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Motivated by diverse applications in sharing economy and online marketplaces, we consider optimal pricing
and matching control in a two-sided queueing system. We assume that heterogeneous customers and servers
arrive to the system with price-dependent arrival rates. The compatibility between servers and customers
is specified by a bipartite graph. Once a pair of customer and server are matched, they depart from the
system instantaneously. The objective is to maximize long-run average profits of the system while minimizing
average waiting time. We first propose a static pricing and max-weight matching policy, which achieves
O(/m) optimality rate when all of the arrival rates are scaled by 7. We further show that a dynamic pricing
and modified max-weight matching policy achieves an improved 0(7]1/ 3) optimality rate. Under a broad
class of pricing policies, we prove that any matching policy has an optimality rate that is lower bounded by
Q(nl/ 3). Thus, the dynamic pricing policy and modified max-weight matching policy achieves the optimal
rate. In addition, we propose a constraint generation algorithm that solves an approximation of the MDP

and demonstrate strong numerical performance of this algorithm.
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1. Introduction

In two-sided queues, customers and servers both arrive to the system and then wait to be matched.
Many emerging applications and rapidly growing marketplaces can be modeled as such systems:
e.g., Uber and Lyft where passengers are matched with drivers, Grubhub and DoorDash where
customers are matched with meal delivery couriers, and crowdsouring platforms where tasks are
matched to contributors. Most of these platforms use both dynamic pricing and dynamic matching
as levers to facilitate market profitability and efficiency.

In this paper, we consider a canonical model of two-sided queues with multiple types of servers
and multiple types of customers. Each type of customer is allowed to be matched with only a subset
of server types. For example, in the case of ride-hailing marketplace, the types of servers (drivers)
and customers are determined by their respective geographical locations — only customers and
servers which are nearby will be compatible to be matched to each other — as well as other factors
such as number of seats needed, vehicle type, and vehicle capacity. In the case of crowdsouring
platforms, the types are determined by the nature of tasks and the expertise of contributors.

We assume that at each point in time, the system operator sets a price for each type of customer

and server. Then, customers who are willing to pay and servers who are willing to serve for the
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quoted prices enter the system. They each wait in separate queues, until they are matched to a
compatible counterpart. Once a pair is matched to each other, they will leave the system immedi-
ately in order to complete the service. The system operator earns a profit, which is equal to the
difference between the price charged to the customer and the price quoted to the server.

We formulate the above system as an Markov decision process (MDP) in infinite horizon. The
operator can vary the price for each type of customer and server, as well as decide when to match
and which customer-server pair to match. The objective is to maximize the profits obtained by the
system operator, while accounting for the queuing delay experienced by the customers and servers.
We are especially interested in the behavior of systems with large traffic, where all of the arrival
rates are scaled by a factor n — oco. Under this scaling regime, any policy that is within o(n) of the
optimal objective is asymptotically optimal.

The main challenge in this problem is the curse of dimensionality in solving the MDP. As the
number of customer or server types increases, the dimension of the state space increases exponen-
tially, even when the buffer size of the queue for each type is bounded by a constant. Thus, it is
intractable to solve the exact MDP for large scale systems with multiple types, which are often
encountered in practice. In this paper, we propose approximation technique to obtain near optimal
solutions for the MDP.

The contributions of the paper are the following. We model a bipartite two-sided queuing network
with stochastic arrivals as a Markov decision process (Section[2]). In some special cases, we are able
to show structural properties of the optimal dynamic pricing policy (Section [3)). We then analyze
a fluid model (Section M]). The revenue obtained by solving the fluid model is an upper bound
on the achievable revenue under any policy. We propose a fluid pricing and max-weight matching
policy, and show that the profit loss from the fluid revenue is O(,/n); thus, it is asymptotically
optimal. A noticeable feature of this policy is that it does not use the static optimal matching
solution from the fluid model. Instead, this policy applies max-weight matching (motivated by
Tassiulas and Ephremides (1992)) which is adaptive to queue lengths. We also propose a two-price
and modified max-weight matching policy, and show that the profit loss from the fluid revenue
is reduced to O(n'/3) (Section []). Under a broad class of pricing policies, we further show that
any matching policy will have a profit loss from the fluid revenue is lower bounded by Q(n'/?)
(Section [@]). Finally, we present an LP-based approximation technique and a constraint generation

algorithm to solve the MDP efficiently (Section [7]).

1.1. Literature Review

Dynamic Matching. Dynamic matching markets have widespread applications, for exam-

ple, in ride sharing (Banerjee et al) 2017), online marketplaces like Amazon.com or Ebay, kidney
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exchange (Roth et al. 2007, |Anderson et al/l2017), payment processing networks (Sivaraman et al.
2018) among others. Now, we will discuss few previous work involving dynamic matching in the
context of two sided queues.

Caldentey et all (2009) and |Adan and Weiss (2012) consider bipartite matching for two-sided
queues on a first-come-first-served basis: each arriving customer is matched to a compatible server
who has the earliest arrival time and has not been matched. Under this matching rule, they
analyzed limiting results of matching rates between certain customer and server types. Furthermore,
they deduced the necessary conditions on the frequency of arrivals for stability of the system and
also derived the stationary distribution. |Gurvich and Ward (2014) analyze a general multi-sided
queuing system, where more than two sides may be present. The objective is to minimize finite
time cost incurred due to queuing. They presented a matching algorithm and showed asymptotic
optimality with rate of convergence O(,/1) where arrivals are scaled by 7.

Hu and Zhou (2018) studied a two-sided matching system similar to ours. The goal is to maxi-
mize the discounted reward obtained by matching customers and servers in a finite horizon, while
accounting for the holding costs. They study conditions such that a priority rule is optimal. In
addition, they present a matching algorithm based on fluid approximation and show that it is
asymptotically optimal. The main distinction of Hu and Zhou (2018) with our paper is that they
do not consider dynamic pricing. In addition, while they use fluid approximation to generate static
matching decisions, we use max-weight algorithm to generate matching decisions that are adap-
tive to queue lengths (see discussion on max-weight algorithm below).|Chen and Hu (2019) study
dynamic pricing and matching for a single product/service with strategic customers and servers.
Different than ours, their matching policy does not necessarily comply with first-come-first-served
basis. Our model also allows different types of service.

Dynamic matching problems were also studied in the context of kidney exchanges albeit in a
non-two-sided setting in |Anderson et al. (2017), |Akbarpour et all (2019). Due to existing laws,
pricing is usually not allowed in kidney exchanges. These papers study the value of “batching”,
i.e., holding compatible matching pairs in hope that better matching will arrive in future. However,

both papers find that batching in general does not provide significant benefit.

Dynamic Pricing for Queues. Dynamic pricing is a common mechanism for increasing
revenue. First we discuss the literature involving dynamic pricing in the context of single sided
queue and later also present some papers involving two sided queues.

Low (1974a) is one of the earlier works studying dynamic pricing in a single sided queue. The
paper considered price dependent customer arrivals with a finite buffer; the rewards include the pay-

ment by customers and holding costs incurred by the operator. Monotonicity of the optimal pricing
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policy is showed. It was later extended to infinite buffer capacity in [Low (1974b).|/Chen and Frank
(2001)) considered a queuing model with customers who are sensitive to both waiting time and price.
They presented structural properties on optimal pricing decisions and monotonicity of optimal
bias function. In the context of network services like call centers, [Paschalidis and Tsitsiklis (2000)
considered a system with finite total resource. They consider different types of price dependent
customers arrivals which requests for a fraction of the resource. The objective is to find a pricing
policy to maximize the revenue. They show multiple structural properties like concavity of value
function and monotonicity of optimal policy.

Kim and Randhawa (2017) considers a single server queuing system and studies the benefit of
dynamic pricing over static pricing. They consider that the customers are delay sensitive and
consider similar objective as ours, which is to maximize the revenue. They present asymptotically
optimal dynamic pricing policy and a two-price policy and also provide the rate of convergence
of these policies. The main distinction of [Kim and Randhawa (2017) with our paper is that they
consider a single server queue, whereas we consider a network of two-sided queues where matching
decisions are required.

A two-sided queueing model with both customer and server arrivals is studied by
Nguyen and Stolyan (2018). They consider server arrival by invitation which is analogous to pric-
ing for the servers. The customers and servers are allowed to abandon, which ensures stability.
However, the focus in [Nguyen and Stolyar (2018) was to establish process level convergence, while
the objective in our model is to maximize the profit of the system.

Several recent papers have studied dynamic pricing in the context of ride hailing systems
(Korolko et al/2018, [Besbes et. all2018, [Hu et al.l2019). Banerjee et all (2017, 2018) study a closed
queuing network, where the number of cars in the system is a constant and the customers aban-
don the system if they are not matched immediately. [Banerjee et al! (2017) provides a state-
independent pricing policy and prove the approximation ratio with respect to optimal pricing
policy. (Banerjee et al.2016) provides a state-dependent pricing policy and argue that the benefit
of dynamic pricing is in the robustness of the performance of the system.

Dynamic pricing mechanisms have also been extensively studied in revenue management liter-
ature (Talluri and Van Ryzin 2006). In our model, we use dynamic pricing as a lever to increase
system operator’s profit while making the system stable. Note that dynamic pricing subsumes
external control like admission control of customers and on-demand servers (rejection is equivalent

to increasing prices to infinity).

Max-Weight Algorithm. In this work, we propose a max-weight matching algorithm for a
two-sided queuing problem. This algorithm was first proposed by [Tassiulas and Ephremides (1992)



Varma et al.: Dynamic Pricing and Matching in Two-Sided Queues

in the context of communication networks. After that, the max-weight algorithm and the backpres-
sure algorithm, which is a generalization of the max-weight algorithm, are studied intensively in the
literature. The book by |Srikant and Ying (2014) provides an excellent summary. The performance
of max-weight algorithm in the context of a switch operating in heavy traffic has been studied
by Maguluri and Srikantl (2016). The backpressure algorithm was used in the context of online ad

matching in (Tan and Srikant 2012) and in the context of ride hailing in (Kanoria and Qian/[2019).

1.2. Notation

Throughout the paper, vectors are boldfaced. We use (.,.) to denote dot product between two
vectors. All the functions applied on a vector is component wise, e.g. F'(A) is defined to be
(F(M\),...,F(\,)). Moreover, a < b means that all the components of a is less than or equal to

corresponding components of b. We use i and superscript (1) to denote a server type and j and
(2)

superscript (2) to denote a customer type. In addition, we define the vector e, and ez(-l) as a vector
with all zeros except a one for type j customer and type i server respectively.

We define E|.] for expected value of a random variable and the conditional expectation E[.|z]
is written as E,[.] for the ease of notation. We denote the set {1,2,...,n} by [n]. We denote the
vector with all 1’s as 1,, with size n; we will sometimes omit the subscript if the size of the vector
is clear from the context wherever it is used. In addition, we define 0,, as the vector with all 0’s of
size n and we omit the subscript if the size of the vector is clear from the context. For the vectors
x € R™ and y € R™, we denote the concatenated vector of n+ m dimension by (x,y). If x and y

are of the same dimension, we denote the component wise product by xoy.

2. Model

We model the multiple types of customers and servers by a bipartite graph G(N; U Ny, E), where
N is the set of server types with |N;| =n and N, is the set of customers type with |Ny| = m.
Here, E is the set of edges in the bipartite graph between customer and server types which are
compatible with each other. In other words, (i,j) € E if type j customer can be served by type
1 server, as illustrated in Figure I Each node in the bipartite graph is a queue of customers or
servers waiting to be matched with any one of the compatible counterpart. Our convention is to
refer the incoming customers as demand and incoming servers as supply.

At each point in time, the system operator posts a price for each type of customers and servers.
Customers willing to pay the quoted price, as well as servers who are willing to provide their service
for the quoted price, are admitted to the system. Thus, the system operator can vary the prices
of the customers and servers to vary their arrival rate. Once they are in the system, they wait

in queues until they are picked and matched. First-come-first-serve (FCFS) discipline is employed
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Figure 1 A bipartite graph for two-sided queues.
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for each queue separately. Note that, FCFS may not hold among different types of customers and
servers (unlike |Adan and Weiss 2012, (Caldentey et alll2009); it will rather depend on the matching
policy used. Once the customer is matched with a compatible server, we assume that they depart
from the system instantaneously to complete the transaction. Our objective is to find a joint pricing
and matching policy under which the system is stable (positive recurrent) and the long-run average
profit is maximized.

Next, we present some notation and assumptions on the pricing decisions and the matching
decisions. We assume that customers and servers arrive according to Poisson processes with rate

A € R and p € R respectively. For each customer type j € [m], there exists a demand curve
(2) (2)

Fj: X\j = p;”, such that if the system operator sets a price p;~, the resulting arrival rate is A;.
Similarly, for each server type i € [n], the system operator can set a price denoted by pl(»l), which
results in a server arrival rate u; determined by the respective supply curve G; : u; — pl(»l). We make

the following assumption on the supply and demand curve.

ASSUMPTION 1. The supply curves, G;, Vi € [n] are strictly increasing and twice continuously
differentiable. The demand curves, F;, Yj € [m] are strictly decreasing and twice continuously dif-

ferentiable.

The above assumption states that offering higher price to the servers will result in higher server
arrival rate, offering the service for lower prices will result in higher customer arrival rate, and all
curves are smooth.

In addition, we define the revenue and cost functions as 7’.§2)()\j) 2 N Fj(A;) for all j € [m] and
Y (1) 2 wiGi(u;) for all i € [n]. We make the following assumption on the revenue and cost
functions.

(2)

ASSUMPTION 2. The revenue function r;~ (\;) is concave Vj € [m]. The cost function r () is

convex Vi € [n].

The assumption on revenue function follows from the law of diminishing marginal return: as

we increase the customer arrival rate, the marginal revenue drj(?)()\j) /d\; decreases, which implies
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that the revenue function 7

5 (A;) is concave. Similar assumption is often assumed in the revenue

management and queueing literature (see e.g. (Kim and Randhawa [2017)). As for the servers, we

assume the marginal cost drgl)(,ui) /dp; increases with p;, since it becomes harder to recruit servers
1)

when we try to increase server arrival rate. This implies that the cost function r; ’ is convex.

Besides setting prices, the system operator also uses matching to govern the process of the
(2)

queueing system. At any given time, suppose ¢; is the number of type j customers waiting in the
queue and qgl) is the number of type ¢ servers. We denote by z;; the number of type 7 servers to be
matched to type j customers. The number of matchings should be bounded by both the number

servers and the number of customers currently waiting in the queue, so we have

2P =Y "y <q?, Viem (1a)
=1

R inj <q", Vi€ n] (1b)
j=1

zi; =0, V(i,j) ¢ E. (1)

The set of matches that satisfies (Ial)—(Id) is denoted by X (q). When a pair of customer and server
is matched by the system, they both depart from the system. Since a customer is only compatible
to a subset of server types, the system operator may have an incentive for batching, i.e., holding

some customers or servers in queue in order to achieve better matches in future.

Example: Ride Hailing. An application of the two-sided queueing model is the ride hailing sys-
tem. In this system, the customer and server (drivers) types, as well as the matching compatibility
graph, are determined by their geographical location. A simple example with three regions is shown
in Figure 2l (Here, we ignore issues such as vehicle capacity and number of seats requested by
customers, which may lead to additional customer and server types.) Based on the price quoted
to customers, only a fraction of them who open the app will book a ride, which determines the
customer arrival rate. Similarly, based on the price quoted to the drivers, they will choose whether
or not to provide service. Thus, the arrival rate of customer and drivers are price dependent and
is governed by the demand and supply curve of each region. Once a customer confirms the price
and books a ride, the system operator can determine which driver (from what region) should be
matched to the customer. If the driver accepts the ride request, then it immediately becomes
unavailable for any other ride requests (departing from the system). After the ride is complete, the
car becomes available again, possibly in a different region. A simplifying assumption in our model
is that we treat a driver who completes the service and re-enters the system the same as a new

arrival.
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Figure 2 A ride hailing system with three regions.
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We assume that riders can only be matched to cars in their own region or any neighboring
regions. The two sided system generated from the map is shown in subfigure (b).

2.1. CTMDP Formulation

We now formally define the system operator’s decision process as a continuous time Markov decision
process (CTMDP), including its states, actions, rewards, and objective.

With every customer arrival, the system operator earns a reward equal to the price set for that
customer type; similarly, the system operator pays a cost with each server arrival equal to the price
set for that server type. Additionally, the system operator incurs a holding cost proportional to
the number of customers and servers waiting in the system per unit time. The state is represented
by the queue lengths of all customer and server types, q € Z"™. We denote the state space by
S. By Assumption [, prices and arrival rates have a one-one correspondence. Thus, rather than
using price as the action, we equivalently use arrival rates A(q), pu(q) for all g € S as the action.
The arrival rates much satisfy \; € dom(F;) for all j € [m] and u,; € dom(G;) for all i € [n]. Here,
dom(F) is the domain of the function F'. In addition, the matching decisions x(q) € X (q) are also
in the action space (see Eq ([a)—(Ld)). Thus, action is a tuple (A, p, x) € R2m+7)_ The objective is
to find a pricing and matching policy such that the long run average profit earned by the system
operator is maximized. We are only interested in the pricing policies under which make the system

stable in the long run. The following definition of stability will be used.

DEFINITION 1. A joint pricing and matching policy is said to be stable, if the continuous-time
Markov chain (CTMC) induced from this policy has a positive recurrent communicating class that

contains the state q=0.

The MDP advances as follows: Upon each customer or server arrival, we match customers and
servers by setting x € X (¢). We allow x =0,,,,,, i.e., none of the customer-server pairs are matched,
even when there exists feasible matching. Immediately after the arrival, we may change the prices
for any customer and server type. Based on the prices set, future type j customers arrive following

Poisson(\;) for all j € [m], and type i servers arrive following Poisson(y;) for all i € [n].
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REMARK 1 (DISCUSSION OF WAITING COSTS). Our model assumes all customers and servers are
patient, and the system operator pays a penalty cost proportional to their waiting time. As an
alternative approach, Kim and Randhawa (2017) considered a queuing model without such waiting
cost penalty — instead, they assume customers are strategic and will not joint the queue if their
valuation of the service is less than their expected waiting cost. Compared to our model, the
assumption by [Kim and Randhawa (2017) may be more appropriate for some applications of two-
sided queues such as ride hailing. Nevertheless, [Kim and Randhawa (2017) point out that their
assumption of strategic customers is essentially equivalent to a model with patient customers by
explicitly accounting for waiting cost, i.e., our approach. We refer readers to [Kim and Randhawa

(2017), Section 6.1 for more details.

2.2. Uniformization

Instead of working with the CTMDP, we use the well-known uniformization technique (Puterman
1994) to obtain an equivalent discrete-time Markov Decision Process chain (DTMDP), which will
simplify our analysis. The uniformized process is as follows. We first choose a uniformization

parameter ¢ defined below.

DEFINITION 2. Suppose there exists ., and f,,.. such that for any price vector p we have,

A(I)) S Amaza

1(P) < Bomaz-

Let ¢ be any constant such that

c 2 <1m7 Amaw> + <1n7l~l‘mam> . (2)

The uniformized DTMDP is endowed with the same states and actions as the CTMDP defined
in Section 211 All the rewards and costs will be scaled by 1/c. In each period, there is at most one
customer or server arrival. Let p be price vector. The probability that a type j customer arrives
in one period is A;(p)/c. The probability that a type i server arrives in one period is w;(p)/c.
Otherwise, no arrival happens in this period. The decision maker is allowed to make any number

of matchings as long as they satisfy constraints (La)—(Id).

Bellman equation. To find the optimal pricing and matching policy, we start by writing the
Bellman equation for the uniformized DTMDP. Let Z(q) = [0, Apax] U [0, max] Ux(q) be the set of
feasible prices and matchings for queue length q. We use z to denote a joint action vector, which

includes pricing decisions A, p and matching decisions x € X(q).
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The Bellman equation can be written as

h(q)+% = z?%{m«z,@ +Eq,z[V(h,q,Z)]}, Vqe S, (3)
where
R(q,z) = (F(A),A) —(G(p),p) —s(1,q), (4)

EqulV(ha2)] = Y Zhia+el?’ —x)+ Y Zhlg+el’ —x)
j=1

HI-Y 23 B, o)

The solution v to the above equations is the optimal average profit in the infinite horizon. The
value h(q) is the bias function, which can be interpreted as a bias function associated with state q
(Bertsekad 2007). Note that the Bellman equation holds because our assumption of stable policies
(see Definition [).

In the Bellman equation, R(q, z) is the expected revenue for the state q and action z. The revenue
term is the net of what the customer pays and server gets along with a penalty proportional to the
sum of the queue lengths. The term E, [V (h,q,z)] is the expectation of the bias function function
h after one transition in the uniformized process where q is the queue length, z is the chosen action
at the current decision epoch. The expectation is taken with respect to arrival probabilities of the

uniformized DTMDP.

3. Monotonicity of the Optimal Prices (Single Link Two-Sided Queue)

In this section, we consider the special case of our model with n =1 and m =1, i.e., a single link
two-sided queue given in Fig. [Bl The goal of this section is to establish structural properties of the
optimal pricing policy by analyzing this simple system, which will motivate our pricing policies for

more complex systems.

Figure 3 A single link two sided queue.

Customer Server

In a single link system, there is no incentive for the system operator to hold customers or servers:
Whenever possible, we should match the incoming arrival immediately. Thus, at any point of time,
there can only be either customers or servers waiting in the system. This enables up to reduce the

state space by letting ¢ = ¢® — ¢V, the difference between the number of customers and servers
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waiting in the system. Note that, ¢ can be either positive or negative. Using ¢ as the system state,

the Bellman equation (8] becomes

FOA=G(wp  slal v

A A
+= pt
C

Ch(q—l— 1)+ <1— T) h(q)—i—%h(q— 1)|,Vqge S
(6)

where ¢ is a uniformization parameter (see Definition 2]). In the equation above, as we have n =

h(g) = max

p>0,A>0 c c

m =1, we omit the subscripts for different type of customers and servers for the ease of notation.

We now present the monotonicity result below.

PROPOSITION 1. For a single link two-sided queue, there exists an optimal pricing policy p(q) =
(M (q),p?(q)), where both the server price p™*(q) and the customer price p'®(q) increases mono-
tonically with the system state q.

To prove this result, we first show that the difference of bias functions h(q) — h(g — 1) is mono-
tonically decreasing in ¢ by an inductive argument on the iterates of the relative value iteration
algorithm. Then we use the optimality conditions on the Bellman equation to show that the opti-
mal pricing policy is monotonic. The complete proof can be found in Appendix [Bl This result
motivates us to search for the optimal pricing policy in the restricted space of monotonic pricing

policies, which will be presented in Section [l

4. Asymptotic Optimality of Fluid Solution

In this section, we consider fluid approximation of the queueing system where random arrivals
are replaced by their expectations. Based on the fluid model, we propose a static pricing and

max-weight matching policy and show that it is asymptotically optimal.

4.1. Fluid Model

We consider a deterministic optimization problem to maximize the average long run revenue defined
as follows. Let A = E[A(q)] and fi = E[u(q)] be the average arrival rate of the customers and
servers, respectively, where the expectation is taken with respect to the stationary distribution
under any policy. Similarly, let x,; = E[z;;(q)] be the average rate of type i server matched to the
type j customer for all (7,7) € E. The fluid model is defined as

7= max  (F(N),A)— (G(), &) (72)
(X m,x)
subject to \; = ZX”" vj € [m], (7b)
i=1
ﬂi - ZXij7 VZ € [n]a (7C)
j=1

Xi; =0, Y(i,5) ¢ E, xi; >0, V¥(i,j) € E. (7d)



Varma et al.: Dynamic Pricing and Matching in Two-Sided Queues

12

Here, Eqgs ([[h) and (Zd) are the balance equations for the number of customers and servers matched.
Eq (Zd)) specifies that matching is only allowed among compatible customer-server pairs. Intuitively,
it is easy to see that these constraints are necessary, because if Eqs (Zh)—(Zd) do not hold, then
some customer or server types will keep accumulating over time. Thus, if we solve the optimization
program ([7]) to maximize the revenue, we will get an upper bound on the achievable revenue under
any pricing and matching policy which makes the system stable. This is formally shown in the

following proposition.

PROPOSITION 2. The optimal value of the fluid problem () is an upper bound on the long run

expected profit rate under any pricing and matching policy that makes the system stable.

Sketch Proof. We first show that under any pricing and matching policy, the constraints in the
fluid problem are necessary but not sufficient conditions. Intuitively, the average arrival rates of
customers and servers should be able to balance each other out. Next, we show that the average
revenue obtained under any pricing and matching policy is less than equal to the fluid objective
function. These two conditions together implies that fluid problem will give us an upper bound on
the revenue obtained under any pricing and matching policy. The complete proof can be found in

Appendix O

4.2. Fluid Pricing Policy

In this section, we study the system in an asymptotic regime where the arrival rates of all customer

and server types are scaled by a factor of 7.

DEFINITION 3 (AsYMPTOTIC REGIME). Consider a family of two-sided queueing systems associ-
ated with the same bipartitle graph G(N; U N,, E) parametrized by n € N. For the n'" system,
the demand and supply curves satisfy F7(nA) = F(X) for all A € R} and G"(nu) = G(p) for all

p € R, The asymptotic regime is defined as 1 — oo.

DEFINITION 4 (PROFIT Loss). The profit loss of a policy, denoted by L7, is the difference between
the optimal value of the fluid model, denoted by 7”7, and the long run average profit (including the

penalty incurred due to waiting) under that policy.

According to Definition [3] it is easily verified that the fluid solution to the n!* system is given
by nA* and nu*, where A* and p* is the optimal solution of the fluid model (7). The optimal value
of the n* fluid model is 77 = n,. Therefore, if the profit loss of a policy is sublinear in 7, namely

L"=o(n), we say the policy is asymptotically optimal in our asymptotic regime.
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Now, we use the fluid model to define a fluid pricing policy, which we will prove to be asymptot-
ically optimal. Recall that the optimal solution of () by A*, u*. We consider the following pricing
policy:

s, if q(-z) <ql. .
Ai(q)=<"7’ J maxt Y5 e [m), 8
i(a) {O otherwise, j€ml (8)

s (1)

wis g < qhax ,

pi(a) = . Vi € [n].
0 otherwise,

Here, ¢!, denotes the maximum queue length; it is a parameter that depends on 7, which will be
specified later.

We now define the max-weight matching policy (Algorithm ). Whenever there is either a cus-
tomer or a server arrival, if any of the compatible counterparts of the arrival is waiting in the
queue, then we match it to the type with most number of customers/servers waiting in that queue.
On the other hand, if all the compatible counterparts’ queues are empty, then that arrival will
then wait in the queue. More specifically, let k& be the index of arrivals to the system, which is our
decision epoch. We denote the arrival vector by a(k) € {0,1}™". That is, a(k) has one component
equal to one, which corresponds to the arrival type, and all the other components are zero. We
define yfjl)(k) € {0,1} to be the decision of matching a type j customer to a type i server at the
(2)

arrival of a type ¢ server. Similarly, we also define y;;

(k) € {0,1} to be decision of matching a type

i server to type j customer at the arrival of type j customer.

Algorithm 1 Max-Weight Matching Policy
input: current queue length q(k), new arrival a(k) # k is a decision epoch
2: initialization: y(*) (k) =0,, y® (k) =0,,
for i € [n] do
4. if agl)(k) =1 and max;.; jjer qj(?) >0 then
let j* = argmax;.; j)ee qu

6: set yz-(}*) (k)y=1
end if
8: end for

for j € [m] do
10:  if a§-2)(k) =1 and max;.(; j)er ¢ >0 then
let i* = argmax;.(; jyer qi1

12: set yfzj) (k)y=1
end if
14: end for

output: matching decision y* (k), y® (k)

The main intuition of the fluid pricing policy is the following. We note that the profit rate of the

fluid pricing policy is equal to nm* when all queues are below their maximum buffer capacity q”.
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If the capacity of any customer queue is full, namely qj(?)

=q].., then all future arrivals to queue
7 will be rejected until at least one customer waiting in queue j is matched. Thus, we will lose
a fraction of revenue due to rejections. More specially, let 77 be the expected profit of the fluid
pricing policy. Let I®(¢7 ) be a (vector) indicator function representing whether server queues are
at the maximum capacity, and let I®(¢"_ ) be a (vector) indicator function representing whether

customer queues are at the maximum capacity. Then, it holds that
L"=7]— (7777 —S <1m+n7E[q]>)
=n((F(X), ) = (G(w"), ")) = (F(X),0A" 0 (1 —E[I?(g],.)]))
-n <G(l'l’*)7 l'l’* o (1 - E[I(l)(qzlax)])> +s <1m+n7E[q]>
=1 ((FN), (A oEI® (gl ) — (G(u"), (0 o E[IV (g2, )])) + 5 (L, Ela]) . (9)

where the first equality follows from Definition @] and the second equality uses the definition of
the fluid pricing policy. As a result, Eq (@) shows that the profit loss of the fluid pricing policy
depends on critically the design parameter ¢} ... If we increase the buffer capacity ¢ ,., then
the probability of dropping customers/servers will reduce, i.e. E[I(q”, )] will decrease. However,
increasing the buffer capacity will lead to increasing in the expected queue lengths, which will
increase the penalty incurred due to waiting. Thus, we choose buffer capacity to balance the trade-
off in order to minimize the overall profit loss. Precisely, we will see that choosing g, ~ /7 will

result in E[I(q?,,,)] ~n~"/? and E[(1,,4,q)] ~ /7], which attains the optimal profit loss.

THEOREM 1. Suppose a family of two-sided queues is given by the bipartite graph G(Ny|JNo, E)
parameterized by 1. The profit loss L" under the fluid pricing (Eq [8)) and maz-weight matching
(Algorithm[1) is O(\/n), where g}, = v/N for any positive constant .

Sketch Proof. We apply Eq (@) to bound of the profit loss L". By our choice of ¢, and the
definition of the fluid pricing policy defined in (§]), it is easily verified that the expected queue
length E [(1,,4,q)] = O(\/1). In order to bound the probability of dropping a customer or a server,
we consider a quadratic Lyapunov function on the queue length vector q. Using the moment bound
theorem (Hajek 12006), we can show that the probability of rejection is O(1/,/7). The proof details
are deferred to Appendix O

In addition, it can be shown that the O(,/7) profit loss rate cannot be improved using the fluid
pricing policy, even for a single link two-sided queue (see Figure B]). More specifically, we have the

following result.

PROPOSITION 3. For a family of single link two-sided queue parametrized by n, any fluid pricing
policy will have a profit loss L" that is at least QU(,/n). The choice of qll.. = v/N for any positive
constant vy provides the optimal profit loss rate © (/7).

The proof of the proposition is presented in Appendix [El
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5. Asymptotic Optimality of Two-Price Policy

A main drawback of the fluid pricing policy is that the prices are fixed at those given by the fluid
solution. This motivates us to consider a generalization of the fluid pricing policy, which leads
to a “two-price” policy. Here, we introduce additional parameters 8 € R, ¢ € R" and o”, which
governs the arrival rates of the customers and servers respectively when the queue length is greater

than a certain threshold 77

max*

The two-price policy is defined as follows:

* e (2)
77>\ qu é 7—77 9 .
A= J J mATY 5 € [m, 10
’ {77)\; — 60,0 otherwise g € lml (10)
! nu; — @0 otherwise ’

where we assume ¢”7/n — 0 as 7 — oo as it is favourable to get closer to the fluid solution. In this
policy, we set a threshold 77 for all customer and server types; we use the fluid arrival rates until
this threshold, and then reduce the arrival rates by 6;0" outside this threshold for type j customer.
Similarly, we reduce the server arrival rates outside a threshold by ¢;0" for type i server. Here,

n
Tmax )

o, @ and ¢ are parameters that will be specified later. Our convention is to use superscript
7 to denote any parameter or quantity that is associated with the n'* system. Intuitively, for any
type of customer /server, if we increase ¢”, the queue length will have a larger negative drift when

it exceeds the threshold 7"

max’

so the expected queue length E[(1,,,,,q)] will be smaller. However,
if o are too large, the arrival rates outside the threshold 777, will be far from the optimal fluid
arrival rates, which will result in a larger profit loss. Thus, there is a trade-off between the expected
queue length and profit loss. For the matching algorithm associated with the two-price policy, we
propose a modification on the max-weight policy. Let (A*, pu*,x*) be the optimal solution to the
fluid problem (7). Let E* = {(i,j) € £': xj; > 0} be the support of x*. We consider a max-weight
algorithm analogous to Algorithm [ except that we restrict matchings to the subset of edges
E*. This matching algorithm is defined in Algorithm 2] which will be referred to as the modified
mazx-weight policy.

The following theorem provides a bound on the asymptotic performance of the two-price policy

as n tends to infinity.

THEOREM 2. Suppose a family of two-sided queues is given by the bipartite graph G(Ny|J No, E)
parametrized by n. The profit loss L" under the two-price policy (Eq (I0),([)) and the modified
maz-weight matching (Algorithm[3) is O(n/?), where 77, = Tin*/?, " =n** and @ > 0,,, ¢ > 0,,.

max

The profit loss for the two-price policy is O(n'/?), which is better than the O(,/7) loss in the fluid
pricing policy in Section (]
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Algorithm 2 Modified Max-Weight Matching Policy

input: current queue length qgk), new arrival a(k), a subset of edges F* # k is a decision epoch
2: initialization: y(*) (k) =0,,, y*? (k) =0,
for i € [n] do
4 if o’ (k)=1 and max;:(i,j)e g q] ) >0 then
let j* = argmax;.; j)c - qJQ

6: set y(l)(k) =1
end if
8: end for
for j e gm] do
10:  if ol (k) =1 and max;.(; ;ycp- ¢.” > 0 then
1et 1% = argmax;.(; j)e g+ qf
12: set y(Q)(k) 1
end if
14: end for

output: matching decision y™")(k), y® (k)

We present two lemmas that will help us prove Theorem [2l The first lemma shows that the con-
tinuous time Markov chain associated with two-price policy is positive recurrent, and furthermore

gives a bound on the expected queue length.

LEMMA 1. For a system of two-sided queues operating under the two-price policy and the modified
maz-weight matching algorithm parameterized by n, the system is positive recurrent for any @ > 0,,,

¢>0,,0">0 and 7!

max

> 0. The expected queue lengths are bounded by

E[(6,9®)] +E [(¢,a'V)] <71, <Z9 Plg® > 7. +Z<f>l >T£lax]>
+ E (<1naﬂ*> + <1ma)‘*>) .

Sketch Proof of Lemmall. The complete proof of the lemma is presented in the Appendix
We present a brief idea of the proof here. Since 8, ¢ and ¢" are greater than zero, when the queue

length of a certain customer or server type is greater than its threshold, i.e. 7 the reduced arrival

Tihaso
rate of that type leads to a drift towards 0, so we expect that the system is positive recurrent. This
intuition is proved rigorously using the Foster-Lyapunov Theorem (see e.g. Srikant and Ying2014).
We consider a quadratic Lyapunov function in the queue lengths, and show that the one-step drift
is negative outside a finite set of states. We then use the moment bound theorem (Hajek 2006) to
upper bound the expected queue length. [

Now we know that under the two-price policy, all the members in the family of CTMCs are
positive recurrent. This is only possible when the arrival rates satisfies the constraints in the fluid

optimization problem (7h) (7d) (Zd)). Below, we will present another lemma that will be later used

to eliminate terms in the profit loss.
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LEMMA 2. For a system of two-sided queues operating under two-price policy and mazx-weight

matching policy, for any 8 >0,,, ¢ >0, and 7. >0, we have

D (FJODX 4+ F(0)) 0,Plgy” > 7] =Y (Gilwi)us + Gi(p) ¢iPlas” > .-

jelm] i€[n]
The proof of the lemma is deferred to Appendix[Gldue to space constraints. We will present a brief
sketch of the proof here for better understanding of the reader.

Sketch Proof. We will use the fact that (A*, u*) is the optimal solution of the Fluid optimiza-
tion problem. To prove this lemma, we will use the first order optimality condition on the fluid
optimization problem which says that the directional derivative of the objective function along a
feasible direction is zero. We will use the arrival rates of the two-price policy as another feasible
point to find a feasible direction. Equating directional derivative to zero gives us the lemma. [

We will now present the idea for the proof of Theorem 2 and defer the details to Appendix [Hl

Idea of the Proof of Theorem[d We will first upper bound the profit loss defined in (@), for the
two-price policy using Taylor series expansion. We will then use Lemma 2] to eliminate first order
terms from the profit loss and use Lemma [1] to bound the expected queue length. Finally, we will

substitute 777, and ¢” in terms of 1 to get the result. O

From the previous two sections, we can see that even a simple two-price dynamic pricing policy
has a much better performance than a static (fluid) pricing policy. It is also practically easy to

implement the two-price policy. This shows the advantage of dynamic price over static price.

6. Lower Bound

In this section, we will obtain lower bounds on the profit loss under a broad family of policies,
and thus establish that the rates we obtain from two-price policy in Theorem [2] are optimal. In

particular, we consider a family of pricing policies that have the following form:

A =0+, (n%)nﬂ vj € m, (12)
m—nqui(n%)nB Vi € [n]. (13)

The motivation for this choice is as follows. The first term in Eqgs (I2)) and (I3) (i.e., n\j and nu;)
is static and is the solution of the fluid model; the second term accounts for dynamic adjustment as
queue length changes. We assume the adjustment term can be further decomposed into two terms:
a function that scales the queue length, f;(-) or g;(-), and a term that determines the scaling of
price adjustments, n?, for some 1 > 3 > 0. Moreover, as the arrival rates are scaled up, the queue
length will be asymptotically large. Thus, we also scale the queue length in function f;(-) and g;(-)
for all i € [n] and j € [m] by n* for some 1>« > 0. Note that a similar family of pricing policies
was studied by [Kim and Randhawa (2017).

In addition, we require the pricing policy to satisfy the following conditions.
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CONDITION 1. (a) There exists M € R and N € R} such that |f; <n%) | < M; for all j € [m] and
lg: <n%) | <N, for alli€n] for allq €S and for alln>1.
(b) 0<a+p<1.

(2
(c) There exists K >0 and § >0 such that for all j € [m], if qg—a > K, then either f; (%) <=6
1
or there exists i: (i,j) € E such that g; (%) > ¢ for allm. Similarly for alli € [n], if q;a > K,

then either g; <n%) < —0 or there exists j: (i,j) € E such that f; <n%) > for all n.

Condition requires the dynamic price adjustment term to be bounded (after appropriate
scaling); this a technical assumption required for our analysis. Condition states that the rate
of scaling of the system state should be less than the rate of pricing policy converging to the fluid
rates. (In the special case of single link operating under the two-price policy, this assumption is not
needed; the result is presented later in this section.) Condition states that if queue length for
type j customer is large, we should either decrease the arrival rate of type j customers or increase
the arrival rate of any servers that can serve type j customers. These conditions are fairly general,
because the pricing function can depend on the complete system state (q), and we do not make
any strong assumptions such as monotonicity, continuity or differentiablity on functions f;(-) and
9i(+). Also, note that we do not require any assumption on the matching policy.

The two-price policy satisfies the above condition with

B@=-0Lem, (e, g@=-olo. (icq) B=2/3 (1

>Tmax
Now we present the result on the lower bound.

THEOREM 3. For a two-sided queue defined by a graph G(N,U Ny, E) operating under any pricing
policy of the form ([I2)) and (I3)) that satisfies Condition[d, if the resulting system is stable, there
exists a constant K(F,G, f,g) such that

L" > Kn'/3.

The details of the proof are deferred to Appendix[[l Although, we present a brief idea of the proof
here for better understanding of the reader.
Idea of the Proof. First we define a variable which quantifies the imbalance between the number

of customers and servers in the system, which is crucial in our analysis. Mathematically, we define

z:<1m,q(2)>—<1n,q(1)>. (15)

An important observation is that the transition of z conditioned on ¢ is independent of the matching

policy. We use this fact to couple our system with a birth and death process to lower bound E[|z|],



Varma et al.: Dynamic Pricing and Matching in Two-Sided Queues

19

which can be used to further lower bound the expected queue length E[(1,,,.,,,q)]. We also use this
coupling to lower bound E[>7", g7(.) + 37~ f7(.)] which is a proxy for the loss of profit.

Next, we use the lower bound on E[(1,,1,, )] and E[3 7, g7(.) + 37", f7(.)] to lower bound the
profit loss. In particular, we use Taylor’s expansion and Claim 2| from the fluid model to analyze

the first order terms. The dominating terms in the lower bounds are given by 7?1

(loss in the
profit) and n*~# (expected queue length). The choice of 3 trades-off between the queue length and
the loss in profit. By picking 5 =2/3, we get the best over all profit loss, which gives the lower
bound. O

We can further relax Condition in the special case of single link operating under the two-

price policy. The result is stated below.

PROPOSITION 4. For a family of single link two-sided queue parametrized by n, any two pricing
policy given by ([I0) () with o =n" for some B <1 and 77
profit loss L" at least Q(n'/?). The choice of T, =n'? and 0" =n*/* and any positive constants

0 and ¢ provides the optimal profit loss ©(n'/?).

=n" for some o € R, will have a

ax

The proof of Proposition [ has been deferred to Appendix.

7. LP-based Approximation Algorithm

The Bellman equation for the MDP defined in the Section 2l can be rewritten as an optimization

problem (see e.g. Bertsekas 2007):

min -y (16)
(v,h)
subject to v>R(q,2z) + cEq.[V(h,q,2)] —ch(q) Vq,z€S x Z(q), (17)

where R(.,.) represents the revenue rate and is defined in Eq ), and E, ,[V (h,q,z)] is defined in
Eq ().

It is difficult to solve this problem computationally, as we have one constraint associated with
each state-action pair in ([I7)). Due to the curse of dimensionality, the state space S will increase
exponentially with the customer and server types. Moreover, the action space Z(q) contains con-
tinuous prices, so the action space is uncountable. Of course, one can discretize the action space,
but a fine discretization may be needed to ensure numerical accuracy, which also increases the
computation burden.

Our proposed approach is to reduce the number of decision variables in the optimization problem
by restricting the bias function h(q) to some parametric form. This will lead to an optimization
where the number of decision variables is polynomial in customer/server types. We can also use
the original action space, so the discretization step for the action space is not needed.

Throughout this section, we assume the queue length is bounded, that is, S C {q:q < 1,1 nGmax }

for some @pax < 0.
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7.1. Polynomial Approximation

Now, we will present the approximation of the bias function.

PROPOSITION 5. Approzimating the bias h(q) with a polynomial in q of degree r given by

T

Z(Zb“ (a:") +Zb<” d ) > (b.d'), (18)

=1

for some finite r € Z, and solving the optimization problem (I6l), (I0) gives an upper bound on the
Wb p .,bl(fn)) for alll e r].

average revenue g. Here, by is the defined as the vector (b, o107

The proof is based on the analysis of the minimization problem to solve the MDP. It uses the idea
that if we minimize over a subset of the feasible region, then it will lead to higher values of the
optimal objective function value and is deferred to Appendix [Kl

By approximating the bias by a polynomial of the queue length of degree r, we have reduced
the number of variables in the optimization problem from ¢ to just (m +n) x r which is linear
in m and n if r is a constant. We will later see that this approximation reduces the computational
time drastically.

Also, as the degree of the polynomial increases, we consider a more general case, and thus the
upper bound we obtain on the average revenue will be tighter as r increases. The system operator
can choose this r to balance the trade-off between accuracy of the solution and the computational
time.

Another useful feature of this approximation is that, if we fix a stationary matching policy x(q),

then we can use the optimality equations for the Bellman equation (B) to compute the closed form

expression of the approximated pricing policy by solving the following differential equations:

(FOA)A) + hla+ef? —x) —h(a) =0 ¥j € [m],
(G(u)m) +h(a+el” —x) —h(q) =0 Vi€ [n].

These optimality equations are only valid when we are strictly in the interior of the feasible region

of the optimization problem, i.e. A > 0,, and g > 0,. Although, if there exists a q( ) for which

Aj (qg?) = (0 then we can restrict our state space to q( ) q(z) as the arrival rate of that type of

) (2)

customer for qj0 is 0 and thus, it is not possible to have q.§ >q;, -

Note on Optimal Matching Policy: We will fix the pricing policy to the fluid pricing policy
introduced in sectiond and focus on optimal matching policy. We can rewrite the Bellman equation

as follows:

R q7A*7 *
g _%h@% {Eq. [V(h,a,2)] —h(a)}, YaeSN{d:q < gmaloim}-
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The corresponding optimization problem to find the optimal matching policy becomes
x"(q) = arg)r(r(l&gx{Eq,z [V(h,q,2)] = h(@)} Va € SN {a: q < GmaxLism}-
PSS q

Here, we are greedily maximizing the expected difference of the bias function before and after
(one step drift) one matching. Thus, the optimal matching policy is “max-weight” policy if the
bias function prescribes weight to each state. The policy is optimal as the long term behaviour is
captured by the bias function.

Now, if we approximate this bias function by some linear combination of basis vectors (e.g.
polynomial function of q), then we will get an approximately optimal matching policy. In particular,
if we approximate the bias function by linear function of queue length, given by h(q) = (b, q) for

some constant b, then we get an open loop matching policy. This can be easily seen as follows:

x"(q) =argmax{Eq, [V(h,q,2)] — h(q)}

x€X(q)
_ v @) — . M
—a){gg(ng{;% (hla+e? —x) ~h(@) +;m (hla+el” —x) —h(q))}

=argmax{(—b,x)}.
x€X(q)

Thus, it translates into max-weight with the weights being —b for the customers and servers. As
these weights are independent of the state, it is an open loop policy.

Similarly, if we approximate the bias function by a quadratic function of queue lengths given by

m n

ha)=—-> (¢7)* = > (a")’

j=1 i=1

then we get a policy similar to max-weight matching policy given in Algorithm [II We have

x*(q) = argmax {i)\j (h(q—i—eg?) —X) — h(q)) + zn:,u:‘ (h(q—i— eV —x) — h(q)) }

x€X(q)

x€X(q)

n n 2 n
S <_ (o) 423 gty +2$§.1>>}

m m 2 m
= argmax{ =07 [ 0 (al?) 423 qP + 2 ) +

i=1 =1 i'=1
= argmax{ — Zm: (:E(-Q))z — 2": (3:(.1))2 +2 Xm: <q(.2) + Aj ) 22
x€X(q) =1 ! i=1 ' =1 / <1, >\*> !

- i (1)
S <q§” ¥ —) 2 ) } (19)
— (1, p7)
o - A - ;
= argmax{ (Z <q§2) + i ;‘*>> 3:5-2) + Z <qfl) + (1,u“*>> xE”) } ~ argmax{(q,x)},
) i=1 )

x€X(q) =1 x€X(q)
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where, (x) follows as (1,,,A*) = (1, u*) and (xx) follows as the objective function (I9) is strictly
positive for some x € X(q) but it is zero for x = 0. Thus, it is always better to match instanta-
neously. So, with no batching, we have (1,,,,,x?) is either 2 or 0 as in each decision epoch, there
is one arrival and we always match if we can. Finally, the last approximation is motivated by the
fact that it is difficult to accurately estimate the arrival rates of the customers and servers. Thus,

we omit the dependency of the arrival rates from our policy. ¢

7.2. Constraint Generation Algorithm

In this section, we present the constraint generation technique to solve the optimization problem
(I6)- (1) after we have approximated the bias by a polynomial function in q. The constraint

generation algorithm is as follows:

Algorithm 3 Constraint Generation with Bias Function Approximation
Initialization: b? =0, Vi € [r],7° = —00,k=0,e=10"%, M >0
2: Initialize LP: min~y, constraints={M1,,, >b, > -M1,,, Vl€[1,r]} Master Problem: (LP°)
while error > ¢ do

1 THa2) = R(a2) + cBq [Si, (b, V(e 2))] S, (b,
0" (q) = maxgez(q) T*(q, 2) # Sub-Problem
6: if 6*(q) <~* then
continue
8 else
q*,z" = argmax, , T*(q,z)
10: Add v>T*(q"*,z") to constraints (LP*)
end if
12 ("L brt Vi € [r]) = solve(LP*) # Master-Problem
k—k+1
14:  error =sup(y*+t! — % bi Tt — bk Vie [r])
end while

16: Output: v,b;, VI € [r]

We initialize the variables {by, € [r]}, which are the coefficients of the polynomial approximation
of the bias function and the master LP with objective function “min~” and add an upper and lower
bound on the decision variables b, Vi € [1,7] in the constraints. This will make sure the iterates
b are finite for all k € Z,. In each iteration, we find the most violating constraint by solving the

following sub-problem

T

max R(q,z) + cEq ., [Z <bf, V(dq', z)>] — CZ <bf, ql> . (20)

qg‘Zmaxl'nH»nzeZ(CI) =1
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We then add these most violating constraints to the master-problem. We then solve the master-
problem to get the updated values of b; VI € [r] and «y. This process is repeated until the following

criterion is met:
sup(y"*! =", bt — by Vi€ [r]) <e,

where k and k4 1 are successive iterates obtained by repeating the constraint generation algorithm

and e is the allowable tolerance.

Sub-Problem The optimization problem can be solved employing the projected gradient
descent or any similar method. A fixed number (K) of iterations are performed for each sub-problem
and that will give us a sub-optimal solution. If the constraint generated by this solution is feasible,
then double the iterations (2K) of the projected gradient descent and continue. Otherwise, add this
constraint generated to the master problem and solve the resultant LP to get updated parameters
of the bias function. Now, we illustrate the sub-problem obtained by different approximations of
the bias functions.

The linear approximation of the bias function results in the following optimization problem:

max {R(q, z) + <)\, b§2)> + <u, b§1)> — (1,0, A) +(1,,, ) (bl,x>} subject to ().

q,z
We have a bi-linear term in A+ p and x. Although, using the constraint (IJ), we can lower bound
(b1, x) in terms of b; and q. This lower bound will hold tightly as we are maximizing with respect
to x. Let the lower bound be I(b;,q). We have

max {R(q,2) + (A ) + (1,57 = (L, A) + (1, ) L1, a) |

qQ,z

Thus, we have an unconstrained maximization problem of sum of a concave function and a
bi-linear term.
In addition, the x which achieves this lower bound for a given q corresponds to the max-weight

matching with weights —b for the customers and servers. This can be easily seen as follows:
I(by,q) = max (—by,x) subject to ().

Thus, by solving the bellman equation with linear approximation will lead to max-weight matching
policy and the output of the solution of the bellman equation is the weights of the max-weight

matching.
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8. Simulation

In this section, we will present simulation results to verify the theorems presented before and to
show the structural properties of the optimal pricing policies. We will only discuss the simulation
results for a single link two-sided queue since it is easy to present the pricing policies for this case.
We have also performed extensive tests for multi-link systems and found that they show similar
insights, so we omit test results for multi-link systems.

For most of the results presented in this section, we use a supply curve given by p; = \°5 and a
demand curve given by p, =475, Solving the fluid solution, we get the fluid optimal revenue of
3.08, when A=pu= % and p; = 1.15 and py, = 3.46. For most of the results, we cap the maximum

queue length at 100 for both customers and servers as experiments pointed out that the expected

queue length under optimal pricing policies is one order less than that.

8.1. Optimal Pricing Policy

We present the optimal pricing policy obtained by solving the Average Reward, Continuous Time
Markov Decision Process using the Relative Value Iteration which gives us € optimal solution where
we specify the tolerance to be 10~%. The system is simulated for different values of the penalty
coefficient of the waiting customers and servers. Fig. [4] show the optimal pricing policy for three
different values of the penalty coefficient (s). Note that, as s increases queue length is penalized
more and so the price increases more steeply as the number of customers and servers waiting in
the system increases. Also note that the customer price is always above the server price and both
of them are monotonic so that the platform makes a profit on an average. It verifies Proposition [l
Also note that, when the system is empty, the customer and server price matches the fluid prices as
there is no penalty due to the waiting and the revenue maximization problem is the fluid problem.
As the system has more customers, the customer price is increased to reduce the inflow of the
customers and server price is increased to increase the inflow of servers to balance out the waiting
customers in the system. As s increases, more weight is given to the penalty due to the waiting
which leads to higher price in order to reduce the average number of waiting customers and servers.

The average revenue under the optimal pricing policies for different values of s values is presented
in Fig. Bl The average revenue decreases with the increase of s as more penalty is imposed for each
waiting customer and server. Fig. [ and Fig. [0l show that as s increases, the optimal pricing policy
becomes steeper and the stationary distribution of the queue length is more concentrated around

0.



Varma et al.: Dynamic Pricing and Matching in Two-Sided Queues

25

Figure 4 Optimal pricing policies under different

values of penalty coefficients.
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Figure 7 Comparison of pricing policies with bias

approximation (penalty coefficient = 0.01).

—— Exact Server Price
rrrrrrrrrrr Linear Approx, Server
ffffff Quadratic Approx, Server
—— Exact Customer

Linear Approx, Customer
——- Quadratic Approx, Customer

-75 =50 =25 0 25 50 75
Difference of Customer and Server Queue Lengths

Now, we will present the results obtained by approximating the bias function by a polynomial in the

queue length and solving the approximate Markov Decision Process using constraint generation.

We would like to point out that the implementation of the approximate MDP using constraint

generation takes 2 orders of time less than solving the MDP using relative value iteration. Among

the multiple experiments conducted, relative value iteration took 5 minutes on an average. On the

other hand, approximated MDP was solved under 10 seconds.

We will now compare the pricing policy obtained by linear and quadratic approximation of the

bias function with that of the optimal pricing policy. As seen in Fig. [l and [§], for different values of

s, the approximate pricing policy is a good first order approximation to the optimal pricing policy

and with increasing the order of the polynomial, it results in a better fit. The linear approximation
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Figure 8 Comparison of pricing policies with bias Figure 9 Performance of two-price policy and fluid
approximation (penalty coefficient = 0.05). pricing policy compared to the exact solu-
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itself results in a way better fit than the fluid solution which gives only a static policy. We would also
like to point out that by approximating the bias function and solving for the unknown coefficients,
results in a closed form expression of the pricing policy. Although, the shape of the approximate
policy is sensitive to the function used to approximate the bias function and the fit with the optimal
pricing policy depends on the system parameters.

We compare the approximation of the bias function by a linear function in queue length with
the exact bias function approximated as a linear function using regression. The comparison is sum-
marized in Table[Il The bias function departs from a linear function to a more non linear function
with increasing s which leads to increasing mismatch between the exact and approximated bias
function. Thus, the percentage error between the intercept and slope increases with the increasing
value of s.

Moreover, we also compare the two by considering linear supply and demand curve. In particular,
we consider the supply curve to be p; = p and p, =5 — A. The comparison is summarized in Table
Bl Observe that the percentage error is less in the case of linear supply and demand curve, which
shows that the quality of the fit depends on the system parameters.

In both the cases, we can also see that the average revenue (g) obtained by solving the approxi-
mated MDP results in an upper bound on the revenue obtained by solving the exact MDP. This

verifies Proposition [l

8.3. Asymptotic Analysis

We compute the profit loss under the fluid pricing policy and two-price policy and compare it

with the theoretical result presented before and also with the exact solution obtained by solving
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Table 1 Comparison of constraint generation solution with the
optimal solution with log-log supply and demand curves.
Cons. Generation | Value Iteration+Fit | % Error
Co C1 Y Co C1 Y Co C1
0.01 [-1.73 -0.007 3.07 |-1.69 -0.008 3.03 | 2% 10%
0.02 |-1.73 -0.010 3.07|-1.80 -0.013 3.03 | 4% 25%
0.05|-1.73 -0.013 3.06 [-1.89 -0.019 3.03 | 9% 34%
0.1 |-1.73 -0.014 3.06|-2.05 -0.025 2.95 |16% 43%
0.2 |-1.73 -0.016 3.06|-2.59 -0.034 2.8 |24% 53%
0.5 |-1.73 -0.017 3.06|-2.59 -0.051 2.48 |33% 67%

Table 2 Comparison of constraint generation solution with the
solution with linear supply and demand curves.

Cons. Generation | Value Iteration+Fit | % Error
Co C1 Y Co C1 B Co C1
0.01 [-0.014 -2.49 3.11|-0.016 -2.51 3.06 |12% 1%
0.02 -0.020 -2.49 3.10|-0.023 -2.51 3.02 |13% 1%
0.05[-0.032 -2.48 3.09|-0.037 -2.52 2.93 |14% 1%
0.1 |-0.048 -2.48 3.07|-0.054 -2.53 2.81 |12% 2%
0.2 |-0.071 -2.46 3.04|-0.081 -2.55 2.63 |12% 3%
0.5 |-0.121 -2.44 2.98|-0.144 -2.58 2.24 |16% 5%

S

the MDP. The profit loss under the fluid pricing policy has an order of /7 and that under the
two-price policy has an order of n'/?, verifying Theorem [l and Theorem 2l Also observe that the
profit loss under the two-price policy is not much different from that of the optimal profit loss,

demonstrating the effectiveness of a two-price policy.

9. Conclusion

In this paper, we present a model of dynamic pricing and matching for two-sided queueing systems.
The system is formulated as a continuous time Markov decision process, and a fluid approximation
model is considered. We presented a fluid pricing and max-weight matching policy and showed that
it achieves O(,/1) optimality rate. Furthermore, we proposed a dynamic pricing and modified max-
weight policy, which achieves O(n'/?) optimality rate. We also show that this scaling of O(n'/?)
matches the lower bound for a broad family of policies. In addition, we presented an LP-based
approximation framework and constraint generation algorithm. Our simulation results verify the

theoretical findings and provide additional insights into the optimal policy structure.
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Appendix

A. Uniformized Discrete Time MDP
We define an arrival and matching process for the UDT-MDP. Let a(k) € {0,1}™" be an arrival

process, which represents the arrival of the customers and servers as we have one transition in the
uniformized process. In each period of UDT-MDP, there is at most one customer or server arrival.
The arriving probability is given by

As the probability of having multiple arrivals at the same time for a continuous time process is

zero, at most one component of a(k) will be non zero. Thus, the arrival process has the following

distribution:
e;z) w.p. 7’\1(‘3}(’“))’ Vi € [m]
a(k) = egl) w.p. M, Vi € [n]

Oprn  w.p. 1— LmA@ED)F (o pal)

Every time the system state changes, the operator is allowed to match customers and servers. Thus,
we define the service process x as follows:

0 lf a(k) = Om+n7
where g(k) is queue length of the system just after we perform matching for the (k — 1) decision
epoch. With an abuse of notation, we use x(k) to represent x(q(k) + a(k)). Now we have defined
an arrival process and a service process ( matching decisions) of the two-sided queuing system. For
the ease of notation, we define vectors of the queue lengths, arrival and service process as

1 1 ~(1
gV (M 0

a
& o) i
) a51> 5;<'1>
q=1 " a=| 7 x=1"_71. (21)
i o 2
e oL i

The queue length advancement equation is the relation between the queue length before a tran-

sition q(k) and the queue length after a transition q(k+1) in the UDT-MDP. We have
q(k+1)=q(k) —x(k) +a(k). (22)

Rather than keeping track of the trajectory of the queue length of the continuous process, it suffices
to keep track of the queue length for the uniformized discrete time process. We will work with this

discrete time process in the following sections.
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B. Proof of Proposition [1I

The optimal customer and server pricing policy is obtained by solving the Bellman equation given
by ([6).

We will first show that the difference of the optimal bias function, Ah(q) = h(q) — h(q—1) is
monotonically decreasing in g. We will use the relative value iteration algorithm to compute the bias
function and show that in every iteration, the bias function is monotonic where the bias function
at the end of k'" iteration is denoted by hy(q). The relative value iteration does the following

computation for all g € S:

[F(A)A—G(u)u_ﬂ_v [+ A

A
hiy1(¢) = max . . E+th(q+ 1)+ <1— T) hi(q)

©>0,A>0
+Ehia-1)] - h(@
for some g € S. Also, the Bellman equation can be rewritten using Ah(q) as follows:

7= max [F(MNA—G(p)p—slgl+AAh(g+1) — pAh(q)] Vg€ S.

©>0,A>0
Now we will first present a lemma which is essential to prove Proposition [Il

LEMMA 3. The optimal difference of bias function Ah*(q) is monotonically decreasing in q.

Proof The proof by induction is presented below.
Base Case: As we can start with any initial bias function to implement relative value iteration
algorithm, we pick a monotonically decreasing difference of bias function Ahy(q) in g.
Induction Hypothesis: Assume that Ah(q) is monotonically decreasing in g.
Induction Step: We will now calculate Ahy1(q+2) — Ahyi1(g+ 1) and show that it is always
non negative. We have,
cAhpi1(q+2) —cAhi1(g+1)
=c(hri1(q+2) = 2hpp1(q+1) + i ()
= cAhp(q+2) — cAhi(g+1)
+{X\"(¢+2)Ahk(q+3) = (¢+2) A (¢ +2) + R(1" (¢ +2), A (¢+2))}
—2{N(¢+ DAM(¢+2) = p" (g + 1) Ah(g+1) + R(p (¢ +1), A" (¢ +1))}
+{N (@) Ahi(q+1) — " (q) Ahi(q) + R(1™(q), A" (q)) } (23)
where (k) follows from the Bellman equation where R(u*(q), \*(¢)) is the reward given by F (M) —
G(p)p—s|q| and (X\*(qo), *(go)) maximizes the Bellman equation (@] for g = qo. As (A*(qo), *(q0))
maximizes (6] for ¢ = gy, we have
R (¢+1),A"(¢+1)) + A (¢ +1)Ahi(qg+2) — p* (¢ + 1) Ahi(g+ 1) = R(1" (¢ +14), A" (¢ +1))
F AN (q+ 1) ARy (q+2) — 1 (q+ 1) Ahy (g + 1) Vi € {0,2}. (24)
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Using, (24)) to simplify [23]) we get,

cAhyi1(q+2) — cAhypia (g +1) <X (q+2) (Ahi(q+3) — Ahy(g+2)) + (c— " (g +2) — X (q)) %
(Ahi(g+2) — Ah(g+1)) + 1 (q) (Ahi(g+1) — Ahi(q)) <O Vg€ S (25)

As ¢ = Az + Hmaz, We have ¢ — p*(q+ 2) — A*(q) > 0 for all ¢ and by Induction hypothesis,
Ahy(g+1)—Ahy(q) <0 for all g. Thus, () follows. This proves the lemma as relative value iteration
preserves the monotonic behaviour of the bias function and it converges to the optimal value and
as the point-wise limit of monotonically decreasing functions is monotonically decreasing, Ah(q)
is monotonically decreasing and so h(q) is concave. [

Proof of Proposition[ll By Assumption 2, the domain of F' is [0, A,,4.] and the domain of G
is [0, tmaz] and by Assumption [I, the equation we are maximizing in (@) is continuous and by
Assumption 2is it concave. Thus, we are maximizing a continuous concave function over a compact
set. Thus, the maximizer exists and any point is a maximizer if and only if it satisfies the first
order necessary condition.

First we will show that if \*(go) =0 then A\*(¢) =0 for all ¢ > ¢, is an optimal decision rule. If
A*(qo) =0, then we have

FOUA+ AR (go)A < 0 YA€ [0, Araa]
F(A)A+ AR (o)A + (AR (g0 + k) — AR™(g0)) A < (AR™(qo + k) — Ah™(qo)) A
FO)A+ AR (go + k)X < 0 YA€ [0, Apas] VE > 1

where (x) follows as Ah* is monotonically decreasing in g. The above inequality says that maximum
value of F'(A\)A+ Ah*(qo+ k) is zero for all k> 1, thus, A =0 is an optimizer for that. Now we
will similarly show that if A(go) = Apmax then A(q) = A4 for all ¢ < g is an optimal decision rule.
We have,

FO)A+ AR (g0)A < F(Aman) Aas 4+ AR (40) Armae YA € [0, Apnaa]-
Now, adding (Ah*(qo — k) — Ah*(qo)) A for some k >0, for all A € [0, \,,...] and &k > 1, we get

FO)A+AR (g0 — k)X < F(Mnaz) Amaz + AR*(q0) Mnaz + (AR* (g0 — k) — Ah™(qo)) A
:*> F(A)A + Ah*(% - k))\ S F(Amaz)AmaI + Ah*(% - k))\maza

where (k) follows as \,u. > A and AR*(qo — k) — Ah*(qo) > 0. Thus, A(q) = A\ will be an optimal
decision rule for all ¢ < go. Thus, once the customer rate reaches it’s maximum or minimum value,

in the maximization problem (@), it’ll stay constantly that throughout.
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Similarly, we can show that if 1*(go) = fmaz then 1(q) = pma. for all ¢ > qo is an optimal pricing
policy and if p*(qo) =0 then u(q) =0 for all ¢ < ¢y is an optimal pricing policy. As it is quite
repetitive, we omit the details here.

Now, we will use the optimality condition for the optimization problem given by ([6) when the
optimal arrival rates are strictly in the interior of the constraint region, i.e. A4, > A*(q) > 0 and

tmaz > 1 (q) > 0. We have,

[F(A ()N (9)) + AR (g+1)=0 (26)
[G(p(9))n"(9)] + Ah™(q) =0, (27)

where the gradient of the LHS is taken with respect to A and p respectively, which in turn depends
on q. The gradient is well defined as F' and G are continuous differentiable functions by Assumption
I As Ah*(q) is monotonically decreasing in ¢ by Lemma [, we have that [F'(\*(¢q))A*(q)] and
[G(p*(q))1*(q)] are monotonically increasing. By Assumption 2 F(A*(¢))\*(q) is concave in \*
and G(u*(q))u*(q) is convex in p*. Thus, \* should be monotonically decreasing in ¢ and p* should
be monotonically increasing in ¢ when Ay > A" >0 and pia. > p* > 0 respectively.

Combining everything, A\*(¢) will be monotonically decreasing for all ¢ and as the demand curve
is monotonically decreasing by Assumption [, the customer price (p»)*(¢) will be monotonically
increasing. Also, p*(q) will be monotonically increasing for all ¢ and as the supply curve is mono-

tonically increasing by Assumption [, the server price (p*)*(¢q) will be monotonically increasing.

O

C. Proof of Proposition
First note that, under a given pricing and matching policy, if E[qj(»k)] = oo for some k,j € {1} x [m]U
{2} x [n], then R(q,z) = —oco and the theorem is trivially true as the optimal objective function
value ([7al) is greater than or equal to 0 as A=0,, and =0, is a trivial feasible solution of the
fluid optimization problem.

We will now show the following claim holds true and then prove the theorem.

CramM 1. For any stationary pricing and matching policy under which the system is stable and
E[q§k)] < oo for all k,j € {1} x [m]U{2} x [n], the constraints in the fluid LP (Th) (7d) (Td) are

necessary but not sufficient conditions.

Proof Recall that we are interested in policies under which our CTMC is irreducible containing
the state zero. Thus, if under a pricing and matching policy the system is stable, then we can use

stationarity to write:

Ela(k+1)] =E[q(k)]
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where the expectation is with respect to the stationary distribution of the CTMC or equivalently

the uniformized DTMC. Now, using (22]), we can simplify the above equation to write:
Ela(k)] =E[x(k)]. (28)

We have cE[a(k)] = cE [Equ[a(k)]] =E[(A(q),u(q))] = (A, 1), where A(q) and p(q) are the arrival
rates under the given pricing policy. By (Ia) (Ib) and (Id), there exists z;;(k) >0 for all i € [n]
and j € [m] and k € Z, such that,

where Z;; = z;; if a(k) # 0,,,, and 0 otherwise. Note that since the matching policy is stationary,
the expectation of the matching decision will not depend on k. Taking expectation on both sides

with respect to the stationary distribution and defining E[Z;; (k)] = x;;, we have

IN

B [509] = 3" v (4

Ewwmzimw

Xij (k) =0Y(i,j) ¢ E.

E [q” (k)] < 00 v € [m],

IN

E [q(l)(k‘)] < oo Vi€ [n],

K3

Now substituting a and x in (28], we get (b)) (Zd) and (Zd). Thus, for any pricing and matching
policy under which the system is stable, the constraints in the fluid LP are necessary but not
sufficient. [

Proof of Proposition Now, by ergodic theorem for Markov chains, the long run average reward
converges to E[R(q,z)]. Note that the Uniformized DTMC is aperiodic as we will always have tran-
sition from a state back to itself because of uniformization. Also, we have E[R(q,z)] <E[(F(X),\) —
(G(p), )] < <F(5\),5\> — (G(), ) for any pricing and matching policy, where the last inequal-
ity follows from Jensen’s Inequality and Assumption 2l Thus, the optimal fluid objective function
value provides an upper bound for the average revenue under any stationary pricing and matching
policy. Now, from the MDP theory, we know that there exists an optimal stationary policy and
the fluid problem provides an upper bound for any stationary policy. Thus, fluid problem provides

an upper bound for any arbitrary pricing and matching policy. Thus, the theorem follows. [
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D. Proof of Theorem 1]
We first define the following set for the ease of notation.
(C {)\ M HXGRnxmA _ZXZJ? \V/je ZX”,VZG Xij:()a V(Z>])¢E} (29)

=1
Note that these constraints are the same as the constraints in the fluid optimization problem ([7hl)
([Zd) (Zd). We now present the proof of the theorem below.
Proof of Theorem[ll We will bound each of the terms in the profit-loss (L") ([@). In order to
bound the first term, define a function of queue lengths V(q) =37 (qj(?))?. Now, we will calculate

Q"V(q) where Q" is the transition rate matrix of the n'* CTMC operating under the Fluid pricing

policy and max-weight matching policy.

Q"V(a)
S| S ) (s (5 gy ) | ¢ S [ )]
j=1 i'€lm)/j = =1
- [Z nu; + ZW] > (Q§2))2
i=1 J=1 Jj=1

(a) m . n n . m
9 S (1—2@5’) (1+24) L@ g T O > (1-247)
j=1 i=1 1 =
2 S i+ S 2| Soa? (1= 3008 ) 1y - S|
(c) (2)
= Znﬂz +Zn>\ +2 ZT/A (]7 {q(2)< max} {max,(l j)GEq’ _0} anuz <J gljag{EE 5t >]

(d) (2)
2 Z nXij [l—i-q7 {q§2)<q&ax}l{maxi/;(ir,j)equ})ZO} ~. maiiequ } )

(i,5)€EE

where (a) follows as (yf;)) = yl(;) as yw € {0,1}. Also, (1 Z? L yw N2=1-— S y” asy ., yw
{0,1}. Next, (b) follows from the fact that (1 — > 1yw ) <1 for all j € [m] and > 1%3) <1
for all ¢ € [n] which is because there can be at most one arrival between two successive decision
epochs and we only match the arriving customers and servers, i.e. we only match at most one pair
in each time epoch. Now, (c¢) follows from the max-weight matching algorithm [I] and (d) follows
as A%, u* € C, there exists a x = x* such that X*, u*, x* satisfies (7h)—(Zd). As q<1q?, ., V(q) is
finite for all permissible values of q. Moreover, E[V(q)] is finite and so the family of CTMC for
all n are positive recurrent. Suppose q(co) denotes the steady state queue length vector. Taking
expectation with respect to the steady state distribution of q, we have E[QV (q(c0))] =0. So, we
have

E * (2) (2)
0< c +E[g: (c0 max (00
— Xij |:1 |:qj ( ) { (2)(OO)<(1max} {max (i )€ E q , 0}:| |:j/:(i,j’)€Eq‘], ( ):| :|

(i,j)€E
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el el o] ]

Z Xij j':(irj")eE Y
Z 1= 1 ()| ]

,5)

z -

*
*

| N

qmdeA* 1 (an.0] (30)

where (x) follows from the 1nequahty 1 <1 for all q(o0) and (*x) follows from the

max;/ e N (5 4; ,)(oo) 0—

inequality max; ey qj(., (00) > q ?)(c0) for all j such that (i,j) € E. By substituting ¢",, = 74/1 in

([B0) for an arbitrary positive constant -y, we get

= Y FO)NE [If’(q:;ax)] 7rgaxF<A*>ZA;. (31)
j=1 TV el i=1

Thus, we have (F(X*),A*oE [I? (g7, )]) is O(1/,/1). Now we will bound the penalty term due
to the expected queue length below:

The state space of the CTMC is such that for any state q, we have q < ¢ ... Thus, it is trivially
true that (1,,1,,E[q]) < (m +n)¢l,. = (m+n)y,/n. Thus we can upper bound the profit loss L"
by using (@) as follows:

L"<f<max Z)\* (m—+n) )zO(\/ﬁ) O (32)

J€[m]
E. Proof of Proposition [3

Proof of Proposition In this proof, we omitted the subscript for the type of customer/server
as we are working with a single link two sided queue. Under the fluid pricing policy, the steady
state distribution of ¢ = ¢® — ¢ is uniform as it behaves like a symmetric simple random walk.
Thus, the expected value of the sum of queue length (¢*) +¢(?) can be computed in terms of the

buffer capacity ¢! . as follows:

ElgM (k) + 2 (k)] =E[l¢" (k) — ¢® ()] (33)
gl 1)
C 2hax+ 1 (34)
R /2 (35)

where (%) is an approximation at large values of ¢7 ... We can also write the steady state probability
of ¢V =¢q". and ¢® =q", by using the fact that the steady state queue length distribution is
uniform across the state.

1

Pl = o] = ST

- qmdx

(36)
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Plo® = gld = 57— (37)
) et 1
Now, we can evaluate the profit loss by using () as follows:
FOON =G )p* | qiha(Ghax + 1)
L7 = max \ 1max 38
Mt LT gt 1 (38)

Clearly, by (38), the asymptotic profit loss is optimal when the buffer is scaled as ¢}, = v,/ for

0-5+¢ for some € > 0, then due to the second

some positive constant . To expound, if ¢! . =y
term, L7 = ©(n%5*¢). On the other hand if ¢7,, =
term, L7 = O (n">*¢).

As (38) holds with equality, the optimal profit loss is ©(,/7). The proposition follows. [

yn%5~¢ for some € > 0, then due to the first

F. Proof of Lemma [I]

We first present a definitions before proving the lemmas and theorem. We define the following set:
C? {)\u Ix eRP™, N _wavge ZX”WG

XU_OW@ﬂ¢EJﬁ>OWLﬁGE}

Unlike C*, in C¥ we need x;; to be non zero for all (¢, j) € E. Note that, C¥ C C¥, so if A*, p* € C¥
then A*, p* € CF but the converse may not be true. Also note that CE' C CF if B’ C E. Now we
present the proof of the lemma below.

Proof of Lemmalll We start by defining two Lyapunov Functions as,

V(@) = (1., (@")?) and V&(q) = (1., (a?)?).

Now, we will calculate the drift of V®(.) for the n* CTMC as follows:

<0 (L, XY 4 (L, ) +2D 1] (1 - Z?ff’) @Y - 2277/11 Zy”l)q?)
=1

j=1
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—20") 0, (1—2% ) 1 (2)>7$ax}+20—nZ¢izy§;>q§z>1{qgl>>7$ax}
j=1 i=1  j=1
=0 (L, A7) 41 (L, o >+2§77qu] freggy sy o0} 22% e g
_ 94N . (2 n 2
20 JZ_;GJQJ 1{q§z>>7$ax}]l{maxil:(i/’j)eE* q§}>:0}+20 ;qb P ({I;EL)DGCE*Q/ {q£1)>7;31ax} (39)
- n(lmaA >+77<1mM >+2771Jz€;* Xij <q7 ]l{maxi’:(i’,j)eE* ‘12,1):0} j/:(g;a’))éE* q] >
_ ZJUZGJQJ )]]_{q(z)>7_ }
Jj=1
(e)
<0 (Lo, A+ (L, 17) 20’720]617 (P>} (40)
J max

Under the modified max-weight matching policy, if any of the compatible counterparts’ queue
(according to E*) of the arrival is non empty, we match it with the type with most number of
waiting customers/ servers. Thus, we will have )" | yw ) and yfjl ) for all j to be either 1 or 0. Thus,
we will have (1—>"" lyz(f P=1-" lyz(f and (yw )? —yw) Thus, ((a)) follows.

We have n\; — 0,0 ]l{ @ B} <nA; as 0;0" >0 and 1 — S 1yfj2) < 1. We also have that

— ¢i0"1{q§1)>7 J <nul as qﬁzan >0 and ZJ L yw) < 1. Using these inequalities, ((b)) follows.

Now, ((¢)) follows from the Algorithm [Il as we match whenever any of the compatible counter-
parts’ queue in the minimal capacity serving graph is empty and we match it to the queue with
maximum number of customers/servers waiting.

We can have qf ) > 1. >0, if and only if the queues of all the compatible counterparts of 4 in
minimal capacity serving graphs are empty as we match immediately whenever there is an arrival.
Thus, the last term in ([39) is 0 and thus, ((d)) follows. We also use the definition of the capacity
region and the fact that A*, u* € CF™ in this step.

Lastly, (e) follows as the last term is zero when x;; =0 and we have j: (i,7) € E* when x;; >0

and thus, qj(?) <maxjr.(; j/)e g qg?). Now, we can similarly upper bound the drift of V1) (q). We have

Q"V (@) <0 (L, A7) + 1 (1, 17) 20”2@% (41)

>Tmax }

Now, if we add ([@0) and (41]), we will have an upper bound on the drift of the Lyapunov function
V(q)=V®W(q)+V?(q) to be:

Q"V(q) <B—20" Z Qbiqgl)]l{q(”%-" } — 20" Zﬁjqj(-z)]l{q(_z)N_n }»
P i max — j max
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Where, B =2n(1,,, A*) +2n(1,,*). Now consider the following set:

B B
B ={a:d? smax{ < { L} vie e
J

Outside the finite set B", the drift of the Lyapunov function V(q) is strictly less than zero. We

have
QV (@) +QV(q) < -B <0 Yqe (B)".

Thus, the system is positive recurrent for any n and the first part of the lemma follows. Now,
we will use the moment bound theorem to upper bound the expectation of the sum of the queue

lengths to get the desired inequality. We have,

S

OJ]E ququl) (1)>T1 x +Zejq§2)]l{q§2)>7:r]1ax} S
i=1 j=1

By substituting ]].{q(l) ) =1- ]l{ W pn o) and then bounding the RHS by using the inequality
E[qgl)]l{qgl)gfﬁlax}] <7 ., we get the lemma. O
G. Proof of Lemma [2
Before proving the lemma, we first prove the following claim:
CramM 2. Consider a pricing and matching policy and assume the following:
o The multiple link two sided queue is positive recurrent

o E[(1,,4,,q)] < oo under the given policy
e The pricing policy is of the following form:

Xy =nX; + fi(a,n) Vj € [m] (42)

fui =Ny + gi(q,m) Vi€ [n], (43)

Then we have
ST ENDN + F;O))VEF (a,m)] < D (Giui)ug + Go(u}) Elgi(a, m)].
j€[m] i€[n]

If in addition, the matching policy only uses edges E* from the minimal capacity serving graph to

match, then we have

ST (FEDN + F D) E(am] = S (G s + Giu?)) Eldi(a.n)].

J€lm] i€[n]
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Proof of the Claim First, we will define a vector x of dimension R(™*! given a matrix x of
dimension R™*™ as follows:

Xk = Xij where i= [%] Jj=k%(m+1) Yk € [mn],

where [z] is the smallest integer greater than or equal to = and 2%(n+ 1) is the reminder obtained
by dividing x € Z, by (n+ 1). In other words, x is a vector obtained by stacking all the rows of
the x matrix next to each other.

By the hypothesis of the claim, the system is positive recurrent. Also, by the Claim [II, we know
that the constraints (7h) (7d) (Zd) are necessarily satisfied for the pricing and matching policy
under which the system is positive recurrent and E[(1,,,,,,q)] < co. Thus, for the arrival rate vector
(5\, [t), there exists a corresponding average rate assignment vector x? corresponding to the rate
assignment matrix x? such that the constraints which define the set CF, which is the same as the
constraints (Zh) (7d) (Zd) is satisfied.

Now we restate the fluid problem originally defined in (7al) (7d) (b)) (Zd) below:

max f()‘vlJ‘a X) = <F()‘)7 >‘> - <G(/J‘)7 l'l’>

subject to,

hgz)()Hu’a)_() = >‘j - Z Xk =0 \V/] S [m]a

k:k%(m+1)=j

hgl)()‘?uaX):/J%_ Z szo \V/ZG [TL],
k:[k/m]|=t

Xk =0 V([k/m],k%(m+1)) ¢ E,xi >0 V([k/m],k%(m+1)) € E.

As (5\,;1) € CF, there exists a corresponding average rate assignment vector x? € R’*™ corre-
sponding to the average rate assignment matrix x”, that comes from the given pricing policy (42]),
(43) and matching policy such that x7; =0 V(i,7) ¢ E and h(x,ﬂ,xp) = 0,,4,. Here we define

h:Rmttmn _s RmEn g9

h()=(RP(),h20),... k2 R, .. AW ()

n

which is the concatenation all the equality constraints.
To prove the claim, we will use the optimality condition for the fluid problem (7al) (7d) (7b) (Zd)
as (A*, u*,x*) is an optimal solution to this problem. We will do the following steps:
e First we will argue that the optimal point (A*, u*,x*) is regular, i.e. the constraints tight at
the optimal point are linearly independent.
e Then we will use the arrival rates of the given price policy to find a feasible direction for the

fluid problem
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e Finally, we will use the first order KKT optimality conditions

The gradients of the active constraints at the optimal point of the fluid problem (A*, u*,x*) are
linearly independent as the constraints h(A, i, x) and the non negativity constraints are linear and
it can be easily verified that the normal vectors to the hyper planes and half spaces corresponding
to these constraints are linearly independent.

So, the optimal point is regular and thus, there exists unique Lagrangian multipliers (k*,&*) €

R™ 5 RT™*™ such that,

Vf(A*a M*7 X*) + Vh(A*a M*7 X*)K* + Z fzek-i-n-i-m]lizzo + Z fzek-l-n-l-m = Om+n+mm
k:([k/m],k%(m+1))€EE k:([k/m],k%(m+1))¢E
(44)

where f(A*, u*, x*) € R™"t™" i3 given by
VFO 15, x) = (FI)A + F(AY), =G ()" — ("), 0,m).

Also, as h: Rmn+mn y Rm+7 the gradient VA(A*, u*, X*) is a matrix in RmFn+mn)x(min) where
each column corresponds to the the gradient of the equality constraints h§-2) for all j € [m] and h;l)
for all i € [n]. Finally, we define ey, ., € R™T"T™" ag a vector with all components zero except
the (k+n+m)" component. Now we define a vector d € R"*™*™" which is a feasible direction

for the optimization problem, given by

d= (A1 x7) — (A, X")
E[f;(a,m)], Vk € [m)]
= dy, = { E[gi(a,n)], Vj € m+[n]
i — X, Yk €m+n+ [mn)].

Now we have,

(4, VA& =hP (N, x7) = B (X i, x7) =0, ¥j €lm] (45)

(a, VA =nD (', x7) — WP(BIA, f,X7) =0, Vi €[] (46)

Z fk(Xk Xi)1 xk—0+ Z & (Xr—X3) <0 (47)
k:([k/m],k%(m+1))€E ([k/m],k%(m+1))¢ E

where (*) follows from the from the fact that x}; =0 and xj; =0 for all (i,j) ¢ £ Thus, by
taking the inner product on both the side by d in (44]) and using (43]), (46) and (7)) we get
(d, Vf(A*, u*,x*)) <0. Now, by expanding (d, V f(A*, u*, x*)), we have the first part of the claim.
If in addition, if we use edges only from E*, then we will have x7; =0 and x;; = 0 for all (i, j) ¢ E*
and x;; >0 for all (i,7) € E*. As E* C E by definition, we have
Z & (X5 — X7) Lz=o + Z &(Xe— X)) =0

E:([k/m],k%(m+1))€E k:([k/m],k%(m+1))¢E
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Thus, we will have (d, V f(A*, u*, x*)) =0. Now, by equating (d, V f(A*,u*,X*)) to zero, we have
the claim. O
Proof of Lemmal[2 TUnder the two-price policy, we will first calculate the rate of arrival of

requests. We have

Elaf’) =E[a}?]q)” < 7] Plaf” < T +E[a)? g > 7

max max

| Vj€m],

]IP’[qJ@) > 7

max]

_\* (2)
=\ —0,0"Plq;” > T

max

Similarly, we also have:

Ela (1)] d)lo'"[F’[ ) >

max

| Vi€ [n].

Now we define a vector d € R*"™*™" which is a feasible direction for the optimization problem,

given by

d=(\"p"x") - (Ela], x"")
0,0"Plg” > 71, Yk € [m)]
=d = gZ),CJ"IP’[q,(c > ], Vi€em+n]

Xi—XiT, Yk em+n+ [mn].
where x7" € R7™ is the rate assignment vector for the two-price policy, analogous to x” for a
general pricing policy. By Lemmal[Il the system is positive recurrent under the two-price policy for
any 07 > 0,,, ¢" >0, and o with E[(1,,.,,q)] < co. Next, as we are using modified max weight
policy, we only match using edges in £*. Finally, the two-price policy falls under the form given in

(@2) and (@3)). Thus, by Claim 2 we have (d, V f(A*, u*, x*)) = 0. Thus, the lemma follows. [

H. Proof of Theorem
Proof of Theorem We will first calculate the profit loss given by (@) as follows:

L (48)

= (F(N),X) = n(G(p),w*) —n | D F()NP <7+

j€[m]
n .o’
> (A;*— ho ) (A;——eﬂ" )P{ 7>l - ZG () Plgs” <7l
] n n
. Q0" . Q0"
26 (- ) (b - A Bl > ]| 5 e Bl

%Y | * * 00" * 0;0m
o5 (i 55 52
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-1 Z < /”L’L luz </J’;F - gbz,;-n) <1u>zk - %)) IP)[QZ(I) > Tr?lax] +s <1m+na]E[q]> .

i1€[n]

= (FIN)X + () 0,0"PlgS? > 72+ 5 (L, Elq]) —

J€[m]

> (G +Gil)) o Plgt) > 7, ]+ O ('),

1€[n]

where (x) follows from the Taylor series expansion of the terms F'(A* — 00" /n) and G(u* — ¢po” /n)
component wise and using o = 7%*?. To expound, for type j customer, we can obtain (x) by the

following steps:

W 0X - (% - 57 ) ( )
() — (Fj@;) 57 )+ () ko +0(77‘2/3)> (-7
= (F05) + FO)) 60" = (F05); +F0) C2L 4 06

= (F;(X) + F{(X))A}) 0,0 + O(n'7?).

By using Lemma 2, we can simplify the profit loss for the n'* system by eliminating the first order

terms to get:
L"<OM"*) + s (L, Eld]) (49)

Now, using Lemma [l we can upper bound the expected queue length as follows:

E[(8.4®)] +E [(¢.a")] <72, (Zw "> +Z¢>l >T:;ax1>
L () + (1 A7)
= min{(6, §) YE[(1 10, )] < 7 (ZMZ@) (L) + (L X))
= min{(6, $)}E[(1,1 )] = O(n'/*) = E[(Lysn, @) = O(5/?) (50)

where (x) follows by substituting 777 = Tin'/3, 0" = n*? and noting that min{(0,¢)} > 0. Finally
by substituting (50) in (49) we have the theorem. [

l. Proof of Theorem [3

First, we will present a lemma in which, we will lower bound the expected value of the sum of the

queue length E[(1,.,,,q)].
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Figure 10 Coupled Birth and Death Process

1-Pp,

LEMMA 4. If Condition[d|(a) is satisfied, then

771_6 (1, A7)
2((1,,N) + (1,,,M))

E[(1,1m,q)] > —0.5. (51)

In addition, if Conditz'onlil and are satisfied, then there exists ¢ >0 and M >0 such that

Sl (2)] el (3)] oo

Proof of Lemma First, recall that we denote the imbalance for a CTMC by z which is defined
in (I5). Now, we will define a new DTMC {z7(k) : k € Z,} and couple it with the Uniformized
DTMC {q"(k),z"(k) : k € Z,} with uniformization constant ¢ such that |2"(k)| > 27(k) for all
keZ, forall n>1if z(0) = 2(0).

The state space of {2"(k):k€Z,} is Z, and the transition matrix is given by

Pl 2 (L, ) + (L, N) + (1, M) P 1) Jeif j=i—1Vj € Zy,¥i> 0

P;zé« A*) = (1, N) + (1, M) 0P Y) fe if j=i+1Vj €Ly, ¥i>0
P = Pl—l—(< ny B7) + (L, X)) [ ifj=iVj€ZLy,Yi>0
T (L A = (L, NY + (1, M) 7Y e ifj=1,i=0

1~ ((Ly A) = (1, N) + (L, M) P fe if j=i=0

0 otherwise.

where ¢ is the uniformization constant given by (2)). Note that, under condition Eﬂ@ we have
I:’g > Pl|lz(k+1)| = j||z(k)| =4,q(k) =q] for all g€ S if j <i and Pg < Pllz(k+1)| = j||z(k)| =
i,q(k)=q] for all q € S if j > i for all n > 0. Thus, we can couple these system using a common
source of randomness, such that Z(k) < |z(k)| for all k € Z, sample path wise. Thus, we have
Plz(k) < K] >P[z(k) < K] for all £k >1 and K € R Thus, in the limit as k — oo, we have P[Z(c0) <
K] > P[z(o0) < K] where, Z(c0) and z(co) denotes a random variable with distribution same as the

stationary distribution of {Z(k):k>1} and {z(k): k > 1} respectively and so, we have

E [2(00)] <E([|z(00)]], (53)
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Next, the stationary distribution of {Z(k): k> 1} is given by
ZAY
T, = T ~1772 Vi >0
Py
Solving for m;, we get
EAWSAY
m=(1-22) (22 viez,
Pl ) \ Plo
Thus, we have
. Py
E[3(o0)] = = 2 (54)
PlO - P12
1-8 1maA*
s ) _os. (55)

21, N) + (1, M)
where, (1,,u*) = (1,,,A*) is used to conclude () which holds as we have (A*, u*) € C. Finally,
note that |z| < (1,+m,q). Thus, we have
(15%3)] 1-8 *
> 07 (L, A7)

= E3)
EE = SN+ (1, M)

E[(Lnsm, )] = E[|z(00)]]

—0.5,

which completes the first part of the proof. Next, as Z(co) < |z(c0)| almost surely, for any K, we
have

. > PN AT = (L N) (L, M) P\
oz - 5 om () - (s e

Now, for = (n+m)Kn" first note that when o =0, we have

<1ma A*> — (<1n; N> + <1ma M>) 776_1 e = 1(H+M)K+1 =1
(Lo, p7) + (10, N) + (15, M) 7~ '
Now, for a > 0, we have

<<1m7 AT) — ((1717 N> + <1m, M>) nﬁ1>(n+m)K”a
(L., %) + ((1,,,N) + (1,,,, M)) p~1

lim
n—00

lim
n—00

3K(n+m)((1n,N)+(1m,M)) a+B-1
1n,pm* nl—,ﬁ‘ (In,m* n

I <1 2((1,,,N) + (1,,,M)) >s<<1N>+<1M>>
= lim —
o0 (Lo, ) "0 4 (10, N) + (15, M)

3K(n+m)((1nyl\i>+(1myM>) noHrﬁfl

* 2 1n,n
> lim | 1—
T n—oo ( 3+ 3(<1n7<1\112:rl§1;nvM>)77571
(1/3)0=1 ifa+B-1<0
= A 3K(7L+m)((1n,1\i>+<1m,l\/[>)
=) ] ifatp=1
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where (x) follows from the Bernoulli’s inequality which says that (1+z)" > 1+rz if x > —2 and

thus, the inequality follows by comparison theorem for sequences. Thus, we have

lim <<1m’)‘*> ((1,,N) + <m,M>)nﬁ1>(”+m)Kna+1
(1, %) + ((1,,, N) + (1,,,, M) 1

* lim <<1m,A*>—<< woN) + (L, M) - )“*”)"jhm <<1m,A*>—<<1n,N>+<1m,M>>nB-1>
(L) + (00 N) + (L, M) P! (L) + (L N) + (L, M) P!

17— 00
_{1 ifa+B—1<0

n—00

b ifa+p=1

where (x) follows as the limit of product of two sequences is the product of limit of the two
sequences. Thus, when Condition lI] is satisfied, that is a+ 3 < 1, for all b6 > € > 0 there exists
an M such that for all n > M, we have

Pll2(00)| > (n+m) K] = <.

Also note that, by the definition of z, we have
{lz|> (n+m)Kn"} C{[lal| > Kn}.

Also, by Condition @[(b)} we have

Zf2< >+Zgl< >>52Vq llal[oe > kn®

Thus for all n > M, we have

S (s ()] - 2om o (33)] 2 #pior> empser

O
We will now prove Theorem [3]

Proof of Theorem Without loss of generality, we can assume that

E[(1ntm, a)] < oo (56)

since, otherwise, it will result in infinite profit loss. Now we will calculate the profit loss and use

the queue length bound given by Lemma @] to lower bound it. We have

L"

c
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— D (EO), X — 1 (G (), ) — BIETOT), AT — (G (0), ) — 5 (L @)
@ (P), A~ (Q ), ) — i(mfj (L)) (4 (207))
—lZ: <u;—* +gi <77%> 17“) G (ui‘ +gi <77%> 17“) =5 (Lnpm, Q) (57)

where (a) follows from the definition of asymptotic regime (Definition[3]). Now, we will use Taylor’s

Theorem for each function F; and G, individually. For example, we have
B
(s () ) e (50 () )

n Ui Ui

2o (s (G ) (s () ) +f2< 7)o ()

=N Fj(N5) + (FI(A)A + Fi(A))) [ < )}n + Fj(A [ <%>]
- 2/5 1 -
el () 7 ()] e () 2 () |

where (b) follows from Taylor’s theorem and X;(q) € [\*,\* + f; (%) n°~1]. Similarly, using the

3777

Taylor’s theorem for all F; and G, in (57), for some \;(q) € [\5, A5 + f; (%) nP=1] for all j € [m)]

3777

and fi;(q) € [ul, pur +g; (n%) n?=1] for all i € [n], we have

-l ()] oS () o rn

i ) e A 3)
A§2)
21 (2:: Gi())E [gf <17%>} +z:%E [Gg(ﬂ(q))gf (%)D
AE)
*(Ealrocwn(2)] Snfrvon(@)]) e o
g f

Now, we will lower bound each of these terms individually. Firstly, we have A; >0 by Claim 2 and
(68). Next, AS"” and A can be simplified using the following claim:

CLaIM 3. We have

A ' "
Aj = —Fi(X) - 5AJF, (A7) >0, Vi € [m]

B £ Gy(uy) + 5/@- (G (1;) > 0 Vi€ [n].
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Also, there exists M’ >0 such that for all n > M’ and ¢ 2 MmN [m],icin] {A &}, we have

27
* 9k
)\j oy

sup |} (X (@) = F}/(\))| <2 Vj € m]
qE

sup |G (f(q)) — G (u))| < & Vi€ [n]

q€es

The proof is deferred to the end of this section. Using Claim Bl we have

e (5 (- e ()]« 5 (-5 e ()
A

Jj=1

> At <zm: 7]1@[ H <77%>] +Zn:%E [gf <%>D (Definition of ¢)

Ay = _7732_2 (iE [F;’(S\j(q)) 3 <17%>] -y E [GQ’(ﬂi(q))gf <17%>]>

10 [RES R REN

e (s [V OV)) o (1, G () ) + <E [
- 2
Next, as 8 < 1, for all €’ > 0 there exists M” > 0 such that for all n > M", we have
A v [N q -
e V]| RS vt [ RR
N j=1 N i=1

Finally, A, can be lower bounded using Lemma [ Combining everything, for all n > M 2
max{M', M"}, we have

wee (S-S5 ()

min; ;j{A;,B;}e
4(M3+N3)

™

Nl
O o=

34
f(n“)

3,4
9; (_)
/r]Oé

34
£

ﬁ(%)ﬂ) 4 5B [(Lprnr )] (59)

Now, pick €’ = and using Lemma [ and Condition [I[(a)] we get

I 2 ,’725—1 mini)j {Aj, Bz} € _ minm {Aj, Bz} € + 87’]175 <1m7 A*> —05s
2 4 2((1,,N)+(1,,,M))
@ _,min; ;{A;,B;}€ s P {1, A7) ()
> 28—1 %,J Jr ms —0. o 1/3
= {” T (WS N NI VYRl G

where (d) follows as the coefficient of the terms n?°~! and n'~# are strictly positive and the minimum

is achieved when 25 —-1=1-3. O
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Proof of the Claim[3 Recall that
A 1/ * 1 * [\ * .
Aj=—F[(A\)— 5)\‘ij (A)), ¥j € [m]

- 1 e :
B, éGi(/’Li) + §MiGi (17) Vi€ [n].

As F;(A\;)\; for all j € [m] and —G,(u;)p; for all i € [n] are concave by Assumption 2] we have

d? d?
Fj(\)A;) = A; >0 Vj € [m],

o F - (Gilpi)s) = Bi>0 Vi€ [nl.

du?

The strict inequality holds true as F; and G, for all j € [m] and i € [n] are strictly increasing by
Assumption [Il Thus, the double derivative of A\;F;();) for any j € [m] and p;G;(u;) for any i € [n]
cannot be zero anywhere.

Aj

Now, as Fj'(.) is continuous, thus given &= min, ;{3
J

le [N, — &', \; +0'] we have

,%} > 0, there exists ¢’ > 0 such that for

[F/(1) = FI'(\)| < @

As B <1, we have n°~! — 0. Consider M’ such that for all n > M’ we have |n°!| <
8"/ maxeim iem{M;, N;} which implies that \(q) e [A; — 0", \; + '] for all q. Thus,
sup |Fy'(A\; (@) = Ff/(A)) < &
qEes
Similarly, G (f1:(q)) for all i € [n] converges uniformly to G7(u;) respectively. [
J. Proof of Proposition [4]
We will first present a lemma for this case analogous to the Lemma [l
LEMMA 5. Under the hypothesis of Proposition[{], and in addition if a+ > 1, there exists ¢; >0,
Co > 0 such that for all m > 1 we have

1 171—6)\*
Ela® 4 @1 > 1o
[¢"Y +¢¥] > max 2" 201 9)

() ()] 20
() (3)] s

where f(a/n*) = —O0L1,@5,0) and g(a/n%) = L1050}

Proof Recall that the two-price policy for a single link two sided queue is of the form

N(g) = nA* if ¢ < [n™] "(g) = nut if ¢ = —[n*]
n\* —0n®  otherwise. nu* —on®  otherwise,
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where ¢ = ¢® — ¢ and also recall that as it is a single link two sided queue, we have
min{q®, ¢} = 0. Now, consider a birth and death process denoted by {G(t) : t > 0} with state

space Z and only one communicating class {q: —7 . <q <77 } and transition rates given by

O TR i
As, we have A(q) < A(q) and fi(q) > p(q) for all ¢ > 0 and A(g) > Mq) and fi(q) < u(q) for all
q > 0, thus, using a common source of randomness, we can couple the two systems such that
|G(t)| < lq(t)] for all t > 1. Thus, we have P[|q(t)| < K] <P[|G(t)| < K] for all t € Z,. As {q(t) : t >0}
is irreducible and positive recurrent by assumption and {G(¢):¢ >0} has only one irreducible and
positive recurrent class by construction, thus the stationary distribution exists for both ¢ and q.

Thus, we have
Pllg(c0)| < K] < P[|g(o0)| < K] VK € R = E[|q(00)]] = E[|g(c0)]],

where ¢(0c0) and ¢(oo) are random variables with distribution same as the stationary distribution
of {q(t):t >0} and {q(t) : t > 0} respectively. It is easy to see that E[|G(c0)|] = [7*]/2. Thus, we

have
E[lq" (00) +¢® (00)] = E[|g(c0)[] > E[|g(o0)[] > %
Also, by (Id)), the two-price policy satisfies Condition [[(a)] and Thus, by Lemma [4] we have

Efjq(o0)]] 2 Elg® (00) + ¢ (00)] 2 2L

=50+ 9) —0.5.

where (¢ (00),¢®(00)) denote random variable with distribution same as the stationary distri-
bution of {¢M(t),q?(t) :t > 0}. Now, () follows as |q(t)| = ¢V (¢) + ¢?(t) sample path wise as
min{q™® (¢),¢®(¢)} = 0. Thus, we have (G0).

Now, we will lower bound P[|¢| > n®] for a given two-price policy. First, the stationary distribution

under a given two-price policy denoted by {m;}icz is given by

o Vk<[n*],k=—[n"]
B8 k—[n*]
T =4 7o (1—2"7> Yk > [n*]
g\ —k+n]
mo (1-22) Wk < —[n°],

where we used that \* = p* which follows as (A*, u*) € C. This, gives us

ol n' P /0+ N/ 9)
Pl = 5 g4 2 oy + 2] 1
§ W/OAN]G) apa O
T (w0 + A/ 9) +3 min{6?, ¢}

nl—a—B V’I’] 2 1
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where (k) follows as 1 —a — 8 < 0. Now, we have

R
> min{6?, ¢*}P [|g(c0)| > 7] > &' o7

Thus, we have (GI]). Similarly, we have
1—a—p * *
U R RAD)
Replace ™| by n®
ntee i@ [0+ A @)+ 2 =0 (Replace [n"] by u")
A G

- max{6?,¢°}

P(lg(c0)| > n*] <
< (W 0+ N o)y P n'm P v >1,

where (*) follows as @« >0 and 1 — o — 8 < 0. Thus, we have
e Gl =l
170(

This completes the proof of the lemma. [
Proof of Proposition[4] First note that if o+ 8 <1, then by Theorem [3] we know that L" >

g’ <17%> H =0°P [¢?(00) > 7] + ¢"P [¢ (00) > 1°]

< max{6%,¢*}P[lq(c0)| = 1] < ' 77,

Kn'/3. So, we will only prove Proposition @l when o + 3 > 1. As two price policy is a special case

of the general pricing policy given by (I2)) (I3), thus, by (B9), we have

e (Bl ()] 2 ()
=i (||| v [ e|]) + e

=~ 1 lfﬁ)\*
>pf-e <min{A, B}%1 - 626”> + smax { 5770‘, m - 0.5}

Pick ¢’ = min{A, B}%2 and optimize over all possible values of o and  to get

. . 1 AN *
> B—a € « ) 1/3
] aZO,Binl:fa . {77 mln{A,B}——i—smaX{—zn ,72(9 ] —05}}—82(77 )

where (%) follows as the minimum is achieved when f —a=a=1-4. O
K. Proof of Proposition

Proof of Proposition[ll Rewriting the Bellman equation using the approximation of the bias

function gives us the following optimization problem with finite variables and infinite constraints.

min
CR-TRIS) 7

subject to,

v>R(q,z) +cEq . [Z <bl,V(ql,z)>] —cz<bl,ql>Vq,z€S x Z(q),

=1 =1
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The decision variables in the above optimization problem are g and b; VI € [r]. By approximation, we
have projected our original space of variables h € RimM to a lower dimensional space b € Ri’”*”’”.

Let the optimal solution to the above optimization problem be (b} Vi € [r], g*). Now define

T

h(@)=> (b;,q') VqeS.

=1
The above defined h(q) along with v* will be a feasible solution to the optimization problem (6]
(I@). Thus, the optimal value of (I6) (I7) will be less than or equal to v*. Thus, the proposition
follows. [
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