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Cognitive Radio Networks have emerged in the last decades as a solution of two problems: spectrum under-
utilization and spectrum scarcity. In this work we propose a dynamic spectrum sharing mechanism, where
primary users have strict priority over secondary ones, in order to improve the mean spectrum utilization
with the objective of providing to secondary users a satisfactory grade of service with a small interruption
probability. We study a stochastic model for Cognitive Radio Networks with fluid limits techniques. Our main
findings consist in a Gaussian limit theorem in the sub-critical case, and a non-Gaussian limit theorem, under
a different scaling scheme, in the critical case. These results provide us practical QoS criteria for sharing
policies. We support our analysis with representative simulated examples in both scenarios.
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1 INTRODUCTION

During the last two decades we have seen an explosive development of wireless networks which is
reflected on the widely extended use of wireless technologies in our everyday lives (e.g. mobile
phones, sensors, laptops). Consequently the demand for electromagnetic spectrum has increased to
unprecedented levels resulting in the spectrum scarcity problem. In spite of this, spectrum utilization
measurements have shown that licensed bands are vastly underutilized while unlicensed bands are
too crowded [6, 21, 39]. The significant underutilization occurs even in densely populated urban
areas. Therefore, it is vital to move forward with a means for better utilization of the spectrum.
Nowadays industrial and academic communities are focusing much of their efforts to define the
main characteristics of the fifth-generation of mobile networks. It is expected that 5G connections
will appear on the scene in 2020 and will grow more than a thousand percent from 2.3 million in 2020
to over 25 million in 2021 [11]. With this in mind, how to optimize the spectrum capacity becomes
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a key ingredient in 5G system design. In this regard Cognitive Radio represents an attractive
candidate, especially for 5G networs [1, 17, 19, 28, 34].

The concept of Cognitive Radio (CR) was introduced by Mitola [26, 27]. CR represents a promising
technology which, based on dynamic spectrum access, strives at solving the important problems
that we mentioned before: spectrum underutilization and spectrum scarcity. In this paradigm we
can identify two classes of users: primary and secondary. Primary users (PUs) are those for which
a certain portion of the spectrum has been allocated to (often in the form of a paid contract).
Secondary users (SUs) are devices which are capable of detecting unused licensed bands and adapt
their transmission parameters for using them. The key requirement in this context is that the PUs
ought to be as little affected as possible by the presence of SUs. One challenge then is to distribute
the spectrum holes efficiently and fairly. Another goal is to provide quality of service (QoS) to PUs
and also to SUs.

In what follows we focus on the analysis and characterization of a dynamic spectrum sharing
mechanism where PUs have strict priority over secondary ones. We present tools and criteria that
can be used in order to improve the mean spectrum utilization with the commitment of providing
to SUs a satisfactory grade of service and a small interruption probability. We are interested in SUs
whose service cannot be interrupted with high probability (like a phone call or other interactive
services). For these services it is preferable to be rejected and to avoid the situation where the
connection is established and then interrupted. These decisions (start service or not) represent a
mechanism that can be adopted by the SUs as a sort of admission control policy. We analyze two
indicators of these types of systems: the mean spectrum utilization and the probability that the
system is working at its capacity limit which is related with the interruption probability for SUs
services. Associated with this last issue we analyze a possible admission control policy in order to
reduce this probability.

In more detail we consider a scenario with C subchannels to be distributed between SUs and
PUs, and where PUs have strict priority. That is to say, we assume a scenario without spatial reuse
of subchannels where if a PU arrives when all the resources are in use, one of the SUs will be
deallocated immediately. For instance, consider a cellular network that employs frequency division
duplexing where the operator has C frequency bands (subchannels) to be assigned to its users
(PUs). If the primary network is LTE, we can assume a subchannel as one or more resource blocks.
Another example is given by the digital TV spectrum bands. In both scenarios, if there are free
resources, the SUs could use them with the constraint that their communications can be interrupted
at any time. However, there are some differences between both examples: in a cellular network
PUs can use any of the C subchannels, but in the case of digital TV each TV channel has its own
frequency band. Then we assume in our model that when a PU arrives while a SU is using its
subchannel, and there are free subchannels, this SU can be moved instantly to another unused
band, without any consequence to its service. If there is not a free subchannel (all of them are
busy), the SUs communication will be interrupted with consequences to its QoS. As our model
takes into account only the number of subchannels that are being used by PUs and SUs, if there are
free subchannels, the case of a PU that arrives to its subchannel and a SU must be moved instantly
to another free one will be modeled as if the PU arrives to a free subchannel.

There are some previous works which contribute in this direction, with the most representative
examples being [2, 20, 23, 40]. In [20] the authors study a spectrum sharing allocation for PUs and
SUs where preemption can occur. Similar to our model, they consider that a SU call is immediately
dropped when all resources are in use and a PU call arrives. However, they only analyze the queuing
system (as two M/M/C/C queues) but do not address the possibility of providing certain level of
QoS to the users. Therefore they do not investigate the behavior of the system when admission
control mechanisms are applied. In [23] the authors study preemptive and non-preemptive priority
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QoS provision in a dynamic channel allocation based on admission control decisions 1:3

queues. The main difference to our model is that the affected SU (which is deallocated when a PU
needs a subchannel and are all in use) has to wait in the system until a subchannel is available again
(in the paper it is assumed the existence of a buffer). In our case we consider a total interruption of
the communication, with no buffer. Our assumption is more reasonable in services like a phone
call or other interactive services. On the other hand, in [40] the authors study the stationary
regime for a multiclass queue with preemption, similar to ours, obtaining a recursive expression
for the probability of interruption. Finally in [2], although the authors study an admission control
mechanism over SUs, they do no obtain an analytic expression of QoS metrics and only evaluate
them through simulations.

In this work we model the cognitive radio network as a two-dimensional continuous time Markov
chain (CTMC). In our approach the Markovian structure allows us to analyze its asymptotic behavior
by means of a deterministic approximation obtained as a solution of a differential equation, i.e.
its fluid limit. Under some regularity hypotheses on transition rates, the fluid limit is the solution
of an ordinary differential equation (ODE). In cases as ours, with discontinuous transition rates,
the fluid limit is a piecewise smooth dynamical system (PWSDS). We characterize the system
behavior studying the PWSDS fixed points and we show that, in many cases, a SUs admission
control mechanism is required in order to ensure a low probability of service interruption. Some
preliminary results were published in our previous article [30].

In the present paper we extend the analysis to a probabilistic admission control mechanism and
most importantly, we incorporate aspects such as the description of the asymptotic distribution
associated with the fluid limit. This distribution depends strongly on the fixed points of the
deterministic approximation, both with and without admission control, and we find, depending on
the parameters of the model, Gaussian and non-Gaussian asymptotic distributions. The asymptotic
distribution permits the analysis of the interruption probability for SUs giving confidence bounds
valid when the number of users is large. In the case of non-Gaussian distribution, the stationary
regime and its limit are described explicitly in a simplified case. Using our results we also present
some practical network design criteria. In particular, the asymptotic distribution that was only
mentioned in [30] is developed here.

Applications of fluid models to telecommunications appeared in the literature and were widely
developed in the last decade. Some recent examples include for instance: peer-to-peer systems
and mobile networks (see for example [3, 5, 14, 29, 31, 32, 37] and references therein). In particular
concerning applications to CR networks there are some related works that we would like to highlight.
In [38] the authors use a fluid model to study SU’s queuing delay performance. In [41] they study
the coexistence of two wireless networks with different priorities and compare throughput and
delay obtained in both networks. On the other hand, [42] is focused on the collaborative sensing
within the SUs and its impact in QoS. In these papers the authors analyze the delay and throughput
in different CR scenarios, so their results can be complementary to ours where we analyze the
interruption probability.

The rest of the paper is structured as follows. After this introductory section, in Section 2, we
describe our model of spectrum sharing in CR networks. Section 3 presents the fluid model and
in the following subsections we show our analysis and characterization of the behavior of the
system under different admission control policies. We study the system for three different admission
control policies: free, deterministic and probabilistic. For all cases we introduce a fluid limit, and
study the system through it , analyzing fixed points and the asymptotic distribution around the
limit. Finally, we conclude and discuss future work in Section 4.
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2 MODEL DESCRIPTION

In this section we introduce our stochastic model for the number of primary and secondary users
in the system as a two-dimensional CTMC. This is a comprehensive and although simple model for
the system under study, however, it does not have an analytical solution. Therefore, we introduce
in Section 3 a scaled version of the CTMC, in order to find a fluid limit that allows us to study the
system analytically.

We model the arrival processes for both type of users as independent Poisson processes, and the
service durations are also independent and exponentially distributed random variables. We also
model the possibility of admission control decisions when a SU arrives to the system (SUs shall
decide, depending on the state of the system, whether to enter or not). We associate one user with
one channel.

In this context a general model and its variations due to the admission control policy assumptions
are stated in the following definitions.

Definition 2.1 (General model). Consider a CTMC (X3, X;) defined as follows.

o X;(t), X5(t): number of PUs and SUs at time t respectively,
e C: total number of identical subchannels, therefore, the state space is the subset:

E={(Xl,XZ)GNZZOle,OSXZ,Xl-l-xZ SC}, (1)

® A4, Ay: arrival rates for PUs and SUs respectively (independent Poisson arrivals),

® 11, [y: service rates for PUs and SUs respectively (independent exponentially distributed
service times),

® a(xy,x3): E — R, admission decision function for SUs, and represents the probability that a
SU that arrives starts being served when there are x; PUs and x; SUs.

Thus the stochastic process (X1(t), X»(t)) has transition rates q((x1, x2), (x7, x;)), from state (x1, x;)
to state (x|, x;), defined by:
e q((x1,x2), (x1 + 1,x2)) = Ay, if x1 + x2 < C,
® q((x1,x2), (%1 — 1,x2)) = p1x1,
o q((x1,x2), (x1, %2 + 1)) = alx1, x2) A, if X1 + %, < C,
® q((x1,x2), (x1, X2 = 1)) = proxz,
o g((x1,x2), (1 + 1,x, — 1)) = Ay, if x; + x, = C and x; # 0.

Definition 2.2 (Free admission control policy). We call free admission control model when in the
previous definition we consider no admission control policy, then a(x1, x2) = 1if x; + x; < C and
a(xy, x2) = 0if x; + x, = C.

Definition 2.3 (Deterministic admission control policy). In the deterministic case a(xy, x2) € {0, 1};
if a(x1, x2) = 1 and a SU arrives, it will start being served, and when a(x1, x;) = 0, it will not. In this
work we assume x; + x; = §, with 0 < § < C, as an admission control boundary. That is to say,
a(xy, x2) = 1if x1 + x3<8 and a(xy, x3) = 0 if x1 + x3>6.

Definition 2.4 (Probabilistic admission control policy). In the probabilistic admission control SUs
can access the system with a probability related with the number of users in the system. Let us
assume that a(x, x;) is a continuous function that vanishes close to the border y = {(x1, x2) :
x1 + x2 = C}. In this work we consider a(x, x2) = 1 — (x1 + x2)/C.

Concerning the above formulation we may make some remarks. First notice that PUs behave as
a M/M/C/C queue, independent of the behavior of the SUs and of the admission policy. Secondly,
in this work we consider two approaches for the admission control mechanisms: a deterministic
and a probabilistic one. Thirdly, it is important to highlight that in the case when p; = sy, for some
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QoS provision in a dynamic channel allocation based on admission control decisions 1:5

type of admission policies a(x;, x;), the process is a one-dimensional CTMC and the stationary
distribution can be computed explicitly. However, when p; # pz (which represents the natural
situation in cognitive radio networks) it is not possible to obtain a closed form expression of its
stationary distribution (see for example [43] and the references therein). Finally, although in the
general case the stationary distribution can be computed numerically, our approach consists in
formulating the corresponding fluid limit in order to characterize the system behavior and study
the influence of the admission control decisions in a more feasible and efficient way. We infer
properties of the stochastic system from the study of fixed points of the deterministic fluid limit
and the asymptotic distribution around it, and we define practical QoS criteria for sharing spectrum
policies.

3 FLUID MODEL

The Markovian structure of a process allows us to analyze its asymptotic behavior by means of a
simpler deterministic approximation: the fluid limit (generally obtained as a solution of an ODE).
Fluid limits have been used for particle systems, biology, epidemics, as well as in the study of
telecommunication networks. Generally speaking, starting from a stochastic model, the objective is
to find a deterministic approximation for the original process. Whereas the stochastic process is a
microscopic description of the system, we can say that the corresponding differential equation gives
a macroscopic description that captures the main characteristics of the system. See for instance
classical results on convergence of Markov processes in [10, 12, 13, 33, 36].

As a very simplified description of the method, the proof of this approximation result is generally
based on a martingale decomposition of the Markov process, which shows that the average behavior
of the stochastic process is captured by the drift part while the stochastic fluctuation of second order
(corresponding to the martingale) vanishes with the scaling and limit procedure. More specifically,
consider a Markov process XN(t) parametric in N and its martingale decomposition:

TN() = XN(0) + / "N RV (s))ds + TN (1),
0

where QN(Z) is the so-called drift of the process at state [, which is calculated as 3’ ,,cs(I — m)q(l, m),
being g(/, m) the transition rate from state to m, S the state space, and where M N(t) is a martingale.
Consider now the scaled process X™(t) = X™(t)/N, then:

~ 1 '~y = MN (1)
XN(t)—XN(O)+ﬁ /0 ON(XN(s))ds + N

If there exists a Lipschitz function Q such that:

ON(XN(t
im sup |2 _ oMyl = 0 @)
N—0 te[0,T] N
in probability, where || - || is the Euclidean norm, and MM (t)/N converges to zero in probability,

then XN (t) converges in probability over compact time intervals to a deterministic process x(t),
described by the ODE:
x'(t) = Q(x(1)). 3)
The drift Q may be interpreted as the expected rate of change of the stochastic process (see Figure
1 for an illustration of this convergence in a toy example).
This introduces the problem of finding the suitable scale for the approximation. A typical scaling
procedure consists in dividing the process by N and considering transition rates multiples of N;
jumps are of order 1/N and transition rates are of order N, which means that the product remains or
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Fig. 1. lllustration of a Markov process convergence. The continuous red line represents the solution of the
ODE and the dashed blue one is a trajectory of XN (t).

tends to a constant as N increases. This is the scaling considered in this work, we refer to [18, 25, 33]
as references for this and other scaling regimes, under which there are different limit results.

Let N be the scaling factor, and we define, as for the original model presented in Definition 2.1,
the following sequence of CTMCs (XN ,)?ZN ) and whose state space is:

EN = {(Ni,Nj) : (i,)) € E}
where E is defined in Equation (1).

Definition 3.1. Consider the sequence of CTMCs (XV, )?é\] ) defined as follows.

. f{v (1), Yé\] (t): number of PUs and SUs at time ¢, respectively,
e CN: total number of subchannels,

e AN, A2N: arrival rates for PUs and SUs, respectively,

® 111, lip: service rates for PUs and SUs, respectively,

o aV(x, x5): admission decision for SUs in each state.

The admission decision in each state should verify:
lim EN(le,Nxz) = a(xy, x2).
N—+oo
This scaling concerns both admission control schemes presented in Section 2. In the case of a
deterministic admission control a¥ (x1, x2) = 1if x1 + x; < N6 and a™ (x1, x3) = 0if x; + x5 > N§.
For the probabilistic admission control let @™ (x1, x3) = 1 — (x; + x2)/CN.
The sequence of scaled stochastic process ()?fv (), )?év (t)) has transition rates g™ ((x1, x2), (x1,%7)),
from state (x1, x7) to state (x], x;), defined by:
o gV ((x1,x2), (x1 + 1,x2)) = A{N, if x; + x, < CN,
o V(1. x2), (31 — 1,x2)) = puyxy,
o gV ((x1,x2), (31, x2 + 1)) = @V (x,x2)A2N, if x; + x5 < CN,
o GV ((rr, x2), (31, X2 = 1)) = piaXp,
e gV((x1,x2), (x1 + 1, x5 — 1)) = 1N, if x; + x, = CN and x; # 0.
In Table 1 we summarize the scaled parameters and their relationship with the original ones.
In this scaling scheme we go from our original system in Section 2 to a system where arrival rates
and capacity are multiplied by N, that can be interpreted as a large network, with many users (both
PUs and SUs) and large capacity. On the other hand, service rates in each channel are not scaled,
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Table 1. Original and scaled parameters for the two-dimensional process (X1, X2) and ()?N,XVZI‘I).

X1, X2) | A | A | |pe| C | a
XY, XN) [N | AN |y | pp | CN | @V

as for instance they depend on the service type, and they do not increases individually, despite
the total service time increases with the number of users as pl)?f\] (t) for PUs and ,uz)?2N (t) for SUs.
Finally the admission control in the large system depends only on the proportion of resources
occupied.

We consider now the scaled process (XN, XNN), defined by

X, X = (X X)/IN (4)
and whose state space is:
EN = {(i/N.j/N) : (i.j) € E}
where E is defined in Equation (1).
This scaled process will converge to the deterministic fluid limit. In order to state the fluid

limit result we verify that our process satisfies equation (2). We compute the drift in the following
proposition.

PRropPoOsSITION 3.2. The drift for the process stated in Definition 2.1 is

_ A1 = p1xy . .
Q(x1,x3) = ( Apa(x1, X2) — pias ) ifx; +x, > C;
A - .
Qxy = [ TR ) e =con >0
Q(x1 %) = ( e ) if (x1,x2) = (C,0).

The drift ON (x1, x3) for the corresponding scaled process presented in Definition 3.1 verifies

lim %QN ()?f’)?ZN) = Q(XlN,XZN).

N—o+o00

Proor. We compute the drift of (X;, X,) defined as:

Qrixa) = D q(ra, %), (], x9)) [(f, x9) = (v, x)] -

(x1,x3)€E

Al( (1) )+a(x1,x2)/12( (1) )+y1x1( _(1) )+,u2x2( _(1) ), if x; + x9 < NC,

Q(x1, x2)
1 -1 0 .
O(x1,x3) = Al( 1 )+p1x1( 0 )+,uzxz( 1 ), if x; + x, = Cand x5 > 0,

O(x1,0) = ,ulxl( _(1) ), if x; =Cand x, = 0.

We compute the drift of (XN ,)?ZN ) defined as:
Vo) = Y (G x), (6 1) [ x5) = (n,x2)]

(x},x,)€EN
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QN(Xl,Xz) = N/‘ll ( é ) + aN(Xl,Xz)N/‘lz ( (1) ) + U1X1 ( _(1) ) + HaXo ( _(1) ), ifx1 +x, < NC,
~N 1 -1 0 .
OV (x1,x2) = NA -1 + p1x; 0 + poxy L if x; + xo = NCand x, > 0,

—y 1) .

QY (x1,0) = px L if x; = NC and x, = 0.

Then we replace (x1, x2) by (Nx1, Nx) in the previous equations and divide by N. We need that
limy—1eo @ (Nx1, Nx3) = a(x1, x3), in fact we have that @™ (Nxy, Nx,) = a(xy, x;) for the three
different admission control schemes presented in Section 2. According to this we can conclude that

: 1"'N vN N N N
30 (R0 <o)

]

Classical results on convergence of Markov processes assume some regularity properties of the
fluid ODE, i.e. the vector field Q(x1, x2) defining the ODE must be a Lipschitz continuous function
in the domain of interest. It is a sufficient condition for existence and uniqueness of solutions given
initial conditions. In our system this regularity condition does not always hold. In this context,
using results obtained by Bortolussi in [7, 9], it is possible to determine a PWSDS that is the fluid
limit.

The rest of the paper is structured as follows. In Subsection 3.1 we introduce some results
from [7, 9] and other references. Then, as a first step we analyze in Subsection 3.2 the system
without an admission control policy (free admission control policy). In Subsection 3.3 we continue
with the characterization of the system considering a deterministic admission control and finally in
Subsection 3.4 we study a probabilistic admission control policy. In all cases we analyze, together
with the fluid limit, the fixed points for the deterministic approximation and the asymptotic
distribution, all with the objective of designing practical admission control algorithms.

3.1 Piecewise smooth approximation

In the case where the drift is discontinuous the fluid limit can be obtained in the framework
of differential equations with discontinuous right-hand side [15]. In this context the differential
equation is replaced by what is called a differential inclusion, this means that Equation (3) is
replaced by

x'(1) € Q(x(t)) ()

where Q is a set-valued mapping known as Filippov extension of Q defined as the convex hull of
the accumulation points of the drift. We define a Filippov solution as an absolutely continuous
function x(t) such that x(0) = x, and x"(¢) € Q(x(t)) almost everywhere. We refer to [7, 16] and
references therein for a more detailed exposition.

Concretely, considering x’(t) = Q(x),Q : E —» R4LE C R4 (JR; 2 E(R; i = 1,2 is a set of
disjoint regions), where Q is smooth on R; and can be discontinuous only on the boundaries of R;,
and restricting our attention to our two different problems we have:

e Free admission control and probabilistic admission control policies: we only have one region
(Ry) and its border y. We have Q;(x) and Q,(x) the velocity vectors, both smooth in Ry = {x :
h(x) < 0} and y = {x : h(x) = 0} respectively with h(x) smooth such that Vh(x) # 0 in y.
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QoS provision in a dynamic channel allocation based on admission control decisions 1:9

Then x’(t) € Q(x(t)) with:

— o | Oix) ifx eR
Qlx) = { colnv(Ql, Q) ifxe yl

e Deterministic admission control policies: we have a system with two regions (R, Rz) and the
boundary between them (y’). Let Q;(x) and Q,(x) be continuous in R; = {x : h(x) < 0} and
Ry = {x : h(x) > 0} respectively and y’ = {x : h(x) = 0} with A(x) a smooth function with
Vh(x) # 0 in y’.) Then x’(t) € Q(x(t)) with:

_ Q1(x) if x € Ry
Q(x) = { conv(Qy,Qz) ifxey”
QZ(X) ifx € R,

where conv(Qq, Q;) is the convex hull of the vectors {Q;, Q2 }. Notice that for each continuity point
x of O, O(x) = {Q(x)}, so that we have a proper differential inclusion only in the discontinuity
region (the borders y or y’).

Filippov proved results about existence and uniqueness of solutions [15]. If Q; and Q, are C?,
Q1 — Q; is Cliny (or y’ as appropriate), h is C? in y (or y’) and at least one of n” (x)Q;(x) > 0 or
nT(x)Q2(x) < 0 holds, with x on the border y (or y’) and n(x) the normal vector to the border, then
there exists a unique Filippov solution from each initial condition. Considering x on the border y’
(or ), there are different behaviors of a solution starting in x depending on the value of n” (x)Q;(x)
and n” (x)Q,(x):

e transversal crossing: if n’ (x)Q;(x) and n (x)Q(x) have the same sign, e.g. if n” (x)Q;(x) > 0
and n”(x)Q,(x) > 0, a solution starting in R; crosses the border and stays in Ry;

e sliding motion: if (n” (x)Q;(x))(n” (x)Q2(x)) < 0 there is sliding motion, there are two cases:
unstable sliding motion when n” (x)Q;(x) < 0 and n” (x)Q,(x) > 0 (in this case there is no
uniqueness for solutions) and stable sliding motion when n” (x)Q; (x) > 0 and n” (x)Q(x) < 0.
In this last case, that is ours, the system cannot escape from the border, then the solution
follows a vector field obtained as convex combination of Q; and Q,, obtaining a new vector
field g(x) = (1 — a(x))Q; + a(x)Q, with a(x) € [0, 1] that verifies n” (x)g(x) = 0;

e tangential crossing: if n” (x)Q;(x) = 0 (or n” (x)Q,(x) = 0), then the trajectory continues in
the region pointed by the non-zero vector field.

In our context, in all cases (free, deterministic and probabilistic admission control) we have a
discontinuous drift that leads to a differential equations with discontinuous right-hand side and to
the presence of sliding motion, as we show in the following subsections.

3.2 Free admission control policy

In this subsection we assume that a(x;, x;) = 1 for all (x1,x3) € R; such that Ry = {(x1,x3) :
x1 + x; — C < 0}, 0 otherwise. The goal is to study the behavior of the system without any
intervention: if a SU arrives and there is at least one idle subchannel, the SU will be served. Here we
have discontinuous transition rates, as in the border of the state space y = {(x1, x2) : x1+x2—C = 0}
we have a(xi, x;) = 0. As we explained, these discontinuities lead to a deterministic limit whose
trajectories are continuous but not differentiable. Because of this, some trajectories present sliding
motion.

ProposITION 3.3. Let Q1(x1, x2) and Q(x1, x2) be vector fields, both smooth in Ry andy respectively

such that
_ (A _ (A
O1(x1,x2) = (/12 _ llzxz) ) Qa(x1,x2) = (—/11 ~ loxs)”
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1:10 Claudina Rattaro, Laura Aspirot, Ernesto Mordecki, and Pablo Belzarena

and let n(xy, x3) be the normal vector to the boundaryy (n"(xy,x3) = (1,1) for all (x1,x,) € y) then
we have a PWSDS driven by the following equations.
Ifx1 + Xy < COT'/Il +/‘12 < H1X1 + HoXy:

x{ = A - H1X1,
xé = Ag — HaX2.
ifx1 +x2 = C and Ay + Ay > pyxq + paxs:
x{ = A — HiX1,
xé = —Al + H1X1.
and ifx; = C:
Xp = X,
x, = 0.

SKETCH OF THE PROOF. We have that n” (x;, x2)Q1(x1,%2) =0 & Ay + Ay — pyxy — plaxz = 0 and
nT(x1, x2)Qa(x1,%2) = 0 & —pix; — paxy = 0. Then, for studying n” (x1, x)Q;(x1, x5) we have
several cases depending on the position of the line Ay + A2 — pyx1 — praxz = 0. It is clear that it
depends on the values of A, A3, 1y and py. In particular, we have that n” (xy, x2)Q1 (x1, x2) > 0 if
A1+ Az — p1x1 — paxz > 0, Qg and n are tangent in the points over the line A; + Az — p1x1 — pax = 0
and n” (xy, X2)Q1(%x1, x2) < 0if Ay + Ay — p11x1 — pax2 < 0. On the other hand, n’ (x4, X2)Q2(x1, x2) < 0
in y independently of the parameters A; and ;. Because of this we are in the presence of sliding
motion when —pi1x1 + pipx; < A1+ 42 and x1 +x;, = C. In that case we define the differential inclusion
by a convex combination g(xi, x2) = (1 — a(xy, x2))Q1 + a(x1, x2)Q, verifying n” (x1, x5)g(x1, x5) = 0
(the solution cannot escape from the border). Computing a(x;, x,) we obtain

Xy T+ peXp
a(xli xz) - /11 + Az
then substituting in g(x1, x2) the result is proved. O
Let
(x1(8), x2(1)) (6)

be the PWSDS that is the solution to the previous equations with initial condition (x;(0), x2(0)), we
describe the trajectories for different system parameters and initial conditions. Complementary to
this, in Prop. 3.5 we study the fixed points.

The discussion depends on the existence or not of times where trajectories hit or leave the border
y- Those times are the solutions of the equations x; () + x2(t) —C = 0 and A; + A, = pyx1(2) + pr2x2(t)
and can not always be computed explicitly.

e Case 1: If the initial condition (x;(0), x5(0)) satisfies x1(0) + x2(0) < C we have two subcases:
- if AT > 0 such that x;(t*)+x,(t*)—C = 0, then the solution (x;(t), x2(t)) evolves according
to Q1(x1, x2) remaining in R; and converges to its attractor fixed point (x], x;). See Fig. 2
first row left. Note that the fixed point may also be on y.
- if 3¢* > 0 such that x;(¢7)+x,(t")—C = 0, then the solution (x;(¢), x2(¢)) evolves according
to Q;(x1, x2) remaining in R; until it hits the border at . Afterwards, the solution evolves
according to

_ x{ = Ay = pixy,
g(xth) - { Xé — _Al + 111,

and depending on the fixed point we have:
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QoS provision in a dynamic channel allocation based on admission control decisions 1:11

* if the fixed point (x], x;) € Ry, always 3t**, an exit point, such that t** > % : 0 (t7) +
pox2(tt*) = A1 + Ay. Then for t > t** the solution evolves according to Q;(x1, x2) and
converges to (x], x;). See Fig. 2 second row left.

* if the fixed point (x}, x}) € y, the solution remains in y Vt > t*. See Fig. 2 second row
right.

e Case 2: If the initial condition (x1(0), x2(0)) satisfies x1(0) + x2(0) = C (with x,(0) > 0)
— if 3t* > 0such that pyx; (%) +pax2(t*) = A1+ A, the solution (x1(t), x2(t)) evolves according
to g(x1, x2) (defined before) until +* (an exit point) and then it evolves according to Q;(x1, x2).

It converges to the fixed point (x], x;) € R;. See Fig. 2 first row right.

— if Bt* > 0 such that pyx(t*) + pax2(t*) = A1 + Az, then

* if (x], x;) € Ry, YVt > 0 the solution (x;(t), x2(t)) evolves according to Q; (x1, x2) remaining
in Ry and converges to (x}, x;). See Fig. 2 third row left.

* if (x],x;) € y, Vt > 0 the solution (x;(t), x2(t)) evolves according to g(x;, x;) remaining
in y and converges to (x], x;). See Fig. 2 third row right.

e Case 3: If the initial condition (x;(0), x2(0)) satisfies x1(0) = C:
- if A;/p1 > C, the solution remains at (C, 0) being the fixed point.
— if A1/p; < C, the solution evolves like Case 2.

Next we present the fluid limits results.
THEOREM 3.4. Consider the process ()?N,)?é\]) with transition rates defined in Table 1, define:
O (0.57(1) = (G (0. X (0)/N
and let (x1, x;) be the PWSDS defined in Equation (6) with initial condition (x1(0), x2(0)). If
dim (Y(0), X;7(0)) = (x1(0), x2(0))

then, for all T > 0,
lim up O (£, X7 (£) = (Gea(£), x2())]| = 0
telo,

N—oo
in probability.

SKETCH OF THE PROOF. The proof follows straightforward from Theorem IV.2 in [7]. The hy-
potheses of this Theorem are verified in our case; i.e. the scaling scheme of the process, as we
have defined in Section 3 and sumarized in Table 1, and the existence of a unique PWSDS with
regular trajectories, presented Subsection 3.2 in order to define Equation (6). Theorem IV.2 in [7]
considers two different regions Ry and R, with a border between them, where the process and the
PWSDS may change many times from one region to the other and there may be several different
pieces of sliding motion at the border. In our case we have only one region and the border, but
the proof in [7] is suitable for this case. More specifically, the proof there consists in splitting the
whole PWSDS trajectory in pieces in each region (where classical results, for example from [13],
hold) and in sliding trajectories at the border. For that case the proof in [7] consists in replacing
the discontinuous drift by the sliding vector field and prove convergence by an uniformization
procedure. The proof of Lemma 3 in [8] that considers two different regions is valid for the case
with a region and its border.

In our case, as we in fact have a switched linear system we only have one piece of sliding motion,
and as our initial condition can only be in R; we have three cases. In the first case the deterministic
trajectory stays all the time in Ry and classical results hold. In the second case the trajectory starts
in Ry and then presents sliding motion and stays at the border for t — oo. In the last case the
trajectory PSWDS starts on R; or at the border, then presents sliding motion and exits at the border,
and then remains in R;. In that case we need to check the exit conditions for the sliding motion,
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1 T 1
““““ x1+x2=C x1+x2=C
ode ode
< 0.5 X <" 0.5 + X
0 / : — % 02 04 06 08 1
0 0.2 0.4 0.6 0.8 1 !
X X4
1
1 1
““““ x1+x2=C x1+x2=C
ode ode
& 0.5 + X & 0.5 + X
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
1 1
1 1
I REREREE x1+x2=C ““““ X1+X2—C
ode ode
<N 0.5 I/",, + X* 1 < 0.5 4 + X* 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Fig. 2. Different trajectories for the PWSDS defined in Proposition 3.3 with C = 1. First row (left) shows a
trajectory in Ry, starting at (0.1,0.1) (A1 = 2, A2 = 1, pig = 5, p2 = 4). First row (right) shows a trajectory with
initial condition (0.1,0.9) at y, with an exit point and that converges to the fixed point in Ry (A1 =3, A3 = 1.5,
p1 = 6, p2 = 3.5). The second row (left) shows a trajectory with initial condition (0.05,0.9) at Ry, that stays
for a while on y and finally converges to the fixed point (1 = 3, A2 = 1.5, y1 = 6, y2 = 3.5) and (right) a
trajectory with initial condition (0, 0) in Ry which finally remainsony (A1 = 2,13 =4, y1 =4, pip =5). The
third row shows trajectories with initial condition (0.9, 0.1) at y: (left) the whole trajectory for t > 0 in Ry
(A1 =2,A2 =1, 1 =5, pp = 4) and (right) trajectoryon y Vt >0 (A1 =2, A2 =4, u1 =4, up = 5.)

that are guaranteed because both vector fields are not tangential to the border at the same time (let
us recall that Q, always points towards R;). o

An alternative approach can be done following [36]. In Chapter 8 the authors define what they
call flat boundary process, that is a Markov process where transitions at the border are different
from transitions in the interior of the state space, and transition rates are discontinuous at the
border. Under some regularity conditions the authors of [36] obtained very similar results than [7]:
they prove existence and uniqueness for the solution of the PWSDS and they prove convergence to
such systems. In their presentation the coefficients of the convex combination defining the sliding
vector field have a probabilistic interpretation. They consider a process with three coordinates,
where the first two correspond to PUs and SUs as ours, and the third, valued 0 or 1 indicates if the
system is at the border or not. With the same scaling as ours the third coordinate tends to 0 when
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QoS provision in a dynamic channel allocation based on admission control decisions 1:13

scaled. In addition, as transition rates in the interior are smooth, while process stays in the interior
the scaled process (dividing by N) changes a little. On the other hand, the number of jumps from
the interior to the border per time unit increases with N, so the third coordinate that indicates
where the process is reaches its invariant distribution before the number of PUs and SUs. In that
interpretation the coefficient « is the probability or the proportion of time that the process spends
at the border and (1 — a) the the proportion of time that the process spends in the interior.

For further work concerning fluid limits, including systems with discontinuous rates we also
refer to [9, 16, 22].

In the context of fluid limits it is usual to infer from the fixed point analysis of the deterministic
system the behavior of the stochastic one in the stationary regime. If there is a unique fixed point
that is a global attractor, the stochastic invariant distributions converges in probability to this fixed
point [4, 24, 37]. In what follows we will exploit this general result.

ProposITION 3.5. Considering a(x1, x2) = 1 for all (x1, x3) : x1 + x2 < C, and 0 otherwise, letting
Ry andy be the above defined zone and border and setting (x}, x,) as the PWSDS fixed point, then:

& If/h M AZ < C, then the fixed point (x}, x;) = (Al /\2) € R, and the mean system utilization is
Bk g
ot (sub critical case).

Mo A M i o = (M oA

b. If#1 + > C and o < C, then the fixed point (x],x}) = (”I,C #1) € y and the mean
system utilization is C (critical case).

C. If% > C, then the fixed point (x],x;) = (C,0) € y and the mean system utilization is C (critical

case).

SKETCH OF THE PROOF. Let Q; and Q, be the velocity vectors, both continuous in R; and y
respectively:

Ql(XI,XQ)z (j; 1XI) QZ(xh.XZ) ( A _'L::;z)

and let n(x1, x;) be a normal vector to the line y = {(x1,x2) : x; + x; = C}, so that n” (x, x,) is
collinear with (1, 1) for all (x1, x2) € y.

As it is explained in Subsection 3.1, when summarizing the different possible behaviors of
both vector fields we have that all possible cases, for different values of the parameters, can be
categorized into two groups represented by Case 1 and Case 2 from Figure 3. In that figure the
solid line represents y, the dotted line is A; + A, — p1x1 — pr2x2 = 0 and the vectors are Q; and
Q;. In Case 1 the PWSDS fixed point is in Ry (Proposition 3.5.a); we call it sub-critical case. It is
easy to note that (x],x;) = (A1/p1, A2/ p2). On the other hand, in Case 2, the fixed point is on y
and its value is (x7, xJ) = (A1/p1, C — A1/ 1) representing a critical case, (Proposition 3.5.b). When
A/p1 + A2/ pp > C we can identify a sliding motion behavior near the fixed point, more precisely
we can affirm that the equation solution will live on y most of the time. Both examples of Figure 3
consider A;/p; < C. Finally, when the system is saturated by PUs (1;/p; > C), as a corollary from
Proposition 3.5.b the fixed point is (x], x;) = (C, 0) (Proposition 3.5.c). O

In Figures 4 and 5 we show the deterministic approximation and a trajectory of the stochastic
processes for the Cases 1 and 2 of Figure 3. In each one, in the left graphic we show the simulation
of one trajectory of the scaled Markov process and the PWSDS. In the right we show for the same
simulation the evolution on the plane of the Markov chain and the corresponding PWSDS. In
Figure 4 the fixed point is in R; and in Figure 5 it is on y. It is important to note that in both cases,
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Fig. 3. Vector field for Case 1 (left): C =1, A; = 2, A2 = 1, g3 =5, g2 = 4 and Case 2 (right): C = 1, 1 = 2,
A2 =4, u1 =4, pp = 5. The solid line represents y and the dotted line is A1 + A2 — p1x1 — paxz = 0. The region
Ry is defined by Ry = {(x1,x2) : x1 + x2 < 1}.

06 ——X, + proportion of users
o 09 —x+y=C I
2 0.8 —PWSDS
0.5 —PWSDS |
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1%} +
S5 0.4F 1 06
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c N o5
Sos X
9 0.4
s
502r 03
0.2
0.1
0.1
o ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 1 2 3 4 0 0.2 0.4 0.6 08 1
time X

1

Fig. 4. Case 1 with parameters: N =100, C = 1, A1 =2, A3 = 1, yy = 5 and pz = 4. The PWSDS fixed point is
(7, x3) = (A1/p1, A2/ p2) = (2/5,1/4).

for large time values, the scaled number of users in the stochastic process is around the PWSDS
fixed point (x7, x3).

Recalling the description of the system, if x; + x, = C and a PU arrives, a SU will be immediately
deallocated giving the subchannel to the new PU. In this case, the QoS perceived by the SU will be
affected because of the interruption of its communication. We are interested in SUs whose service
cannot be interrupted with high probability (like a phone call or other interactive services). With
this in mind, we can relate the interruption probability with the probability that the process lives
on y. We can conclude that the PWSDS fixed point has to be far enough from y to avoid a strong
impact on secondary communications. However, it has to be as close as possible to y to permit
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Fig. 5. Case 2 with parameters: N = 100, C = 1, A; = 2, A3 = 4, y; = 4 and pz = 5. The PWSDS fixed point is
(7, x3) = M/, C = M /) = (1/2,1/2).

more spectrum utilization and a high access probability for SUs. According to Proposition 3.5 and
observing Figures 4 and 5 we can identify two cases: when the PWSDS fixed point is in R; and
when it is on y. For the last one, the system in stationary regime works near y, so the probability of
service interruption is too large. Then, the question in this case is how can we move the fixed-point?
The analysis in the subsections 3.3 and 3.4 will be concentrated on answering that question. In
particular we move the fixed point using admission control decisions. On the other hand, in the next
two subsections we concentrate in cases like Case 1 (when the PWSDS fixed point is in R;). More
specifically, we concentrate our efforts on answering the question: is the fixed point far enough
from y to assure a small interruption probability?

We study the interruption probability by means of the probability that the system is full P(X; +
X3 = C). Both probabilities are highly related by

P(deallocate a SU) + P(block a PU) = P(X; + X, = C|PU arrives),

by PASTA property (Poisson Arrivals See Time Averages) the last probability is P(X; + X, = C)
and P(block a PU) is the blocking probability for a M/M/C/C queue.

3.2.1 Gaussian asymptotic distribution in sub-critical cases. Another issue studied in the context of
fluid limits is the velocity of this convergence by looking at the fluctuations of the process around
the limit. We refer to [13, 18, 33, 36] for the analysis of different scaling regimes and limit theorems
in that sense, concerning different kinds of limit distributions.

If we consider cases when A;/p; + A;/p2 < C and the PWSDS trajectory remains all the time
in Ry, it is possible to apply known results (see Theorem 2.3 of Chapter 11 in [13]) in order to
obtain the asymptotic distribution. Let (x1, x2) be the trajectory of the PWSDS with initial condition
(x1(0), x2(0)). If:

m VNI(X}Y(0), X7 (0)) = (x1(0), x2(0))] = x(0)
with y(0) deterministic, then:

VNI(XN, X)) = (x1.%2)] = x,
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where (y(t)) is a two-dimensional Gaussian process and = means convergence in distribution.
(x(#)) has a covariance matrix determined explicitly by:

COU()((t), X(V)) _ lt/\’ eA(t—s)G(xl(s)’ xz(s))eA(r—s)ds

| -m 0 _ AL+ IJlxl(s) 0
where A = ( - ) and G(x;(s), x2(s)) = ( 0 Ao + p2xa(s) |

In sub-critical cases, we can conclude that Nlim P(XlN (t) + Xév (t) = C) = 0 for all t. However,
—+00

considering the defined Gaussian process and a finite large N we can present a practical criterion
to analyze if the PWSDS fixed point is far enough from y. In particular, we can obtain confidence
bounds and also infer an adequate number of subchannels in order to avoid a high interruption
probability for SUs.

3.2.2  Practical QoS design criterion in sub-critical cases. As we have shown in the simulated exam-
ples of Figures 4 and 5, the fluid limit is an accurate approximation when N is large. Then, in practice,
a possible criterion to determine whether the PWSDS fixed point is far enough from y would be to
consider a certain confidence region of (va (1), Xév (t)) assuming a large value of ¢. If the resulting
confidence ellipse is entirely inside Ry, high probability of non-interruption is guaranteed. Otherwise,
we should try to move the fixed point. In particular we consider tErPoo G(x1(s), x2(5)) = G(x7, x3)

and define this limit matrix as G(co0) = G(x}, x;). Then, following the development in [29] we can
obtain the covariance matrix %(co) by solving:

AZ(00) + 2(00)AT = —G(c0). (7)
Considering a fixed relation between both classes % = constant, using the deterministic confi-
dence ellipse we can infer which is the ideal scaling parameter. In other words, we can obtain an
idea of the optimal number of resources (subchannels) necessary to guarantee a small interruption
probability for SUs. In Figure 6 we show the theoretical 95% confidence ellipses considering different
values of N for two different parameter sets (Case A and Case B). In particular, we have considered
C =1, then N represents the number of channels of the system (i{v (1), fév (t)). For Case A, (with
C=1,A =9, =13, ;15 = 50 and pp = 20) we have that the ellipse is tangent to y when
N = 180. Therefore, we can conclude that an admission control does not make sense in the system
(ffv (), fév (t)) when N > 180. In Table 2 we confirm that the interruption probability of SUs can
be analyzed studying the probability that the system is full of users (blocking probability of PUs
can be approximated by 0). For Case B (with C = 1, 1; = 10, A; = 12, y; = 25 and py = 30), we have
an analogous conclusion when N > 120.

Table 2. Values of full system probability and blocking PU probability for Case A of Figure 6. P(vav(t) +
)F('év(t) > C) is approximated by a Gaussian distribution.

N 100 110 120 130 140 150
PXN(t)+ XN(t) > C) 0.031 0.0252 0.0205 0.0167 0.0136 | 0.0111
P(block a PU) 0.5x107% [ 0.7x107 | 0.8x107¥ | 0.1x107° | 0.1 x 107> 0

3.3 Deterministic admission control policy

In this subsection we analyze the system when a deterministic admission control is applied. In
this situation we consider y’ = {(x, x2) : x; + x, = 8} as the admission control border, then the
question is: what is a reasonable value of § to guarantee certain level of QoS to SUs?
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Fig. 6. Theoretical 95% confidence ellipses of (X{V(t),XéV(t)), considering different N values (N =
100, 120, 140, 160, . . ., 500). Parameters of Case A: C = 1, 11 = 9, A3 = 13, 5 = 50 and py = 20. Param-
eters of Case B: C = 1, A1 = 10, A3 = 12, g1 = 25 and pg = 30.

In this case the fluid limit is obtained in the same way as in Subsection 3.2, but the sliding motion
occurs in y’.

PROPOSITION 3.6. Let Q1(x1, x2) and Qz(x1,x2) be vector fields, both smooth in Ry = {(x1, x2) :
X1 +x3 — 0 <0} and Ry = {(x1,%3) : x1 + x — & > 0} respectively such that

Qi(x1,x3) = (/11 _ 'ulxl), Qa(x1,x2) = (Al - .le1)’

Az — pax; —H2X2

and let n(xy, x;) be the normal vector to the boundaryy’ (n?(x1,x2) = (1,1) for all (x1,x,) € y’) then
we have a PWSDS driven by the following equations.

Ifx1 + x2 < 6:
{ x{ = A= Hi1X1,
xé = Az — HaX2.
else, ifx1 +x, -5 =0 (y'):
{ x{ = A= Hi1X1,
x, = —Ar+mx.

and if x; + x2 > 6:

Ryl
Il

x{ = Al_l—llxl»
—Ha2X2.

Notice that we consider the case ’1—1 < C because its practical importance.

The behavior is very similar as in the free admission control case, and we can think in this case
as a sort of translation of the free case where the border that presents sliding motion is shifted
from y to y’. Then, the proof is totally analogous to Proposition 3.3.

A convergence theorem analogous to Theorem 3.4 holds, in this case using directly Theorem
IV.2 in [7], as for the deterministic policy there are two regions R] = {(x1,x2) : x1 + x2 < &},
R, = {(x1,x2) : x1 + x > &}, and the border y’ = {(x1,x2) : x1 + x; = &}, where the drift is
discontinuous.
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In addition we can study fixed points, by an analysis similar to Proposition 3.5. However, the
fixed point of the PWSDS in the most interesting cases lies in y’. This fact hinders the development
of a design criterion like in Subsection 3.2.2, as we do not have the same results for the asymptotic
distribution.

In the deterministic policy scheme the hypotheses of Theorem 2.3 of Chapter 11 in [13] are not
verified, due to the non-smoothness of the PWSDS at the border y’.

We have convergence of the stationary regime to the PWSDS fixed point but there is not a
general framework that allows to state a Gaussian asymptotic distribution. Therefore, we proceed
to compute the asymptotic stationary distribution of the total number of users in the particular
case when service rates are the same for primary and secondary users.

The limitation to a particular case comes from our proof method that depends on the explicit
stationary distribution, that can only be explicitly obtained for equal service rates. However, we
will give some insight on the asymptotic distribution in this case, for different service rates, based
on simulations. Further study of the general case is object of future work.

Using the limit of the invariant distribution for the particular case, we can build some design
criteria in order to find an estimation of the optimal § value for certain maximum level of interruption
probability. We will show that the criteria can be extended to the case p; # p, with good results in
3.3.2.

3.3.1  Non-Gaussian invariant distribution. We consider the original system (when p; = y;) and
compute its invariant distribution, both for the original system and the scaled one. Then for the
scaled system that depends on N we find the limit of the invariant distribution when N goes to
infinity. For practical purposes as in this case, the invariant distribution can be computed explicitly.
There is no need to compute the asymptotic distribution, but theoretically we want to show that
the asymptotic distribution in the case where the equilibrium lies in the admission control border
is not Gaussian; with a different scaling, we find a geometric asymptotic distribution. The proof
is only in the particular case when service rates are the same for primary and secondary users,
that is when the problem is one-dimensional. The scaling, different from VN, and the geometric
distribution are not frequent in related works.

Consider the Markov chain defined in Section 2 with p; = p; where the access control is defined
considering y’. In this case X = X; + X; is a one dimensional Markov chain with state space

E =1{0,1,...,C}, and non-zero transition rates from i to j, q(i, j), given by:
. Mty for0<i<é .. . .
q(1,1+1)—{/11 for§ <i<C qli,i—1)=ipfor0<i<C,

where 6 € E denotes the border of the admission control, that is when we have § or more users we
prohibit the access of new secondary users. Let us observe that in the general case described in
Section 2 the total number of users X = Xj + X is Markovian only if yy = i, so the reduction to
a one dimensional Markov chain follows only in this case. In order to simplify notation in what
follows let us call v, = A1 + A, and v; = A;. We then have the following transition rates, where
V1 < Vot

. v for0<i<é .. . ;
q(z,1+1)—{v1 fors<i<C qli,i—1)=ipfor0<i<C,

We consider the scaled process XN = )?ff + )?év with the scaling in Table 3. Theorem 3.4 holds
in this case and we also have that XN = XN /N converges in probability, uniformly over compact

time intervals to x, given by the following equations, for 0 < § < C.
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Table 3. Scaling for the one dimensional processes (X) and xXM).

(X) 1 Va C 1)
XN)| wN | wN | CN | 6N

5 5
_—X _—X
4.5 —XH 45 —x H
—3 —3
4r ] ar ‘pgi
3.5 3.5

0 0.5 K 1.5 2 0 0.5 A 1.5 2
time time

Fig. 7. PWSDS solution in the one dimensional case for two different initial conditions. Parameters: C = 5,
§=3,p1=1,p2=35(leftyand C =5, =3, p1 =1, p2 = 2.5 (right).

If the initial condition is x(0) < §:

| p2+ (x(0) = paleHt it <1y
x(t)_{ 1) iftZTz.

If the initial condition is x(0) > §:

| opr+(x(0) = pr)e Mt ift <
x(t)_{ P) ift> 1,

1
where p; = ﬂ, p2 = —, 1 = —log

I
different behaviors of these solutions.)

Now we come back to the original system. As the problem now is one-dimensional we will

(x<o> - pl) 1 (x(O) - p2

and 7, = —log ) (See Figure 7 for
5-p1 H 5—p2

explicitly compute the stationary distribution of X, and then for the scaled system XN for fixed N
and obtain its limit when N — 0. X is a modification of a M/M/C/C queue, where the arrivals
changes their rate depending on the number of clients in the queue. We will analyze our system as
in [33] for the M/M/C/C queue. Computing the stationary distribution 7 for this Markov chain:

i+ 1)(i+1ufor0<i<d,
i+ 1)(i+1ufors <i<C.

ﬂ(i)Vz

x(i)n
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Then,
i

n(i) = '?—,zn(o) for 0<i<§$,
1!

S pi
x(i) = (&) Lx(0) for S<i<C,
p1) !

where:
i

R A

A_\"P2_ (P2 Pi

w0 =35 (2) ¥4
i= i=6+1

The stationary distribution 7V for the process XV is

N i
#N(i) = MEN(O) for 0<i< NG,

7N (i) = ( ) (NPI)I~N(0) for N&é<i<C,

with:

N6 i NS§ NC ;
N (Np2)'  (p (Np1)*
Ao =y, TP +(;j) >, W

i=0 i=N&+1
TuEOREM 3.7. Consider the original processes with equal service rates ji; = ji; and X defined
as before. Then, the stationary distribution of XN — N§ converges to the distribution of an integer
variable Z given by
pz\ ..
o) <o
P(Z =j)= _
j
RO
-1
V1 Va2 P1 P2
wherepy = —, pp= —,p=|—+—=| .
PEP Tt (5—p1 pz—5)

PROOF. Let us compute, for 0 < k < N§ the stationary distribution 7V (N§ — k). Computing its
inverse:

AN(NS — k) —&V(S)N’;)kw( )

(NS —k)! (sz)’ (Np1

B (Npy)No-k (Z (/71) . %;n ! )
(NS —R)t (N3 (NpoV T () ¥ S8 (Np!

= (Npy)No—F (Z (N(SZ ) +( 2) %‘41 !

_ Z(sz)kuva ) N(CZ“” (Np1Y (Np2) (NS = k)!

- (Np2) (NS = j)! (NG +))!

_ Z _NK(NS - k) N“Z“” (Np1) (Np2) (NS — k)!

B P2 NI(NS — ) (NS +j)! '
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Using Stirling’s formula we obtain:
. NK(NS -k &
lim ———— = —
N—o NI(NS - j)! 5k
and then for the first term, using dominated convergence we have:

JNEINS =) (payk 1
hm pZ Z 2 NJ(N6 ])' - (E)

For the second term we have using Stirling’s formula that:

iy, VP (Np2)*(NS — k)t (p ) (p )k
im — ,
Nooo (N6 +))! 1)

then, with dominated convergence:

N(C-6)

. (NptY(Np) (NS —k)! — p1 (p2\K
lim ) (NG +)! _5—p1( )

N—>oc

and, for 0 < k < N6, we obtain:
5 \F
lim 7V(N§ —k) =p (—) )
N—oo P2
If ZN = XN — N6 we have that the stationary distribution 7N of ZVN verifies, for j < 0, that:

hm ;1 NGy = hm aN(NS - (—))) = p(p;) .

In the same way we compute, for 0 < k < NC — N8, 7V (N§ + k). O

In Figure 8 we show the limit distribution and the stationary distribution for different values of
N. We see that the limit distribution represents a good estimation of the stationary one for all N
values.

3.3.2  Practical QoS criterion for § selection. Using Theorem 3.7 we can improve the average
utilization of the spectrum while ensuring a small probability of interruption to the secondary
users. Please note that the result is valid for y; = p,. For the general case, we cannot obtain an
analytical expression of the distribution but we can estimate § considering an equivalent system. If
11 and i, are of the same order we can assume p = min{y;, yz} (the worst case). Another approach
considers a p—scaled system (¢ = py, Ay = A; and A, = Ayp/pz) [35]. Then, with the equivalent
system, in the same way as in the Gaussian approximation, our proposal consists in relating the
value of § with the probability that the process lives on y, then

P(XN + XY = CN) = PXN = CN) = PXN = N§ = CN = N§).
According to Theorem 3.7 we can assume that:

)N(C 5) -

PXN + XN = CN) ~ (

of:|"D

for large values of N.

Assuming a threshold on the probability of interruption which can be represented by P()‘(vf\] +
5@1 = CN) < e for certain € and considering NC as the total number of subchannels in the system,
using equation (8) it is possible to obtain an upper bound of 5=68(N,C,e).
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Fig. 8. Limit (N — o) of stationary distribution and stationary distributions for different N values. Parame-
ters:C=5,0=3,p1 =1, p2 =3.5.

As an example we made different sets of simulations changing the value of N considering the
parameters Ay = 2, A, = 4, gy = 4 and p, = 5. Figure 9 shows the probability that the system is
full for different values of N. In this case we have used y = 4 (the most critical case). Considering
€ = 0.1 we can conclude that if we need P()?fv + )?ZN = CN) < 0.1, we obtain an upper bound of §

(5) depending on N (see Table 4).

3.3.3 Simulations for the general case with different service rates. The asymptotic distribution
obtained in Theorem 3.7 has the drawback that assumes equal services rates for PUs and SUs. This

Table 4. Upper bounds to § in order to ensure P()~(IN + )~(2N =CN) <0.1.

N 100 80 50 20 10
) 0.986 0.982 0.951 0.920 | 0.791
P(block a PU) | 0.0163 x 1078 | 0.8675 x 1078 | 0.3602 x 10™> | 0.0019 | 0.0184
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Fig. 9. Interruption probability vs . Parameters: C = 1,41 = 2, A2 =4, iy = 4 and pp = 5.

hypothesis is needed because of the technique that we used to prove Theorem 3.7. Our proof, based
on [33], relies on the explicit computation of the stationary distribution for the original system and
for the scaled one, and in the calculus of the limit when the scaling factor N goes to infinity. This
approach is not suitable for different service rates as there is not a closed formula for the stationary
distribution. Then, a different approach would be necessary to obtain a non-Gaussian asymptotic
distribution in the general case.

Despite of this restriction, in 3.3.2 we have applied our results about geometric distribution to
the case of different services rates in order to design an admission control policy. In addition, for
different service rates, when the fixed point is in the admission control border, the asymptotic
distribution is non-Gaussian.

Here we analyze with simulations the case with different service rates. We consider a deterministic
admission control where the fixed point (x], x;) of the PWSDS is at the admission control border
y’. In this case we cannot obtain a Gaussian distribution as it is obtained when the fixed point is in
the interior the region {(x1, x2) : x1 + x2 < J}. In this last case it actually does not matter if there is
a deterministic admission control at x; + x, = é or we consider the free admission control policy.
In both cases, if the fixed point is in the interior the behavior is similar. On the other hand, when
the fixed point lies in y’, fluctuations around the fixed point are asymmetric and much smaller than
in the case of the interior fixed point, so that scaled by VN as in the Gaussian case we would not
obtain such limit.

We simulate two cases, with different parameters and the same deterministic admission control,
one with the fixed point in the interior an the other at y’. In both cases the starting point is the
fixed point. For both cases we show the trajectories in Figure 10. The case at the right is more
asymmetrical and shows less dispersion around the fixed point than the left one. In Figure 11 we
show the kernel density estimations of the normalized fluctuations of XIN + X;] around the mean
system utilization x] + x; and in Figure 12 the corresponding QQ-plots. In both figures it is more
visible the asymmetry but specially that the distribution at the right is concentrated around zero,
and cannot be approximated by a Gaussian.
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Fig. 10. Left: N =100,C=1,8 = 0.8 11 = 2,3 =1, pyg =5 and pz = 4. The PWSDS fixed point is (2/5, 1/4).
Right: N =100,C=1,0 = 0.8 A1 =2, A3 =4, y1 = 4 and pz = 5. The PWSDS fixed point is (1/2,3/10).
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Fig. 11. Left: N =100,C =1,8 = 0.8, A; = 2, A3 = 1, y; = 5 and pz = 4, kernel density estimation for the
normalized variable Xf\] +X§] —0.65. Right: N =100,C =1,6 = 0.8, 11 = 2,42 =4, u1 = 4 and py =5, kernel
density estimation for the normalized variable va + Xév -0.8.

3.4 Probabilistic admission control policy

Let us consider another class of admission control: a probabilistic admission mechanism where
secondary users can access the system with a probability related to the number of users in the
system. Let a(x;, x2) be the probability that a secondary user that arrives enters the system when
there are x; primary users and x, secondary users. Then, when computing the entry rates for the
whole system, the arrival rates of secondary users appear multiplied by this probability. Let us
assume that a(x;, x3) is a Lipschitz function that vanishes close to the border {(x1, x2) : x; +x2 = C}
(as an example we could choose a(xy, x2) = 1 — (x1 + x2)/C), that is:

lim

a(x1’ xz) =0.
x1+x,—C

In this case we also have discontinuous transition rates in the border of the state space. Following
the same lines as for the free admission case in Subsection 3.2 Proposition 3.3 we have:
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Fig. 12. Left: N = 100,C = 1,5 = 0.8, A; = 2, A, = 1, yy = 5 and jip = 4. Right: N = 100,C = 1,5 = 0.8,
A =2,A2=4,p1 =4and pyy =5.

PrOPOSITION 3.8. Let Q1(x1, x3) and Qa(x1, x2) be vector fields, both smooth in Ry = {(x1,x2) :
x1 + x5 — C < 0} and y respectively such that

_ 211 — H1X1 _ A-l — H1X1
Qi1(x1,x2) = (Aza(xl,xz) — lrx2) Q2(x1, x2) = A1 = poxs |
and let n(x;, x;) be the normal vector to the boundaryy (n*(x1,x2) = (1,1) for all (x1, x;) € y) then
we have a PWSDS driven by the following equations.
Ifx1 + x2 < Cordy < p1x1 + paxa:

{x{ = Al_ﬂlxla

x, = Aga(xy, x3) — paxs.
Ifx1 +x2 = C and Ay > pyxy + paxs:

{ x{ = M - Hi1X1,

JCé = ——)ll + H1X1.
This system has a unique solution with initial condition (x;(0), x2(0)). Let:

(x1(£), x2(1)) )

be the piecewise smooth dynamical system that is the solution to the previous equations with
initial condition (x;(0), x2(0)). Theorem 3.4 holds in this context.

This probabilistic admission control is different from the deterministic one. The solution presents
sliding motion when A,/p; > C or when A;/p; > C. In the first case the system in stationary
regime is always saturated by PUs, despite of the admission control. In the second case sliding
motion depends on the initial condition but it does not influence the stationary regime.

Let us consider the fixed point (x7, x;) for the processes defined by (9). For 6; = A;/p; < C and
0, = Az/p2, we have x] = 0; and x; verifies the equation x; = 0,a(0;, x;). Therefore, x; is unique
if we assume that the equation 6,a(6;, x) — x = 0 has an unique solution. In the example, with
a(x1, x2) = 1= x1 + x/C, x; can be obtained explicitly.

ProrosITION 3.9. Considering a(x1, x2) continuous with  lim _a(xy, x2) = 0 and defining (x], x;)

x1+x,—C
as the PWSDS fixed point, then:
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a. If0; < C, thenx| = % andx; = 0,a(6:, x;) where(x], x;) € Ry and the mean system utilization
will be 01 + 0,a(04, x3).
b. If0; > C, then (x],x}) = (C,0) and the mean system utilization will be C.

SKETCH OF THE PROOF. Results follows from similar arguments than in Proposition 3.5. In addi-
tion we could assume hypotheses about the probabilistic admission control function a(xy, x;) that
ensures asymptotic stability of the solutions (for example negative real part of eigenvalues for the
linearized system). This condition follows in the example a(x1, x2) = 1 — x1 + x2/C, where we have
a linear ODE. (See Figure 13 in order to analyze the vector field behavior in two different cases.)

[m]

091 | 0.9 |
A A
08F | |\ 08 \ |
SNV GhV AV
NV VAV SRR
075 \ \ v v 07F v vy 4o
N AT
0BF \ v v v v e 0.6k \ v v o
VLN L NNV v
0.5k \ \ 0.5F « ~
NN N v R N NN
0.4k ~ v v v v 0.4
03k ~ ~ « « - . - 03k -
02 - - - - - NN 0_2‘// ,,,,,
,,,,,, . N V7o,
A
Ap - - - - AL L
A R Otp o,
f9 |
0 L L L 0!"1 L i L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 13. Vector field for Case 1 (left): N = 100, C = 1, A1 = 2, A3 = 1, 1 = 5, 2 = 4 and Case 2 (right):
N =100,C =1, =2, =4, 3 =4, u2 =5. The continuous line represents y.

REMARK. For case a. of Proposition 3.9, for initial conditions where there is not sliding motion, it is
possible to apply the same results about Gaussian limits. Let (x1, x) be the trajectory of the solution
with initial condition (x1(0), x2(0)). If:

Jim VNG (0).X57(0) = (61(0). x2(0)] = x(0)

with y(0) deterministic, then W[(XN,XéV) —(x1,x2)] = x, where (x(t)) is a Gaussian process whose
matrix can be determined explicitly by:

COU(X(t)’ )((r)) = ‘/OMr eA(t_s)G(xl(S), xz(s))eA(r—s)dS

-1 0
A= ,
[ )
A1+ prxi(s) 0
G(x1(s), x2(s)) = .
(eas): x2(6)) ( 0 Maa(n(s) x(5)) + poxas)

In particular in Figure 14 we show the simulation of one trajectory of the scaled Markov process
and the trajectory of the ODE. In the same way as in Section 3.2, considering a large finite value of
N we can calculate the covariance matrix X(oo0) solving Equation (7). For instance in Figure 15 we
illustrate different confidence ellipses (for different N values) for the case of Figure 14.

where
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Fig. 14. Probabilistic control (a(x1, x2) = 1 — x1 — x2), parameters: N = 100,C = 1,41 = 2, A3 = 4, y; = 4 and

pi2 = 5. The PWSDS fixed point, with 6; = % and 0, = 2—2, is (x], x3) = (91,92 (g%gl)) = (%, %)
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0.8 b

=X 051 .
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X, (b

Fig. 15. Theoretical 95% confidence ellipses of (va(t),XéV(t)), considering different N values (N =
50, 60, 70, . .., 300). Parameters: C = 1, A1 =2, A2 =4, g3 = 4 and py = 5.

REMARK. For case b. of Proposition 3.9, where there is sliding motion, it is possible to apply a similar
approach as in Theorem 3.7.

4 CONCLUSIONS AND FUTURE WORK

The main contributions of this work are the analysis and characterization of a possible model of
spectrum sharing in cognitive radio networks that improve the average utilization of the spectrum
while ensuring a small probability of interruption to the secondary users.

We considered a continuous time Markov chain that represents the population of the different
types of users in the system. We formulated the associated fluid model and we studied its solutions.
We studied the behavior of the system considering deterministic and probabilistic admission control
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mechanisms by means of the study of fixed points and the related asymptotic distributions. For
the deterministic case we obtained non-Gaussian and Gaussian asymptotic distributions being
the non-Gaussian result one of the main contributions of the paper. It is an input for future work
our preliminary results about asymptotic distribution in the non-Gaussian case. We aim to find
theoretical results in the general case with different service rates.

For systems with a large number of users we presented practical design criteria to guarantee
with high probability that secondary users in the system will not have service interruptions. These
design criteria were suggested by a theoretical analysis and supported by simulations.
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