at least 2/3.

Let B; € @(\ﬁS +20\/ilog(i)(C + U)) denote the upper bound

on the cost of the i-th round given by Theorem 3; the expected cost
to find a marked element using exponential search is bounded by

ZB,—+ZBj+kPr((j+k)—th round reached) < ZBﬁZBﬂkyk

=1 k=1 =1 k=1

By observing that Bj,; < O((k + 1)2k)Bj for k € N, we see that
the second sum is of the order Bj, and an elementary calculation
shows that the first sum can be bounded by O(j+/jS + B;), proving
Corollary 4.

4 ANALYSIS OF FAST-FORWARDING -
THE COMBINATORIAL LEMMA

In this section, we describe the details of the analysis of Algorithm 1
needed for proving Theorem 3.

The main goal is to understand the probabilistic expression (8)
in Lemma 2 that lower bounds the success probability of the fast-
forwarded walk-based search algorithm. In order to lower bound
the right-hand side of (8) by Q(1), we want to prove that there is
some s and some random choice of ¢, ¢’ = O(HT) with t’ > ¢ (in
fact, t’ could also be much larger than HT) such that starting in the
stationary distribution and running the chain, with constant proba-
bility, the ¢-th vertex is marked, and the t’-th vertex is unmarked.
In this section, we reduce this problem to a simple combinatorial
statement, which we prove in Lemma 5.

Let Y = (Y;)Z, be a Markov chain evolving according to #
starting from Yy ~ 7t.!! In order to address interpolated walks
we define Y(s) = (Y;(s));2, to be the same chain as Y, except
that for every marked vertex in Y, Y(s) stays in that vertex for a
length of time that is geometrically distributed with parameter 1 —s
(mean ﬁ), before taking a step according to Y, see Figure 1. More
precisely, let k1 < k2 < ... be the (random) indices such that Yy,
is marked and let L, Ly, ... be geometric random variables with

mean 1—;. Let LJ = Zj.,:l(Ljr — 1), then
Y; ifi €{0,...,k1}
Yi(s) := ij ifie{kj+€j_1,...,kj+Lj}_
Yi—ij ifie{kj+Lj+1,...,kj+1 +Lj}.

It is easy to see that the marginal distribution on Y (s) is a Markov
chain evolving according to P (s) starting from 7.!?

Since we start in the stationary distribution actually this distribution is also transla-
tionally invariant and is the same if we look forward or backward - due to reversibility.
However, our Corollary 7 does not use these properties — by using these properties
one might be able to prove a stronger Q(1) lower bound for a well-chosen value of s.
12What we have actually described is a coupling of the random variables Y and Y (s),
such that Y (s) uses the same randomness source for walking as Y, but it might delay
transitions at marked vertices, as dictated by the additional independent geometric
random variables. However, note that this is not the same kind of coupling that is
commonly used between Markov chains, where the chains start and also stay together.
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i 0 1 2 3 4 5 6 7 8 9
Y, 0 1 2 3 4 3 2 3 4 3
Yi(s) 0 1 2 3 4 4 4 4 3 2

Andris Ambainis, Andras Gilyén, Stacey Jeffery, and Martins Kokainis

11 12 13 14 15 16 17 18 19 20
32 1 ..
4 4 4 3 4 4 4 3 2 1

Figure 1: Example of Y and Y(s) when ? is a walk on a line, s = %, and 4 is marked.
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Figure 2: The first row shows a sequence i drawn from Y, and the second its r-rescaling g(’>, for r = 4. The first row represents
the sequence of unmarked and marked states visited by , and the second is an approximation of the sequence of unmarked

3

and marked states of P(s) fors=1-— % I

We are only interested in whether a state in the chain is marked
or not, so we map the elements to {marked, unmarked} and denote
by Y;, Y;(s) the image of the chains after this mapping. Then we are
interested in lower bounding

Pr(Yo(s) = unmarked, Y;(s) = marked, ¥y (s) = unmarked). (9)

A particular sequence §j drawn from Y can then be represented
visually by a sequence of boxes, each of which is either unmarked
(white) or marked (black). The corresponding coupled sequence §(s)
of Y(s) is essentially the same as 7, except that every black box is
replaced with a string of black boxes, whose length is geometrically
distributed with mean r = % Thus, a good approximation of the
sequence f(s) is obtained by starting with 7 and replacing each
black box by a black box of length r, which we call an r-rescaling
of §, and denote y(’), see Figure 2. Note that r need not be integral,
but it is convenient and sufficient to assume that it is.

It will be sufficient to show that for some random choices ¢, ¢’ =
O(HT) with t’ > t, we have both

(m) gﬁ’) = marked and

(u) gﬁ,’ ) = unmarked,
with Q(1) probability (over ¥ and the random choice of ¢ and t’),
for some r = ﬁ Let Mgr) (a, b] (resp. U;r) (a,b]) be the setof i €
(r) (r)

{a+1,a+2,...,b} suchthat§;"’ = marked (resp.§;"* = unmarked).
If we choose t uniformly at random from {a + 1,...,b}, and t’
uniformly at random from {a’ + 1,...,b"}, with a’ > b, then the

problem reduces to showing that for a good choice of r, with high
probability over 7, |M;r) (a,b]|/(b - a) and |U;’) (@, b']|/ (b —a’)

are both Q(1).

Let T = [3HT], and suppose for the sake of this discussion
that no marked vertex has a marked neighbour in #.!3 Then for
any even-length interval {a + 1, ..., b}, the proportion of t € {a +
1,...,b} such that §; = marked is at most % As a first attempt,
suppose we choose ¢ uniformly at random from {1, ...,27T} and ¢’
uniformly at random from {2T +1,. .., 4T}. First note that, without
any rescaling (i.e. with r = 1), condition (u) always holds, because

3This could be arranged by making two copies of the graph, ensuring that each
transition switches from one copy of the graph to the other, and only considering the
marked vertices in one copy to be marked. However, we will ultimately not need this
assumption.
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|M;l) (2T, 4T]| < T.1Itis also easy to see that upon running the non-
interpolated walk #, with high probability there will be a marked
vertex in the first subsequence of length T. Thus, if we choose s >
1- % so that r > T, then with high probability |M;r) (0,2T]| = T,
so condition (m) holds. However, after this rescaling, (z) might no
longer hold. Figure 3 illustrates a g, for which, before scaling, (u)
holds but not (m), and after scaling by r = T, (m) holds but not ().
The difficulty is that by scaling, as we create more marked boxes,
we are pushing unmarked boxes out of the intervals of concern.
There is a bijection between the i unmarked box in 7 and the it
unmarked box in ("), but its index in §") can increase. To make
this precise, let 6, (i) € N be the position of the i unmarked box
in g(’). Consider o, (i) as a function of r; if no marked box occurs
before i, then o, (i) = i, but otherwise it is linearly increasing in r.
In particular, if m(i) denotes the number of marked boxes before
the i" unmarked box in 7, then o, (i) = i + m(i)r. This suggests
that for small enough values i, as long as m(i) > 1 — that is, there
exists j < i such that §; = marked — there should be a good choice
of r that pushes o, (i) into the range from which we choose t’.
Our second (and final) strategy will be to choose t uniformly at
random from {1, ...,3T}, and ¢’ uniformly at random from {6T +
1,...,12T}. We begin by scaling up by ro, the largest scaling factor
less than 3T such that |M(gr)(T, 3T11/(2T) < % (for the sake of

discussion, suppose it’s exactly %). Then condition (m) holds for ry,
and this remains true even if we increase r.
It may not be the case that scaling by ry ensures that condition
(u) holds with constant probability. However, since
U (1,37]
2T 4
there are ©(T) values i with oy, (i) = i + m(i)ro € {T +1,...,3T}.
Increasing r will only increase the number of marked boxes (ver-
tices) in {1,...,3T}, thus increasing the probability of satisfying
condition (m), but as marked boxes are being added to the window
{1,...,3T}, they are pushing unmarked boxes to further positions.
For a high enough value of r (but not too high) we will push the it
unmarked box into the window {6T + 1,...,12T}. We can imagine
searching for this good value r by beginning with r¢ and repeatedly
doubling it, as shown in Figure 4.
We formalize this argument in the following combinatorial lemma.

5
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(m) fails
(too many unmarked)

(u) holds
(many unmarked)

(m) holds
(many marked)

(u) fails
(too many marked)

Figure 3: Illustration of the trade-off in the choice of the rescaling

ro (1T [ [ 1]

Figure 4: As we double the scaling factor, we eventually push each unmarked box (vertex) that began in the region {T+1,...,3T},
denoted by x symbols, into the region {67 +1,..., 12T}, denoted by the right-most red rectangle. The same scaling doesn’t work
for every x, but for every *, there is some scaling that works.

Lemma 5 (Combinatorial Lemma). LetT € Ny, and suppose that
y = (Y1,Y2,...) is a sequence of marked and unmarked boxes of
length at least 12T, such that

(i) there is at least one marked among the first T boxes, and
(ii) at most T of the boxes (YT+1, YT+2 - - -» ysT) are marked.

Let ro denote the largest integer such that
MU (7,37 < 2T,
Y 2
then1 < rg < 3T, and forR := {1, 2,. ..,ZLIOgZ(lzT)J} we have

1
3w eT 12T 2 5T
reRN(ry,o0)

ProOF. By assumption (ii) we have |M£,1) (T,3T]| < T,sorg > 1.

By assumption (i) for any r > 3T we have |M5r) (T,3T]| = 2T, and
sory < 3T.

Similarly to the notation introduced before, let y(’ ) denote the
r-rescaling of y and let o, (i) denote the index of the i-th unmarked
box in y(r). As discussed before, then o, (i) = i+ m(i)r, where m(i)
denotes the number of marked boxes before the i-th unmarked box
in y. To prove the second part of the lemma, we will show that

Vi: op (i) e {T+1,...,3T},

dreR:r>rpand o,(i) € {6T +1,...,12T}. (10)
In other words, if the i-th marked box in y(rO) is in the interval
{T+1,...,3T}, thenit gets shifted into the interval {6T+1,. .., 12T}
in y(r), for some r € RN (rg, o). Note that when oy, (i) > T, we
must have m(i) > 1, by the assumption that at least one of the first
T boxes is marked. We will show that the desired statement holds
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for r = 2%, where k = [log, LT—i | g clearly k < |log,(12T)]. We

m(i)
indeed have o, (i) = i + m(i)2k € {6T +1,...,12T}, since
12T — i
i+m(i)2k <i+m(i)——"L =121
m(i)
and
12T — i
i+ m(i)2% > i+ m(i)————L > 6T.
2m(i)

To finish the proof of (10), note that since 3T > oy, (i) = i + m(i)ro,
we have ry < (3T — i)/m(i), therefore r = 2K > fnT(_l)’ > 2rg.
The second claim in the lemma follows from (10), because

{i:op(i) € {T+1,...,3T}} = |U!5r°) (T,3T]| = %T

by the definition of rg. By (10), each of these > %T unmarked ver-

. . (r
tices contributes to at least one term of 3% c rn(ry,00) [Uy ) (6T, 12T1]].
[m}

Even if we replace the fixed rescalings of each marked element
in (") with independent geometric random variables, any fixed
set of marked elements gets a total rescaling that is within a factor
2 of its expected length with probability at least 116. This fact is
formalised in the following lemma, proven in Appendix B:
Lemma 6. Letp € (0,1],t e Nand Z = Zle Gi, where G; are
independent geometric random variables with parameter p. Then

Pr(LSZﬁﬁ) Zl.
2p P 16

We can now conclude with a statement about the random walk
P (s) that we will use to analyze our quantum algorithm. The final
statement we need is proven in Corollary 8. We first prove the
following corollary.

(11)
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Corollary 7. Let P be a (not necessarily reversible) Markov chain.
Let p be any distribution (not necessarily stationary). Let E be the event
that: the first vertex sampled according to p is unmarked; a marked
vertex is encountered within the first T steps of P (equivalently P (s));
and at most T of the next 2T steps of P (equivalently, the next 2T
steps of P (s) that do not consist of staying at a marked vertex) go to
a marked vertex.
Letr € R :=

{3T+1,...,

{1,2,4,...,zllf’gz(l”)i},t €{1,...,3T} andt’ €

24T} be chosen uniformly at random, then fors = 1— % :

Etpr [PrYo(s)~p(Y0(5) €U Ye(s) eM,Yr(s) € U|E)]:Q(1°gl(T) )

Proor. When sampling Y (s), we distinguish between:

(i) the randomness used, when at a marked vertex, to decide
whether to skip or take a step of the walk according to P,
and

(i) the randomness used for choosing a neighbouring vertex to
transition to (assuming a step is to be taken), according to P.

The second type of randomness, (ii), is exactly the randomness of Y
(recall that Y is a Markov chain that is coupled to Y(s) in the sense
that if Y(s) does not stay at the current vertex, then it moves as Y).

We can assume without loss of generality that the Markov chain
Y is terminated after 24T steps. This makes the treatment concep-
tually simpler, for example we can simply treat E as a finite set of
length-24T paths, and therefore we can write

Ettr [Pryy(s)~p (Yo(s) € U, Yt(s) eM,Yy(s)€UIE)| = (12
= > Pr(Y =y|E) Z 7 2 P ©) =yOIY = y)pa.
y€E reRr y(s)
where
_ {t € {1,...,3T}: y;:(s) € M}|
3T ’
' e{3T+1,...,24T}: yp(s) € U}
- 21T '
Let us study a fixed pathy € E,and afixedr € R,i.e.,s = 11r We

will examine the corresponding coupled paths y(s) € Y(s). For'*
B € [24T] let gy := (y1,y2, - - -, Yx) be the shortest truncation of y
such that the r-rescaling of ;y has length at least B, and let ;y(s) be
the sequence where we apply the random geometric rescalings of
y(s) to the marked elements of yy. Let 7(B) be the average rescaling
applied in gy(s). Let £ be the length of ,,y(s); if 7(3T) > r/2, then

3Tp > |{t € [min(£,3T)]: 4y:(s) € M}| > |M;r)(o, 3Tl (13)

since |{# € [min(€,3T)]: 4, (s) € UY| < 3{US7 (0,3T]).
Similarly, if 7(6T) > r/2, and 7(12T) < 2r. Then the unmarked

vertices ofy(r) in{6T+1,6T+2,...,12T} may be moved and spread

outin y(s), but they will all occur within the range {3T+1,...,24T}:

[{t' € 3T +1,...,24T} : yp(s) € U}| > |US (6T, 12T]|.  (14)

Let F be the event that 7(3T) > r/2, 7(6T) > r/2, and 7(12T) < 2r.
Let us partition |,y to three parts according to the subsequences
47y and (;y; if in all three parts the corresponding average rescal-

ings of the marked elements of y(s) are within [%, 2r], then F holds.

14For n € N we use the notation [n] as a shorthand for {1,2, ..., n}.
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Since the geometric variables of the three parts are independent, by
Lemma 6 we always get Pr(F) > (7/16)3. Thus, continuing from
(12), we have:

D pr(y = y|E>Z| R 2. PV () =yOIY = 9)pg
yeE rer y(s)
IM{" (0,311 (U (6T, 12T])
6T 21T
by Egs. (13)-(14)

>ZPr(Y y|E)Z—Pr(F|Y— y)

yeE rER

il

M (o 3T]| [US" (6T, 1271

D Pr(Y = ylE) Z

yeE rer aAr
by Lemma 6
> — R ( ) Z Pr(Y = y|E)4 T by Lemma 5

1 1
=Ql—=|=Ql——=]. m}
IR| logT
We can now conclude with the statement we needed in the
analysis of our algorithm in Section 3.

Corollary 8. Let P be a reversible ergodic Markov chain, and let
7 be its stationary distribution. If ppr < 1/9, T > 3HT, andR is as
defined in Corollary 7, then choosings € S = {1 — % :r € R} and
t € [24T] uniformly at random, we get

&It v l] - of

1
log(T) )

Proor. First we prove that the event E in Corollary 7 holds
with constant probability. The probability that the initial vertex
is marked is pps < 1/9. The probability that the Markov chain
does not hit a marked vertex in T > 3HT steps is at most 1/3 by
Markov’s inequality. Finally, the expected number of marked sites
in the first 3T steps is ppr3T < T/3, therefore the probability that
there are more than T marked vertices in the first 3T steps is at
most 1/3 by Markov’s inequality. By the union bound we get the
probability of the complement of E is at most 1/9+1/3+1/3 =7/9,
therefore E holds with probability at least 2/9.

Let us define |v'(s)) =1y D! (s)|y/7y), and recall that £ = t/ —¢.
Since Pr(E) > 2 by Corollary 7 we have

T (x| P! ()T P (5)|2)

oWm=3, >, 2, a1y’ by Corollary 7

S€S t,ie[24T] x.2€U
D! (s)Iy D!
Z Z Sl (s()zg)z OyT) by Eq. (7)
SES t,fe[24T]
N ACLUCI )
S€S t,ie[24T] e S€S t,Fe[24T] e
by Cauchy-Schwartz

_ llo* )l llo* )|
=2 2 24T <D, i

seS\te[24T] seS te[24T]

where the last inequality follows from the fact that the arithmetic
mean is always upper-bounded by the root-mean square. O
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5 EXAMPLE WITH HT* > HT

A torus is a graph containing n = N? vertices organized in N
rows and N columns; there is a vertex (x1,x2) for all x,x; €
{0,1,..., N —1}. A vertex (x1, x2) has four neighbours, (x1 + 1, x2),
(x1—1,x2), (x1, x2+1) and (x1, x2 — 1), where the addition is modulo
N. To prevent the graph from being bipartite, we add a self-loop at
each vertex, so that at any vertex the random walker moves to any
of the four neighbours with probability 0.2 and stays at the same
vertex also with probability 0.2.

We start by observing that the extended hitting time HT™ in the
case of a torus can be lower bounded as follows.

Lemma9. LetM c {0,1,...,N — 1}2 be a set of marked vertices of
the N X N torus. Let m = |[M| and w = exp(2ri/N), then

5 N 2

471

™

(x1 X2) EM

HT' > (15)

The proof is deferred to Appendix A.
Next we describe an example of a marked set whose extended
hitting time can be much larger than the hitting time.

Lemma 10. Suppose that positive integers di, k1,d, N satisfy the
following requirements:

(C1) kidy = o(N);

(C2) N = o(k1d);

(C3) d?logd = o(N?);

(C4) dy is a divisor of d and d is a divisor of N.
Define a marked set M on the N X N torus as My U My, where

My = {(j1d1, j2d1) [0 < jr. j2 < k1 — 1}
and
My = {(j1d, j2d) |0 < j1, ja < N/d}.
Then the extended and classical hitting times for the set M satisfy

HT' = Q(N?) and HT= ()(d2 logd) = o(HT*),

respectively.

In Figure 5 an illustration with d; =1, k; =15,d = 6and N = 36
is depicted, with different colours for M; \ Ma, My \ My and M1 N Ma.
An example of parameters satisfying (C1)-(C4)isdy = 1, k1 =
a 2“2, d = d>and N = 42 2“2,
parameters Lemma 10 implies bounds HT = O(log2 Nloglog N )

and HT* = Q(N?), thus thereisa Q (N?) gap between the extended
hitting time HT* and the classical hitting time HT.

for an integer a > 1. For such

PRroOOF OoF LEMMA 10. We begin by noting that the sets M, and
M; overlap, since di|d by (C4). The set M consists of k% vertices
forming a small, dense subgrid M;, and the remaining marked
vertices of M, forming a sparser subgrid in the rest of the torus.

Since m = [M| < |My| + |[My| = k% + (N/d)?2, the constraint (C2)
implies m = O(kf); from (C1) we conclude m = o(N?). Also by (15)

HT* = Q(N2|p|2/m2), (16)
where p is defined by
p=wa1=wa1+wal— Z ™.
xeM xeM; xXeM, xeMNM,
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» » » . . .
» » » . . .
» » » . . .
. . . . . .
. . . . . .
. . . . . .
My \ My ® M\ M & MinM,

Figure 5: Illustration of the marked set with d; = 1, k; = 15,
d=6and N = 36.

The first summand on the RHS is

ki-1

Z wxl—klzwjdl—k

x€M;

wkidr 1
dl—l

while the second summand is a multiple of

Njd-1

5 o))

j=0
because d|N by (C4). Therefore

kidy _
A o,

xeMiNM,

=k
P 1wdl—1

It is easy to see that My N My = {(j1d, j2d) |0 < j1, jo < k}, where
= [kid1/d], and similar arguments as previously yield

—k wkldl—l wkd—l
’ wh -1 wl -1’
By the reverse triangle inequality,
sk wkid — 1| k‘wkd_ 1‘ k1 sin 24 ”kld‘ _ ksin Z5# mhd )
pl =k - = 17
|(ud1 — 1| |wd — l| sin Td sin ’1’\;1
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From (C1) and (C3) we obtain kd < kidy +d = o(N), therefore

% =0(1), ’j\]—d = 0(1) and sin —”]Edl = 8(%) sin ”de = @(%)
sin ”le = @(%), sin ”Wd = @(%) Consequently,
kq sin —”lj\lldl in ”de d?
mo oun SR aw el o)
sin =5t sin %57

here the last bound follows from di = o(d), which is implied by
(C1) and (C2).

Now (17) gives |p| = Q(kf). Combining this with (16) and the
previously obtained bound m = O(kf), we conclude that the ex-
tended hitting time satisfies

214

) ~ Q(N ki
= o
1

Next we bound HT. Notice that by the linearity of expectation
HT = Y, cy nxHTx (M) and HTx (M) is the expected number of
steps for the random walker to reach M for the first time, starting
from vertex x. It follows that HT < max,cy HTx(M). For any fixed
x € U, HTx (M) cannot decrease when reducing the marked set
(i.e., when some marked vertices are removed from M and added
to the unmarked set U), hence we have

= Q(N?). (18)

HT < max HTy (M) < max HT(My).
xeU xX¢M;

Therefore it suffices to show that HTx(Mz) = O(d? log d) when
only the subgrid M, is marked and x is any vertex not belonging
to M,. However, the classical random walk with the marked set
Mj is equivalent to the random walk in the d X d torus with a
single marked element (by identifying each vertex (x, xz) with

the unique vertex (xl(o), xz(o) ) satisfying x; = xl(o) (mod d), xp =

xz(o) (mod d) and xl(o),xz(o) € {0,1,...,d — 1}). Since, in the case
of a d X d torus with a single marked element, all hitting times
HT, (with y being a non-marked vertex) are of order O(d%logd)
[9, Eq. 10.29], the desired bound HTy (M) = O(d2 log d) follows.
Hence, returning to the marked set M, the classical hitting time
is HT = O(d? logd) = o(N?) by (C3), and we conclude that HT =
o(HT"). i

An intuitive explanation for this result is that the algorithm of
Krovi et al. [8] actually solves a more difficult problem: it generates
the uniform superposition over |x), x € M (with the starting state
being the uniform superposition over all vertices |x)). Almost all
of the marked vertices are, however, concentrated in M; which is a
small part of the grid. A typical component of the starting state is at
a distance Q(N) from Mj. Therefore, any algorithm that generates
the uniform superposition over |x), x € M from this starting state
must take Q(N) steps, even though the classical hitting HT time is
much smaller.

The running time O(VHT*) = O(N+y/log N) achieved by the
algorithm of [8] is quite close to the Q(N) lower bound. So, in our
example, this algorithm is close to being optimal for generating
the uniform superposition of marked vertices but is very far from
being optimal for the task of simply finding a marked vertex.

421

Andris Ambainis, Andras Gilyén, Stacey Jeffery, and Martins Kokainis

6 A SIMPLE QUANTUM WALK ALGORITHM

As discussed in Section 2.2, our quantum walk uses three registers.
Register Ry corresponds to a Hilbert space H containing the basis
states |x) identified with the vertices of the graph. Register Ry is an
ancillary register initialized to the reference state |0). Additionally,
another ancilla register R3 initialized to [0) € C?, will be attached
and used for checking whether the current vertex in Ry is marked.

Now we describe a quantum walk algorithm with a fixed in-
terpolation parameter s € [0,1) and a predetermined number of
quantum walk steps t € N.

Algorithm 2 Quantum walk algorithm

Input: Oracles for the Markov chain # and the marked set M,
interpolation parameter s, and the number of iterations ¢
1.) Prepare the state |0)|+/7r) with Setup(P).
2.) Apply t times the operator W (s) on RiRs.
3.) Attach Rs, apply Check(M) on R2R3, measure Rs.
4.) If R3 = 1, then measure Ry in the vertex basis, output the
outcome. Otherwise, output No marked vertex found.

It is obvious that the complexity of the algorithm is of the order

S+t - (U+ C). We conjecture that (under the assumption that the
probability to draw a marked vertex from the stationary distribution
is at most 0.5) there always exists an interpolation parameter s such
that Algorithm 2 finds a marked vertex with high probability in
t= O(\/Iﬁ) steps:
Conjecture 11. Let P be a reversible, ergodic Markov chain with
stationary distribution Tt; suppose that M is a set of marked states
which satisfies ppyr = Y xepm Tx < 0.5. Then there exists a value
s € [0,1) and a positive integer t = O(VHT) such that Algorithm 2
succeeds with probability Q(1).

The success probability can be lower-bounded by a quantity
expressible in terms of the discriminant matrix D(s). Let

Psuccess = H(I®HM)Wt(S)|0>|\/7_T>”2

be the probability of obtaining a marked vertex in the last step of
Algorithm 2. This can be lower-bounded by

~ 2
|1 © o W* (9)0)[V)|[|” =: e (s). (19)
where IT := |0X0| ® I. The following lemma'® implies that g; (s) =
[TLsD; (5) V||, where Dy (s) = T;(D(s)) for T; the Chebyshev
polynomial of the first kind of degree ¢.
Lemma 12. The quantum walk operator W' (s), when restricted to
|0) in the first register, acts as the t-th Chebyshev polynomial of the
first kind applied to the discriminant matrix D(s), i.e.,
W' ()To = [0X0] ® Dy (s),

where D¢ (s) = T;(D(s)) and T; is the Chebyshev polynomial of the
first kind of degree t, applied (in the matrix function sense) to the
matrix D(s). Equivalently, D;(s) can be defined via the recurrence
relations

Do(s) =1, Di(s) = D(s),

Dys1(s) = 2D4(s) - D(s) = Dyy(s), ¢ €.

5For a generalization of this claim see [6, Lemma 9 & Theorem 17].

(20)
(1)
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Proor. Recall that W(s) = V~V(s) - (2IIp — I ® I) where V~V(s) =
Vi, s) Swap’ V(P, s). Moreover, the idempotence of IIj gives

W(s)Ilg = W(s) - (2T — I ® )IIg = W (s)II,. (22)

For the proof by induction on t, notice that the claim trivially
holds for ¢t = 0. When ¢ = 1, the statement (due to (22)) is equivalent
to Eq. (6). Suppose that the claim has been proven for all integers
between 1 and ¢, and consider IIoW¥*!(s)IIy. We have

oW (5)TTp = oW 1(s) - (W(s) (@M -1® I))W(s)Ho
= 2 W L ()W (s)IToW (s)Ig — MW ™1 (s)W (s)W (s)IIo
= 2 W L (s)W (s)TIgW (s)ITg — oW1 (s)W (s)W (s)TIo
(by Eq. (22))
= 2MoW* (s)IIy - TIgW (s)ITg — oW1 (s)IL.
(since w2 (s) =Iand Hg =Tlp)

By the inductive hypothesis, the obtained quantity equals [0X0| ®
(2D¢(s) - D1(s) — D¢—1(s)). We conclude that indeed

oW (s)ITg = [0X0] ® Dy41(s),

where D;11(s) is defined by the recurrence relations (20)-(21). We
finish by noting that these recurrence relations define the Cheby-
shev polynomials of the first kind. O

In the following we describe some examples illustrating the
dependence of g;(s) on the interpolation parameter s.

Example 6.1. Consider the example described in Section 5, with
parameter a = 3 (i.e.,d; = 1, k; = 1536, d = 9, and N = 4608). It
can be calculated that the classical hitting time of the marked set
is HT = 162.98... ., whereas the extended hitting time is HT* =
1.01...-107 (the lower bound in Lemma 10 gives HT* > 1.69 - 10°,
by (15) and (17)).

In Figure 6, we plot the lower bound (19) on the success probabil-
ity of Algorithm 2. As we will also see in Section 4, it is natural to
replace the interpolation parameter s € [0,1) withr =1/(1—5s) €
[1, ). (The parameter r is also equal to the expected number of
steps until the interpolated walk makes a transition according to
the original random walk at a marked vertex.)

Figure 6 shows two quantities (as functions of r):

e the maximum of the bound (19) over ¢ < [3VHT], denoted
q(r) (units on the left axis);
e the minimal value of ¢ which achieves q(r), denoted by

qt(l— 1) =q(r>}

(with units on the right axis; represented in VHT units).

7(r) == min{t >0

o 1- .
Furthermore, we indicate parameter values r; = ﬁ (which

corresponds to the value of s used in [8] for their ®(VHT")-time
algorithm) and r» = HT (a plausible upper bound on the optimal r)
by vertical dash-dotted and dashed lines, respectively.

From Figure 6 it can be noticed that the optimal value is r =
96.61... ~ d? and it allows Algorithm 2 to find a marked vertex in
t = 21 ~ 1.65VHT steps with probability exceeding 0.98. This value
of r is substantially bigger than the value r; = 7.191 corresponding
to the algorithm of [8].
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Figure 6: Bounds on Algorithm 2 in Example 6.1. The hor-
izontal axis (r) represents the interpolation parameter s =
1- %; 7(r) denotes the best choice of time ¢ and q(r) de-
notes the best lower bound on the success probability of Al-
gorithm 2, as described below.

0.6 3.5

104

0
100

Figure 7: Some properties of the family of interpolated quan-
tum walks in Example 6.2. For notation and explanation of
the plotted quantities see Figure 6.

Example 6.2. Let Gy be the graph consisting of a single central
node xq and k paths of length k?; all paths have a common endpoint
xo and the remaining vertices are distinct (i.e., Gy is a modified
version of the star graph with k rays of length k2). In each vertex
the random walker stays in the same vertex with probability 0.5
and with probability 0.5 moves to a neighbour vertex (in case of
several neighbours, the probability 0.5 splits evenly among them to
move to a particular neighbour). Let M be one of the k paths, not
including the central node.

When k = 15, the classical hitting time is HT = 80090.95.. .,
whereas the extended hitting time is HT* = 1016848.98.... As
previously, we change variables r = 1/(1—s) and plot ¢(r) and z(r)
on the left and right axis of Figure 7, respectively. Again, values

r = 1;‘; M and r; = HT are indicated by vertical lines. As indicated

by Figure 7, at r ~ k? Algorithm 2 finds a marked vertex with
probability at least 0.59 in less than 2.31VHT steps.
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A PROOF OF LEMMA 9

Lemma9. LetM c {0,1,...,N — 1}2 be a set of marked vertices of
the N X N torus. Let m = |M| and & = exp(27i/N), then
2 2
HT' > S5 N > M
472 m? (x1,x2) EM

(15)

Proor. While the vertices (xi, x2) of the torus graph can be or-
dered arbitrarily, we use the lexicographic ordering (i.e., (x1,x2) <
(x1,x;) iff x; < x] or x1 = x{ and x2 < x3), Then ¥ is formed
accordingly to this ordering, i.e., the first row (column) of # corre-
sponds to the vertex (0, 0), the second row (column) corresponds
to the vertex (0,1), and so on. Now ? is an (N?) x (N?) BCCB
(block circulant with circulant blocks) matrix [16, Definition 5.27]
and can be diagonalized using the discrete Fourier transform as [16,

Proposition 5.31]
P = (Fy ® Fy)diag(A) (Fy ® Fy)',

where A is the vector of the eigenvalues of £, ® stands for the
Kronecker product and

1 1 1 e 1
1 3] w? N1
1| w2 Wt w2(N-1)
Fn=— \
VN ‘
1 oN-1  2(N-1 W (N-D(N-1)
= exp( ) It can be verified by direct calculation (or by apply-

ing the two-dimensional discrete Fourier transform as described in
[16, Proposition 5.31]) that the eigenvalues of the matrix # are
1 21j 2k
Aig==|1+2cos—+2cos— |, jke{01,...,N—-1}
=g (1 zcos S e zeos 5E) ke )

and the corresponding eigenvectors are [vj ) = wl) @ wk),

wi) = L (1 o o w(N—l)j)T.

VN
By [8, Theorem 17], the extended hitting time is related to the in-
terpolated hitting time HT(0) via HT* = Pt ~2HT(0), where HT(0)
is defined as

2
HT(0) = ) |<“J;k_|\)/f>| )
J>

j=0..N-1

k=0.N-1

(j.k)#(0,0)
Since the stationary distribution 7t is uniform, we have |my) =
% Zxeu|x); moreover,

2
2—2cos §J+2—2cos%_4 g ) .zﬂk
1-Ajk= = —[sin® — +sin” —
’ 5 5 N N
and 1
jx1+k.
IETERSDWPE
xeU (x1,x2) €U

thus we arrive at 5
Z W Jjx1+kx,

HT* = E 1 Z (x1,x2) €U (23)
4 m? sin® z + sin? Zk
Jj=0..N N N
k=0..N

—~

Jk)i(

o=

Andris Ambainis, Andras Gilyén, Stacey Jeffery, and Martins Kokainis

For all pairs (j, k) # (0,0),0 < j,k < N — 1, we have

N-1N-1
Z Z iXrkxy Z wixirkxs o Z ixirkxs 0,
x1=0 x2=0 (x1,x2) EM (ox1,x2) €U

hence we can rewrite (23) as

2
Z wjx1+kxz
(x1,2) M

(24)
4m? j=0.N—1 sin? W] + sin? ]\?
k=0..N-1
(J:k)#(0,0)
Finally, we lower bound the RHS of (24) by a single term (j = 1,k =
0) of the sum, and use that sin N N , yielding (15).

B CONCENTRATION OF SUMS OF
GEOMETRIC RANDOM VARIABLES

Lemma 6. Letp € (0,1],t e Nand Z = Zle Gi, where G; are

independent geometric random variables with parameter p. Then

t 2t 7
Prl—<Z<=|2>—. (11)
2p p] " 16

Proor. Let G be a geometric random variable of parameter p,
then it has expectation value 1/p and variance (1 — p)/p® < 1/p?.
Moreover Pr(G <k)=1-(1- p)k for all k € N. In particular,

7

Pr(l1/(2p)] <G < [2/p)) = (1= p) VOO — (1 p)l2/P) > =
More generally Z has negative binomial distribution.

One can check that for every ¢t € [7] and all p € (0, 1] we have
that Pr([t/(2p)] < Z < |2t/p]) = 7/16, see Figure 8.

On the other hand the variance of Z is at most # SO

t 4
Pr(|Z— t/p| = @) < n

by Chebyshev’s inequality, which implies the claim for t > 8. O

—t=T

—t=6

—t=5

10 —t=4
16 - t=3
- - — t=2

\\ \\ —t=1

—
1 1 3
0 1 2 1 1

Figure 8: A plot of Pr( <Z<
trating Equation (11) for t=12,...,7.

) as a function of p, illus-

'\v|N
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