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Abstract

Given a metric space, the (k, z)-clustering problem consists of finding k centers such that the
sum of the of distances raised to the power z of every point to its closest center is minimized. This
encapsulates the famous k-median (z = 1) and k-means (z = 2) clustering problems. Designing
small-space sketches of the data that approximately preserves the cost of the solutions, also
known as coresets, has been an important research direction over the last 15 years.
In this paper, we present a new, simple coreset framework that simultaneously improves upon
the best known bounds for a large variety of settings, ranging from Euclidean space, doubling
metric, minor-free metric, and the general metric cases: with I' = min(e~24¢~%, ke ~2)polylog(e 1),
this framework constructs coreset with size
e O(T - k(d+logk)) in doubling metrics, improving upon the recent breakthrough of [Huang,
Jiang, Li, Wu, FOCS’ 18], who presented a coreset with size O(k3d/c?).

e O(T'-k-min(d,e"2logk)) in d-dimensional Euclidean space, improving on the recent results
of [Huang, Vishnoi, STOC’ 20], who presented a coreset of size
O(klogk - €72 - min(d,e 2 logk)).

e O(T - k(t + logk)) for graphs with treewidth ¢, improving on [Baker, Braverman, Huang,
Jiang, Krauthgamer, Wu, ICML’20], who presented a coreset of size O(k?t/e?) for z = 1.

e O (I‘ -k (log2 k+ loe%k)) for shortest paths metrics of graphs excluding a fixed minor. This
improves on [Braverman, Jiang, Krauthgamer, Wu, SODA’21], who presented a coreset of
size O(k?/e%).

e Size O(T - klogn) in general discrete metric spaces, improving on the results of [Feldman,
Lamberg, STOC’11], who presented a coreset of size O(ke~2* lognlogk).

A lower bound of Q(M’%) for k-Median in general metric spaces [Baker, Braverman, Huang,
Jiang, Krauthgamer, Wu, ICML’20] implies that in general metrics as well as metrics with
doubling dimension d, our bounds are optimal up to a polylog(1/¢)/e factor. For graphs with
treewidth ¢, the lower bound of € (%) of [Baker, Braverman, Huang, Jiang, Krauthgamer, Wu,
ICML’20] shows that our bounds are optimal up to the same factor.

1 Introduction

Center-based clustering problems are classic objectives for the problem of computing a “good”
partition of a set of points into k parts, so that points that are “close” are in the same part.
Finding a good clustering of a dataset helps extracting important information from a dataset and
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center based clustering problems have become the cornerstones of various data analysis approaches
and machine learning techniques (see formal definition in Section [3).

Datasets used in practice are often huge, containing hundred of millions of points, distributed, or
evolving over time. Hence, in these settings classical heuristics (such as Lloyd or k-means++) are
lapsed; The size of the dataset forbids multiple passes over the input data and finding a “compact
representation” of the input data is of primary importance. The method of choice for this is to
compute a coreset, i.e. a weighted set of points of small size that can be used in place of the full input
for algorithmic purposes. More formally, for any € > 0, an e-coreset (referred to simply as coreset)
is a set @ of points of the metric space such that any a-approximation to a clustering problem on
@, is a a(1 + e)-approximation to the clustering problem for the original point set. Hence, a small
coreset is a good compression of the full input set: one can simply keep in memory a coreset and
apply any given algorithm on the coreset rather than on the input to speed up performances and
reduce memory consumption. Coreset constructions had been widely studied over the last 15 years.

In this paper, we specifically focus on the (k, z)-clustering problem, which encapsulates k-median
(z =1) and k-means (z = 2). Given two positive integers k and z and a metric space (X, dist), the
(k, z)-clustering problem asks for a set S of k points, called centers, that minimizes

cost(X,S) = Z min dist(z, s)*
ceX s€S

The method of choice for designing coreset is importance sampling, initiated by the seminal work
of Chen [Che(9]. The basic approach is to devise a non-uniform sampling distribution which picks
points proportionally to their cost contribution in an arbitrary constant factor approximation. In
a nutshell, the current best-known analysis shows that, for a given set S of k centers, it happens
with high probability that the sampled instance €2 with appropriate weights has roughly the same
cost as the original instance, i.e. cost(€2,S) € (1 £¢e)cost(X,S). Then, to show that the set € is an
e-coreset, it is necessary to take a union-bound over these events for all possible set of k centers.
Bounding the size of the union-bound is the main hurdle faced by this approach: indeed, there may
be infinitely many possible set of centers.

The state-of-the-art analysis relies on VC-dimension to address this issue. Informally, the VC
dimension is a complexity measure of a range space, denoting the cardinality of the largest set such
that all subsets are included in the range space. The application to clustering considers weighted
range spaces, where each point is weighted by its relative contribution to the cost of a given
clusterinﬁﬂ In metric spaces where the weighted range space induced by distances to k centers has
VC-dimension D, it can be shown that taking O, .(k - Dlogk) samples yields a coreset [F'SS20],
although tighter bounds are achievable in certain cases. For instance, in d dimensional Euclidean
spaces D is in O(kdlog k) [BLHK17], which would yield coresets of size O, ,(k?-d log? k), but Huang
and Vishnoi [HV20] showed the existence of a coreset with O(k - log? k - e72*72) points.

This analysis was proven powerful in various metric spaces, such as doubling spaces by Huang,
Jiang, Li and Wu [HJLWIS], graphs of bounded treewidth by Baker, Braverman, Huang, Jiang,
Krauthgamer, Wu [BBH™20|] or the shortest-path metric of a graph excluding a fixed minor by
Braverman, Jiang, Krauthgamer and Wu [BJKW2I]. However, range spaces of even heavily con-
strained metrics do not necessarily have small VC-dimension (e.g. bounded doubling dimension does

'For more on these notions, we refer to [FSS20].



not imply bounded VC-dimension or vice versa [HJLW18|, [L1.06]), and applying previous techniques
requires heavy additional machinery to adapt the VC-dimension approach to them. Moreover, the
bounds provided are far from the bound obtained for Euclidean spaces: their dependency in k is
at least Q(k?), leaving a significant gap to the best lower bounds of Q(k). We thus ask:

Question. Is it possible to design coresets whose size are near-linear in k for doubling metrics,
minor-free metrics, bounded-treewidth metrics? Are the current roadblocks specific to the analysis
through VC-dimension, or inherent to the problem?

To answer positively these questions, we present a new framework to analyse importance sampling.
Its analysis stems from first principles, and it can be applied in a black-box fashion to any metric
space that admits an approximate centroid set (see Definition |1} of bounded size. We show that
all previously mentioned spaces satisfy this condition, and our construction improves on the best-
known coreset size. More precisely, we recover (and improve) all previous results for (k, z)-clustering
such as Euclidean spaces, ¢, spaces for p € [1,2), finite n-point metrics, while also giving the first
coresets with size near-linear in k and 7% for a number of other metrics such as doubling spaces,
minor free metrics, and graphs with bounded treewidth.

1.1 Our Results

Our framework requires the existence of a particular discretization of the set of possible centers, as
described in the following definition. We show in the latter sections that this is indeed the case for
all the metric spaces mentioned so far.

Definition 1. Let (X, dist) be a metric space, P C X a set of clients and two positive integers k
and z. Let € > 0 be a precision parameter. Given a set of centers A, a set C is an A-approximate
centroid set for (k, z)-clustering on P if it satisfies the following property.

For every set of k centers S € X*, there exists S € CF such that for all points p € P that satisfies
either cost(p,S) < (8)7 cost(p, A) or cost(p,S) < (82)7 cost(p, A), it holds

€

|COSt(p, S) - COSt(pv S)| <

&
Toa(zs) (cost(p: S) + cost(p, A))

This definition is slightly different from Matousek’s one [Mat00], in that we seek to preserve dis-
tances only for interesting points, and allow an error ecost(p,.A). This is crucial in some of our
applications.

Theorem 1. Let (X, dist) be a metric space, P C X a set of clients with n distinct points and
two positive integers k and z. Let € > 0 be a precision parameter. Let also A be a constant-factor
approximation for (k, z)-clustering on P.

Suppose there exists an A-approximate centroid set C for (k, z)-clustering on P. Then, there ezists
an algorithm running in time O(n) that constructs with probability at least 1 — w a coreset of size

<2O(zlogz) . 10g4 1/5
0 —_
min(e2,e?)

(klog |C| + loglog(1/e) + 10g(1/7r))>

with positive weights for the (k, z)-clustering problem.



When applying this theorem to particular metric spaces, the running time is dominated by the
construction of the constant-factor approximation A, which can be done for instance in O(k|P)|)
given oracle access to the distances using [MPO4]ﬂ

If one wishes to trade a factor €% for a factor k, we also present coresets of size
3
O(k?*- 20(2)%#/5) (log k 4 log |C| + log(1/m)), as explained in Appendix

We apply this theorem to several metric spaces, achieving the following (simplified) size bounds
(we ignore polylog(1/e) and 20(*1°82) factors): let I' = min(e=2 4 %, ke~2), see also Table

e O(T'-k(d+logk)) for metric spaces with doubling dimension d. This improves over the
O(k*de=?) from Huang et al. [[IJLWIS]. See Corollary

e Since general discrete metric spaces have doubling dimension O(logn), this yields coreset
of size O(I'-klogn). This improves on the bound from Feldman and Langberg [FL11]
0 (E*QZklog klog n)

e O (F -ke™? - log k) for Euclidean spaces, see Corollary E This improves on the recent result
from Huand and Vishnoi [HV20], who achieve O (¢=2*"2klog? k).

e O (F -k (log2 k+ 1o§k>> for a family of graphs excluding a fixed minor, see Corollary This

improves on Braverman et al. [BIJKW21], whose coreset has size O(k2/c%).

« 0 (r & (log2 k+ 10%’“)

. ) for Planar Graphs, which is a particular family excluding a fixed

minor for which we can save a 1/e factor and present a simpler, instructive proof.

e O(I'-k(t+logk)) in graphs with treewidth ¢, see Corollar This improves upon the work
of Baker et al. [BBHT20], that construct coreset with size O(k?t/e?).

e O(ke™?* - min(d,e 2logk)) in R? with £, distance, for p € [1,2), see Corollary @ This
improves on Huang and Vishnoi [HV20], who presented a coreset of size O(klogk - e=4* -
min(d,e 2 logk)).

We note the lower bound Q(*1%") for k-Median in general metric spaces from [BBHT20]. This
means that in the case of metrics with doubling dimension d, our bounds are optimal up to a
polylog(1/e)/e factor. For graphs with treewidth ¢, another lower bound of (%) from [BBH™20)
shows that our bounds are optimal up to the same factor.

1.2 Overview of Our Techniques

Our proof is arguably from first principles. We now give a quick overview of its ingredients. The
approach consists in first reducing to a well structured instance, that consists of a set of centers
A inducing k clusters, all having roughly the same costs, and where every point is at the same
distance of A, up to a factor 2. Then we show it is enough to perform importance sampling on all
these clusters.

2 Although initially stated for z = 1 only, this algorithm works for general z as stressed in [HV20]



Reference

Size (Number of Points)

Euclidean space

Har-Peled, Mazumdar (STOC’04) [HM04

O(k -7 logn)

Har-Peled, Kushal (DCG’07) [HKOT

O(k3 . E—(d—l—l))

Chen (Sicomp’09) [Che09

O(k%-d-c2logn)

OK? - d?-e72)

Feldman, Langberg (STOC’11) [FL11

O(k-d-logk -~ %)

Feldman, Schmidt, Sohler (Sicomp’20) [FSS20

O(k3 -logk - e~%)

J
|
Langberg, Schulman (SODA’10) [LS10]
J
J
J

Sohler and Woodruff (FOCS’18) [SW18

O(k? -logk - e~ 90)

Becchetti, Bury, Cohen-Addad,
Grandoni, Schwiegelshohn (STOC’19) [BBC™19)

Ok -log?k - £78)

Huang, Vishnoi (STOC’20) [HV20]

O(k -log® k - £7272%)

Braverman, Jiang, Krauthgamer, Wu (SODA’21) [BJKW2I]

O(k?-e74)

This paper

O(k - log k - e~ 2~ max(2,2))

General n-point metrics, ddim denotes the doubling dimension

Chen (Sicomp’09) [Che09]

O(k?-e7% -log”n)

Feldman, Langberg (STOC’11) [FL11]

O(k -logk -logn - £~2%)

Huang, Jiang, Li, Wu (FOCS'18) [HLILW1g]

Ok - ddim -~ 2)

This paper

O(k - (ddim + log k) - &~ max(22))

This paper

O(k - logn - e~ ™ax(2:2))

Graph with n vertices, ¢ denotes the treewidth

Baker, Braverman, Huang, Jiang,
Krauthgamer, Wu (ICML’20) [BBH™20)

O(k? - t)<?)

This paper

O(k - (t + log k) - e~ max(22))

Graph with n vertices, excluding a fixed minor

Bravermann Jian, Krauthgamer, Wu (SODA’21) [BJKW21]

O(k%- 7%

This paper | O (k: -(log? k + 1285 . e~ max(lz))
Table 1: Comparison of coreset sizes for (k,z)-Clustering in various metrics. Dependencies on
20(2) and polyloge™! are omitted from all references. Additionally, we may trade a factor e 12
for a factor k in any construction with z > 2. [HK07, [HMO04] only applies to k-means and k-
median, [BBC™19, [FSS20] only applies to k-means. [SW18] runs in exponential time, which has
been addressed by Feng et al. [FKW19]. Aside from [HKO07, [HM04], the algorithms are randomized
and succeed with constant probability. Although the results are claimed only for k-Median in
[BBHT20|, it seems that they can be generalized to any power. The main difference is in the
computation of a constant factor approximation.

Reducing to a structured instance. Like most coreset constructions, we initially compute a
constant factor approximation A to the problem. We then deviate from previous importance sam-
pling algorithms by partitioning points into groups such that the following conditions are satisfied,
for a given group G:

e For all clusters, the cost of the intersection of the cluster with the group is at least half the



average; i.e. VC;, cost(C; NG, A) > w

e In every cluster Cj, there exists rg; such that the points in the intersection of the cluster
with the group cost ¢, (up to constant factors), i.e. Vp € C; NG, cost(p, A) = O(rg,).

We then compute coresets for each group and output the union. In some sense, this preprocessing
step identifies canonical instances for coresets; any algorithm that produces improved coresets for
instances satisfying the aforementioned regularity condition can be combined with our preprocessing
steps to produce improved coreset in general.

Importance Sampling in Groups. The first technical challenge is to analyse the importance
sampling procedure for structured instances.

The arguably simplest way to attempt to analyse importance sampling is by first showing that for
any fixed solution S we need a set ) of § samples to show that with good enough probability

t(G, A
Zcost (p,S CZZ:(Z() A )6 (1£e¢)-cost(G,S), (1)
PEQ ’

and then applying a union bound over the validity of Eq. for all solutions S. This union bound
is typically achieved via the VC-dimension.

Using this simple estimator, most analyses of importance sampling procedures require a sample size
of at least k£ points to approximate the cost of a single given solution. To illustrate this, consider
an instance where a single cluster C is isolated from all the others. Clearly, if we do not place a
center close to C, the cost will be extremely large, requiring some point of C to be contained in the

cost(p’.A) | |C ‘ rather than

sample. One way to remedy this is by picking a point p’ proportionate to cost(A)

%’m, where C; is the cluster to which p’ is assigned, see for instance [FSS20]. This analysis

always leads to coreset of size quadratic in k at bestﬂ Our analysis of importance sampling for
structured instances will allow us to bypass both the quadratic dependencies on k, and the need of
a bound on the VC-dimension of the range space.

Our high level idea is to use two union bounds. The first one will deal with clusters that are very
expensive compared to their cost in A. The second one will focus on solutions in which clusters
have roughly the same cost as they do in A. For the former case, we observe that if a cluster C;
is served by a center in solution S that is very far away, then we can easily bound its cost in S as
long as our sample approximates the size of every cluster. Specifically, assume that there exists a
point p in C; with distance to S at least Q(1) -e~! - dist(p, ;). Then, since we are working with
structured instances, all points of C; are roughly at the same distance of ¢; and that this distance is
negligible compared to dist(p, S), all points of C; are nearly at the same distance of S. Conditioned
on the event £ that the sample € preserves the size of all clusters, the cost of C; in solution &
is preserved as well. Note that this event £ is independent of the solution & and thus we require
no enumeration of solutions to preserve the cost of expensive clusters. Proving that £ holds is a
straightforward application of concentration bounds.

3A linear dependency on k can be achieved using a different analysis, see [FL1L, [AV20] for examples. This
approach does not seem to generalize to arbitrary metrics.



The second observation is that points with dist(p,S) < ¢/ - dist(p,.A) are so cheap that their cost
is preserved by the sampling with an error at most € - cost(.A). Indeed, their cost in S cannot be
more than ¢ - cost(.A): it is easy to show that the same bound holds for the coreset.

The intermediate cases, i.e. solutions in which S serves clusters at distances further than ¢/z -
dist(p,.A), but not so far as to simply use event £ to bound the cost, is the hardest part of the
analysis. Using a geometric series, we can split the cost ranges into into log 5 € O(zlog e 1)
groups by powers of two. Due to working with a structured instance, the points within such a
group have equal distances, up to a constant factors. This also implies that the cost in such a
group is equal, up to a factor of 2°(*). The overall variance of the cost estimator is then of the

order max, (¢~! - dist(p, 4))” - Cf;i’é“ﬁ) € O(e™%). Thus, standard concentration bounds give an

additive error of ¢ - (cost(A) + cost(S)) with at most O(e~27%) many samples for every group.

To improve this to O(¢77%), we use a different estimator defined as follows. For every cluster C;, let
g; be the point of C; that is the closest to S. We then consider

cost(G, A)
_ cost(qi, S)) - UG A 2
3 ol ) ot ) LS 2
' cost(G, A)
+ pE§QCOSt(Ql’S) cost(p. A) 3 (3)

Conditioned on event &£, the estimator in Equation [3| is always concentrated around its expecta-
tion, as cost(g;,S) is fixed for S. The first estimator in Equation |2l now has a reduced variance.
Specifically, at the border cases of points at distance ©(1/¢)dist(p,.A) of S, the Estimator [2 has
variance at most O(1) - max(e=2,e77) - cost(A) - cost(S), which ultimately allows us to show that
O(e72 + &%) samples are enough to achieve an additive error of ¢ - (cost(S) + cost(.A)). This tech-
nique is somewhat related to (and inspired by) chaining arguments (see e.g. Talagrand [TT96] for
more on chaining). The key difference is while chaining is generally applied to improve over basic
union bounds, our estimator is designed to reduce the variance.

Preserving the Cost of Points not in Well-Structured Groups Unfortunately, it is not
possible to decompose the entire point set into groups. Given an initial solution A and a cluster
C € A, this is possible for all the points at distance at most e 9(2) . % The remaining points
are now both far from their respective center in A and, due to Markov’s inequality, only a small
fraction of the point set. In the following, let Py, denote these points.

For any given subset of these far away points and a candidate solution &, now use that either the
points pay at most what they do in A, or an increase in their cost significantly increases the overall
cost. In the former case, standard sensitivity sampling preserves the cost with a very small sample
size. In the latter case, a significant cost by a point p in Py, also implies that all points close to
the center ¢ serving p in A have to significantly increase the cost.

A Union-bound to Preserve all Solutions As pictured in the previous paragraphs, the cost
of points with either very small or very large distance to S is preserved for any solution S with
high probability.



The guarantee we have for interesting points is weaker: their cost is preserved by the coreset with
high probability for any fized solution S. Hence, for this to hold for any solution, we need to take
a union-bound over the probability of failure for all possible solution S. However, the union-bound
is necessary only for these interesting points : this explains the introduction of the approximate
centroid set in Definition [I Assuming the existence of a set C such as in Definition [} one can
take a union-bound over the failure of the construction for all set of k centers in C* to ensure
that the cost of interesting points is preserved for all these solutions. To extend this result to any
solution S, one can take the set of k points S in C* that approximates best S, and relate the cost
of interesting points in S to their cost in S with a tiny error. Since the cost of interesting points in
S is preserved in the coreset, the cost of these points in S is preserved as well.

We briefly picture now how to get approximate centroid sets for specific metrics. We are looking for
a set C with the following property: for every solution S, there exists a k-tuple S € C* such that
for every point p with dist(p,S) < e~ !dist(p, .A) in a given cluster C of A, |cost(p, S) — cost(p, S)] <
e (cost(p, A) + cost(p,S)). We call such points interesting.

Metrics with doubling dimension d: C is simply constructed taking nets around each input
point. A ~-net of a metric space is a set of points that are at least at distance v from each other,
and such that each point of the metric is at distance at most v from the net. The existence of
y-nets of small size is one of the key properties of doubling metrics (see Lemma [19). For every
point p, C contains an ecost(p,.4)-net of the points at distance at most B?Z - cost(p, A) from p. If p
is an interesting point, there is therefore a center of C close to its center in S.

However, this only shows that centers from the solution S € CF are closer than those of S. Showing
that none gets too close is a different ballgame. We will see two ways of achieving it. The first one,
that we apply for the doubling, treewidth and planar case, is based on the following observation:
if a center s € § is replaced by a center §, that is way closer to a point p than s, then s can be
discarded in the first place and be replaced by the center serving p. This is formalized in Lemma
The other way of ensuring that no center from S gets to close to a point in p is based on guessing
distances from points in S to input points. It can be applied more broadly than Lemma but
yields larger centroid sets. We will use it only for minor-excluded graphs, for which Lemma
cannot be applied.

Graphs with treewidth ¢: The construction of C is not as easy in graph metrics: we use the
existence of small-size separators, building on ideas from Baker et al. [BBHT20|. Fix a solution S,
and suppose that all interesting points are in a region R of the graph, such that the boundary B of
R is made of a constant number of vertices. Fix a center ¢ € S, and suppose ¢ is not in R. Then,
to preserve the cost of interesting points, it is enough to have a center ¢’ at the same distance to
all points in the boundary B as c.

C is therefore constructed as follows: for a point p, its distance tuple to B = {by, ..., b|B|} is the
tuple (d1,...,d|p|), where d; = dist(p,b;) is the distance to b;. For every distance tuple to B, C
contains one point having approximately that distance tuple to B.

Let ¢ be the point of C having approximately the same distance tuple to B as c¢: this ensures that
Vp, cost(p, c) = cost(p, ¢).

It is however necessary to limit the size of C. For that, we approximate the distances to B. This



can be done for interesting points p as follows: since we have dist(p, c) < e~ 'dist(p, A), rouding the
distances to their closest multiple of edist(p,.A) ensures that there are only O(1/¢?) possibilities,
and adds an error ecost(p,.4). We show in Section |§| how to make this argument formal, and how
to remove the assumption that all interesting points are in the same region.

In minor-excluded graphs this class of graphs, that includes planar graphs, admits as well
small-size shortest-path separators. A construction similar in spirit to the one for treewidth is there-
fore possible, as presented in Section This builds on the work of Braverman et al. [BJKW21].

However, due to the nature of the separator — which are small sets of paths, and not simply small
sets of vertices — one cannot apply the idea of Lemma to show that no center gets too close.
Instead, we will guess the distance from input points to any point in S, allowing to construct S
with the same distances. Of course, this mere idea requires way too many guesses to have a small
set C: we see in Section [11] how to make it work properly.

We start the section by showing two preprocessing lemmas: the first one is Lemma as described
above. The second one allows to apply Theorem [I]in the case the input set is weighted, so that we
can assume the input has only poly(k,c~!) many distinct points, by first computing a non-optimal
coreset.

1.3 Roadmap

The paper is organized as follow: after defining the concepts used in the paper, we present formally
the algorithm in Section 4, We then describe the construction of a coreset for a structured instance
in Section [5} and the reduction to such an instance in Section [7] Finally, we show the existence
of approximate centroid set in various metric spaces in Section We furthermore explain the
dimension reduction technique leading to our result for Euclidean spaces in Section and the
O(k2c72) construction in Appendix . A deeper description of related work is made in Section

2 Related Work

We already surveyed most of the relevant bounds for coresets for k-means and k-median. A complete
overview over all of these bounds is given in Table [I further pointers to coreset literature can be
found in surveys [MS18]. For the remainder of the section, we highlight differences to previous
techniques.

The early coreset results mainly considered input data embedded in constant dimensional Euclidean
spaces [FS05), [HKOT7, HMO1]. These coresets relied on low-dimensional geometric decompositions
inducing coresets of sizes typically of order at least k - e~%. These techniques were replaced by
importance sampling schemes, initiated by the seminal work of Chen [Che09]. The basic approach
is to devise a non-uniform sampling distribution which picks points proportionately to their impact
in a given constant factor approximation. A significant advantage of importance sampling over other
techniques is that it generalizes to non-Euclidean metrics. While the early coreset papers [HK07,
HMO04] were indeed heavily reliant on the structure of Euclidean spaces, Chen gave the first coreset
of size O(k?c~2log?n) for general n-point metrics.



Coresets via Bounded VC-Dimension The state of the art importance sampling techniques
in Euclidean spaces are based on reducing the problem of constructing a coreset to constructing an
e-net in a range space of bounded VC—dimensioxﬂ Li, Long and Srinivasan [LLS0I] showed that
if the VC-dimension is bounded by D, an e-approximation of size O(EQQ) exists. The remarkable
aspect of these bounds is that they are independent of the number of input points. To apply the
reduction, we need a bound on the VC-dimension for the range space induced by the intersection
of metric balls centered around k points in a d-dimensional Euclidean space. For Euclidean k-
means and k-median, an upper bound of D € O(kdlogk) is implicit in the work of [BEHWS&9]
and Eisenstat and Angluin [EAQ7]. This bound was recently shown to be tight by Csikos, Mustafa
and Kupavskii [CMK19]. The dependency on d may be replaced with a dependency on logk, as
explained in more detail in Section Thus O(klog® k) is a natural barrier for known techniques
in Euclidean spaces.

VC-Dimension and Doubling Dimension A further complication arises when attempting
to extend sampling techniques for bounded VC-dimension in range spaces of bounded doubling
dimension d. While the two notions share certain similarities and are asymptotically identical for
the range space induced by the intersection of balls in in Euclidean spaces, the two quantities are
incomparable in general. For instance, Li and Long proved the existence of a range space with
constant VC dimension and unbounded doubling dimension [LL06G]. Conversely, [HJLW18] also
showed that a bound on the doubling dimension does not imply a bound on the VC-dimension.
Nevertheless, by carefully distorting the metric they were able to prove that a related quantity
known as the shattering dimension can be bounded, yielding the first coresets for bounded doubling
dimension independent of n. Even so, their bound O(k3de~2) is still far from what is currently
achievable in Euclidean spaces.

Similarly, the construction from [BBHT20] for graphs with bounded treewidth uses that a graph
of treewidth ¢ has shattering dimension O(t). They use this fact to get coreset for k-Median, of
size O(k3t/e?). For excluded-minor graphs, [BJKW2I] proceeds similarly, but need an additional
iterative procedure: they first show that in an excluded-minor graph, a subset X of the vertices has
coreset of size Oy -(log|X|), using the shattering-dimension techniques. They show then how to
iterate this construction (using that ”a coreset of a coreset is a coreset”) to remove dependency in
| X|. This iterative procedure is of independent interest, and we use it as well for bounded treewidth
and excluded-minor settings.

Further Related Work So far we only described works that aim at giving better coreset con-
struction for unconstrained k-median and k-means in some metric space. Nevertheless, there is
a rich literature on further related questions. As a tool for data compression, coresets feature
heavily in streaming literature. Some papers consider a slightly weaker guarantee of summarizing
the data set such that a (1 4+ ) approximation can be maintained and extracted. Such notions
are often referred to as weak coresets or streaming coresets, see [FLI1I, [FMSO07]. Further papers
focus on maintaining coresets with little overhead in various streaming and distributed models,
see [BEL13, BFLRI9, BFL"17, [FS05, [FGS™13]. Other related work considers generalizations of
k-median and k-means by either adding capacity constraints |[CL19L [HIV19, [SSS19], or considering

4Strictly speaking, one has to use a generalization of VC-dimension known as the pseudo dimension. The interested
reader is refereed to Pollard’s book [Poll12] for details.
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more general objective functions [BLLIS8, [ BJKW19|. Coresets have also been studied for many other
problems: we cite non-comprehensively Determinant Maximization [[MGR20], Diversity Maximiza-
tion [CPP18, IMMM14] logistic regression [HCBI16L MSSW18]|, dependency networks [MMKI§], or
low-rank approximation [MJEF19].

3 Preliminaries

3.1 Problem Definitions

Given an ambient metric space (X, dist), a set of points P C X called clients, and positive integers
k and z, the goal of the (k, z)-clustering problem is to output a set S of k centers (or facilities)
chosen in X that minimizes
in(dist z
> min(dist(p, c))

peEP

Definition 2. An e-coreset for the (k, z)-clustering problem in a metric space (X, dist) is a weighted
subset Q of X with weights w : Q@ — Ry such that, for any set S C X, |S| =k,

] Z cost(p,S) — Zw(p) cost(p,S)| < e- Z cost(p, S).

peEX pEQ peEX

Given a set of point P with weights w : P — R on a metric space I = (X, dist) and a solution S,
we define cost(P,S) := >, p w(p)cost(p,S) and, in the case where P contains all the points of the
metric space, we define cost(S) := cost(P, S).

We will also make use of the following lemma, to have a weaker version of the triangle inequality
for k-Means and more general distances. Proofs of this lemma (and variants thereof) can be found
in [BBC™19, [CST7, [FSS20, MMR19, [SW18]. For completeness, we provide a proof in the appendix.

Lemma 1 (Triangle Inequality for Powers). Let a,b,c be an arbitrary set of points in a metric
space with distance function d and let z be a positive integer. Then for any e > 0

z—1
d(a,b)* < (1+¢)* Ld(a,c)* + <1 ?) d(b, ¢)?

9 z—1
d(a, S)7 — d(b, S)*| < & - d(a, )7 + < Z&_“) d(a, b).

3.2 From Weighted to Unweighted Inputs

We start by showing a simple reduction from weighted to unweighted inputs. Essentially, we convert
a point with weight w to w copies of the point.

Corollary 2. Let e,m > 0. Let (X, dist) be a metric space, P a set of clients with weights w :
P — R and two positive integers k and z. Let also A be a constant-factor approzimation for
(k, z)-clustering on P with weights.

Suppose there exists a A-approrimate centroid set, denoted C. Then, there exists an algorithm
running in time O(|P|) that constructs with probability at least 1 — 7 a positively-weighted coreset

11



of size

min(e3, £7)

O(zlogz) . 1004 1
0(2 og”1/e (klog|<C\+loglog(1/€>+1°g(1/”))>

for the (k, z)-clustering problem on P with weights.

EWmin |

Proof. We start by making all weights integers: let Wy, = miny,ep w(p), and w(p) = {2 w(p) J

This definition ensures that

™

EWmi - g

p, [w(p) —
We denote P the set of points P with weight @. First, we note that for any solution S,

cost(P,S) — ewpincost(P,S)| < =cost(P,S).

N ™

Hence, it is enough to find an e/2-coreset for P, and then scale the coreset weights of the coreset
points by ewpin/2. We have that the weights in P are integers: a weighted point can therefore be
considered as multiple copies of the same points.

By the previous equation, A is a constant-factor approximation for P as well. The definition of
a centroid set does not depend on weights, so C is a A-centroid set for P as well. Hence, we can
apply Theorem |1jon P and scale the resulting coreset by ewin/2 to conclude the proof. O

3.3 Partitioning an Instance into Groups: Definitions

As sketched, the algorithm partitions the input points into structured groups. We give here the
useful definitions.

Fix a metric space I = (X, dist), positive integers k, z and a set of clients P. For a solution S of
(k, z)-clustering on P and a center ¢ € S, ¢’s cluster consists of all points closer to ¢ than to any
other center of S.

Fix as well some ¢ > 0, and let A be any solution for (k, z)-clustering on P with k centers. Let
C1, ..., Ck be the clusters induced by the centers of A.

e the average cost of a cluster C; is A¢g, = %

e For all 4,7, the ring R; ; is the set of points p € C; such that

21 A¢, < cost(p, A) < 2T A¢,.

e The inner ring Ri(C;) := Uj<a10g(c/2) Rij (resp. outer ring Ro(Ci) := Ujsoz10g(2/e) R j) of @
cluster C; consists of the points of C; with cost at most (¢/2)** A¢, (resp. at least (2/e)** Ag,).
The main ring Ry (C;) consists of all the other points of C;. For a solution S, we let R‘IS and
R‘(S) be the union of inner and outer rings of the clusters induced by S.

e for each j, R; is defined to be U¥_| R; ;.

12



e For each j, the rings R; ; are gathered into groups G defined as follows:

, € \? cost(R;, A €\ 2 cost(R;, A
Gjp = {p | 3i, p € R;j and <E> . (kj) b < cost(R; j, A) < <@> bt (k:])} )

e For any j, let Gjmin = Up<oGjp be the union of the cheapest groups, and Gjmar =
Up>2log 22 Gjp be the union of the most expensive ones. The set of interesting groups is

made of G min, Gjmaz, and G for all 0 < b < zlog 4?2.
e The set of outer rings is also partitioned into outer groups:

. A
i) COMILA) o cost(Ro(Ch), A)

G?:{p\ﬂi,peaand(

4z k
- (i)z ey cost(]Zé,A)}'

e We let as well G%m = UbgoGg) and G©,

max
GOy GY o and all GY with 0 < b < zlog 4?2.

= Up>21og 4z Gl?. The interesting outer groups are

Intuitively, grouping points by groups is helpful, as all points in the same ring can pay the same
additive error. Since there are very few groups, it turns out possible to construct a coreset for each
group, and then take the union of the group’s coreset. This is essentially the algorithm we propose.

We note few facts about the partitioning:

Fact 1. There exist at most O(zlog(z/¢)) many non-empty R; that are not in some inner or outer
ring, i.e., not in R“I4 nor in Ré.

Hence, the number of different non-empty groups is bounded as well:
Fact 2. There exists at most O(z%log?(z/e)) many interesting G .

This is simply due to the fact that j can take only interesting values between 2zlog(¢/z) and
2zlog(z/¢), and interesting b between 0 and zlog(4z/¢).

By the definition of the outer groups, we have also that
Fact 3. There exists at most O(zlog(z/c)) many interesting outer groups.

For simplicity, we will drop mention of ”interesting” : when considering any group, it will implicitly
be an interesting group.

4 The Coreset Construction Algorithm, and Proof of Theorem

4.1 The algorithm

For an initial metric space (X, dist), set of clients P and € > 0, our algorithm essentially consists
of the following steps: given a solution A, it processes the input in order to reduce the number
of different groups. Then, the algorithm computes a coreset of the points inside each group using
the following GroupSample procedure. The final coreset is made of the union of the coresets for all
groups.

13



The GroupSample procedure takes as input a group of points G as defined in Section [3.3] a set
of centers A inducing clusters C1,Csy,...,C, on G and an integer §. Note importantly that the
definition of clusters C; says that they are only made of points from the group G. The output
of GroupSample is a set of weighted points, computed as follows: a point p € C; is sampled with

probability %, and the weight of any sampled point is rescaled by a factor %7%(13?)

The properties of the GroupSample procedure are captured by the following lemma.

Lemma 2. Let (X, dist) be a metric space, k, z be two positive integers and G be a group of clients
and A be a solution to (k,z)-clustering on G with k centers such that:

e for every cluster C induced by A on G, all points of C have the same cost in A, up to a factor
2: Vp,q € C, cost(p, A) < 2cost(q, A).

e for all clusters C induced by A on G, it holds that % < cost(C, A).
Let C be a A-approximate centroid set for (k, z)-clustering on G.

Then, there exists an algorithm GroupSample, running in time O(|G|) that constructs a set Q of
size 0 such that, with probability 1 — exp (k: log |C| — 20(zlog2) . %?/8:) . 5) it holds that for all set
S of k centers:

|cost(G,S) — cost(2,S)| = O(e) (cost(G, S) + cost(G, A)) .

We further require the SensitivitySample procedure, which we will apply to some of the points
not consider by the calls to GroupSample. From a group G, this procedure merely picks § points p

with probability %. Each of the § sampled points has a weight %w.

The key property of SensitivitySample is given in the following lemma.

Lemma 3. Let (X, dist) be a metric space, k,z be two positive integers, P be a set of clients and
A be a cg-approximate solution solution to (k, z)-clustering on P.

Let G be either a group Gbo or GO

max- Ouppose moreover that there is a A-approzimate centroid set
C for (k, z)-clustering on G .

Then, there exists an algorithm SensitivitySample running in time O(|G|) that constructs a set
2

Q of size § such that it holds with probability 1 — exp (k‘ log |C| — 20(zlog2) . logg e 6) that, for all

sets S of k centers:

|cost(G,S) — cost(Q2,S)| = - (cost(S) + cost(A)) .

zlog z/e

z

An interesting feature of Lemma |3| is that the probability does not depend on &~
Lemma 2

, as it does in

Using the two algorithms GroupSample and SensitivitySample, we can formally present the whole
algorithm:

®Note that this is essentially importance sampling, as each point in a cluster C; have cost roughly equal to the
average. We chose this different distribution for simplicity in our proofs.
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Input: A metric space (X,dist), aset P C X, k,z > 0, a solution A to (k, z)-clustering on P, and
e such that 0 < e < 1/3.

Output: A coreset. Namely, a set of points 2 C P U A and a weight function w : Q — R4 such
that for any set of k centers S, cost(P,S) = (1 & ¢)cost(£2,S).

1. Set the weights of all the centers of A to 0.
2. Partition the remaining instance into groups:

(a) For each cluster C' of A with center ¢, remove R;(C) and increase the weight of ¢ by
[R1(C)].

(b) For each cluster C' with center ¢ in solution A , the algorithm discards also all of C'N
U;Gjmin and Ro(C) N Ggm, and increases the weight of ¢ by the number of points
discarded in cluster c.

(¢) Let D be the set of points discarded at those steps, and P; be the weighted set of centers
that have positive weights.

3. Sampling from well structured groups: For every j such that zlog(e/z) < j < 2zlog(z/¢)
and every group Gy ¢ G min, compute a coreset €2 of size

2
5—0 log 1/5
20(zlog 2) mln(52, 52)

using the GroupSample procedure.

(klog |C| + loglog(1/e) + 1og(1/7r))>

4. Sampling from the outer rings: From each group Glo, ..., G9 ., compute a coreset Qbo of

size
O(zlogz) . 2
5—0 (2 210g (1/¢)

(klog|C| + loglog(1/¢e) + 10g(1/7r))>

using the SensitivitySample procedure.
5. Output:
e A coreset consisting of AU, Q2 U; QZO.

e Weights: weights for A defined throughout the algorithm, weights for €2;; defined by
the GroupSample procedure, weights for (2o defined by the
SensitivitySample procedure.

Remark 1. Instead of using the GroupSample procedure, one could use any coreset construction
tailored for the well structured group. Improving on that step would improve the final coreset bound:
if the size of the coreset produced for a group is T, then the total coreset has size

- 90(zlog z)
O\T+ ———klog|C]|
9

4.2 Proof of Theorem [

As we prove in Section [7], the outcome of the partitioning step, D and P, satisfies the following

lemma, that deals with the inner ring, and the groups G i, and Ggu-n:
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Lemma 4. Let (X, dist) be a metric space with a set of clients P, k, z be two positive integers, and
e € RY. For every solution S, it holds that

|cost(D, S) — cost(Py1,S)| = O(e) cost(S),
where D and Py are defined in Step[3 of the algorithm.

Combining properties of the partitioning, Lemma [2, Lemma [3] and Lemma [ allows to prove The-
orem [T}

Proof of Theorem[] Let Q be the output of the algorithm described above, and
2
j = O( log” 1/ (k:log\(C|+loglog(1/£)+log(1/7r))> as defined in step 3 of the

20(z log 2) min(827az)
algorithm. Due to Fact |2l and Fact [3| Q has size O(2%log?(z/¢) - § 4 |A|), and non-negative weights
by construction.

We now turn to analysing the quality of the coreset. Any group G, for b > 0 satisfies Lemma
the cost of any point p € G, N C; satisfies 2/ A¢, < cost(p, A) < 2771 A¢,, and

e for b e {0, .o, 2 log 4{}, the cost of all clusters induced by A on G are equal up to a factor
2, hence for all 4 w < cost(C; N Gjp, A)

e for b = max, it holds that COSt(Gg’,;"”’A) < COSt(;Zj A) < cost(C; N Gjmaz, A).

Hence, Lemma |2 ensures that, with probability 1 — exp <klog |C| — 20(z10g2) . %?/i) . 5), the

coreset {);; constructed for G satisfies for any solution S

|cost (G p, S) — cost(Q;p, S)| = O(¢) (cost(Gjp, S) + cost(Gjp, A)) .

Similarly, Lemma [3| ensures that, with probability 1 — exp (log |C| — 20(zlog2) . e

10g2 1/&_ ° 6), the

coreset Ql? constructed for Gbo satisfies for any solution S

cost(GY, S) — cost(Q, S)| (cost(S) + cost(A)) .

B zlog(z/e)

Taking a union-bound over the failure probability of Lemma[3]and of Lemma[2] applied to all groups
G,p with zlog(e/z) < j < 2zlog(z/¢) and all G implies that, with probability

: 2 .z
1 — 2%log?(z/e) exp <k: log |C| — 20(z1082) . w : 6)
log*1/e

—zlog(z/¢e) exp <log |IC| — 20(210“)10;21/6 : 5)
for any solution S,
|cost(S) — cost(Q2, S)
< |cost(D, S) — cost(P1,S)| + Z |cost(Gjp, S) — cost(Gp N, S)|
7,b

+ Z lcost(GY, S) — cost(GE NQ,S)|

< O(g)cost(S) + O(e)cost(A) < O(g)cost(S)
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where the penultimate inequality uses Lemma [4] and the last one that A is a constant-factor
approximation.

For § = o5 102952;1/5(82782) (klog|C| + loglog(1/e) 4+ log(1/m)), this probability can be simplified to
; 2 .z
1—exp (2(logz + loglog(z/¢)) + klog |C| — 20(z1082) . w : 5) =1-m.
log“1/e

The complexity of this algorithm is:

e O(n) to compute the groups: given all distances from a client to its center, computing the
average cost of all clusters costs O(n), hence partitioning into R; cost O(n) as well, and then
decomposing R; into groups is also done in O(n) time;

)+ 0(GY)) =

e plus the cost to compute the coreset in the groups, which is Zj7b0(|G]-,b
O(n)

Hence, the total complexity is O(n). O

5 Sampling inside Groups: Proof of Lemma

The goal of this section is to prove Lemma

Lemma 2. Let (X, dist) be a metric space, k, z be two positive integers and G be a group of clients
and A be a solution to (k,z)-clustering on G with k centers such that:

e for every cluster C induced by A on G, all points of C have the same cost in A, up to a factor
2: Vp,q € C, cost(p, A) < 2cost(q, A).

e for all clusters C induced by A on G, it holds that % < cost(C, A).
Let C be a A-approximate centroid set for (k, z)-clustering on G.

Then, there exists an algorithm GroupSample, running in time O(|G|) that constructs a set Q@ of
size § such that, with probability 1 — exp (k log |C| — 20(zlogz) . %217:) . 5) it holds that for all set
S of k centers:

|cost(G,S) — cost(Q2,S)| = O(e) (cost(G, S) + cost(G, A)) .

5.1 Description of the GroupSample Algorithm

The GroupSample merely consists of importance sampling in rounds, i.e. there are J rounds in
which one point of G is sampled. Let C1, Cs, ... be the clusters induced by A on G: the probability

of sampling point p € C; is % — recall that all clusters C; contain only points from the
group G. The weight of any sampled point is rescaled by a factor [Cil-cost(GA)  1f there are m

_ dcost(Cy,A)
copies of a point, it is sampled in a round with probability %

sampling each copy with probability %) In what follows, each copies will be considered

(which is equivalent to

independently.

17



Definition 3. We denote f(p) := % the scaling factor of the weight of a point p € C;.

5.2 Organization of the Proof

To analyze the sampling procedure of GroupSample, we consider different cost ranges Iy s induced
by a solution S as follows. A point p of G is in Iy s if 2¢. cost(p, A) < cost(p, S) < 2+ cost(p, A).
We distinguish between the following cases.

o ( <loge/2. We call all I; s in this range tiny. The union of all tiny I, s is denoted by Itjny.s-
o loge/2 < ¢ < zlog(8z/e). We call all I s in this range interesting.
o (> zlog(4z/e). We call all I s in this range huge.

Note that interesting and huge ranges intersect. This is to give us some slack in the proof: for a
solution S, we will deal with huge ranges before relating S to its representative S from CF. Due
to the approximation, some non-huge range for S can become huge for S: however, due to our
definition, they stay in the interesting ranges.

A simple observation leads to the next fact.
Fact 4. Given a solution S , there are at most O(zlog z/¢) interesting Iy s.

Bounding the difference in cost of G N Iy s requires different arguments depending on the type of
Iy 5. The two easy cases are tiny and huge, so we will first proceed to prove those. Proving the
interesting case is arguably both the main challenge and our main technical contribution.

For the proof, we will rely on Bernstein’s concentration inequality:

Theorem 3 (Bernstein’s Inequality). Let X1, ... Xy be non-negative independent random variables.
Let S = Zle X;. If there exists an almost-sure upper bound M > X;, then

t2
P[|S —E[S]| > 1] < exp <_2Zf:1 (E[X?] - S E[Xi]?) +5- M- f) |

In this paper we will simply drop the E[X;]? terms from the denominator, as the second moment
will dominate in all important cases.

In what follows, we fix k, z, G and A, as in the assumptions of Lemma Let Ci, ...,Cy be the
clusters induced by A on G. The assumptions imply the following fact:

cost(C;,A)

2c0st(Cy,A)
2|Cs] ~ '

Fact 5. For anyp € CN'i, 1G]

< cost(p, A) <

We will start with the tiny type, as it is mostly divorced from the others.

5.3 Dealing with Tiny Type
Lemma 5. It holds that, for any solution S,

max Z cost(p, S), Z f(p)cost(p,S) | <e- cost(G,.A).

peltiny,s pEItiny,SmQ
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Figure 1: Arrangement of Lemmas of Sectlon I to prove Lemma I



Proof. By definition of Ijiny.s, Y soost(p,§) < 37 5 cost(p, A) < 5 - cost(G, A). Simi-

pejtiny,
pejtiny,s

larly, we have for the other term

S fw)costpS) < Y f(p); - costl(p, A)

pe[tiny,SmQ pe]tiny,SmQ

k ~ ~
5 |C4| - cost(G,.A) 2 - cost(Cj, A)
<52, D

=1 peCiNliiny,sNQ 5COSt(éi’ A) ‘él’
<e- wcost(G,A)
<e-cost(G, A).
where the last inequality uses that €} contains § points. 0

5.4 Preserving the Weight of Clusters, and the Huge Type

We now consider the huge ranges. For this, we first show that, given we sampled enough points,
|C;| is well approximated for every cluster C;. This lemma will also be used later for the interesting
points. We define event £ to be: For all cluster C; induced by A on G,

s Bles@A o6
peCinQ cost(Ci, A) - 0

Lemma 6. We have that with probability at least 1 — k - 22log®(z/e) exp <—O(1)%5>, event &
happens.

Proof. Consider any cluster C; induced by A on G. The expected number of points sampled from
C; is then at least

dcost(C;, A dcost(Cj, A 0
e 3 eont(Cud) _ deost(Cud)
- ’Cz’ . COSt(G,.A) COSt(G,A) 2k
peC;
where the inequality holds by assumption on G. Define the indicator variable of point p from the
sample being drawn from C; as P;(p). Using Chernoff bounds, we therefore have

2. )
Pl Y Pilp)—pm|>e pi| < exp(-— ;) <ew (e ) (4)

|C;]-cost(G,A)
g 6cost(C~'¢,A)
also approximates |C;| up to a (1 %+ ¢) factor.

Now, rescaling P;(p) by a factor implies that approximating u; up to a (1 4+ ¢) factor

The final result follows by applying a union bound for all clusters in all groups. O

We now show that for any cluster C; with a non-empty huge range, Lemma |§I implies that the cost
is well approximated — without the need of going through the approximate solution S.
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Lemma 7. Condition on event £. Then, for any solution S, and any i such that there exists
(> zlog(4z/¢) and a point p € C; with cost(p,S) > 2¢cost(p, A), we have:

cost(C;, S) — Z f(p) - cost(p,S)| < Te - cost(C;, S).
peQNC;

Proof. Let p € C; as given in the statement. Using the structure of clusters in a group, this implies
for any g € C;: cost(p, q) < (dist(p, A) + dist(g,.A))* < 3%-cost(p, A) < 37.2(==log(42/)) cost (p, A) <
(32/42)% - cost(p,S). By Lemma |1} we therefore have for any point g € C;

cost(p,S) < (14¢/22)" tcost(q,S) + (14 22/e)* " cost(p, q)
< (1+¢)cost(q,S) + ¢ - cost(p,S)
= cost(q,S) > — 5cos.t(p7 S) > (1 — 2¢)cost(p,S)

1+¢

By a similar calculation, we can also derive an upper bound of cost(q,S) < cost(p,S) - (1 + 2¢).
Hence, we have

Z Cil 'C?St(G"A) -cost(q,S) = (1+2e¢)-cost(p,S)- Z il C?St(G’ A)
. cost(Cy, A) -0 . cost(Cy, A) -0
7€QnC; 7ens;
= (1+2¢)-cost(p,S)-(1+e)-|Cs| (Event &)
= (1£2) -1+ 2¢) - cost(Cy, S)

e)-(1+
= (14 7¢) - cost(C;,S).

5.5 Bounding Interesting I, s: a Simple but Suboptimal Analysis.

Now we move onto the most involved case, presenting first a suboptimal analysis of GroupSample
for the interesting types. As explained in the introduction, our main goal is to design a good
estimator and apply Bernstein’s inequality to it.

Since the clusters intersecting a huge 1y,s are dealt with by Lemmam7 we only need to focus on the
interesting clusters, namely clusters C' that satisfy

Ip e C | cost(p,S) > (8;>Z - cost(p, A). (5)

In other words, a clustering is interesting only if it does not have any point in a huge I, s. This
restriction will be crucial to our analysis. Let Ls be a set of interesting clusters (possibly not all
of them)ﬁ For simplicity, we will assimilate Ls and the points contained in the clusters of Lg.

We present here a first attempt to show that the cost of interesting points is preserved. Although
suboptimal, it serves as a good warm-up for our improved bound.

5We define Ls to contain only huge clusters but not all of them in order to relate the cost of solutions from the
approximate centroid set C to the cost of any solution, as it will become clear in Section
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In this first attempt, we will use the simple estimator E(Ls) 1= 1 qa f(p)cost(p,S) as an
estimator of the cost for points in Ls. Note that by choice of the weights f(p), this estimator is

unbiased: E[E(Ls)] = _ ¢ cost(p,S), precisely the quantity we seek to estimate.

To show concentration, we rely on Bernstein’s inequality from Theorem [3| Hence, the key part of
our proof is to bound the variance of the estimator.

Lemma 8. Let G be a group of points, and A be a solution. Let C be an A-approximate centroid
set, as in Definition[1l It holds with probability

EQ—i—Z
1 —exp (ktlog IC| - 20(z1082) Jog? 1 /¢ . 5)

that, for all solution S € C* and any set of interesting clusters Lg induced by A on G

E(Ls) ~ E[E(Ls)]| < - cost(G, A)

_°
zlogz/e

Proof. First, we fix some solution S and some set of interesting clusters Lg, verifying Eq. . We
express E(Lgs) as a sum of i.i.d variables : E(Ls) = E§=1 X, where X; = f(Q;)cost(€2;,S) when
the j-th sampled point is 2; € Ls, X; = 0 otherwise. Recall that, due to Fact E|, the probability

that the j-th sampled point is p from some cluster C satisfies P =p| = | C‘C\Ocszitcgélt) < i‘;zizgﬁ))
< 2cost(G,A) ’

— dcost(p,A)

From the same fact, f(p)

We will rely on Bernstein’s inequality (Theorem . To do this, we need an upper bound on the
variance of F(Lg), as well as an almost sure upper bound M on every sample. We first bound
E[X?]:

E[X?] = E[(f(Q)cost(2: )]
= Y (f(p)cost(p,S))* Pr(Q; = p]
p€Ls
4z\* 2cost(G, A)\? 2cost(p, A)
= p;scost(p,8)~<5) 'CObt(p’A)'(écost(p,A)> cost(G, A)
42\* cost(G,A)
< <€> .(ppezL:scost(p,S)
42\* cost(G, A)cost(G,S)
< (%) ?
42\* (cost(G, A) + cost(G, S))?
< () ?

Where, in the third line, we upper bounded only one of the cost(p, S) by (4z/¢)?cost(p,.A). Hence,
it holds that Z?:l E[X?] < (%)z ) (cost(G,.A)chost(G,S)p ‘

To apply Bernstein’s inequality, we also need an upper-bound on the value of X;: using cost(p,S) <

z\? 2cost (G, A
(%)7 cost(p, A) and f(p) < %@,A; we get

cost(G, A) + cost(G, S))
4]

X, < M = 2O(zlogz).€—z(
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Applying Bernstein’s inequality with those bounds on the variance and the value of the X;, we then
have:

P [\E(Lg) —E[E(Ls)]| > - (cost(G, A) + cost(G, S))

m - (cost(G, A) + cost(G, S))?
2 Z?:1 Var[X;] + %M . - (cost(G, A) + cost(G, S))

52+z
exp | — -0
( 20(z10g2) Jog? 1 /¢ >

IN

exp | —

3
zlogz/e

IN

Hence, for a fixed solution S and a fixed set of interesting clusters Lg, it holds with probability
62+z

1-— exp (—m . 5) that ‘E(LS) - E[E(LS)” > ﬁz/e . (COSt(G, ./4) + COSt(G,S)).

Doing a union-bound over the C¥ many solutions S and the 2¥ many sets of interesting clus-

ters concludes the lemma: it holds with probability 1 — exp <klogC — ngi—jf%% . 5) that,
for any solution S € C* and any set of interesting clusters Ls, |E(Ls) — E[E(Ls)]| > ﬁz/s .
(cost(G, A) + cost(G, S)). O

In order to apply Lemma note that the quantity |E(Ls)— E[FE(Ls)]| is equal to
|cost(Ls N, S) — cost(Ls,S)|, namely the difference between the cost in the full input
and the cost in the coreset of points in Lg.

This lemma is enough to conclude that the outcome of GroupSample is a coreset, once combined
with Lemmas [f] and [7] To see the end of the proof, one can jump directly to the proof of Lemma
(in Section and use use Lemma [§ instead of Lemma This would give a coreset of size
0 (ks_z_z), instead of O (k:s_ maX(Zz)).

5.6 Bounding Interesting /; s: Improved Analysis

The shortcoming of the previous estimator is its huge variance, with dependency in e~%. We present
an alternate estimator with small variance, allowing in turn to increase the success probability of
the algorithm.

As for the previous estimator, we only need to focus on some interesting clusters Lg, namely clusters
that do not have any point in a huge I; s and satisfy Eq. , important enough to be recalled here:
all clusters in Lg verify

Bp e C | cost(p,S) > (8:>Z - cost(p, A). (6)

5.6.1 Designing a Good Estimator: Reducing the Variance

Our first observation is that we can estimate the cost of points in I sN L, for each ¢ independently,
instead of estimating directly the cost of Ls as in previous section. For them, we will use the
following estimator:

23



Definition 4. Let G be a group of points, and C; be the clusters induced by a solution A on G.
For a given set of interesting clusters Ls, we let

Eys(Ls) : Z Z f(p)(cost(p,S) — cost(gi,s, S)), (7)

C €Ls pEC ﬂ[gygﬂﬂ
where ¢; s = argmin cost(p,S).
PGéi

Eys(Ls) can be expressed differently:

Eis(Ls)= Y, > [()(cost(p,S) — cost(gisS))

C €Ls pEC ﬁfg’sﬁﬂ

= > f(p)eost(p,S) - Fys(Ls), (8)

p€ly sNLsN

with Fy s(Ls) : Z Z f(p)cost(gis,S)

Ci €Ls pEC NIy sN§2

Fys(Ls) is a random variable whose value depends on the randomly sampled points £ (we will
discuss Fy s(Ls) in more detail later).

Note that the expectation of Eys(Ls) is
Scost(C;, G
B sEs)l= Y D) )cost(p, 5) - BlFys(Ls)
|Cj|cost (G, G)
pElp sNLs

.S dcost(C;, G) |C|COSt( ,9)
N ]C’i]cost(G,g) deost(C;, G)

-cost(p, S) — E[Fys(Ls)]
pEly sNls

= cost(ly,s N Ls, S) — E[Fys(Ls)],

Now instead of attempting to show directly concentration of all cost(l, s N Ls N2, S), we will
instead show that:

1. Eys(Ls) is concentrated for all S, and
2. >, Fus(Ls) is concentrated around its expectation.

The reason for decoupling the two arguments is that Ey, s(Ls) has a very small variance, for which
few samples are sufficient: each term of the sum has magnitude cost(p, S) — cost(g; s, S) instead of
simply cost(p,S). This difference is crucial to our analysis. Furthermore, event £ from Lemma |§|
easily leads to a concentration bound on Fs(Ls) =Y, Fys(Ls).

To establish the gain in variance obtained by subtracting cost(g; s, S), we have the following lemma.

24



Lemma 9. Let G be a group of points, and S be an arbitrary solution and C; be a cluster induced

A on G where all points have same cost, up to a factor 2. Denote by ¢; s = argmin cost(p,S).
peC;

Then for every interesting range with £ >loge/2 and every point p € C; NIy s,

__ cost(p,S) — cost(gis,S) ((1-1/2) O(zlog 2)
M= T e ) € (220 2]

Proof. Let wy, = COSt(Z ’il@?ojt%i’s’s). By choice of ¢; s, w, > 0, so we consider the upper bound.
We first show useful inequalities, relating the different solutions. Since p € I s, we have:

cost(qi,s,S) < cost(p,S) < 2 cost(p, A)
< 2" cost(gi,s, A),

where the last inequality holds since p and ¢; s are in the same cluster and have up to a factor 2 the
same cost. We also have that cost(p, g;.s) < 2°71(cost(p, A) + cost(g;,s,A)) < 3-2°"Lcost(gis,A).

Now, using Lemma [I] for any o < 1,
z—1
cost(p,S) < (1+ a/z)zflcost(q@‘s,S) + (1 + E) cost(p, ¢i.s)
@

which after rearranging implies

92 z—1
cost(p,S) — cost(gis,S) < 2a-cost(gs,S)+ <Z> cost(p, ¢;.s)

IN

o203 cost(g;,s, A ( > <27 1cost(q15,A)

27+l (a LotH3 < ) > - cost(g;.s, A).

We optimize the final term with respect to a, which leads to a@ = 9-% (ignoring constants that
depend on z) and hence an upper bound of

IN

cost(p, S) — cost(gs.s,S) < 20E1082)2M1=1/2) ot (g; 5, A).

5.6.2 Concentration of the Estimator E;s(Ls)

First, we show that every estimator Eys(1) is tightly concentrated. This follows the lines of the
proof of Lemma 8], incorporating carefully the result of Lemma [9}

Lemma 10. Let G be a group of points, and A be a solution. Consider an arbitrary solution S.
Then for any set of interesting clusters Ls induced by A on G, and any estimator Eys(Ls) with
¢ < zlogdz/e, it holds that:

|Ees(Ls) — E[Eps(Ls)]| < - (cost(G, A) + cost(ys,S))

zlog z/e
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with probability at least

2
1—exp <—20(210g2) ) mm(;i’ ) -(5) )
log“1/e

Proof. In order to simplify the notations, we drop mention of Ls and define Ey s = Eys(Ls).

Lemma |§| allows to write slightly differently Fy s:

Bis= Y, Y,  [(p)- wpost(gs,S),

éiGLS pEéiﬂIg,SﬂQ

with all the weights w), are in [0, 2¢((1=1/2) . 20(zlog2)],

0
We can also write Ey s as a sum of independent random variables: Eys = > X, where X; =
j=1
f(8)) - wq,cost(gi,s, A) when the j-th sampled point of G is ; € C; NIy s N Ls and X; = 0 when
Q; ¢ Iy s N Ls. Recall that, due to Fact [5} the probability that the j-th sampled point is p, where

= . 1 cost(CyA) 2cost(p,A) 2cost(G,A)
p € C; satisfies P[Q; = p] = Cilcost(GA) S cost(GoA) - From the same fact, f(p) < Seost(pA) -

We will rely on Bernstein’s inequality (Theorem [3). To do this, we need an upper bound on the
variance of Fy s, as well as an almost sure upper bound M on every sample. We first bound E[X 32]
in the second line, we use that €2, consists of a single point to move the square inside the sum.

EIXZ = E[(f()cost(@, A) - wa,s)’]
= > (f(p)eost(p, A) - wp,s)* - Pr(Q = p|

pe[g’SﬂLg

2cost(G, A) 2 o
Z ((SCOSt(M . COSt(p, A) . 'LUp7S> . Pr [QZ = p]
p€lyp,s

IN

2
< Y 9H0-1/2) 90 10s2) cost™(G, A)  cost(p, A)

e 52 cost(G, A)
< Y A1) g0GIess) COStEgvA) - cost(p, A),
p€lys

where the fourth line follows from using Lemma |§| to replace the value of w), s.

To bound ., .

(k-means and higher powers) separately. For the former, we have 226( = 1, so we can use
Zpele,s cost(p, A) < cost(G,.A) as an upper bound. For the latter, we use Zpele,s 2¢ . cost(p, A) <

cost(Iy,s,S) as an upper bound. Combining this with Var[X;] < E[X?], we obtain for z = 1:

cost(G, A) 50(
52

cost(p, A), we need to deal with the cases z = 1 (i.e. k-median) and z > 2
1-1/1)

Var[X;] < #log2) . cost(G, A), 9)

and for z > 1:

cost(G, A) 50!

Var [Xl] 52

zlog Z)gﬁ(l—Q/z)cost(Ie,Sa S). (10)
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The almost sure upper bound (for which no case distinction is required) can be derived similarly ,

. 2cost(G,A
using X; < sup m - cost(p, A) - wps:

X < M = 26(171/2) . QO(zlogz) . COSt(Ga-A)
i > = 75
< g . 24(1—2/z) . 20(zlogz) . C()St((st-’él)7 (11)

where the inequality holds due to ¢ < zlog(4z/¢). Applying Bernstein’s inequality with Equa-
tions [9 and we then have

g
Pl||E)s —E|E < . I,
|Ers — E[E;s]| < TTog 2/ (cost(G, A) + cost(lys,S))

- (cost(G, A) + cost(Ie,$75))2

13
e
< oxp (-
2% 0y Var[Xi] + 3M - TToeae (cost(G, A) + cost(Iys,S))
e
< exp | — 22log? z /e .
90(zlog ) . 1 ifz=1
20(1=2/2) if » > 2
For z = 1 this becomes exp <—20@bg€:—)§0g21/g>. For z = 2, we have 2¢(1=2/2) = 150 the same bound

as for z = 1. For z > 2, we use ¢ < zlog4z/e, which implies g2.97l(1-2/2) > 242-22/2 9—O(zlogz) —
g2 .270(zlog2)  Thjs yields our final desired bound of

min(e2, &%)
exp <—20(zlogz) log2 7z .(5> .

5.6.3 Concentration of F;s(Ls)

We now turn our attention to bounding the random variable Fy s(Ls). It turns out that bounding

' |Cy] - cost(G, A)
dcost(Cy, A)

Fys(Ls) = Z Z cost(gis,S)

G €Ls pEéﬂ'\QﬂIgﬁg

is rather hard, and in fact no easier than bounding cost(I;s N €2, S). Fortunately, this is not
necessary, as it turns out that we can merely bound the sum of Fy s(Ls). We consider the random
variable defined as follows:

Fs(Ls)= Y Fus(Ls)
(<zlog(4z/¢€)
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with expectation

]C’Z| - cost(G, A)
E[Fs(Ls) cost(¢i,s,S =
s(Ls) Z Z (s dcost(Cj, A)
CieLs peCinQ

Showing that Fs(Ls) is concentrated is now an almost direct consequence of event £ from Lemma@,

which says that }° & o % (1+e)|Cyl.

Lemma 11. Let G be a group of points, and A be a solution. Conditioned on event £, we have
for all solutions S and all sets of interesting clusters Lg induced by A on G:

‘FS(LS) — E[FS(LS)” <e-cost(G,S).

Proof. Given a solution S and any set of interesting clusters Ls induced by A on G, we have

|C~'Z\ - cost(G, A)
E[Fs(Ls) cost(q; s, = Prlp € Q] = C cost(g; s, S
[Fs(Ls)] = Y > cost(gis,S Scost (G, A) [p > |Gl - cost(gss, S)-
CieLs peC; Ci€Ls

|Cy|- cost(G,A) _

Event & ensures that the mass of each cluster is preserved in the coreset, i.e., that Zpec N2 Seost(ChA)

(1+¢) - |Cy], for every cluster C; € Ls. Hence

|Ci] - cost(G, A)
t(gis,S) - L — (1+¢)-E[Fs(Ls)].
Z Z cost(gi,s,S) Scost(Cs, A) (L£e) - E[Fs(Ls)]
C;€Ls peC;NQ2

Now finally observe that since ¢; s was always the point of C; whose cost in S is the smallest, we
have E[Fs(Ls)] < cost(Ls,S) < cost(G,S). O
5.7 Combining Them All

We can now show that the sample 2 indeed verifies Lemma [2| To do that, we naturally follow the
structure of previous lemmas, and decompose

cost(G,S) — Z f(p) - cost(p,S)

peEN

into terms for which we can apply Lemmas [} [7] [I0} and

First, we note that the probability of success of Lemma [10]is too small to take a union-bound over
its success for all S. To cope with that issue, we use the approximate centroid set, in order to relate
Eys(Ls) to E, s(Ls), where S comes from a small set on which union-bounding is possible.

Lemma 12. Let G be a group of points, and A be a solution. Let C be an A-approzimate centroid
set, as in Definition[1 It holds with probability

o
1 —exp (k log |C| — 20(1082) . %’8) , 5)
log=1/e
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that, for all solution S € C* and any set of interesting clusters Lg induced by A on G
‘cost(LS,S) — cost(2N LS,S)‘ <e (cost(G, A) + cost(Lg,S)) .

Proof. Taking a union-bound over the success of Lemma [10| for all possible S € C¥, all choice of
interesting clusters Lg and all £ such that log(e/2) < £ < zlog(4z/¢), it holds with probability

1 — exp(klog |C|) exp (—2O(Z1°gz) . %j’/‘i) . (5) that, for every S € Ck,LS and £,

< m . (cost(G,A) + cost(I€,3,§)> (12)

For simplicity, we drop again the mention of Lg and write £, s = E, s(Lg), Fs = F5(Lg). We now
condition on that event, together with event £. We write:

Z cost( p, Z f(p) - cost(p, )

pELs pEL NN

= Z cost(p,S) — E[Fs] + E[Fs] — Fs + Fs Z f(p) - cost(p, S)

p€ELg peLgN
< Z cost(p,S) — E[ 5|+ Fs— Z f(p) - cost(p,S)| + |E[F, 5] — Fgl
pELg pEL NN
< Z Z cost(p,S) — E[F, vsl+ F Zf - cost(p, S) (13)
{<loge/2 pGIe’SﬂLS pEIe,SﬂL =N
zlog z/4e
+ > | DD cost(p,S) —E[F, g + F, 5 Zf - cost(p, S) (14)
{=loge/2 pEIe’SFTLS cl ’SOLSHQ
+E[Fs] — F]

We note that Equation [14] is Z?ioligzé Z/lg |E, s — E[E, 5| and can be directly bounded using Equa-

tion To bound tiny points of Equation we combine Lemma [b| with the observation that
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es_ELEIrmf(kmunSmisgm&

Z Z cost(p, S) — E[F&g] +F, 5 — Z f(p) - cost(p, S)

l<loge/2 pEIE,SﬂLS— pGIAS—ﬁQ

< Z Z cost(p,g)—l—E[FZS |+ F, s Z f(p) - cost(p,S)
L<loge/2 pEIAg pel, 7$ﬂQ
< 2 Z Z cost( p, Z f(p) - cost(p .S)
{<loge/2 pEIe,S pEIASﬂQ
< 4ecost(G, A),

where the last equation uses Lemma [5| Plugging this result into the previous inequality, we have:

Z cost(p, S Z f(p) - cost(p,S)

pELg pELSNQ
zlog z/4e
< 4ecost(G, A) + Z ‘E 0.8] Z,S’+‘E[FS]_FS‘
{=loge/2
zlog z/4e
< 4ecost(G, A) + Z Tloga/e (cost(G,.A) + cost(I&g,S)) + |E[Fs] — Fg
{=loge/2
5 -
< — . -
< 4ecost(G, A) + (zlog(z/4e) — loge/2) oz i)z (cost(G,A) + cost(L3,5)>

+e- cost(G,S)
< O(e) - (cost(G, A) + cost(Lg, S)),

where the second to last inequality used Lemma [T1]

O]

From the approximate centroid set to any solution. We can now finally turn to the proof of
Lemmal2} it combines the result we show previously for the huge type, and the use of approximate
centroid set with the Lemma [12] for the interesting and tiny types.

Proof of Lemma[Z Let X,k,z,G and A as in the lemma statement. We condition on event &
happening. Let S be a set of k points, and S € C* that approximates best S, as given by the
definition of C (see Definition . This ensures that for all points p with dist(p,S) < 22 - dist(p, A)
or dist(p,S) < 8 . dist(p, A) , we have |cost(p,S) — cost(p, S)| < m(cost(p,S) + cost(p, A)).

Our first step is to deal with points that have dist(p,S) > 4?2 - dist(p,.A), using Lemma @ None
of the remaining points is huge with respect to S: hence, they all are in interesting clusters with
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respect to S. Let L & be this set of cluster: it can be handled with Lemma The remaining of
the proof formalizes the argument.

Let Hs be the set of all clusters that are intersecting with some Iy s with £ > zlog(4z/¢). We also
denote Hgs the points contained in those clusters. We decompose the cost difference as follows:

cost(G,S) = > f(p) - cost(p,S)| <| Y cost(p,S) — Y _ f(p) - cost(p,S) (15)

pEQNG pEG\Hg pE(G\HS)ﬂQ

+ Z cost(p, S Zf - cost(p, S) (16)

peEHg peEHsNQ

Since we condition on event &, the term [16] is O(e) - (cost(G, A) + cost(G, S)), using Lemma
Now we take a closer look at term [15| By definition of S, it holds for all points p € G \ Hs that
|cost(p, S) — cost(p, S)| < e(cost(p, S) + cost(p,.A)). Therefore:

Z cost(p,S) — Z f(p) - cost(p,S)

peG\Hgs pe(G\Hs)NQ

< | ) costpS) = Y f(p)-cost(p,S)
pEG\Hs pe(G\Hs)NQ
+ e (cost(G,S) + cost(G, A) + cost(£2,S) + cost(2, A)) .

This allows us to focus on bounding the cost difference to solution S instead of S.

For the remaining points in G \ Hs, we aim at using Lemma |12 ! for that, we show that Lg :=
G \ Hg contains only interesting clusters with respect to S. Indeed, for any p € Lg, we have

|cost(p, S) — cost(p,S)| < W(cost(p, S) + cost(p, A)) by definition of S. Hence,

cost(p,S) < cost(p,S) + (cost(p, S) + cost(p, A))

_c
zlog z/e

< <(1 +e) <4;)Z + 5) cost(p,.A)

< (%) it

z
and p is indeed not huge with respect to S. Therefore, we can apply Lemma [12| to get:

Z cost( p, Zf - cost( p, Z cost( p, Z f(p) - cost(p, )

peG\Hg (G’\HS nQ pELls peELsNQ
< &(cost(G, A) + cost(Lg,S))
= O(e)(cost(Lg,S) + cost(G, A))
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Combining all the equations yields

|cost(G, S) — cost(2,S)| < O(e) - (cost(G, A) + cost(G, S) + cost(2,.A) + cost (2, S)) .

To conclude the proof, it only remains to remove the term cost(£2,.4) + cost(€2,S) from the right-
hand-side. Applying this inequality for S = A and using cost(2,.4) < cost(G,.A)+|cost(G, A) — cost (2, .A)]
yields first

cost(2, A) = O(1) - cost(G, A).
Similarly, we can use cost(£2,S) < cost(G,S) + |cost(G, S) — cost(£2,S)| to get

cost(Q,8) = O(1) - (cost(G,S) + cost(G, A)).

Hence, we finally conclude:

|cost(G, S) — cost(2,S)]| < O(e) - (cost(G, A) + cost(G, S)) .

The probability now follows from taking a union-bound over the failure probability of Lemma [0]
and Lemma [I2] Specifically

) min (g2, £7)

1 —exp [ klog|C| — 20(zlog=
Xp< g|C| log21/£

'5) — k- 2% log?(z/e) exp <—0(1)i5>

In a given cluster C; induced by A on G, the complexity of the algorithm is O(|Cy]): it is both the
cost of computing the scaling factor f(p) for all p € C;, and the cost of sampling ¢ points using
reservoir sampling [Vit85]. Hence, the cost of this algorithm for all clusters is O(|G]). O

6 Sampling from Outer Rings

In this section we prove Lemma

Lemma 3. Let (X, dist) be a metric space, k,z be two positive integers, P be a set of clients and
A be a cq-approzimate solution solution to (k, z)-clustering on P.

Let G be either a group Gbo or Gr?lax. Suppose moreover that there is a A-approximate centroid set
C for (k,z)-clustering on G .

Then, there exists an algorithm SensitivitySample running in time O(|G|) that constructs a set

Q of size § such that it holds with probability 1 — exp (k: log |C| — 20(=log2) . logg21/a : 6) that, for all

sets S of k centers:

|cost(G,S) — cost(2,S)| = - (cost(S) + cost(A)) .

zlog z/e
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Recall that the SensitivitySample procedure merely picks § points p with probability %.

Each of the ¢ sampled points has a weight %. The procedure runs in time O(|G]).
The main steps of the proof are as follows.

e First, we consider the cost of the points in G such that cost(p,S) is at most 4% - cost(p, .A).
For this case, we can (almost) directly apply Bernstein’s inequality as in the previous section.

e Second, we consider the cost of the points in G such that cost(p,S) > 4% - cost(p,.A). Denote
this set by G f4rs. For these points, we can afford to replace their cost in S with the distance
to the closest center ¢ € A plus the distance from ¢ to the closest center in S. The latter
part can be charged to the remaining points of the cluster from the original dataset (i.e., not
restricted to group G) which are in much larger number and already paying a similar value
in S.

We first analyse the points not in G4 s. For that, we will go through the approximate centroid
set C to afford a union-bound: we show the following lemma.

Lemma 13. Let S € C*, and define G ose.g 10 be the set of points of G such that cost(p,S) <
5% - cost(p, A). It holds with probability

2
_ _90() (_E
1 —exp ( 2 <10g 1/€> 5)

(cost(G,A) + cost(Gclos&g,S))

that

|cost(G S) — cost(QNG S)| <

~ zlogz/e

close,S? close,S>

4 t(GL,A
) = Zizl X;, where X; = %(1),«4)) .
cost(p, S) if the i-th sampled point is p € G, § and X; = 0 the i-th sampled point is p ¢ G
Recall that the probability that p is the ¢-th sampled point is cost(pA)

cost(G,A) "
moment E[X?]:

Proof. We aim to use Bernstein’s Inequality. Let E, s

close,g .

We consider the second

0 cost(G, A) N 2‘
E[X? = pe; _<5'Cost(p’ 0 cost(p,S) | -Plp € Q]
close,S

cost(p, S =
= cost(G, A) - Z W - cost(p, S)
peG ’

close,é

IN

cost(G, A) - Z > cost(p, S)

z

< > cost(G, A) - cost(G

52 S)

close,S?

Furthermore, we have the following upper bound for the maximum value any of the X;:

cost(G, A) 5 b7
2. < — . .
el ax 5 cost(p, A) cost(p,S) < cost(G, A) (17)

close,S 5
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Combining both bounds with Bernstein’s inequality now yields

]P)HEclose,S’ - E[Eclose,g]‘ < ’ (COSt(G’ 'A) + COSt(Gclose,S’ S)>]

zlog z/e
2 N2
B <7zlogz/a) . (cost(G,A) + cost(GClee7g,8))
> exXp | — ~
2 Zle Var[X;]+ M -¢- (cost(G, A) + COSt(Gclose,S’S))
2 ~\2
(Zlosz/s) 25 (cost(G,A) + COSt(GcloseSvS)>
< exp|— & - ’ —
247 - cost(G, A) - cost(G .. 5, S) + 47 - cost(G, A) - € - (cost(G, A) + COSt(Gclose,S78>>
<

2
_90() (& .
exp( 2 <zlogz/5> 6)

Noting that cost(2 NG S)=E[E ose 5] concludes: we have with probability

close,b:7
2
1—exp <—2_O(z) . (ﬁ) ‘(5> that:
_ 3\ _ _ & < . . c
|cost(Gclos€7S, S) — cost(2 N Gdose’s, S)| < oz /e (cost(G, A) + COSt(Gclose,S’S))

O]

Now we turn our attention to G4 s. For this, we analyse the following event &g, similar to £:
For all cluster C' of solution A such that C NG # ()

Z cost(G, A)

WCOSW” A)=(1%e¢)-cost(CNG,.A)

peCNGNQ

Lemma 14. Event ¢, happens with probability at least

2
1—kexp<ék-5>.

Proof. We aim to use Bernstein’s Inequality. Let Eg = Z?Zl X;, where X; = %ﬁ;% -cost(p, A) if

the i-th sampled point p € C and X; = 0 the i-th sampled point p ¢ C. Recall that the probability

that the i-th sampled point is p is CC;)SS;((g,./jl)). We consider the second moment E[Xf]
2
£
E[X?] = Z M -cost(p, A) | - P[p is the i-th sampled point]
J - cost(p, A)
peCNG
t
— COS(5§7J4) . Z Cost(p’_A)
peCNG
cost(G, A
= 552)(:08’5(0 NG, A)
2k
< 5 cost?>(C' NG, A)
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where the final inequality follows since every cluster has cost at least half the average. Indeed,
either the group considered is GG, and then any cluster verifies cost(C N G) > fcost(RS, A) >

max?
%cost(GgaX, A), or all the clusters in Gbo have an equal cost, up to a factor of 2 — hence none cost

less than half of the average.

Furthermore, we have by the same argument the following upper bound for the maximum value
any of the X;:

X, < M= max cost(G, A)

2k
LY <2 .
X T cost (0, A) cost(p, A) < 3 cost(C' NG, A)

Combining both bounds with Bernstein’s inequality now yields
P[lcost(C NG NN, A) —cost(C NG, A)| <e-cost(C NG, A

g2 cost?(C' NG, A) 2
< exp|— = T < exp 0
2> 5 Var[Xs] + 3M -¢-cost(CNG, A) 6k

Reformulating, we now have

S MO t(p,4) = (1£9) - cost(CN G, A)
pecnonn ¢ P (P A)

O

Lemma 15. Let (X, dist) be a metric space, k,z be two positive integers. Suppose G is either a
group G or G9,.. Let Gyars C G be the set of all clients such that cost(p,S) > 4% - cost(p, A).
Condition on event Eyqyp.

Then, the set ) of size § constructed by SensitivitySample verifies the following. It holds for all
sets S of k centers that:

2
cost(Gfar,s,S) + cost(Q2N G tar5,S) < c

~ zlogz/e cost(S)

Proof. Our aim will be to show that max (cost(G ter.s,S), cost(Q2 N Gars, S)) < m - cost(S).
It is key here that we compare to the cost of the full input in S, and not simply the cost of the

group G.

First, we fix a cluster C' € A, and show that the total contribution of points of C'N G, 5 is very

cheap compared to cost(C,S), i.e. that cost(G ters N C,S) < 21027 -cost(C, S).
For this, fix a point p € Gt4r s N C, and let ¢ be the center of cluster C.

Let Cgose be the points of C' with cost at most (g)z . %. Due to Markov’s inequality, most

of C’s points are in Cgpse: |Coiose] > (1 —¢/2) - |C].

Using that the point p is both in the outer ring of C' and in Gy, 5, we can lower bound the
distance from c to S as follows. Triangle inequality and cost(p, S) > 4% - cost(p, ¢), yield dist(c,S) >
dist(p, S) —dist(p, ¢) > 4dist(p, ¢) —dist(p, ¢) > 3dist(p, ¢). Since p is from an outer group, it verifies
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cost(p, c) > (E)QZ . % Combining those two observations yields: cost(c,S) > 3%cost(p,.A) >

3z . (5)22 ) Cosré?’C)'

Using this and Lemma [I} we now have for any ¢ € Cejpse:

2z 4+ ¢€

z—1
cost(c,S) < (1+¢/(22))* ! - cost(q,S) + < ) - cost (g, ¢)

224+¢e\*t /z2\* cost(C,c)
< 2y L=
< (1+¢)cost(q,S) + < 5 ) <5) ]
_ 221 cost(C, c)
< =1 (% bt Sl
< (1+¢)cost(q,S)+3 <€) ]
< (1+¢)cost(q,S) + % - cost(c, S)
-
> .
= cost(q,S) > Tz cost(c, S)
= cost(C,S) > cost(Ceose, S) = |Cleiosel - 1;? - cost(c, S). (18)

Using additionally that [Ceose| > (1 — £) - |C] and cost(c, S) > 3% - (Z)2Z . Cosré?’c), we get:

€

1— 2z
Ost(C,8) 2 [Cugel - 1= 37 (2) 7. A

. Z\ 2z—1
T z > 3% <7> -cost(C, A). (19)

€ |C - €

We are now equipped to show the first part of the lemma, namely cost(Gfar.s,S) -cost(S).

< zlogz/e
Since G N C contains only points from the outer ring of C, with distance at least (z/¢)? times the
average, Markov’s inequality implies that |G N C| < (%)2 -|C|. Hence, |G tqrs N C| < 1—15/2 . (%)2 .
|Ceiose|- This yields
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cost(Gfars NC,S) = Z cost(p, S)

pGGfarysﬁC
L1 2z+¢e\*!
(Lem[l) < Z (1+¢/22)* “cost(c,S) + - cost(p, ¢)
pGGfarysﬁC €
< |GfarsNC|-(1+¢)-cost(c,S)
2z +e\* "
4 . - cost(G far,s N C, A) (20)
l+e [e\2 2z +e\*!
< (2).
S 1= <z> |Ciose|cost(c, S) + ( 5 ) cost(Gfar,s N C, A)
(14+¢)? /e\2 2z e\ !
. < (2. .
e < 15 (z) cost(C, ) + [ c08t(Gars N C, A)
(1+¢)? [e\2
. < (2.
Ee = GTop (5) eot(@9)
2z+e\" 1 gey2e-l
R . 21
+ < - 32 (z) cost(G tor s N C,S) (21)
5
22
TTog /e cost(C,S) (22)
Summing this up over all clusters C', we therefore have
€
< . 2
cost(Gfar,s,S) < oz /e cost(S) (23)

What is left to show is that, in the coreset, the weighted cost of the points in G4 s N2 can be

bounded similarly. For that, we use event £, to show that ZperM SNCNO % ~ |G arsNC|

In particular, event £, implies that with probability 1 — k- exp (—O(l) . %2; . 6) for all clusters C
induced by A

Z cost(G, A) (2,2)22 ~cost(C, A) Z cost(G, A) cost(p, A)
elrting d-cost(p, A) \ € |C| T elitng § - cost(p, A) ’

< (14¢)-cost(CNG,A)

cost(G, A) €\22 cost(C' NG, A)
N O o (e (2o A 24
pec%ﬂﬂ J - cost(p,.A) ( ) (22) €] cost(C,.A) (24)

2z
< (14¢e)- A T C] (25)
2z

Therefore, we have
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cost(Gfars NN C,S)

_ Z cost(G, A)

5 - cost(p, A) cost(p. )

pEGfar,S nc

(Lem. < Z COSt(G’A>) : <<1 + %)Z_l cost(c, S)

pe e anane J - cost(p, A
92 z—1
+ ( Z+€> -cost(p,c))
€

cost(G, A)
d - cost(p, A)

IN

(1+¢)-cost(c,S) -
pEGf,”«’Sr\IQf\IC

2z 4+¢\*!
(Efar) + . “(1+¢)-cost(CNG,A)

2 z—1
(Eq. < (14 ¢)2cost(c,S) - (262> O+ (22(:_ E) “(14¢)-cost(CNG,A)
22 z—1
< (1+¢)?. (%) -1C| - cost(c, S) + <2Z * E) - cost(C, A) (26)
- cost(C, S)

zlog z/e

where the steps following Equation are identical to those used to derive Equation from
Equation Again, summing over all clusters now yields
cost(G far.s N2, S) <

m . COSt(S),

which yields the claim. O

Combining far and close to show Lemma The overall proof follows from those lemmas.

Proof of Lemmal[3 First, we condition on event 4, and on the success of Lemma [T3] for all
solution in C¥. This happens with probability

52 o) 3 2
_ A _9 0@k _=
1—kexp < - 5) exp (k:log IC| — 2 (log 1/€> J].

Let S be a solution, and S its corresponding solution in C*. We break the cost of S into two parts:
points with cost(p, tildeS) < 5% - cost(p, .A), on which we can apply Lemma on the others, on
which we will apply Lemma

From Lemma [13] we directly get

|cost(G e 50 S) — cOst(QN Gy 59 S)| < : (cost(G, A) + cost(G,S‘)) .

zlog z/e
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Since any point in G, s verifies |cost(p, S)—cost(p, S)| < m(cost(p, S)+cost(p, A)) we can re-
<

late this to cost(G . g S) as follows. First, this implies cost(G .. & S) (1+¢€)cost(G e 50 S)+
ecost(G, A). Hence:
|cost(Gclose75,S) — cost(2 N Gcl05675,3)|
< ’COSt(Gclose,g’S) — cost(Q2 N Gcl05675,3)|
+ Tlog i/ YR (cost(Gdose,g, S) + COSt(Gclose,S’ A))
+ Tlogz /e Py (cost(GdoseS nQ,S)+ COSt(Gclose,S nNQ,A))
O(e)
—_ t(G t(G,S
S logeje (cost(G, A) + cost(G, S))
TTog i/ pyp (cost(Gdose,g nQ,S) + COSt(Gclose,S nQ,A))
We now deal with the other far points. For this, note that G\ G .. § € Gars. Indeed, any point
p € G\ Gyars has its cost preserved by S, and therefore verifies
t < (14— t(p, S ——  cost
cost(p,S) < (1+ zlogz/e)cos (p,S) + zlogz/acos (p, A)

< (14 ¢) - 4*cost(p, A) + ecost(p, A) < 5%cost(p, A).

Consequently, G \ Gors € G
Lemma, [T5

which implies G \ G C Gyar,s. Hence, we can use

close,S» close,S

|cost(G\ G jpse 50 S) — cost(QN (G \ Gy 5),S)
cost(G \ G ypge 8, S) +cost(QN(G\ G 5),S)
cost(Gar,s,S) + cost(QN Grars, S)

- cost(S).

IN N

IN

zlog z/e

Hence, adding the two inequalities gives that

|cost(G, S) — cost(Q2N G, S)|
O(e)

_m . COSt(S) +

5
_ Q Q .
oz /e (cost(GNQ,S) + cost(GNN,A))

To remove the terms depending on ) from the right hand side, one can proceed as in the end

of Lemma [2| applying grossly the previous inequality to get cost(G N Q,8) = O(1)cost(S) and
cost(GNQ,A) = O(1)cost(A). This concludes the theorem:

O(e)
zlog z/e

lcost(G, S) — cost (2N G,S)| < - (cost(G, S) + cost(G, A)).

39



This concludes the coreset construction for the outer groups.

7 Partitioning into Well Structured Groups

In this section, we show that the outcome of the partitioning step satisfies Lemmal[d] that we restate
for convenience.

Lemma 4. Let (X, dist) be a metric space with a set of clients P, k, z be two positive integers, and
e € RY.. For every solution S, it holds that

|cost(D, S) — cost(P1,S)| = O(g)cost(S),

where D and Py are defined in Step |4 of the algorithm.

Recall that the inner ring R;(C) (resp. outer ring Ro(C)) of a cluster C' consists of the points of
C with cost at most (¢/2)** A¢ (resp. at least (2/2)** A¢). The main ring Ry (C) consist of all the
other points of C.

Recall also that D contains all points that are either in some inner ring, in some group G min Or

in Ggu-n. Py contains center of A weighted by the number of points from D in their clusters.
To prove Lemma 4, we treat separately the inner ring and the groups Gjmin and Ggm in the
next two lemmas. Their proof are deferred to next sections. For all those lemmas, we fix a metric
space I a set of clients P, two positive integers k and z, and € € R%. We also fix A, a solution to

(k, z)-clustering on P with cost cost(A) < c4cost(OPT).

Lemma 16. For any solution S and any cluster C with center ¢ of A,

|cost(R;(C),S) — |R1(C)] - cost(c,S)| < e(cost(C, A) + cost(R;(C),S)).

Lemma 17. For any solution S and any j,

k
cost(Gjmin,S) — Z |Ci N Gjmin] - cost(ci, S)
i=1

<e-cost(Rj,S)+ ¢ - cost(R;, A).

Moreover, for any solution S,

cost(G9

k
iy S) — Z 1Ci NG9, | - costlci, S)| < e - cost(S) + & - cost(A).

=1

The proof of Lemma {4 combines those lemmas.

Proof of Lemmal[f} We decompose |cost(D,S) — cost(Py,S)| into terms corresponding to the pre-
vious lemmas:
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|cost(D, S) — cost(Py,S)| < Z |cost(R[(Ci),S) — |R1(Cy)|cost(ci, S)|

2z log(z/¢) k
+ Z cost(Gjmin,S) — Z |C; N Gjmin]|cost(c;, S)
j=2zlog(e/z) =1

_l’_

k
cost(Gin, S) = Y |Ci NGy |cost(ei, 3)’

=1

Mw

(cost(C, A) 4 cost(R(C5),S))

+ 2scost(8) + 2ecost(A) 4 e(cost(S) + cost(A))
< 8eccost(S),

where the second inequality uses Lemmas [I6 and [I7]

7.1 The Inner Ring: Proof of Lemma
Lemma 16. For any solution S and any cluster C with center ¢ of A,

|cost(Rr(C),S) — |R;(C)] - cost(c,S)| < e(cost(C, A) + cost(R;(C),S)).
Proof. Let C be a cluster induced by A, and p be a point in the inner ring R;(C). We start by
bounding |cost(p, S) — cost(c,S)|. Let S(p) (resp. S(c)) be the closest point from S to p (resp. ¢).
Using Lemmal [T} we get

|cost(p, S) — cost(c,S)| < & - cost(p, S) + (1 4 22/)* ! - cost(c, p).

Since p is from the inner ring of its cluster, cost(c,p) < (%)QZ Ac, hence (1 + 2z/¢)*Lcost(c,p) <
(24+¢)* 1 (e/2)*" - Ac < eAg, for small enough «.
Summing this over all points of the inner ring yields
lcost(R;(C),S) — |R1(C)] - cost(e, S)| < Z |cost(p, S) — cost(c,S)|
pER;(C)

< Z ecost(p, S) + eAc
pER[(C)

< ecost(R;(C),S) +¢|Ri(C)|Ac
< ecost(Rr(C),S) + ecost(C, A)

This implies
lcost(R;(C),S) — |R1(C)] - cost(e, S)| < e(cost(C, A) + cost(R;(C),S)).
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7.2 The Cheap Groups: Proof of Lemma

Lemma 17. For any solution S and any j,

k
cost(G,min, S) — Z |Cs N Gjmin| - cost(c;, S)

i=1

<e-cost(R;,S)+ e - cost(R;, A).

Moreover, for any solution S,

k
cost(G9,,,S) — Z ICiN G2, | - cost(ci, S)

min> min
i=1

< e cost(S) + ¢ - cost(A).

Proof. Using Lemma [I} for a point p in cluster C;

9 z—1
|cost(c;, S) — cost(p, S)| < ecost(p,S) + (1 + ;) cost(p, ¢;).

Let G be a group, either G i or Ggm. Summing for all cluster C; and all p € G N C;, we now
get

k
Z |C; NG| - cost(c;, S) — cost(G, S)

=1

k z—1
< e-cost(G,S) + Z Z <1 + 2;) cost(p, A)

i=1 peGNC;

k z—1
< e-cost(G,S) +Z (%) cost(C; NG, A)
i=1

z—1
< e-cost(G,S) + <3€Z> cost(G, A)

Now, either G = Gjmin for some j, and cost(G, A) < (ﬁ)z -cost(R;, A); or G = GY. . and
cost(G, A) < (£)7 - cost(Ro(A), A) < (£)" - cost(A).

In both cases, the lemma follows. O

8 Application of the Framework: New Coreset Bounds for Various
Metric Spaces
In this section, we apply the coreset framework to specifics metric spaces. For each of them, we

show the existence of a small approximate centroid set, and apply Theorem [I]to prove the existence
of small coresets.

We recall the definition of a centroid set (Definition [L): given an instance of (k, z)-clustering and
a set of centers A, an A-approximate centroid set C is a set that satisfies the following: for every
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solution S, there exists S € C* such that for all points p that verifies cost(p,S) < (8?2)2 cost(p, A)

or cost(p, S) < (22)7 cost(p, A), it holds |cost(p, S) — cost(p, S)| < TToa7e) (cost(p, S) + cost(p,.A)).

Theorem [1] states that in case there is an A-approximate centroid set C, then there is a linear-time
algorithm that constructs with probability 1 — 7 a coreset of size

<2O(zlogz) . 10g4 1/8
0 -
min(e2,e?)

(klog |C| + loglog(1/e) 4+ 10g(1/7r))>

8.1 Structural Property on Solutions

We also show a structural property on solutions, that we will use in order to show the existence
of small approximate centroid sets. Essentially, when replacing a center s by a center in C we will
make an error ecost(q,.A) for some ¢ that we can choose: it is necessary to ensure this error is tiny
compared to any cost(p, s) + cost(p, .A).

Given a point ¢ and a center 8, we say that a point p is problematic with respect to ¢ and s
when dist(p, A) + dist(p, s) < gz (dist(g,.A) + dist(g, s)). In that case, we cannot bound the error
dist(q,.A) + dist(q, s) by some quantity depending on cost(p, s) + cost(p,.A). However, we show the
following:

Lemma 18. Let S be a solution, such that any input point p verifies dist(p,S) < 8?2 - dist(p, A).
There exists a solution S’ C S such that

e for all p, it holds that |cost(p,S) — cost(p,S")| < TTog 27z (Cost(p, S) + cost(p, A)), and

e for any center s € §', let q = argminp:dist(p )< 12 gist(p, A) dist(p, A) + dist(p,s). There is no
problematic point with respect to q and s.

Proof. First, we show that in case there is a problematic point p with respect to some s and gq,
then we can serve the whole cluster of s by S(p), the point that serves p in S. We work in this
proof with particular solutions, where points are not necessarily assigned to their closest center.
This simplifies the proof, but needs particular care at some moments. In particular, we will ensure
that dist(p, S(p)) < 12—2 -dist(p, .A) is always verified. We will then remove inductively centers with
problematic points to construct S’.

Removing a center that has a problematic point.

Let s € S, and ¢ = argminp:dist(pys)g%dist(p7A)dist(p,A) + dist(p, s) as in the statement. Let p
be a problematic point with respect s and ¢, and S(p) its the center serving p in S. First, note
that since p is problematic, it must be that dist(p,S(p)) < dist(s,p): otherwise, p would verify
dist(p, s) < %dist(p, A), and the minimality of ¢ would ensure that p is not problematic. Thus, it

holds that:
dist(s, S(p)) < dist(s,p) + dist(p, S(p)) < 2dist(s, p)

2
< 2(dist(s, p) + dist(p, A)) < 5 (dist(q, A) +dist(q, s)).
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Now, let p’ be served by s. Using the triangle inequality, we immediately get

2
dist(p’, S(p)) < dist(p’, s) + dist(s, S(p)) < dist(p', s) + 4€—Z2(dist(q, A) + dist(q, s)).

Additionally, it holds that

min dist(q’, A) + dist(¢', S(p)) < dist(p, S(p)) + dist(p, .A)
q':dist(¢’,S(p))< 1(E)—zdist(q’,fl)

< dist(s, p) + dist(p, A)

2
< oo (dist(q, A) + dist(q.8)  (27)
z
Hence, if S(p) is removed as well, the error for points served by s will be an ;%—fraction of the

initial error. This implies that the total error will not accumulate, as we will now see.

Constructing S’. To construct 8’, we proceed iteratively: start with &’ = S, and as long as there
exists a center s that have a problematic point p with respect to it, remove s and reassign the whole
cluster of s to 8’(p), the closest point to p in the current solution. This process must end, as there
is no problematic point when there is a single center.

For a point p, let s1, ..., s; be the successive cluster it is reassigned to, with corresponding ¢, ..., g;.
Using Eq. , it holds that dist(g;+1,.A) + dist(gi+1, Si+1) < %(dis‘c(qi, A) + dist(g;, s;)). Hence,
the distance increase for p is geometric: using that dist(q1, .A) +dist(q1, s1) < dist(p,.A) +dist(p, S)
(which holds by minimality of ¢;), we get that at any given step 4 it holds that

i 2\ %
dist(p, s;) < dist(p, S) + (dist(p, A) + dist(p, S)) Z <8522>
j:l
2

< dist(p, S) + :?(dist(]% A) + dist(p, S))

8z g2 8z

< = .di — (1 4+ —)di

< = dist(p, A) + £y - (1 —)dist (p, A)
10

< — - dist(p, A),

as promised in order to remove centers.

Last, we show that the first bullet of the lemma holds. We consider now the standard assignment:
p is assigned to its closest center of &', instead of s;. First, since we only removed centers, it holds
that cost(p, S) < cost(p,S’). Second, using Lemma [} we have for any &’ =

€ .
zlogz/e*

cost(p, S") < cost(p, s;)
2

4z z—1
< ! — B
< (1+¢&")cost(p,S) + <€,> (422

(1 +&)cost(p, S) + (E)Z - (2log z/€)*~ 1 - (cost(p, A) + cost(p, S))
(1 + &")cost(p, S) + ' (cost(p, A) + cost(p,S))

> - (dist(p, A) + dist(p, S))*

IN

IN
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Hence, we conclude that

< (cost(p,S) + cost(p,.A)),

£
|cost(p, S’) — cost(p, S)| < Tloga)e

which concludes the lemma. O

8.2 In Metrics with Bounded Doubling Dimension
We start by defining the Doubling Dimension of a metric space, and stating a key lemma.

Consider a metric space (X, dist). For a point p € X and an integer r > 0, we let B(p,7) = {z €
X | dist(p,z) < r} be the ball around p with radius r.

Definition 5. The doubling dimension of a metric is the smallest integer d such that any ball of
radius 2r can be covered by 2% balls of radius r.

Notably, the Euclidean space R? has doubling dimension 6(d).

A ~-net of V is a set of points X C V such that for all v € V there is an © € X such that
dist(v,z) < 7, and for all z,y € X we have dist(z,y) > 7. A net is therefore a set of points not
too close to each other, such that every point of the metric is close to a net point. The following
lemma bounds the cardinality of a net in doubling metrics.

Lemma 19 (from Gupta et. al [GKL03]). Let (V, dist) be a metric space with doubling dimension
d and, diameter D, and let X be a y-net of V. Then |X| < 2¢Mog2(D/7)]

The goal of this section is to prove the following lemma. Combined with Theorem [I it ensures the
existence of small coreset in graphs with small doubling dimension.

Lemma 20. Let M = (X, dist) be a metric space with doubling dimension d, let P C X, let k and
z be positive integers and let € > 0. Further, let A be a cq-approximate solution with at most k
centers. There exists an A-approzimate centroid set for P of size

- (57

€

A direct corollary of that lemma is the existence of a coreset in Doubling Metrics, as it is enough
to show the mere existence of a small centroid set for applying Corollary

Corollary 4. Let M = (X, dist) be a metric space with doubling dimension d, and two positive
integers k and z.

There exists an algorithm with running time O(nk) that constructs an e-coreset for (k, z)-clustering

on P C X with size .
log”1/e
(0] <20(zlogz) min(Z, 27) (kd + log 1/7r)>

Proof. We first compute a coreset of size O(k3de~2) [HJLW1IS|. Then, combining Theorem (1| and
Lemma [20] yields an algorithm constructing a coreset of size

o ( log*1/e

920(zlog 2) min(€2, €Z)

(kdlog1/e + klog kd/e + log 1/%)) :
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If logk > d then O(logkd) = O(logk). If d > logk then O(kd + klogkd) = O(kd), hence the
claimed bound follows. O

Proof of Lemma[20. For each point p € P, let ¢ be the center to which p was assigned in A. Let
B (p, (S?Z) dist(p, C)) be the metric ball centered around p with radius (86—”2) - dist(p, ¢), and let N,

be an (£) - dist(p, A)-net of that ball.

Due to Lemma N, has size (¢/2)~9D) . Additionally, let sf be a point not in any B(p, (1072) dist(p,.A)),
if such a point exist.

Let N := sy Upey N,. We claim that A is the desired approximate centroid set.

For a candidate solution S, apply first Lemma so that we can assume that for any center s € S,
and ¢ = ArgMIN,, gict (1 5)< 10 dist (p A)dist(p, A) +dist(p, s), there is no problematic point with respect
to ¢ and s. :

let S be the solution obtained by replacing every center s € S by § € C as follows: let ¢ =
argminp:dist(p 5)< 102 dist (p A)dist(p,.A) + dist(p, s). Pick 5 to be the closest point to s in N,. If such
a g does not exist, pick § = sy.

Now, let p be a point such that cost(p,S) < (%z)z -cost(p,.A), let s be any center in S and g defined
as previously. Then, by construction of the S, there is a center 3 with dist(s, 5) < (£) dist(q, A)
and therefore, using that p is no problematic:

cost(p, S) < cost(p,5) < (1 + e)cost(p, s) + (1 + z/e)* Lcost(s, 3)
£

< (14 &)cost(p,S) + (22/¢)* ¢ (Z)Z cost(q,.A)
< (14 €)cost(p,S) + ecost(q, .A) (28)
< (14 €)cost(p, S) + ecost(p, A). (29)

To show the other direction, for any point in S there is a center s with dist(s, 5) < (ﬁ) dist(q, .A).
Hence the previous equations apply as well, and we can conclude: for a point p such that cost(p, S) <

(%)Z ’ COSt(pa A)v
|cost(p, S) — cost(p, S)| < e(cost(p, S) + cost(p, A)).
O(d)

2
Rescaling € concludes the lemma: there is an A-approximate centroid set with size | P)| (%) =

P17

9 Graphs with Bounded Treewidth

In this section, we show that for graphs with treewidth ¢, there exists a small approximate centroid
set. Hence, the main framework provides an algorithm computing a small coreset. We first define
the treewidth of a graph:
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Definition 6. A tree decomposition of a graph G = (V, E) is a tree T where each node b (call a
bag) is a subset of V' and the following conditions hold:

e The union of bags is V,
o Yv € V, the nodes containing v in T form a connected subtree of T, and
e for all edge (u,v) € E, there is one bag containing u and v.

The treewidth of a graph G is the smallest integer t such that their exists a tree decomposition with
mazximum size bag t + 1.

Lemma 21. Let G = (V,E) be a graph with treewidth t, X C V and k,z > 0. Furthermore,
let A be solution to (k,z)-clustering for X. Then, there exists an A-approximate centroid set for

. . 22 log z/e o(t)
(k, z)-clustering on V' of size poly(| X|) <f> .
Applying this lemma with X yields the direct corollary:
Corollary 5. Let G = (V, E) be a graph with treewidth t, X CV, k and z > 0.

There exists an algorithm running time O(nk) that constructs an e-coreset for (k, z)-clustering on
X, with size

log®1/e
@) (QO(ZlOgZ) min(e2, &%) (klogk + kt + 10g(1/7r))> .

Proof. Let X C V. We start by computing a (k,e)-coreset X of size O(poly(k,1/e,t)), using the
algorithm from [BBH™T20)

We now apply our framework to X;. Computing an approximation on X takes time O(|X1|k),
using the algorithm from Mettu and Plaxton [MPO04].

Lemma [21| ensure the existence of an approximate centroid set for X; with size poly(]X|) (g)o(t).

Hence, Corollary [2l and the framework developed in the previous sections gives an algorithm that
computes an e-coreset of X with size

log*1/e
@) (20(Zlogz) min(eZ, 2 (klog |X1| + ktlogl/e + log(l/ﬂ))) .

Using that | X1| = O(poly(k,¢,t)) yields a coreset of size

log®1/e
O (QO(ZIOgZ) min(e2, %) (klogk + kt + 10g(1/7r))> .

Instead of using [BBH™ 20|, one could apply our algorithm repeatedly as in Theorem 3.1 of [BIKW21],
to reduce iteratively the number of distinct point consider and to eventually get the same coreset
size. The number of repetition needed to achieve that size bound is O(log* n), where log*(z) is the
number of times log is applied to x before the result is at most 1; formally log*(z) = 0 for z < 1,
and log*(z) = 1 + log*logx for > 1. The complexity of this repetition is therefore O(nk), and
the success probability 1 — 7, as proven in [BJKW21]. O
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For the proof of Lemma we rely on the following structural lemmaﬂ

Lemma 22 (Lemma 3.7 of [BBH"20]). Given a graph G = (V,E) of treewidth t, and X C V,
there exists a collection T of subsets of V' such that:

1. UAETA - V,
2. |T| = poly(| X]),

3. For each A€ T, |ANX| = 0(t), and there exists P4 CV with |Pa| = O(t) such that there
is no edge between A\ Pa and V '\ (AU Py).

Our construction relies on the following simple observation. Let s be a possible center, and p be a
vertex such that cost(p,s) < (4?2)'2 cost(p, A). Let A € T such that p € A. Then, either s € A, or

the path connecting p to s has to go through Pa.

We use this observation as follows: it would be enough to replace a center s from solution S by
one that has approximately the same distance of all points of P4. The main question is : how
should we round the distances to P47 The goal is to classify the potential centers into few classes,
such that taking one representative per class gives an approximate centroid set. The previous
observation indicates that classifying the centers according to their distances to points of Py is
enough. However, there are too many different classes: instead, we round those distances.

Ideally, this rounding would ensure that for any point p and any center s, all centers in s’s class have
same distance to p, up to an additive error £(cost(p, s) + cost(p,.A)). This would mean rounding the
distance from s to any point in P4 by that amount — for instance, rounding to the closest multiple
of e(cost(p, s) + cost(p, A)). Nonetheless, this way of rounding depends on each point p: a rounding
according to p may not be suited for another point g. To cope with that, we will quite naturally
round distances according to the point p that minimizes cost(p, s) + cost(p,.A4). Additionally, to
ensure that the number of classes stays bounded, it is not enough to round to the closest multiple
of e(cost(p, s) + cost(p, A)): we also show that distances bigger than 1(cost(p, s) 4 cost(p, .A)) can

be trimmed down to %(cost(p, s) + cost(p, A)). That way, for each point of P4 there are only 1/¢2
many possible rounded distances.

Hence, a class is defined by a certain point p, a part A and by |P4| = ¢t many rounded distances:
in total, that makes poly(|X|)e~®® many classes. The approximate centroid set contains one
representative of each class: this would prove Lemma, We now make the argument formal, in
particular to show that the error incurred by the trimming is affordable.

Proof of Lemma[21l Given a point s € V and a set A € T, we call a distance tuple to A da(s) :=
(dist(s,z) | Vo € X N A) + (dist(s,x) | Vo € P4). Let ¢ € X: the rounded distance tuple of s with
respect to ¢ is da 4(s) defined as follows:

1. Forx € XNAorzx=gq, (?(s,m) is the multiple of £ - dist(z,.A) smaller than %dist(m,ft)
closest to dist(s, ).

2. For y € Py, c?(s,y) is the multiple of % - dist(q,.A) smaller than 205%23 dist(q,.A) closest to
dist(s, y).

"In the statement of [BBHT20|, the third item is slightly different. To recover our statement from theirs, take
P4 = A when [A] = O(t).
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Now, for every A € T, ¢ € X and every rounded distance tuple T to A with respect to g such that
ds : T = d4(s), C contains one point s € A having that rounded distance tuple.

Bounding the size of C. Fix some A € T, and ¢ € X. A rounded distance tuple to A is made
of O(t) many distances. Each of them takes its value among poly(z/e) possible numbers, due to
the rounding. Hence, there are at most (g)o(t) possible rounded distance tuple to A, and so at
most that many points in C. Since there are poly(|X|) different choices for A and ¢, the total size
of C is poly(|X|) (g)O(t)‘

Bounding the error. We now bound the error induced by approximating a solution & by a
solution S C C.

First, by applying Lemma we can assume that for any center s € S, and
q = argminp:dist(p 5)< 102 digt (p A)dist(p, A) + dist(p,s), there is no problematic point with
respect to ¢ and s.

Let A € T such that s € A, and ¢ = argminp:dist(pvs)g%dist(nA)dist(p, A) + dist(p, s). § is chosen

to have the same rounded distance tuple to A with respect to ¢ as s. S is the solution made of all
such §, for s € S.

As in the proof of Lemma [20, we first show that points close to s have cost preserved in 5. We will
later show that points with large distance to s have also large distance to s, to ensure that their
distance to & does not decrease.

Let p € X be an input point. By Lemma [I§] p is not problematic with respect to s and ¢q. Note
that s is not necessarily the closest center to p. We aim at showing that |cost(p, s) — cost(p, §)| <
e(cost(p, s) + cost(p, A)).

First, when p ¢ X N A, we distinguish two subcases:

e cither dist(p, s) < 2(ZZ_LSZBdist(q, A): in that case, let x € py that is on the shortest path between

p and s. We have dist(s,z) < 2Ogifgdist(q, A), and so s and § have the same rounded distance
to . Hence,

3
dist(p, 5) < dist(p, z) + dist(x, §) < dist(p, x) + dist(z, s) + Se?dist(q, A)
< dist(p, s) + i 8722 (dist(p, .A) + dist(p, s))
< dist(p,s) + o - | P, P,

£ €
< e . _ "I
< (1 + z> dist(p, s) + Zdlﬁ't(va)v

The first line implies that dist(p, §) < Qg%zgdist(q, A) as well: we can therefore repeat the
argument, choosing = to be on the shortest path between p and § instead, to show that
dist(p, s) < (1 + %) dist(p, 5) + £dist(p,.A). This implies, using Lemma |1} that |cost(p,3) —

cost(p, s)| < £ - (cost(p, s) + cost(p, ).

e Otherwise, dist(p,s) > %f;dis‘c(q, A). In that case, we can argue that dist(s, §) is negligible
compared to dist(p, s). Recall that dist(q, s) < %dist(q, A).
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The rounding ensures that the distance to ¢ is preserved: dist(q, §) < dist(q, s) + £dist(q, A).
Hence, we get that

dist(s, 3) < 2dist(q, s) + —dist(q, A)
z

10022 e\ .
( 2 + Z> ’ dlSt(qu)
L 20022 €
— &2 20023
Finally, using Lemma (I} we conclude again that |cost(p,s) — cost(p,s)| < ecost(p,s) +
ecost(p, A).

3

-dist(p, s) < — - dist(p, s).

| m

Now, in the other case where p € X N A, if dist(p, s) < %dist(p, A), then the choice of § ensures
that |dist(3,p) — dist(s,p)| < Sdist(z, A) and therefore |cost(p, s) — cost(p, 5)| < ecost(p,s) + (1 +
z/e)*tcost(s, §) < ecost(p,S) + ecost(p, A). In the last case when dist(p, s) > 12dist(p, A), then
the rounding enforces dist(p, §) = 22dist(p, A).

Hence, in all possible cases, it holds that either dist(p, s) and dist(p, 5) are bigger than 122dist(p, A),
or:
|cost(p, §) — cost(p, s)| < ecost(p, s) + ecost(p,.A). (30)

To extend that result to the full solutions S and S instead of a particular center, we note that since
p is interesting, dist(p,S) < i—zdist(p, A). Hence, we can apply Eq. with s being the closest

point to p in S: cost(p,S) < (1 + €)cost(p, S) + ecost(p, A).

In particular, this implies that dist(p, §) < “%dist(]?w‘l). Choose now § to be the closest point to
pin § and s its corresponding center in S§. Using Eq. therefore gives:

cost(p, s) < cost(p,S) + (cost(p, A) + cost(p, s))

1
= cost(p, s) < 1 cost(p,S) + 1 c

cost(p, A)

< (1 + 2¢)cost(p, S) + 2ecost(p, A)
—> cost(p, S) < (1 + 2¢)cost(p, S) + 3ecost(p, A).

Hence, combining those two inequalities yields

|cost(p, S) — cost(p, S)| < ecost(p, S) + 2ecost(p, S) + 4ecost(p, A).

To remove the dependency in cost(p,S) from the right hand side, one can upper bound it with

cost(p,S) + |cost(p,S) — cost(p, S)|, which yields the following:

|cost(p, S) — cost(p, S)| < ecost(p, S) + 2¢ (COSt(p, S) + |cost(p, S) — cost(p,3)|>
+ 4ecost(p, A)

<= |cost(p,S) — cost(p,S)| <

5 (3ecost(p, S) + 4ecost(p, A))

< 9ecost(p, S) + 12ecost(p, A)
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Finally, rescaling € concludes.

10 Planar Graphs

The goal of this section is to prove the existence of small centroid sets for planar graph, analogously
to the treewidth case. This is the following lemma:

Lemma 23. Let G = (V,E) be an edge-weighted planar graph, a set X C V and two positive
integers k and z. Furthermore, let A be a solution of (k, z)-clustering of X .

Then, there exists an A-approxzimate centroid set for (k,z)-clustering on V of size poly(|X]) -
exp (O(z%¢ 3 log z/e)).

As for treewidth, this lemma implies the following corollary:

Corollary 6. Let G = (V, E) be an edge-weighted planar graph, a set X C V', and two positive
integers k and z .

There exists an algorithm with running time O(nk) that constructs an e-coreset for (k, z)-clustering

on X with size 5 /
log® 1/e 9 klogk
0] <20(zlogz) min(eZ, 27 (kzlog k+ 3 +10g1/7r>>

The big picture is the same as for treewidth. As in the treewidth case, planar graph can be
broken into poly(X) pieces, each containing at most 2 vertices of X. The main difference is in the
nature of the separators: while treewidth admit small vertex separators, the region in the planar
decomposition are bounded by a few number of shortest path instead. This makes the previous
argument void: we cannot round distances to all vertices in the boundary of a region. We show how
to bypass this, using the fact that separators are shortest paths: it is enough to round distances to
a well-chosen subset of the paths, as we will argue in the proof.

Formally, the decomposition is as follows:

Lemma 24 (Lemma 4.5 of [BIKW21], sce also [EKMI14]). For every edge-weighted planar graph
G = (V.F) and subset X C V., there evists a collection of subsets of V 11 = {Vi} with [TT| =
poly(|X|) and UV; =V such that, for every V; € 11:

o |ViNnX|=0(1), and

e there exists a collection of shortest paths P; with |P;| = O(1) such removing the vertices of
all paths of P; disconnects V; from V \ V.

As for treewidth, we proceed as follows: given the decomposition of Lemma for any center
s € Vi, we identify a point ¢ and round distances from s to P; according to dist(q,.4). C contains
one point § with the same rounded distances as s, and we will argue that 5 can replace s. As
mentioned, we cannot round distances to the whole shortest-paths P;. Instead, we show that it is
enough to round distances from s to points on the boundary of V; that are close to ¢: since the
boundary consists of shortest path, it is possible to discretize that set.
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Proof of Lemma[23 Let IT = {V;} be the decomposition given by Lemma For any V; and any
q € X, we define a set of landmarks L; 4 as follows: for any P € P;, let L; 4 p be a £ - dist(q, A)-

net of PN B (q, 9252 -dist(q,.A)). Note that since P is a shortest path, the total length of P N

B (q, 9252 - dist(q, A)) is at most 18€%z2 -dist(q,.A), and so the net has size at most 1%&. We define
Lig = (Vin X) Upep, Lig,p-
Rounding the distances to £; , We now describe how we round distances to landmarks, and
define C such that for each possible distance tuple, C contains a point having that distance tuple.
Formally, given a point s € V; and a point ¢ € X, the distance tuple d,(s) of s is def:med as
d,(s) = (dist(s,z) | Vz € X NV;)+ (dist(s,y) | Vy € L; 4, Vi). The rounded distance tuple dg(s) of
s is defined as follows :

e For x € XNVjorx = gq, d(s,z) is the multiple of dist(z, A) smaller than %dist(x,.%l)

closest to dist(s, x).

e For y € L;,, d(s,y) is the multiple of ¢ . dist(g,.A) smaller than 9252 dist(q,.A) closest to
dist(s, ).

The set C is constructed as follows: for every V; and every ¢, for every rounded distance tuple
{d4(p)}, add to C a point that realizes this rounded distance tuple (if such a point exists).

It remains to show both that C has size poly(|X|) exp (O(z%¢ 3 log z/¢)), and that C contains good
approximation of each center of any given solution.

[Liql
Size analysis. For any given V; and ¢, there are (92§3> ! possible rounded distances. As

explained previously, |£; .| = O(23/¢?).
There are |V| choices of ¢, and Lemma [24] ensures that there are poly(|X|) choices for V;.
Hence, the total size of C is at most poly(|X|) - exp (O(zc 3 log z/¢)).

Error analysis. We now show that for all solution S, every center can be approximated by
a point of C. First, by applying Lemma we can assume that for any center s € §, and
q = argmin,, yi , <102 dige(p A)dist(p, A) + dist(p, s), there is no problematic point with respect to
q and s.

Let S be some cluster of S, with center s. As in Lemma [20] and 21} we aim at showing how to
find § € C such that, for every p € X N S with dist(p,S) < % - dist(p, A), we have |cost(p,s) —
cost(p, §)| < 3e (cost(p, s) + cost(p,.A)).

For this, let V; be a part of II containing s, and P; be the paths given by Lemma We let
q = argmin,e v gist(p,5)< 22 dist(p A)dist(p, s) + dist(p, A). We define 5 to be the point of C that has

the same rounded distance tuple to £; ; as s. Let S be the solution constructed from S that way.
We show now that S has the required properties.

First, if p ¢ V;, then we show how to use that s and § have the same rounded distances to £; ,.
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o If dist(p,s) > 2122 - dist(q,.A), we argue that d(s, 3) is negligible. The argument is exactly

52
alike the one from Lemma we repeat it for completeness.

The rounding ensures that the distance to ¢ is preserved: dist(q, 5) < dist(q, s) + £dist(q, A),
and therefore:

dist(s, 5) < 2dist(q, s) + - - dist(g, A)
z

(mh—%i>.dBqu®

13
21z &2
<7

- . W . dlSt(p, S) S

- dist(p, s).

ISEEG

Hence, using the modified triangle inequality Lemma we can conclude: |cost(p,§) —
cost(p, s)| < ecost(p, s) + ecost(p, A).

e Otherwise, dist(p,s) < 2252 - dist(q,.A) and we can make use of the landmarks. Since p ¢ V;
the shortest-path p ~~ s and crosses P; at some vertex zx.
First, it holds that dist(z,q) < dist(z,s) + dist(s,q) < dist(p,s) + dist(s,q) < (%Z +
%)dist(q, A), hence z is in PN B(q, 9252 dist(q,.A)). By choice of landmarks, this implies that
there is £ € L; 4, with dist(x, /) < £dist(q,.A). To show that s and 5 have the same distance
to £, it is necessary to show that s is not too far away from £:

dist (s, £) < dist(s,x) + 2 - dist(q,.A) < dist(p, s) + gdist(q,fl)

2122
< ?j - dist(g, A) + g - dist(q, A)

Hence, s is close enough to ¢ to ensure that § has the same rounded distance to ¢ as s, and
we get:

dist(p, §) < dist(p, £) + dist(4, 3)
< dist(p, £) + dist(¢, s) + 5 - dist(q, A)
< dist(p, x) + dist(z, s) + 2dist(x, £) + <. dist(q, A)
2

= dist(p, s) + % - dist(q,.A)

First, this ensures that dist(p,§) < 85%2 - dist(g,.A), and so we can repeat the argument
switching roles of s and §, to get |dist(p, §) — dist(p, s)| < % - dist(q,.A) Using that p is not

problematic with respect to ¢ and s, we can conclude that
3
\dist (p, 3) — dist(p, s)] < 2 - (dist(p, .A) + dist(p, 5)).
z
In turn, using Lemma [I} we conclude:

|cost(p, §) — cost(p, s)| < e - (cost(p, A) + cost(p, s)).
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Finally, in the case where p € V;, then we get either |dist(p,5) — dist(p, s)| < £dist(p, A) and we
are done, or both dist(p, §) and dist(p, s) are bigger than Sg—zdist(p, A).

We can now conclude, exactly as in the treewidth case: in all possible cases, it holds that either
dist(p, s) and dist(p, §) are bigger than %dist(p,fl), or:

|cost(p, §) — cost(p, s)| < ecost(p, s) + ecost(p,.A). (31)

To extend that result to the full solutions S and S instead of a particular center, we note that since
p is interesting, dist(p,S) < %’Zdist(p, A). Hence, we can apply Eq. with s being the closest

point to p in S: cost(p,S) < (1 + €)cost(p, S) + ecost(p, A).

In particular, this implies that dist(p, §) < %dist(p, A). Chose now 5 to be the closest point to p
in § and s its corresponding center in S. Using Eq. therefore gives:

< (1 +¢)cost(p,S) + ecost(p, A)
< (1 +¢)%cost(p,S) 4 £(2 + ¢)cost(p, A)
< (1 + 3¢)cost(p, S) + 3ecost(p, A).

cost(p, S)

Rescaling € and combining the two inequality concludes. O

11 Minor-Excluded Graphs

A graph H is a minor of a graph G if it can be obtained from G by deleting edges and vertices
and contracting edges.

We are interested here in families of graph excluding a fixed minor H, i.e. none of the graph in the
family contains H as a minor. The graphs are weighted: we assume that for each edge, its value is
equal to shortest-path distance between its two endpoints.

The goal of this section is to prove the following lemma, analogous to Lemma [23]

Lemma 25. Let G = (V, E) be an edge-weighted graph that excludes a minor of fized size, a set
X CV and two positive integers k and z. Furthermore, let A be a solution of (k, z)-clustering of

X.

Then, there exists an A-approzimate centroid set for (k, z)-clustering on'V of size exp(O(log? | X|+
log | X]/e")).

As for the bounded treewidth and planar cases, this lemma implies the following corollary:

Corollary 7. Let G = (V,E) be an edge-weighted graph that excludes a fized minor, and two
positive integers k and z .

There exists an algorithm with running time O(nk) that constructs an e-coreset for (k, z)-clustering
on V with size

log” 1/e 2 klogk
O (2O(zlogz) Hlin(sQ’ 52) (k‘ 10g klog(l/s) + A + log ]_/71-
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The big picture is the same as for planar graphs. Minor-free graphs have somewhat nice separators,
that we can use to select centers. However, those separators are not shortest paths in the original
graph, as described in the next structural lemma.

Lemma 26 (Lemma 4.12 in [BJKW2I], from Theorem 1 in [AGOQ6]). For every edge-weighted
graph G = (V, E) excluding some fized minor, and subset X C V, there exists a collection of
subsets of V- X := {II;} with || = poly(|X|) and UIl; =V such that, for every II; € Y:

o |II;NX|=0(1), and

e there exists a groups of paths {77]’} with | U 77]1\ = O(log | X|) such that removing the vertices
of all paths of P; disconnects I1; from V \1I;, and such that paths in 77; are shortest-paths in

the graph G; =G\ <Uj/<j73;,),

The general sketch of the proof is as follows: we consider the boundary B of a region II;, and
enumerate all possible tuple of distances from a point inside the leaf to the boundary. For each
tuple, we include in C a point realizing it. Of course, this would lead to a set C way too big: the
boundary of each leaf consists of too many points, and there are too many distances possible. For
that, we show how to discretize the boundary, and how to round distances from a point to the
boundary.

Discretizing the boundary is not as easy as in the planar case, as the separating paths are not
shortest paths in the original graph G. A separating path P € P;, however, is a shortest path in

the graph G; =G\ (Uj/<j77]?,).

As in the planar case, we therefore start from the point g closest to s in the graph G; Note here
that we cannot infer much on the distances in the original graph G: for this reason, we are not able
to apply Lemma and we need to present a whole different argument.

We will assume that we know D = dist;(q, s), where dist; is the distance in the graph Gé In that
case, we can simply take an eD-net of P N Bj(q, D), where Bj(q, D) is the ball centered at ¢ and
of radius D in G%. This net has size O(1/£?), as P is a shortest path in G%. Then, if 5 has same
distances to this net as s, we are able to show as in the previous cases that for any point separated
from s by P, dist(p, §) < dist(p, s); and for any point separated from 5 by P, dist(p, s) S dist(p, ).

To estimate dist;(q, s), we proceed as follows: either dist;(q, s) ~ dist;(q, g2) for some g3 € X, or not.
In the first case, we can pick such a ¢o. In the second case, we will need to ensure that when p is such
that dist;(p, q) > dist;(q, s), then § stays close to q. When p is such that dist;(q,p) < dist,(q, s),
then p and ¢ are essentially located at the same spot, and we ensure that § stays far from gq.

11.1 Construction of the centroid set.

From Lemma we have a decomposition into regions T = {II;}. In this argument, we fix a region
II; € Y. II; is bounded by O(log|X|) paths Py, ..., P, and P; is a shortest path in some graph Gj,
subgraph of G: if P; € Pg , then G; := Gz. We change the indexing for simplicity, and let IT = 1I;.
We let dist; be the distances in the graph G;.

We consider two ways of rounding the distances. The first starts from a point ¢; € X, and is useful
when there is g2 € X such that edist;(q1, s) < dist;(q1,q2) < %disti(ql, s).
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Along each paths, we designate portals as follows. Consider a path P;. For any pair of vertices
q1,q2 € X, let D = dist;(q1, g2) + dist(q2,.A) and let Ni.g1.02 be an e2D-net of P; N B;(q1, 522)’ where
Bi(q, 522) is the ball centered at ¢ and of radius 2 % in Gj.

For each possible ¢1,¢q2 and any point s € II, we consider the following distance tuple:
(disti(s,n), Yn € Njq,,4,) U (disti(s,q1)) U (disti(z,s), Ve € IINX). We define the rounded
tuple czl(ql,qg) = (cil(s,n), Vn € Ni,qlm) U (Jl(s,q1)> U (cil(a:,s), Ve elln X), where

e d'(s,n) is the multiple of £2D closest to min (36—12), dist;(s,n)).

) czl(s, q1) is the multiple of eD closest to dist;(s, q1) and smaller than %.

e for any z € IIN X, d'(z,s) is the closest multiple of edist(x, A) to dist;(z,s) smaller than
1. dist(z, A).

We also consider another rounding, which will be helpful when for all points , dist(p, A)+dist;(q, q1) ¢
edist; (g1, 5), Ldisti (g1, 5)].

For any qi1,¢3, and ¢4 in X, Jz(ql,f]:a,%) T when 1 - (dist;(q1, g4) + dist(qs, A)) < disti(q1,s) <
e - (dist;(q1, q3) +dist(gs,.A)), and d?(q1, g3, q4) = L otherwise. g3 or ¢4 may be unspecified. In that
case, the corresponding part of the inequality is droppedﬁ

To construct C, we proceed as follows: for any region Il € T given by Lemma [20] and for any path
P; in the boundary of TI, select a rounding d1 (¢¢,qb) or d (¢4, d5,q%). If there is any, pick one point
s achieving all those rounding distances, and add s to C

We will show Lemma [25| using this centroid set. For that, we break the proof into two parts: first,
the size of C is the desired one; then, C is indeed an approximate centroid set.

11.2 C has Small Size
Lemma 27. C constructed as previously has size exp (O(log® | X| + log | X |/e7%)).

Proof. Fix a region II, a path P; on II’s boundary, and points ¢, 2. There are O (1/54) points in
the net Nj 41,40, and O(1) in IIN X. For each of those points, there are at most 3/e* many choices
of distances.

For a fixed region II, path P; on II’s boundary, and points g1, g2, q3, there only 2 possible different
CZQ(Qb 42 43)-

Now, there are poly(]X|) many regions II, and for each of them O(log|X|) many paths P;. For
each path, there are at most | X|? choices of g; for it, so in total | X \O(log XD possible choices. Each
choice gives rise to O(log |X|) - O (1/¢*) many net points, each having at most 3/e* many choices
of distances.

So, in total, there are
‘X|O(log|X\ (1/8) (log|X|/e4)

®When g5 is unspecified, d*(q1, g3, ¢4) = T when 2 L. (disti(q1, qa) + dist(ga, A)) < disti(g1,s), and P (g1, 3, q1) =
L otherwise. When ga is unspecified, d*(q1,q3,qs) = T when dist;(q1,s) < e - (disti(q1,q3) + dist(gs,A)), and
d’ (q1,43,94) = L otherwise.
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many choices of rounded distances tuples. That upper bounds the size of C, as there is at most
one point per rounded distance tuple. ]

11.3 C is an Approximate Centroid Set

Construction of solution S. Now, for a point s € S, we construct § as follows, using the rounded
distance tuples. Let II be a region of T that contains s. For each path P; in the boundary of II,
we define the tuple d; as follows. Let ¢} be the point minimizing dist;(p, s). Now, we distinguish
two cases:

e either there is some ¢} such that edist;(q}, s) < dist;(¢}, ¢3) + dist(gh, A) < Ldist;(¢i,s). Then
d; is the tuple d'(qt, ¢b).

e or there exists points ¢ with dist;(¢t,q) + dist(g,.A) > édisti(qi, s): let ¢4 be such a point,
with smallest dist;(q!, ¢4) + dist(q}, A) value. If there are no such points, ¢} is unspecified.

If there are points ¢ with dist;(qt, ¢) + dist(q, A) < edist; (¢}, s), then let ¢} be the point with
largest dist; (¢!, q}) + dist(q%, A) value. Otherwise, ¢} is unspecified. Note that since we are
not in the first case, either g5 are ¢ is specified.

Then d; is the tuple dz(qli, a,qh).

§ is chosen to be in CNII and to have the same rounded distance tuples as s, for all the rounded
tuples d;. S is the union of all those § for s € S.

Lemma 28. Let S be a solution, and s € S. Let § defined as previously. For any point p € X,

either |cost(p, s) — cost(p, §)| < e(cost(p, s) + cost(p,.A)) or both dist(p,s) and dist(p, ) are bigger

£

Proof. Fix s € SN1I, and let § be its corresponding point in S. Let s1 € {s,5}, and sg the other
choice: we will show that dist(p, s1) < (1 + ¢)dist(p, s2) + edist(p,.A). This implies that the costs

verify the same inequality, which will allow us to conclude, switching the roles of s; and ss.

First, in the case where p € IIN X, then the rounding directly ensures that either dist(p, s) > 1/¢-
dist(x,.A), in which case it holds as well than dist(p, §) > 1/e-dist(zx, .A), or |dist(p, s) —dist(p, 5)| <
edist(x,.A)).

Otherwise, p is separated from s; by some path among {Pi, ..., Py, }. Let i be the smallest integer
such that P; intersects the shortest path between p and s;. Our argument depends on the type
of tuple d; chosen for s. Since s and § have the same rounded distance tuples Jl, JQ, ..., they have
in particular the same rounded distance d;. Let ¢¢ be the point with smallest dist;(g,s) value
(importantly, the ¢, g5, ¢4 and ¢} appearing in the proof are defined with respect to s, not to s1).

If we can estimate dist;(¢},s). Inthe first case, there is a ¢4 such that edist; (¢, s) < dist; (¢}, ¢3)+
dist(gh, A) < Ldist;(qf,s). We let D := dist;(qi, ¢3) + dist(g4, A) our (rough) estimate on the dis-
tance dist;(q!, s).

Then, our argument goes as follows. Let x be a point in the intersection of P; and the shortest
path s; ~» p. We have the following properties: by choice of i, dist;(p,s1) = dist(p, s1) and
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dist;(z, s1) = dist(x, s1). By choice of z, dist(p, z) + dist(z, s1) = dist(p, s1). Last, by choice of ¢,
dist;(qi, s) < disti(p, s), and D < dm%(p’s).

e First, if dist;(x, ¢}) < 522' Then there is a point n from N; ;i : with dist;(n, ) < e2D. Further-

more, dist;(s1,n) = dist;(s2,n) & 2D, as dist;(s,n) < dist; (s, x) + dist;(x, ¢}) + dist; (¢4, 5) <

3D and so n has same rounded distances to s; and ss. Hence, we get:
dist; (p, s2) < dist;(p, x) + dist;(z, n) + dist;(n, s2)
< dist;(p, z) + dist;(z,n) + dist;(n, s1) + 2D
< dist;(p, x) + dist;(x, s1) + 2dist;(z,n) + 2D
< dist;(p, 51) + 32D
< dist(p, s1) + 3edist;(p, s).
Now, two cases: either s = s; and dist;(p,s) = dist(p,s), and then we get dist(p,s2) <

(1 + 3e)dist(p, s1). Or s = s9, and we have (1 — 3e)dist(p,s) < dist(p,5) which implies
dist(p, s2) < (1 4+ 6¢)dist(p, s1).

e Otherwise, dist;(z,q}) > 622: we first show that dist(s, §) < 3e(dist;(p, s) + dist(p, A)), which
will allow to conclude. It holds that dist;(¢},s) = dist;(q¢,3) & D, as by definition of D,
dist;(¢¢, s) < D/e. Hence,

dist; (s, ) < dist;(s, q%) + dist; (3, ¢}) < 2dist;(s, ¢}) +eD
2+ &2

IN

D < 3edist;(z, ¢})

3e(dist;(z, 51) + dist;(s1, s2) + dist; (s, ¢1))
= dist(s, s) 9¢(dist(p, s1) + dist;(p, s)).

Hence,

diSti(p, 82) < disti(p, 51) + diStZ'(S, §)
< dist(p, s1) + 9e(dist(p, s1) + disti(p, s))

Similarly as in the previous case, either s; = s and the right hand side is (1 + 18¢)dist(p, s1),
or s = s and we infer dist(p, s2) < (1 + 27¢)dist(p, s1).

When we can only overestimate or underestimate dist;(¢¢,s) In the second case, qg is
such that dist(g}, . A) + dlstz(ql, q) > dlst (¢%, s), and has minimal dist;(q}, ¢4) + dist(q3, .A) value
among those. Similarly, ¢} is the pomt with largest dist;(qt,q}) + dist(q},.A) value among those
verifying dist; (g}, q) + dist(g, A) < edist;(q}, s).

By choice of qg and ¢}, it must be that

o (dist;(q1, q3) + dist(qs, A)) < disti(qi, s) < € - (dist;(q7, g3) + dist(g3,.A)).

Hence, JQ(qi, ¢4,q%) = T, and § is chosen such that
- (disti(a1, ¢3) + dist (g3, A)) < disti(a, 8) < e~ (disti(q1, g3) + dist (g3, A)).
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Since we are not in the first case where we can estimate dist;(q¢, s), p verifies either dist(p,.A) +
dist;(p, q}) < edist;(q¢}, s) or dist(p,.A) + disti(p, ¢}) > édisti(qi, s).

First, if dist;(p, ¢}) + dist(p, A) > %disti(q’i, s). Then we have, by choice of ¢4:
dist;(s, §) < dist;(s, qi) + dist; (3, Qi)
< 2e(dist; (¢}, ¢4) + dist(gs, A))
< 2e(dist;(qt, p) + dist(p, A))

(dists ( A)
< 2¢(dist;(p, s) + dist; (g, s) + dist(p, .A))
< 4e(dist,(p, s) + dist(p, A))

and therefore, we can conclude just as before (distinguishing whether s = s; or s = s9) that

dist(p, s2) < (14 12¢)dist(p, s1) + 12edist(p, A).

Lastly, in the case where dist;(p,q!) + dist(p,.A) < edist;(¢,s), we use that dist;(qi,s1) >
(dist;(qt, ¢4) + dist(¢%,.A)) (as both s and 3 verifies this) to get:

1.
€

dlSt(pa Sl) = dlStZ(pv 51) > dlStz(Qi, 81) - dlStl(pa q7i)

- (dist; (g1, q4) + dist(qy, A)) — disti(p, ¢7)

2 —

g

1 : :
> - (disti(q, p) + dist(p, A)) — disti(p, q1)
5, dist(p, A).

€

Conclusion. Rescaling € by 1/27z, the previous inequalities gives us that either dist(p,s;) >
Lz distpA) -y dist(p, s2) < (14 ¢/z)dist(p, s) + £/z - dist(p, A). The second inequality combined
with Lemma (1] implies that cost(p, s2) < (1 + €)cost(p, s1) + € - cost(p,.A). Therefore, using this
result with s1 = s,s9 = § and then s; = 3, s = s shows that:

27z-dist(p,A)
€

e cither dist(p, s) > , or cost(p, §) < (1 + ¢)cost(p, s) + € - cost(p, A)

27z-dist(p,A)
€

e ecither dist(p, §) > , or cost(p, s) < (1 + €)cost(p, §) + ¢ - cost(p,.A).

5z-dist(p,A) 10z-dist(p,.A)
€ €

Therefore, if p is such that dist(p,s) < , then dist(p, §) <
when dist(p, §) < ZUL@A) then dist(p, s) < LzdisteA),

, and reciprocally

10z-dist(p,.A)
€

Thus we conclude: either both dist(p, §) and dist(p, s) are bigger than , and we are done.

Or both are smaller than w

, and then using the previous inequalities we get:
|cost(p, s) — cost(p, 5)| < 2¢(cost(p, s) + cost(p, §) + cost(p, A))
Which, using cost(p, §) < cost(p, s) + |cost(p, s) — cost(p, §)|, yields

|cost(p, s) — cost(p, §)| < Te(cost(p, s) + cost(p, A)).
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Lemma 28| gives exactly the same guarantee as Eq. : hence, as in the proof for treewidth, we
can conclude from that inequality that for any solution § and any interesting point p, |cost(p, S) —
cost(p, S)| < e(cost(p, S) + cost(p, A)).

Combining the guarantees from Lemma [28 and Lemma [27] concludes the proof of Lemma

12 A Note on Euclidean Spaces

Lastly, we briefly want to survey the state of the art results for eliminating the dependency on the
dimension in Euclidean spaces.

In a nutshell, the frameworks by both Feldman and Langberg [FL11] and us only yield coresets of
size O(kdpoly(log k,e71)). To eliminate the dependency on the dimension, we typically have to use
some form of dimension reduction.

In a landmark paper, [FSS20] showed that one can replace the dependency on d with a depen-
dency on k/e? for the k-means problem, see also [CEMT15] for further improvements on this idea.
Subsequently, Sohler and Woodruff [SW18] gave a construction for arbitrary k-clustering objectives
which lead to the first existence proof of dimension independent coresets for these problems. Unfor-
tunately, there were a few caveats; most notably a running time exponential in both k. Huang and
Vishnoi [HV20] showed that the mere existence of the Sohler-Woodruff construction was enough to
compute coresets of size poly(k/c). Recently, the Sohler-Woodruff result was made constructive in
the work of Feng, Kacham and Woodruff [FKW19].

Having obtained a poly(k/e)-sized coreset, one can now use a terminal embedding to replace the
dependency on d by a dependency ¢?log k/e. Terminal embeddings are defined as follows:

Definition 7 (Terminal Embeddings). Let € € (0,1) and let A C R be arbitrary with |A| having

size n > 1. Define the Euclidean norm of a d-dimensional vector ||z| = \/Zle z?. Then a

mapping f : R — R™ is a terminal embedding if

Ve e A, Yy eRY, (L—e)-llz—yl| <|If(2) = FWI < (L+e) - [lz —yl.

Terminal embeddings were studied by [EFN17, MMMRIS, NN19|], with Narayanan and Nelson
[NNT9] achieving an optimal target dimension of O(¢~2logn), where n is the number of pointsﬂ

It was first observed by Becchetti et al. [BBCT19] how terminal embeddings can be combined with
the Feldman-Langberg [FL11] (or indeed our) framework. Specifically, given the existence of a
poly(k/e)-sized coreset, applying a terminal embedding with n being the number of distinct points
in the coreset now allows us to further reduce the dimension. At the time, the only problem with
such a coreset bound was k-means. The generalization to arbitrary k-clustering objectives is now
immediate following the results by Huang and Vishnoi [HV20] and Feng et al. [FKW19].

It should be noted that more conventional Johnson-Lindenstrauss type embeddings proposed in
[BBCT19,ICEM™ 15, MMRI9] do not (obviously) imply the same guarantee as terminal embeddings.
We appended a short proof showing that terminal embeddings are sufficient at the end of this

9See the paper by Larsen and Nelson for a matching lower bound [LNT7]
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section. For a more in-depth discussion as to why normal Johnson-Lindenstrauss transforms may
not be sufficient, we refer to Huang and Vishnoi [HV20].

Combining our O(k(d + logk) - e~ ™#(22)) bound for general Euclidean spaces with either the
Huang and Vishnoi [HJV19] or the Feng et al. [FKW19|] constructions and terminal embeddings
now immediately imply the following corollary.

Corollary 8. There exists a coreset of size
(0] (kz log k - (5_2_max(2’z)> . 90(zlog 2) -polylog(5_1)>

for (k, z)-clustering in FEuclidean spaces.

Huang and Vishnoi further considered clustering in £, metrics for p € [1,2), i.e. non-Euclidean
spaces. For this they reduced constructing a coreset for (k, z) clustering in an ¢, space to construct-
ing a constructing a coreset for (k,2z) clustering in Euclidean space. Plugging in our framework
into their reduction then yields the following corollary:

Corollary 9. There exists a coreset of size
O (k: logk - (6727%%) - 90(zlogz) . polylog(8*1)>

for (k, z)-clustering in any ¢, space for p € [1,2).

Proposition 10. Suppose we have a (possibly weighted) point set A in R%. Let f: R — R™ with
m € O(e=2 - 22logn) be a terminal embedding for A and let f(A) be the projected point set. Then
if f(P) C f(A) is an e-coreset for f(A), P C A is an O(e)-coreset for A. Conversely, if P C A is
an e-coreset for A, then f(P) C f(A) is an O(g)-coreset for f(A)

Proof. We prove the result for the first direction, the other direction is analogous. Consider an
arbitrary solution S in R?. We first notice that for any point p € A, we have

(1—¢/22)7 - cost(f(p), f(5)) < (1 —¢) - cost(f(p), F(S5))

and

(1+¢/22)7 - cost(f(p), f(5)) = (1 +¢) - cost(f(p), £(S))

Therefore,

(L —¢)-cost(f(p), f(S)) < cost(p,S) < (1+¢) - cost(f(p), f(S))- (32)
Now suppose f(P) is a coreset for f(A), which means for any set of k points f(S) C R™

Z wy, - cost(p, f Z w - cost(q, f(S Z wy, - cost(p, f(S)), (33)

pef(A qef(P) pef(A)

where w and w’ are the weights assigned to points in f(A) and f(P), respectively. Let us now
consider a solution S in the original d-dimensional space. Since P is a subset of A, we have by
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combining Equations [32] and [33]

pr cost(p, S Zw - cost(p, S)

pEA qeP

< e- pr cost(f )+e- Zw -cost(f(q), f(S))

pEA qeP

pr cost(f Zw -cost(f(q), f(S))

pEA qeP
< 2e- Z wy, - cost( f ) +e- Z w -cost(f(q), f(S))

pEA qeP
< (B+e)e- > wy-cost(f(p), £(S))
peEA
S 3+3€ pr COSt p7 )7
peEA

where the second inequality uses Equation and the triangle inequality and the last inequality

uses Equation [32] O
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A Missing Proof

Lemma 1 (Triangle Inequality for Powers). Let a,b,c be an arbitrary set of points in a metric
space with distance function d and let z be a positive integer. Then for any e > 0

d(a,b)* < (1+ ) d(a,e)" + (1 + ) d(b. o)

z—1
d(a, S)7 — d(b, §)*| < & - d(a, )7 + <2z€+ E) d(a, b).

Proof. The proof of the first inequality is appears in [MMR19], Corollary A.2.

For the second part, let S(a),S(b) be the closest point to a and b from S, and assume that
d(b,S) < d(a,S). Then:
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and so

d(a, S)* — d(b, S)*| = d(a, S)* — d(b,S)* < - d(a,S)* + (2'2: ) d(a, b)*.

In the other case, when d(a, S) < d(b,S):

d(b,S)* <d(b,S(a))?

and so

B A Coreset of Size k22

In this section, we show how to trade a factor e~* for a factor k in the coreset size.

Lemma 29. Let (X, dist) be a metric space, P be a set of points, k,z two positive integers and A
a set of O(k) centers such that each for each cluster with center ¢ induced by A, all points of the
cluster are at distance between (%)2 Ao and (5)2 Ac, for some Ac.

Suppose there exists an A-approximate centroid set C for P.

Then, there exists an algorithm running in time O(|P|) that constructs a set Q of size O(k -
20('2)% (klogk + klog |C| 4 log(1/m)) such that, with probability 1 — 1/7, for any set S of
k centers,

|cost(S) — cost(2,S)| = O(e) cost(S).

Suppose we initially computed a set of &’ centers A. Our aim is to define a sampling distribution
that approximates the cost of any solution & with high probability. While the basic idea is related
to importance sampling (i.e. sampling proportionate to cost(p,.4)), we add a few modifications
that are crucial.

Compared to the framework described in the main body, we change slightly the definition of ring.
For every cluster C; of A, we partition the points of C; into rings R;; from between distances

[(%)2AC .97 (%)QAC -2 for j € {1,...4zlog(z/e)}.

The algorithm is as follows: from every R;;, sample § points uniformly at random (if |R; ;| < 6,
simply add the whole R; ;).
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The analysis of this algorithm follows the same line as the main one. Rings are divided into tiny,
interesting and huge types; tiny and huge are dealt with as in Lemmas [5] and [7] and interesting
points slightly differently.

From the definition of R; ;, we immediately get the following observation.
Fact 6. For every cluster we have at most O(z -log z/e) non-empty rings in total.

Given a solution §, we consider the groups I; j, C C; consisting of the points of R;; served in &
by a center at distance [e - 2¢ ¢ - 2/F1]. As before, we let cost(l; e, S) = Y , cost(p,S) and

cost(Is,S) = Zflzl cost(Z; ¢, S).

pEl; j,

Our analysis will distinguish between three cases:
1. £ < j+loge, in which case we say that I; ;, is tiny.
2. j-loge < ¢ < j+log(4z/¢), in which case we say I; j ¢ is interesting.
3. £ > j +log(16z/¢), in which case we say I; ;, is huge.

We first consider the huge case. For this, we show that the weight of every ring is preserved with
high probability, which implies that the huge groups are well approximated.

Lemma 30. It holds that, for any R;; and for all solutions S with at least one non-empty huge
group I; jy
R. .
cost(R; ;,S) — Z W - cost(p,S)| < 3¢ - cost(R; 5, S).
pEQﬂRi,j

Proof. Fix a ring R;; and let I; j, be a huge group. First, the weight of R;; is preserved in (2
since § points are sampled from R; ;, it holds that

R
> 5J = |Ri;l

peﬂﬂRm

Now, let S be a solution, and p € I;j, with I; ;, being huge. This implies, for any ¢ € R;;:
cost(p,q) < (2-e-2H1)2 < 42 . g7 . glt-log(162/e))z < (£)” - cost(p,S). By Lemma [1, we have
therefore for any point ¢ € R; ;

(1+¢/22)" L eost(q, S) + (14 22/e)" " cost(p, q)
(1+¢)cost(q,S) + ¢ - cost(p, S)

cost(p,S) <
<

8cost(p, S) > (1 — 2¢)cost(p, S)

= cost(q,S) >
cost(q,S) > Tz

Moreover, by a similar calculation, we can also derive an upper bound of cost(q, S) < cost(p,S)-(1+

2¢). Hence, combined with }_ onp. ; |R§#j‘ = |R; ;|, this is sufficient to approximate cost(R; ;,S).

Therefore, the cost of R; ; is well approximated for any solution & such that there is a non-empty
huge group I; ;. O
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Next, we consider the interesting cases. The main observation here is that there are only O(log 1/¢)
many rings per cluster, hence a coarser estimation using Bernstein’s inequality is actually sufficient
to bound the cost.

Lemma 31. Consider an R;; and any solution S such that all huge I; ; , are empty. It holds with
2

probability at least 1 — log(z/¢) exp(—m :

d) that, for all interesting I; jo:

| Rij| £
0 | 7 log(z/e)

cost(I; jo, S) — Z cost(p,S) - - (cost(R; ;, A) + cost(R; ;,S)) .

pe]i‘j,gl"IQ

Proof. We start by bounding |R; ;| - (¢ - 2)% in terms of cost(R; ;,S) + cost(R; ;,.A).

If I; ;¢ for some £ > j + 3 is non-empty, then ¢ - 2¢ — ¢. 2172 < d(q,S), for any point ¢q. Hence,
|Rl’7j’-(€'2€)z S COSt(RZ"j,S)'QZ. Ife S ]+2, then |Ri7j|.(€‘2€)z S ‘Ri7]’|-(€-2j+2)z S COSt(RZ"j,.A)'ZLZ.
Putting both bounds together, we have

‘Rw" . (E . QE)Z < 4Z(COSt(RZ‘7j,3) + COSt(Ri,j, A)) (34)

Since we aim to apply Bernstein’s inequality, we now require a bound on the second moment of our
cost estimator. We have for a single randomly chosen point P:

]E Z COSt(p7 S) ' |R17.7| = COSt(IiJj’ S)

peI@j’eﬁP
and
2
E Z cost(p, S) - |R; ;] = E Z cost(p,S)? - |R;j|*| since |P| =1
pelm-,gﬂP peli,j,mP
= > cost(p,S)? Rl < |Rijl - Lzl - (2247
peli’j’gﬂP

< cost(L; e, S) - (cost(R; j,S) + cost(R; j,A)) - 16 (35)

where the final equation follows from by lower bounding the cost in S of any point in I; ;, with
(e - 257 and using Equation

Furthermore, by the same reasoning and again using Equation we have the upper bound M on
the (weighted) cost in S of every sampled point in every ring:

M < (e-2"Y% . |R; | < (cost(Rij,S) + cost(R; ;, A)) - 8 (36)

Applying Bernstein’s inequality and Equations [35] and [36] we now have
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-0
P ||6-cost(Lije,S) = > cost(p,S)-|Rijl| > 57 - (cost(Rij,S) + cost(Ri j, A))
pELL',j’gﬂQ
Ef—g"s - (cost(R; ;,S) + cost(R; 5, A)) e2.6
< exp| — 1 <exp| 5574 o
cost(l;je, S) - 167 + 57 - (cost(R; 5, S) 4 cost(Ry j¢)) - 8 21216~

where the last line uses cost(/; j ¢, S) < cost(R; j,S). Applying a union bound over all r interesting
sets I; ; ¢, we obtain the above guarantee for all I; ; , simultaneously with probability

e2.6
1—7"exp —W .

Finally, we conclude:

Proof of Lemma[29. As in the proof of Lemma [2| we decompose |cost(S) — cost(£2,S)]| into terms
corresponding to points of tiny, interesting or huge groups. We only sketch the proof here, the
details are the same as for Lemma We condition on event £ happening. Let S be a set of k
points, and S € CF that approximates best S, as given by the definition of C (see Definition .
This ensures that for all points p with dist(p,S) < %Z -dist(p, A) or dist(p,S) < S?Z -dist(p, A) , we
have |cost(p, S) — cost(p,S)| < e(cost(p,S) + cost(p, A)).

Our first step is to deal with points that haV(E dist(p, S) > % -dist(p,.A), using Lemma All other
points have distance well approximated by &. Then, we can apply Lemma |5 and Lemma |31{to Lg,
since all points in Lg have dist(p,S) < 4{ -dist(p,.A), and so dist(p, S) < % -dist(p, .A) and were not
removed by the previous step. Remaining points are those which have dist(p,S) > 45—2 - dist(p,.A)
. 8 . . . . . . ~ .
andelst(p7 S) < % -dist(p, A), i.e., their distance is preserved in S and they are huge with respect
to §. We apply Lemma |7| to them as well. ]

Combining this lemma and Lemma [ gives an analogous to Theorem Now, using this lemma

instead of Theorem [I] in all proofs of section Section [§] gives bound with a factor k instead of a
g™=.
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