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Over the years, population protocols with the goal of reaching consensus have been studied in great depth. However, many systems
in the real-world do not result in all agents eventually reaching consensus, but rather in the opposite: they converge to a state of rich
diversity. Consider for example task allocation in ants. If eventually all ants perform the same task, then the colony will perish (lack
of food, no brood care, etc.). Then, it is vital for the survival of the colony to have a diverse set of tasks and enough ants working on
each task. What complicates matters is that ants need to switch tasks periodically to adjust the needs of the colony; e.g., when too
many foragers fell victim to other ant colonies. A further difficulty is that not all tasks are equally important and maybe they need
to keep certain proportions in the distribution of the task. How can ants keep a healthy and balanced allocation of tasks?

To answer this question, we propose a simple population protocol for n agents on a complete graph and an arbitrary initial
distribution of k colours (tasks). In this protocol we assume that each colour i has an associated weight (importance or value) w; > 1.
By denoting w as the sum of the weights of different colours, we show that the protocol converges in O(w?nlogn) rounds to a
configuration where the number of agents supporting each colour i is concentrated on the fair share w;n/w and will stay concentrated
for a large number of rounds, w.h.p.

Our protocol has many interesting properties: agents do not need to know other colours and weights in the system, and our
protocol requires very little memory per agent. Furthermore, the protocol guarantees fairness meaning that over a long period each
agent has each colour roughly a number of times proportional to the weight of the colour. Finally, our protocol also fulfils sustainability

meaning that no colour ever vanishes. All of these properties still hold when an adversary adds agents or colours.

1 INTRODUCTION

Diversification, i.e., the action of diversifying something, is omnipresent: companies balancing the ratio of male to
female employees, farmers sowing a large variety of crops, investment funds diversifying their portfolios to be more
resilient, bees reallocating tasks to guarantee the survival of the hive, etc.

In order to understand how diversification works on a global scale through local choices, we study the problems from
a population protocols perspective: through simple local choices. Consider a population of n agents, where each agent
has one of k colours and each colour has an associated weight greater than or equal to 1. The main question we ask
ourselves is: Assuming limited interactions between the agents, does there exist a population protocol that converges
to a state where each colour has a support which is, roughly, proportional to its weight?

Before answering such a question, it is relevant to explain why this problem is not trivial. At first we may wonder
why we just don’t trivially choose a random colour with probability proportional to its weight? There are a couple of
reasons for not doing this. First, in order to carry out such simple protocol, each agents needs to know the normalisation
constant of the distribution, and thus we need to know all the different colours presented in the system and their
respective weights, which requires too much memory and computation. Second, if one colour is removed from the
system (e.g. an external agent recolours all red agents blue!), other agents will not be notified of this change. The
same happens if nature changes the colour of an agent by a completely new one (e.g. an ant notices that the nest
temperature is too hot and starts fanning). Therefore, the trivial protocol is not robust to changes in the structure of

the population, and therefore it is not good to solve the diversification task. In order to make this protocol more robust,

!This could arise when a task is fulfilled and no longer necessary.
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agents would need to constantly broadcast their list of colours, implying a lot of time, memory, local computation, and
large messages, likely exceeding the capabilities of simple organisms such as ants.

In this work, we propose a much more biologically plausible protocol, the DIVERSIFICATION protocol, where each
agent only requires one extra bit of memory (besides remembering its own colour and its corresponding weight), and
agents only need to communicate their own colour and weight. We will show that the DIVERSIFICATION protocol
achieves diversity, and we will also show that our protocol is fair and sustainable. By fairness, we mean that over a
long enough period, each agent u has each colour i € [k] a portion of time which is roughly proportional to the weight
w; > 1,w; € R associated to the colour. For example, in the context of task-allocation, this means that all agents
perform every task for roughly the same amount of time.

Sustainability refers to the process guaranteeing (with probability 1) that no colour ever vanishes. Our protocol is
also robust to structural changes: even when an adversary adds agents and colours, the protocol quickly returns into
a state of diversity and fairness. Note that none of these properties implies one another.

Our DIVERSIFICATION process is not only simple, but also very efficient in converging, as it takes O(w?n log n) time-
steps to converge, where w = Zi'(:l w; is the sum of the k weights of the different colours in the system. Assuming that
the total weight w does not depend on the size of the population, the protocol is even asymptotically optimal, as for
example, if a colour is supported by exactly one agent out of n, then such colour has to propagate to at least a set of
agents of size @(n), which takes at least time Q(nlog n) in a population protocol by simple broadcasting arguments.

Interestingly, the questions of diversity, fairness and sustainability have not been asked in the context of population
protocols, yet.? Instead, research has focused almost uniquely on understanding the opposite question: how can the

population agree on one colour?

1.1 Related work

The closest works to ours are [32-34] by Yasumi et al., where they study population protocols designed to obtain equi-
sized partitions. In these works the authors focused on deterministic scheduling (worst-case), and investigated several
space-complexity problems under several assumptions on, e.g., initial states, power of the (deterministic) adversarial
scheduling, etc, where the main objective is to find protocols that use the least number of states. Our approach is
rather different as we assume a random schedule, where no adversary is trying to boycott our protocol by slowing
down interactions between agents, and thus we focus on finding a fast and simple protocol.

Diversity can be seen as an opposite problem of consensus, which is the most studied problem in the field of popula-
tion protocols. Here n agents start with one of k distinct colours and the goal is to converge quickly to a single colour.
The required time is called the consensus time. This finds application in understanding spreading phenomena, for ex-
ample the spread of infectious diseases, rumours and opinions in societies, or viruses/worms in computer network.
Arguably, the simplest model is the so-called Voter model, where each agent simply samples a neighbour uniformly
at random and adopts its opinion. See [11, 21, 28] for the state-of-the-art. Other well studied consensus population
protocols include 2-Choices and 3-Majority to reach consensus. In the former each agent u samples two other agents
in each time-step and updates its colour if both other agents have the same colour. In the latter, u samples two agents
and if together with u’s own colour there is a majority, then u picks the corresponding colour; otherwise it picks one
uniformly at random among the three colours. See [4, 6, 12-14, 16, 22, 26] for references of the state-of-the-art. While
2-Choices and 3-Majority are not exactly a population protocol in the sense that interactions are not pairwise, those

2There has been some work by Yasumi et al. on finding equi-sized partitions in deterministic population protocol settings. See Section 1.1 for more
details.
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protocols have been extended to actual population protocols, with the help of extra memory per agent [5]. The state-
of-the-art for population protocols reaching consensus is [7] (with elaborate communication and timing strategies).
Other related spreading/consensus processes include the MORAN process [18, 23], contact processes, and other classic
epidemic processes [8, 24, 27].

Another protocol closely related to ours is the anti-voter model, where each agent starts with one of two opposite
colours. In this protocol agents interact in the same way as the Voter model, but agents adopt the opposite colour of
the sampled neighbour. It is proven that in the long term agents reach an equilibrium and that agents are constantly
changing colours [1, 31]. However, it is worth noting that this protocol works only for two colours and that agents
know the colours, thus it is not straightforward to extend this protocol to more colours, without the use of extra
memory by the agents.

Another related type of protocols are averaging processes [2], in which upon a pairwise interaction, both agents
adopt the average of their opinions. In [29], the authors considered various average processes, in the context of load bal-
ancing. Their most related process is the so-called diffusion load-balancing process in the matching model, in which
each node starts with some load and in every round the nodes are randomly matched and average their load. The
authors obtained bounds on the convergence time and the load discrepancy over time. Recently, authors of [25] con-
sidered the noisy-averaging population protocol. Here, each agent has an initial value and the goal is to agree on the
average. The catch is that the communication is noisy and the value communicated by the agents can be altered. The
authors studied the behaviour of the simple averaging protocol in which two agents are chosen uniformly at random

and both set their values to the average of the received value and their own value.

Population protocols have also been used in the context of community detection. Most of the research here has
focused on the stochastic block model where each agent belongs to one of two communities. The agents from the same
community have an edge with probability p and agents from different communities have an edge with probability g,
where g < p. The goal is to recover the hidden partition. See [3, 17, 26] for more details.

There has also been a large body of research on task allocation. Note that our problem is a special case of task
allocation where each task has a demand proportional to w;. See [15, 19, 30] for ant-inspired research on task allocation.
The main difference from our work is that this line of research assumes that the ants receive feedback from the tasks
indicating whether there are too many or too few ants working on the task. In our setting, there is no such explicit

feedback; agents receive implicit feedback through sampling the current colour of other agents.

1.2 Model and protocol

We study the following population protocol. Initially, there are n agents, each of which has one colour out of k colours;
and each colour i € [k] has an associated weight w; > 1. The system evolves as follows: at every time-step an agent
u is scheduled u.a.r. (uniformly at random). The scheduled agent u then samples another agent v u.a.r, and observes
the colour of v, as well as its weight, and then processes such information, leading to a possible change of colour and
the associated weight. We denote by ¢, (¢) the colour of agent u after the ¢-th time-step, and ¢, (0) its initial colour.
Additionally, we denote by C;(t) the number of agents with colour i at time-step ¢, i.e., Ci(t) = |v € [n] : ¢p(¢) = i].

We now introduce the properties we will study in this paper: diversity, fairness, and sustainability.

Definition 1.1.
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(1) Diversity. A protocol is diverse if there exists a tg > 0 and T = Q(n%) such that w.h.p.3
Ci(t i ~( 1
1()_&20(_), )
Vn

n w
for any t € {to,..., T} and i € [k]. In words, the population stabilises in a subset of configurations such that

each colour i appears in the population proportionally to its weight w; for Q(n%) time-steps. Note that if w; = 1
for all colour i, then achieving diversity is equivalent to finding a uniform partition of the vertices.
(2) Fairness. A protocol is fair if there exists T = Q(nﬂ ) such that for any T” > T, it holds that w.h.p
{t" € [0, T']: cu(t’) = i}|
T’

for any i € [k] and any agent u. In words, each agent has, roughly, colour i for a proportion w; /w of the times.

=(1+o(1)=2,
w

(3) Sustainability. A protocol is sustainable if for all ¢+ > 0 and any colour i, there exists at least one agent with

colour i at time t. In other words, no colour ever vanishes.

If a protocol is diverse, fair, and sustainable, it is called good.

DIVERSIFICATION Protocol. We proceed to define the DIVERSIFICATION protocol, which satisfies all the above proper-
ties. In the DIVERSIFICATION protocol all agents have an extra bit of memory, which can be observed by other agents
when they interact. This bit represents the degree of confidence they have in their current colour. Agents whose bit is 1
will not change their current colour, whereas agents whose bit is 0 are open to change their current colour. Pictorially,
we call colours with bit 0 light, and those with bit 1 dark, both of which are also referred to as shade. Therefore, a
dark colour needs to become light before changing into a completely different one. Let by, (¢) represents the extra bit of
memory of agent u after the ¢-th iteration. We assume that b, (0) = 1 for all agents u. The DIVERSIFICATION protocol
is defined as follows: suppose that in the (¢ + 1)-th time-step agent u is scheduled and it samples another agent v u.a.r.
If u has a light colour, and v has a dark colour, then u adopts the colour of v and its shade. If both u and v have the
same dark colour i, then u changes its colour to light (i.e. it changes the value of the extra bit to 0) with probability

1/w;, where w; > 1 is the associated weight of colour i . Formally, the changes occur according to the following rule:

(co(2), 1) if by (t) = 0and by(t) = 1,
(cu(t+1),by(t+1)) =4 (cy(2),0) w.p. wcl(,) if by (t) = by(t) = 1, and ¢y (t) = co(t), )
(cu(2), by (1)) otherwise.

Note that when all weights are equal to 1, our protocol gives a deterministic protocol for the uniform partition
problem.

The intuition of the protocol, from the agent point of view, is that if agent u observes another agent v with the same
colour, then this suggests that this colour is over-represented. Of course, using only one observation to decide if one
colour is over-represented is very crude. Nonetheless, in expectation this approach works: the colour distribution ap-
proaches the target distribution (e.g., uniform distribution if all weights are 1). Now, since we have n agents performing
the same protocol over long periods, emergent behaviour appears: the colour distribution will be concentrated around
its expected value, the target distribution.

To ensure that the protocol indeed converges towards the target distribution, two rules are important. The first

one is that only light shaded colours can change their colour (first line of Eq. (2)), the second rule is that dark shaded

3We use w.h.p. to denote “with high probability" meaning w.p. at least 1 — 1/n.
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colours change their shade to light if they observe another same colour with dark shade with probability equals to the
inverse of the weight of the colour, otherwise they keep the shade (second line of Eq. (2)). This causes heavy weighted
colours to change less often than light weighted ones, and thus we expect to see more of the former than the latter.

A rough idea of why this protocol works is that for each colour i, the 'rate’ at which colours i decrease by 1 is
n—lzci(t)2/(wi), whereas the ’rate’ i increases by 1 is n—lzci(t) lezl Cj(t)/wj, hence equilibrium is achieved when all
values C;(t)/w; are roughly the same, that is C; * w;n/w, leading to diversity. Fairness is obtained by noting that an
agent changes its colour to colour j with probability proportional to C;(t), and since the protocol eventually reaches
a configuration with C;(t) = wjn/w, we have that for large ¢, an agent has colour j with probability, approximately,
a wj/w fraction of the time. Sustainability simply follows from the fact that an agent with a dark shade of a colour
changes its colour only when the agent encountered another agent with the same dark shaded colour. Since only one
agent changes its colour at a given time step, no dark shaded colour can ever vanishes .Moreover, Sustainability is
preserved if new agents are added to the system, or new colours are added, as long as the new colours are initially
dark, and they do not replace the last dark version of another colour.

In the next section we will formalise these ideas, and we will show that the DIVERSIFICATION protocol satisfies the

Diversity and Fairness properties.

Derandomisation. Before finishing this section, we describe a derandomised version of our protocol that avoids the
sampling procedure in the second line of Eq. (2). Here we shall assume that all weights are non-negative integers. Then,
the derandomised DIVERSIFICATION protocol is described as following: Instead of having light and dark shades, we will
have 1+w; different shades of grey which are enumerated from 0 (light) to w; (dark). Whenever agent u that has colour
i and shade greater than 0 is scheduled and it chooses another agent with the same colour and shade greater than 0,
then u reduces the shade of its colour by 1. If an agent u has colour i and shade 0 chooses an agent v with shade greater
than 0, then u adopts the colour of v, say j, and sets its shade to w;. In all other interactions, the agents do nothing.

Note this algorithm requires [logs (1 + w;)] extra bits of memory when it adopts colour i.

1.3 Results

For simplicity, in this work we assume that k and w are constants, however, we state most of the intermediate results

in terms of k and w, but we do not attempt to optimise the terms involving k or w.

THEOREM 1.2. For constant k and w, the DIVERSIFICATION protocol is good, i.e., it achieves diversity, fairness and sus-

tainability.

To prove the previous theorem we just need to prove that the protocol is diverse and fair as we already argued that
the protocol achieves sustainability. For diversity, we rely heavily on the following theorem, which directly gives the

desired result.

THEOREM 1.3. There exists T = O(w?nlog n), such that w.h.p. it holds that for every colour i we have

k k 2

Ci—(t) - C(®) = O(wnlogn)

wi wj

i=1 j=1

for all t in the interval [T, n®].
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Dividing by 2k? both sides of the previous equation, expanding the squared, and rearranging some terms yields
% Z: (C’T(f) —x)2 = O(wn(logn)/k?), 3)
where x = (1/k) Zle C;(t)/w;. From here we will deduce that

Civ_(t) _ % +O(ky/wn log n) ¥

1

holds after O(nlog n) time-steps for at least Q(n®) time-steps, with high probability. To derive Eq. (4) we just need to
verify that x = n/w + O(k+/wn log n). For that notice that Eq. (3) yields

Ci(t) = wix + wiO(\wknlog n) (5)

hence, by using that Zle Ci(t) = n, we get

n = wx + wO(y/wkn log n) 6)

from which we deduce that x = % + O(\/W), and thus Eq. (4) holds.

The previous result implies that the DIVERSIFICATION protocol is diverse. While we proved that « in the definition
of diversity can be chosen as & = 8, a simple inspection of our proof shows that « can be chosen as an arbitrarily large
constant. The proof of Theorem 1.3 can be found in Section 2.

The proof of fairness is provided in Section 2.3, which is built on the results proved in Section 2. The main idea is that
after O(nlog n) time-steps the whole system stabilises for at least Q(n®) time-steps in configurations where colours
(including light and dark versions) are almost perfectly distributed among the agents (according to the appropriate
weight values). Therefore, the plan is that, instead of following the colours of agents in the DIVERSIFICATION protocol,

we follow agents in a new system where the (dark and light) colours are perfectly distributed among the agents.

1.4 Summary of contributions and main techniques

The main contribution of this paper is to propose and demonstrate that the DIVERSIFICATION protocol achieves diver-
sification, fairness, and sustainability. The analysis of the protocol is mainly probabilistic, and it is divided into three
phases. In the first phase the main technique is to couple certain statistics of our protocol with biased random walks
on the integers in order to achieve rapid convergence (despite the fact that this is the slowest part of the process as the
initial configurations of colours are arbitrary). In the second phase we introduce two potential functions that decrease
over time, and introduce a general concentration inequality to analyse those potentials. Finally, in the third and final
phase we couple the trajectory of the states of agents, that is (¢, (t), by (¢))r>0 with a Markov chain P that represents
the system in “perfect equilibrium", and show that both processes roughly hit every colour the same amount of times.

To prove our coupling is correct we make use of Chernoft’s Bounds for Markov Chains.

2 ANALYSIS OF THE DIVERSIFICATION PROTOCOL

We begin by setting some notations that will be used throughout the analysis of our protocol. For simplicity, we assume
that the colours are enumerated from 1 to k with corresponding weights w1, ..., wy, and we set w = Zle wj . Recall
that ¢, (t) denotes the colour of agent u after ¢-th iterations, and by, (¢) its corresponding shade indicator, 1 for dark
shade, 0 for light shade. We denote by A;(t) and a;(t) the number of agents having colour i at time ¢ with dark shade

6
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(bit value 1) and light shade (bit value 0), respectively, i.e. for t > 0,
ai(t) = [{u : cu(t) = i,by(t) = 0},
and
Aj(t) = [{u : cu(t) =1,by(t) = 1}].
Define A(t) = Zle A;(t) and a(t) = Zle a;i(t), and denote by &(¢) the process containing all the information at
time t, that is,
£(0) = (A1 (1), Ak(), a1 (1), ..., ax (1)) -

Let Q = {(A1,..., A, a1,...,a;) : Ai = 1,a; > 0, Z{.c:l(A,- + a;) = n} be the space state where the process &(t) takes
values. Clearly the initial state is such that A;(0) > 1 for all colours i.

As is usually done in population protocol, our analysis is divided in several phases. In each of these phases the
configuration of the system (i.e., the colours of the agents) will be attaining properties that are maintained for long
periods of time (much larger than the duration of those phases), and each successive phase will make use of the

previously achieved properties. The main idea revolves around showing that perfect equilibrium is attained at the

values
_ wi/w _ o wi
ai(t)/n=—— and Ai(t)/n=——, ™)
foralli € {1,...,k}. The analysis of our protocol requires three phases which we proceed to describe.

Phase 1 starts at time 0 and ends at time r; = O(w?nlogn). In this phase we will show that w.h.p. the equality
in Eq. (7) can be attained up to multiplicative constants (see Theorem 2.5). This property is shown to hold for at least
Q(n'9) time-steps, enough to be carried to the next phases of the analysis. The analysis of this phase is in Section 2.1.

Phase 2 starts exactly at the end of Phase 1, and lasts for 79 = O(wn log n) time-steps. This phase is divided in two
consecutive subphases. The first subphase lasts for 72,1 = O(wnlog n) time steps, while the second subphase lasts for
79,2 = O(wnlog n) time steps. Clearly 70 = 791 + 122

In this phase we will analyse two potential functions ¢ and ¢, given by

G (A A0 & () ai(0)?
¢(t)_;;( wj wj ) ,andlp(t)—;;(m wj ) '

Then, in the first subphase we show that the potential ¢(¢) decreases to O(wnlog n) w.h.p. (Lemma 2.6), and in the
second subphase, /(¢) is shown to decrease to O(wnlog n) w.h.p. (Lemma 2.7). These properties hold for at least n8
time steps (see Theorem 2.8). The analysis of Phase 2 is in Section 2.2.

The analysis of the first two phases is enough to prove diversity, however, to prove fairness we need an extra phase.

Phase 3 starts exactly after the end of Phase 2, and lasts for 13 = O(wnlog n) time-steps. In this phase we show
that the system is very close to perfect equilibrium, indeed, Eq. (7) holds up to a small additive error, and such property
holds up to time n8 whp (see Theorem 2.13). To get such approximation, we will show that the potential function o2

given by
o* (1) = (A(t)/w = a(t))*
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decreases to O(wn log n), which combined with the fact that the potential functions ¢(t) and y/(¢) are already of the
same size, gives us enough information to obtain the desired approximation. Phase 3 is analysed in Section 2.3.

For quick reference, Fig. 1 below shows a short summary of the three phases.

Phase 1 1 Phase 2 1 Phase3 |
(Thm 2.5.) | (Thm 2.8.) I (Thm2.13) 1
1 /v . 1 1 Whp
R 1 . 1 " 1 All previous
o) multiplicative Lemma 2.6 * Lemma 2.7 0(1) additive-error properties
error approximation l . I approximation I hold up to
of Eq. (3 I $(1) : 4 I ofEe(®) I tmens
I decreases to . decreases to l I
O(wn log n) T O(wn logn)
1 : | 1 :
>< > time
< (51 >4 72,1 ’ 72,2 3
< >

Fig. 1. Summary of the three phases of the analysis.

2.1 Phase 1: The rise of the minorities
In the first phase of the analysis, we handle colours that are largely over-represented or largely under-represented, and
we will show that the system stabilises in a configuration such that for any i € [k],

wi/w wi
d A;(t X — 8
Y and Ay(t)/n = 7o ®

ai(t)/n ~

where the approximation holds up to a multiplicative constant. For this, we will demonstrate that the process, little by
little, starts improving its configuration, in the sense that we are closer to achieve Eq. (8) over time. At the beginning
the process is rather slow at making progress as some colours may have only one agent supporting them, but as long
as the configuration improves, the speed at which the process improves the configuration increases as well. To discuss
this in detail, we first show that a(t) = Zle a;i(t) quickly increases to roughly (1 — &)n/(1 + w) (recall that a(0) = 0).
We achieve this by coupling the process a(t) with a biased random walk. To see why a(t) has bias towards increasing
its value, note that at the beginning all agents have dark colours, and therefore interactions between agents of the same
colour are likely to be between agents of the same shade, thus enlarging the chance of increasing the value of a(t). After
obtaining a healthy proportion of light-coloured agents (which are available to change their current colour to any other
colour), we can show that under-represented colours start growing by another biased random walk argument. At first,
we will show that under-represented dark shaded colours, say A;, have bias toward increasing their representation:
At the beginning, it is unlikely for an agent to sample an under-represented colour i and therefore it is unlikely that
an agent switches to i, however, it is even less likely that an agent of colour i switches to a different colour, so at the
beginning, A;(t) grows very slowly. Then, as the popularity of colour i grows, it becomes more likely to sample i, thus
A;(t) will start to grow increasingly faster, until A;(#)/n is close to w; /(1 + w), at which point the bias of the process
start being less relevant to make significant progress. The same can be applied to each under-represented light shaded
colour, say a;(t), and also to over-represented colours with dark and light shades respectively. By the end of Phase 1
the bias presented in the system is very small, and thus coupling with biased random walks are not enough to prove

improvements in the approximation of Eq. (8).
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For the formal analysis it is convenient to define the following regions in terms of a constant parameter ¢ € (0,1/4):

Rlz{geQ:%z(l—e)

a 1
eQ:—>(1-2
= n_( E)w+1}

A wi
Q:Vielk], —>(1- ns
feaivien 2xa-sns,

Wi }051
w

{g Q:Vie [k, ‘%2(1-45)“
{geQ:we[k], ﬁs(1+4gw)L}msz
n 1+w

1
54:{§e9:33(1+4ew)—}053.
n 1+w
Note that R; C S; . Define Tp = 0 and T; = min{t > Tj—1 : £(¢) € R;}, and define T/ = min{t > T; : £(t) € Q\ S;}.

LEMMA 2.1. Letc > 0 be a sufficiently small constant. For any £(0) € Q, we have that T) = O(nw/¢) with probability
at least 1 — exp(cen) . Moreover, if £(0) € Ry then T{ > exp(cne? /w) with probability at least 1 — exp(—cne?/w) .

LEMMA 2.2. Let ¢ > 0 be a sufficiently small constant. For any £(0) € Q, we have To = O (wnlogn/e) with
probability at least 1 — exp (—cn52/w) . Additionally, if £(0) € Rg then T2’ > exp(cne?/w) with probability at least
1 —exp (—cne?/w) .

LEMMA 2.3. Assume that £(t) € So . Then, £(t) € S3.

Proor. Using the lower bounds, we have, A; < n—a-3 4; Aj < n—(1-2e)n/(w+1) - (1-4e)n(w-w;)/(1+w) <

W+1 +n4e T -

LEMMA 2.4. Assume that £(t) € S3. Then, £(t) € S4..

Proor. Using the lower bounds, we have, a < n — Zle Ai < (1-4e)nw/(1+w) < Bg +4denw/(1+w). m|

For any § > 0 define the set of configurations & = E(J) € Q by

(1=&n (1+6)n
T+w D 14w

(1-8n (1+6)n

Vie [k], and a € ,
1+w 1+w

} . )

8(5):{§EQ

i

By applying the previous lemmas in order with ¢ = & we obtain the following result.

THEOREM 2.5. Let 8 > 0 be fixed, then there exists 11 = O(w?nlog n) such that

T1+n
Pl () (& e&r|21-exp (-Q(n/WS)) .
t=11

Note that 77 in the previous theorem implicitly depends on the choice of § . For our purposes, we just fix § as a small

enough constant (for our analysis § = 0.0001 is more than enough). The second phase of the process starts exactly at

9
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time 71 of Theorem 2.5, where we know that w.h.p. A;(#)/w; and a(t) are equal up to multiplicative constants, and
this is valid for at least n'0 time-steps.

The proof of the previous theorem and the respective lemmas can be found in Section 4.1.

2.2 Phase 2: Reaching Equilibrium - Proving Diversity

The second phase starts when the proportions a;/w; are all equal up to a multiplicative constant, as well as the pro-
portions A;/w;. It is convenient to restart time back to O for the analysis of phase 2 of the process. Therefore we set
the starting configuration of phase 2 as £(0) . We know that £(0) € & and it has the property £(t) € & for at least n'?
time-steps.

As it was mentioned at the beginning of this section, in the second phase we will analyse two potential functions ¢

and ¢, given by

k k
40 =ZZ(A 0 Ajv(”) (10
i=1 j= J
and
Y = Z (“’(” a](t)) (11)
i=1 j=1

Also, recall that Phase 2 is divided into two consecutive subphases, Subphase 2.1 and Subphase 2.2, lasting 72,1 and 72,2
time-steps, respectively. In the first one we prove that ¢(t) reduces its value to O(wn log n), and in the second one we
show the same for ¥/(¢).

It is worth mentioning that both potential functions depend on each other implicitly. Potential function ¢ only
depends on terms containing A;(t)’s, however, there is an implicit dependency on light shaded colours, as only light
shaded agents can transform into dark shaded ones. The same holds for the potential function . Fortunately, the
properties proved in Phase 1 of our analysis (that hold for very long periods of time) allow us to control the implicit
dependency between the potentials. In particular, we will verify that both ¢ and i are approximately super-martingales,
and both present a drift towards reducing their value, and indeed, we will show that their values halve every O(wn)
time-steps. In order to obtain strong w.h.p. bounds for ¢ and i, we introduce a Chung-Lu-type concentration to bound
a general class of processes containing ¢ and i/ (see Lemma 2.11), which may be of independent interest. Using our

new bounds, we are able to show that the potentials quickly reach size O(wn log n) (Lemma 2.6 and Lemma 2.7).

Recall that we restart time at the beginning of Phase 2. For the analysis of Subphase 2.1 we define the event B; by

B ={&(s) € &, foralls € {0,1,...,t — 1}}, (12)
then we have the following result.
LEMMA 2.6. Givenr > 10, there exists C > 0 and 12,1 = O(wnlog n) such that with probability at least nto-r,
Aj(t Ai(t
]lB,ZZ( W ’()) < Cwnlogn, (13)
i=1 j=1

forallt e {ro1, 21+ 1,...,121+ n9}.
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Note that in the above lemma we prove the result for 15, ¢(t) instead of #(¢) . This is just for the sake of the formal
analysis, as we know from Phase 1 that the events B; hold true w.h.p..

Similarly, we can prove that the second potential i/ also decreases very fast to a value of O(wn) . However, we can
only prove this after Subphase 2.1 is over as our analysis uses the fact that ¢(¢) is already small. Again, it is convenient
to restart time at 721 (i.e. we start Subphase 2.1 at time 0).

Define the set of configurations & C Q as

& ={teq: ZZ( ——’) <Cwnyné, (14)

i=1 j=1

where & is defined in Eq. (9), and define the event B; = {£(s) € &,V¥s € {0,...,t — 1}}, which we know it holds true
after Phase 2.1 for at least n° time-steps by Lemma 2.6.

LEMMA 2.7. Givenr > 9, there exists C' > 0 and r2,5 = O(wnlogn) such that with probability at least n°7"

) 2
A Z Z (aii.t) aiv(,t)) < C'wn, (15)
i 1 J

forallt € {r22,..., 122 +n8}.

Again, note that we prove the result for the process 1 ¢/ (t) instead of /() , but, as before, this is just for having
simpler analysis as in practice the events B} hold w.h.p. in Phase 2.2.

Combining Theorem 2.5, Lemma 2.6, and Lemma 2.7 gives the main result of this section.

THEOREM 2.8. Consider the DIVERSIFICATION protocol starting from an arbitrary configuration in Q. Then for any
constant r > 0, there exists a time-step T = 71 + 72,1 + T22 = O(w2nlog n) and a constant C > 0 such that with
probability at least 1 — O(n™") we have that

A(t) Aj(1) 2 kK a;(1) ai(t) 2
ZZ( i ivi ) < Cwnlogn, and ZZ(TI—;—J) < Cwnlogn,

i=1 j=1

We note that Theorem 1.3 is a straightforward corollary of Theorem 2.8. The strategy to prove Lemma 2.6 and
Lemma 2.7 is to show that after O(wn) time-steps the value of each potential function halves (in the respective phases).
In order to prove the potentials halve, we use the following lemmas that establish some properties about ¢ and ¢
respectively.

Denote by #; the filtration generated by the configurations of colours up to time ¢, and let G; be an increasing

sequence of events such that G; € F;—1 fort > 1 and Gy € Fo . The potential functions satisfy the following properties:
LEMMA 2.9. Let T > 0 be an integer. Suppose that event {&; € E} is contained in Gy for allt > T, then there exist
constants C1,C2,C3,C4, C5 and Cg (independent of T, k, etc.) such that for anyt > T,

(1) E(LG,,, (¢ + DIF) < 16,,,6(0) (1- 55 ) +Cz,
(2) Var(l,,, ¢(t + DIF:) < Calg, ¢(0)/w +Ca,
(3) g, ¢t +1) —E(Lg,,, ¢(t + 1)|F)| < Csk/1g,4(t) + Cok .

11
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LEMMA 2.10. LetT > O be an integer. Suppose that event {£;_1 € E} N {y(t —1) > max(16¢(t — 1), k?)} is contained
in Gy, then there exist constants C1,Ca, C3,C4,Cs, Cg (independent of T, k, etc.) such that for anyt > T

(1) E(lg,, (t+ DITD) < T6,9(1) (1- S) +Ca,

@) Var(1g,, y(t+D|F1) < C3klg, (1) +Cy,
() LG, ¥(t+1) - E(lg,,, ¥ (t+DIF:)| < Csky/1g, (1) + Cok .

We remark that the only difference between the previous two results is that the second lemma requires an extra
condition on the event G; . This difference is key, as any meaningful application of Lemma 2.10 requires knowing that
Y(t—1) > 16¢(t — 1), and thus ¢(t — 1) needs to be already small for any simple application of it.

The previous two lemmas are not particularly useful by themselves, however we prove the following concentration

inequality, which combining with the previous results leads to the proof the main results of this phase.

LEMMA 2.11. Let M(t) be a stochastic process adapted to a filtration F; . Suppose that M(t) > O satisfies
(i) EM@®)|Fr-1) < (1—a)M(t - 1)+, withO <a < 1,and f > 0;
(i) [E(M(0)|Ft-1) - M) <y
(iti) Var(M(1)|F7-1) < 82.
Then for any A > 0,
A2/2

52 Ay
(2a—a?) *t3

P(M(t) > EM(t) +A) < exp| - (16)
Lemma 2.9 and Lemma 2.10 are proved in Section 4.2.1. The proofs of Lemma 2.6 and Lemma 2.7 are deferred to

Section 4.2.2, and finally the proof of Lemma 2.11 can be found in Section 4.2.3.

2.3 Phase 3: A finer Equilibrium

Our next goal is to prove the next theorem.
THEOREM 2.12. For constant k and w, the DIVERSIFICATION protocol achieves fairness.

In order to demonstrate fairness, we need to prove a finer characterisation of the colour distribution for large times.
Such characterisation can only be proved by using the properties that are proved to hold after the first two phases of
the process. Therefore, this new characterisation is proved in Phase 3, which starts immediately after phase 2 and last

for 73 time steps.

THEOREM 2.13. Givenr > 9 there existsC > O andt = 71 + 72,1 + 722 + 13 = O(w2nlogn) such that with high
probability 1 — O(n™"), it holds that for alli € {1,...,k} and forallt € {r,...,n8}.

Ai(t) — 1”:"wn < cn®4logm) /4, and < cn¥4(logm)t/4.

ai(t) — n

Wi
(1+w)w

As usual, for the proof of the theorem it will be convenient to restart time after phase 2. Recall that B; = {&(s) €
&, Vs €{0,...,t —1}}, where &’ is defined in Eq. (14) . For the proof of the Theorem 2.13 we define the set EcQas

N ko koo a2 ko koA A2
E=1¢E€Q: E E (—l——]) <C'wnlognyn{feQ: E (—l——]) < C'wnlogn
< i —d = Wi wj
i=1 j=1

12
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where C” > 0 is a large constant. By Theorem 2.8, we have that £(t) € & for all t after Phase 2 for at least n time steps
with probability at least 1 — O(n™") (the constant C’ depends on r). Define B, = {&(s) € EVs e {0,...,t = 1}}.
The proof of Theorem 2.13 follows by combining Theorem 2.8 and the following lemma.

LEMMA 2.14. Givenr > 9 there exists C > 0 and r3 = O(wnlog n) such that with probability at least n°7" , we have
forallt e {O,...,n8 -3},

2
ILE (1% - a(t)) < 5n3/2\/logn. (17)

To see why Theorem 2.13 follows, we recall that Theorem 2.8 tells us that proportions are respective between the
number of vertices representing colours of the same shade, however, we do not know how many vertices there are
of each shade. Fortunately, Lemma 2.14 tells us that if we wait 73 extra steps after the time Theorem 2.8 starts working
(given by 71 + 72,1 + 72,2), then Lemma 2.14 provides one extra equation, which is enough to completely determine the
number of agents supporting each dark colour and light colour, up to a small additive error.

The proof of Lemma 2.14 is provided in Section 4.3, which follows the same steps of the proof of Lemma 2.6 and

Lemma 2.7.

2.4 Proof of Theorem 2.12 - Via Markov Chain approximation

Recall that each agent has one of k colours, and each colour is either light or dark shaded. We denote by D; the dark
shaded version of colour i, and L; its light shaded version. Therefore, in our protocol, we can imagine that each agent is
moving in the state space {D1,...,Dg,L1,..., Li} according to some transition rule that depends on the current state
of the agent as well as the states of all other agents (i.e. the trajectory of one agent is not a Markov chain by itself). Let
MO (t) denote the trajectory of a particular agent on the state space {D1,D2,...,Dy,L1,Lo,...,Li}.

Even though M? is not a Markov chain, we can approximate it by one. Indeed, let M be the Markov chain on the

state space {D1,D2,...,Dg,L1,..., L} with transition matrix P given by

P(L;,D;) = (11“—;)” foralli, j;
P(Lj,Lj)=1- ﬁ , foralli;
P(Dj, L;) = ﬁ forall i;

P(Di,Di)Zl—ﬁ, for all i,

while all other entries of P are 0. We introduce M as it describes the trajectory of a particle across all the states of the
system when the system is perfectly balanced: with probability 1/n the agent is chosen to observe a random neighbour,
and in perfect equilibrium, each dark shaded colour appears in a proportion w; /(1 + w), and each light shaded colour
in proportion w;/(w(1 +w)) (c.f. Theorem 2.13). The idea is that, despite the fact that such perfect equilibrium is very
unlikely to be achieved, Theorem 2.13 ensures that the system stays close to such equilibrium for long periods of time.

We claim that the stationary distribution of M is given by

wi/w
7(Li) = %, and 7(D;) =

Wi

>

1+w
13
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which can be directly verified by definition of stationary distribution, that is,

k
7(D;) = 7(D;)P(Dy, D;) + Z m(Lj)P(L;,D;), and
=1

(18)
(L) = m(Li)P(L;, L;) + m(D;)P(D;, L;) . (19)

Now, we use the transition matrix P to approximate the trajectory of M°, indeed, let err = c(log n)l/ 4/ nl/ 4 for
some large enough constant c. Then by Theorem 2.13, for any t € {,...,n%} we have, that the following holds w.p.
1 -6 where § =0(n™").

Ai(8)/wi
n(n-1)

since with probability 1/n the agent is chosen, and it changes its colour from dark to light with probability A; (t)/(w; (n—

IP(MO(t +1) = Lj|MO(t) =D;,F) = = P(Dj,L;) +err, (20)

1)), by the definition of the protocol. In a similar fashion, we have
P(M°(t+1) = D;|M°(t) = D;, Fz) = P(D;, D;) = err
P(M°(t+1) =Dj|M°(t) = L;, %;) = P(L;, Dj) + err, foralli,j
PM°(t+1) =Li\M°(t) = Lj, F¢) = P(L;, L;) + err. (21)
Note that other transitions have probability 0 as they are impossible by design of the protocol (they have also probability
0 in the transition matrix P).
Now, fix some state, say Dy, and define the following transition matrix PBE, given by
P}, (De,Le) = P(Dg, Lg) = err,
P}, (D¢, D¢) = P(De, Dp) +err,
PB!(Di, L;j) = P(D;,L;j) +err, fori#t¢,
PBI(D,-,D,-) =P(D;,D;) —err, fori#¢,
PBE (Li, D¢) = P(Li, Dy) + kerr, foralli,
PB!(Li, Dj) = P(Li,Dj) —err, fori,andj#¢,
PB( (L, L;) = P(Lj,L;) —err, foralli.

The idea is that PB[ is a transition matrix, such that it increases the probability of all the transitions of M° that
move the agent closer to the state D, and decreases the probabilities of the transitions of M° that prevent the agent
from getting closer to Dy. In a similar way we can define P_f, which is defined the same way as PBE but changing the
sign for the err term, and thus representing a transition matrix that decreases transition probabilities that move the
agent closer to Dy, and increases the others. Similarly, we define PI: and PZE.

Now, it is convenient to restart time at time 7 in which the approximation of Theorem 2.13 starts holding true. Recall
that the even of Theorem 2.13 holds with probability 1 -8, where § = O(n™") for fixed r > 9. Let NB! (t) be the number

of times M° has been in state Dy up to time ¢, and similarly NBE (t) the number of times a particle moving according

to PB{ hits Dy up to time ¢, and define N, Dy similarly. By the construction of the transitions matrices PB{ and PB,’ w.p
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at least 1 — § the following majorisation between the random variables holds:
Np, (1) 3 Np () 3 Np, ()

forallt < n® — 7. To see this, note that starting at any state x # Dy one can use a coupling to show that the time it takes
for the process M° to reach Dy from x is at most the time it takes the chain PB! to reach Dy from x. A similar argument
can be made for the time the chain stays put at Dy. With the same argument we can see that N 5[ (t) I N Bl (1).

In the low-probability event (w.p. §) that the event of Theorem 2.13 does not hold, we consider the simple bound
0< Ngf(ns) <nd.

Note that PB[ is a recurrent and ergodic Markov chain with (unique) stationary distribution denoted by n*. Note
that the state space has size 2k which is finite, and thus the mixing time is finite as well. Therefore, by the Chernoff’s

bounds for Markov chains (see Theorem A.2), given r > 0 there exists ¢ > 0 such that

|Ngf(t) — 77 (Dp)t| < enat(Dy)tlogn

with probability 1 — §.
Finally, we notice that PB, is just a small perturbation of P, and it can be easily verified that 7% (Dy) = 7(D¢)+O(err)

(see Eq. (19)), therefore
wet wet logn
N () < Oy ———— ot
D"()_1+w+ ( 1+w + (err ))

with probability at least p = 1 — § for arbitrary r > 0. The same argument applies to N, Dy

We conclude the proof by noting that from the beginning of the process, the approximations in Eq. (20) and Eq. (21)
only hold from time 7 = O(wnlog n) as stated in Theorem 2.13, and such approximation is valid up to time n® with
polynomially large probability. Therefore, we still need to count the number of hits to Dy in the interval [0, 7], however,
since 7 = O(nlogn), even the worst-case bounds in such interval are second-order terms compared to the hits in the
interval [z, n8]

We deduce that with probability at least 1 — O(5) we have that for a particular agent u,

[{t € [0,n%]: cu(t) = Lbu(t) =1} wy
n8 _1+w(lio(1))’

and similarly, by repeating the same argument for Ly, we get, with the same probability that
[{t € [0,n%]: cu(t) = £bu (1) =0} w
n8 T (1+w)w
and by the union bound, with probability at least 1 — O(9) it holds that

[{r e [0,n%]: cu(t)) = €}|
n8 B

(1£0(1)),

= (1x0(1),

and finally the same holds for all i € {1,...,k} and all agents at the same time by the union bound, with probability
1 — O(nk$). Note that we just prove the approximation up to time n8, but for larger times we divide time in segments
of length n8, and in each segment we allow 7 time-steps in order to reach the approximation of Theorem 2.13, and
then we apply the previous domination argument. Note that the probability that we have a successful approximation

is 1 —0(knd) = 1 —O(n~"*1) in each interval where r is arbitrarily large. In case something the event of Theorem 2.13
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does not hold, we just bound the number of visits by n® and 0, respectively. Choosing r > 10 ensures that w.h.p.

fairness is achieved in the interval. Using Chernoff’s bounds, one can also show fairness over longer intervals.

3 FUTURE WORK AND CONCLUSIONS

We have introduced the notion of diversity, fairness and sustainability to the realm of population protocols. We showed
that the simple DIVERSIFICATION protocol achieves those properties.

Natural open problems are to analyse the derandomised version of our protocol, and to extend our analysis to k and
w depending on the number of agents n. Another research direction is to find protocols that attain a stronger notion
of diversity, where the error term in Eq. (1) is much smaller than O(1/+/n). We think that finding such protocol will
lead to very interesting trade-off between time and space complexity. Another line of research is to investigate the
diversification protocol in different graph topologies, other than the complete graph.

An interesting research direction is to describe what lies in between consensus and diversification? Finally, one can
ask whether our protocol emerges naturally in the context of learning, or in other distributed systems, perhaps even

in biology.

4 PROOFS

Recall that we assume that the w;, i € [k] and k are constants.

4.1 Proof of Section 2.1

ProoF oF LEMMA 2.1. To begin with, note that

2
k
Aj wi
Yis o Z__
i:].wlw

where in the first inequality we used the Jensen’s inequality since w; /w > 0 and Zle wi/w=1.

Let p be the probability of increasing a and q the probability of decreasing it. Using the above inequality, we get

Ai(Ai-D A A
= Z > - , and
n(n—1)w; wn(n -1 nn-1)
k a; A aA
- . 22
1= Z nn-— 1 2_n (@2)

i=1
W.lo.g. assume that the current configuration is not in Ry, we must have that a < n(1 — &)— w7 and therefore,

A>n-n(l-¢)—Ls . Thus,

w+l -

Tl 1-¢ T1-¢
1+w

Then, Eq. (22) yields that the probability to decrease in an active time-step (i.e. when a changes its value) is

1-—
A>1—W—+§ l+w—14+e w+e
a

q aA w 1 w+e—2(1—£)w<1 £

< < < =- = .
q+p  aA+A2/w—A " w+Afa 2 2(w+e¢) 2 3

This yields a biased random walk, that maintain the probability of increasing at least 1/2 + ¢/3 until £(t) € Ry .
Consider only active steps, where a(t) either increases or decreases its value, and define the stopping time T* =
min,ctive step +{£(¢) € R1}, and an interval of active time-steps of length ¢ . Hence, according to the Azuma-Hoeffding

16
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inequality, for the number of increases I minus the number of decreases D we have

()

2¢

£
IP(I—DSEE)Sexp -

Choosing ¢ = 10n/e, it guarantees that T* < ¢ w.p. at least 1 — exp (—%) It remains to show the relationship
between active time-steps and regular time-steps. Recall,

A2jw—A A - Aw
> >

= Q(1/w).

n?—n

Hence, there is only a factor w difference throughout the entire regime until T*. This yields the first part of the
claim.

For the second part, we consider the setting where the biased random walk starts at n(1 — 3¢/2) ﬁ and increases

w.p. at least 1/2 + ¢/3. We will apply Theorem A.1 to determine the probability of hitting n(1 — &) — w1 before hitting

n(l-2¢)—Ls —57 - Wedefine Z; = a; — (1-3¢/2) 7 +(¢/2) g, b= ey Let T = min{t > 0| Z; € {0,b}}.

Wil S =
Then, applying Theorem A.1 and using that y <y, we get

5 w+1

(1/2—8/3)5 _ (1/2—8/3) s
ies) 1) (1/2 - 5/3) < (1-2¢/3)°
L (1/2—8/3)b L 12 B
1/2+¢/3

P(Zr =0) =

2
< (1-2¢/3)2w+1 =exp (—2cﬂ) ,
w

for ¢ > 0 small enough.
By taking union bound over exp(cne?/w) time-steps yields that T = exp(cne? /w) w.p. at least 1 — exp (—c"—‘iz) .
This completes the proof.
[m}

PRrROOF OF LEMMA 2.2. Let p be the probability of increasing A; and q the probability of decreasing it. We have

A A
—Z -t = al , and
nn-1 2_n

_Ai(A,-—l) 1

n n—-1 w;

Assume that A; does not satisfy the property of region Ry and note that a is in region S1 such thata > (1-2¢)n/(w+
1), then

A TR 1-3
aw; ~ (=20 T 1-2¢°
T+w "1
Again, only considering active steps, we get for ¢ < 2/5,
P a 1 1-2¢ 1 ¢
= > > >+
q+p %+a 1+ 1-2e+1-3¢ 2 4

Using a similar biased random work analysis on the active steps as in the proof of Lemma 2.1, we get that in O(n/¢)
active steps A; has the desired size with overwhelming probability.

17
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Note that the ratio of active steps is proportional to p, which is up to constants due to our lower bound on a and
Aj/(wn) . Thus increasing A; by 1 takes O(%% ) time-steps. Hence, the total time to raise A; all the way up to linear
in nw;/w is dominated by the geometric series Zlog 29t ( ) = O(M)

Finally, similar to Lemma 2.1, A; remains within the stated bounds with overwhelming probability. m]

4.2 Proofs of Section 2.2
4.2.1 Proof of Lemma 2.9 and Lemma 2.10. We proceed to prove Lemma 2.9 and Lemma 2.10. In the proofs we abuse
notation and use lower-case letter such as c, c1, co, etc. to denote constants, and for convenience we reuse the same

name for different constants.

PROOF OF LEMMA 2.9. We first introduce some notation. For simplicity, let A; = A;(t) and A} = A;(t+1) . We define
the following variables d; = AWE - A— ,and q; = i .Let D, = Zl 14 d’,and Q, = Zle qlf,for r={1,2,---}.Finally,
denote q;j = q; — qj and d;j = d; — dj.

With the above notations, the potential function ¢ defined in Eq. (10) becomes ¢(t) = Zile Z’j?:l q?j , and we obtain

1G,,6(t+1) = ]lGMZZ(qU+dU) =1, |¢ (t)+2ZZqu,]+ZZd : (23)

i=1 j= i=1 j= i=1 j=
Note that d; is the proportional change of the value A; in one step, and that A; increases its value by 1 with probability
(n 1) and decreases by 1 with probability A (?r’l i)) Then,
1 [ a4 Ai(Ai - 1) 1 2 g
E(d = i—q; +—|, d
(i) = wi (n(n—l) n(n—1)w; n(n-1) i~ 4 wi an
aA; Ai(Ai-1) 1 qi
E(d}|F7) = — : 24
(di172) = ,-(n<n—1> w(n—Towi ) = w49y @)

Notice that |E(di|7‘}) —(aqi — q?)/nQ‘ < 3/n. Then we have the following bound on the term Zle le?zl qgijdij

in Eq. (23) . For some constant ¢ > 0,

k k k k k k
qij 2 3
L6, E| Y ) 4ijdij|Fe | < LG, Z > o) [aCIi —q; —(agj - ] ) lgijl
i=1 j=1 i=1 j=1 i=1 j=1
k k
o a—(qi+q;) 1-36
=1g,, Z;Z;‘hjn—g -1g,, m¢(l‘)+c,
=1 j=

where in the last step we used the facts that {£(t) € E} € Gy41 . By the definition of & in Eq. (9) we have a < (1+0)n/w
and q; > (1 — d)n/w, where 9 is sufficiently small.
As for the term Zle ZI;=1 dizj in Eq. (23), we notice that d;dj = 0 for i # j, which yields

k
4
i=1

where in the last step we apply that a < (1+8)n/w and q; < (1+8)n/w for sufficiently small § since {é(t) € E} € Gyy1 -

4k%(1+6)2
(14+w)?2

5

k k
16,,B| D > d3|7i | =16, 2(k - DE

i=1 j=1

Gri1

7:t) = ]lGHl

18
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Notice that k < w. Thus, replacing Eq. (23) with the above calculations and bounds yields, for some constants
C1,Co >0,
2(1 - 36) 4k?(1 +8)?

]th+1¢(t +1) = 1g,,, (¢(t) - qu(t) +c+ W

J < teus0(1- 2 ve.
wn

We continue to prove Item 2. We start by noting that

k Kk
$() =Y > (qi—q))* = 2kQ2 - 207,

i=1 j=1

and

k
Gt+1) =2k (qi+di)? - 2(Q1 +Di)?
i=1

- 207 - 2D? — 401Dy

k
qid;

:2k(Q2+D2+2

i=1

k
= ¢(t) +4k Z qidi — 401Dy + (2k — 2)Ds .
i=1

We compute Var(1g,,, #(t + 1) — 1,4(t)|Fz) by using the previous equation. First note that if 15,,, = 0 then
Var(1g,,,¢(t +1) = 15,9|F:) = Var(1g,¢(t)|F:) = 0, since 1g,4(t) € ¥ and 1g,,, € 7. If 1g,,, = 1, then
15, =1 and thus

Var(1g,, ¢(t+1) - 16, ¢(1)IF:) = 1g,,, Var(¢(t + 1) - ¢(1)|F2)
k

=1g,,, Var (Z(4kq,- —401)d; + (2k — 2)Ds
i=1

T

2
ﬁ)
k

2
> (dkqi - 491)d,-] "ﬁ) +216,, B([(2k - 2)D2]?|77) (25)

i=1

k
D (dkq; = 401)d; + (2k = 2)D2
i=1

<1g,, E(

< 2-]th+lE(

We upper bound each of the terms in the equation above as follows: By Eq. (24) and the fact that a < (1+J)n/w and
2
qi < (1+6)n/w for sufficiently small § since {é(t) € E} C Gr41 , we know that E(d;) < % and E(diz) < % .
Also notice that E(d?”l) = E(d;) and E(d:.l) < E(diz). Then for term at the right in Eq. (25) we have,

k22(1 +68)%k

w2 < 8(1+6)%k = C4k.

k
2.16,,E ([(Zk - 2)D2]2|7-}) =816, (k-1 ) E (dﬂ‘ﬁ) <8 1g,,
i=1

For the term at the left in Eq. (25), we notice that d;d; = 0 for i # j, and $(t) = 2kQ2 — 207, and then

k 2 k
2. ]lG,+1E( > (4kgi - 491)d,-] ‘ﬁ) =21, . (4kqi - 401)°E(d}|7:)
i=1 i=1
2(1 + 6)2 C3
=16 - 1g,,,2(k*Q2 - kQH)E(d?|77) < 16 - ILGmkqﬁ(t)W < Lo 9(0).
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Hence, substituting Eq. (25) with the above calculations yields for C3,C4 > 0

Var(lg,, $(t +1) = 16,$(1FD) = T,,, "Z4(0) + Cik.

Finally, for Item 3, recall that q;; = ¢; — qj and d;; = d; — d;, and then from Eq. (23) we get

k k
L6119t +1) = E(Le 9t 4 DI = Loy, | | 2015y = BldyjI70)) + 3y = E(@3172)]

i=1 j=1
k k k
=St ER DI Z Z(d” — B(dij|72))? + Z Z dZ + B(d}|70)
i=1 j=1 i=1 j= i=1 j=
< 21,4 (t) V16k + 4k,
where in the first inequality we used the Cauchy-Schwarz inequality, and the fact that |d;;| < 1. O

We show Lemma 2.10 using a similar idea as the proof of Lemma 2.9.

PrOOF OF LEMMA 2.10. Let a; = a;(2), a] = a;i(t + 1), ¢; = ai/wi, d; = (@} — a;)/wi. Define Qj = Zle(q,-)j and
Dj = Zle (d;)!. Recall that A = Zle A; and we denote A = A(t). We also consider all the notation defined in the
proof of Lemma 2.9.

We begin by enlisting some properties of d;. Since a; increases by 1 with probability % and decreases by 1

with probability n(ani—fl) we have that

A'(Ai - 1) a;A 1 2 qi
(2 -A) _
(n-Dw; n(n-1) n2 (q’ 9 win?2

E(di|F) = — [

which implies that

IE(JiI‘ﬁ) - nig (q? - in) <3/n.

Let’s prove the first item. Denote g;; = §; — g; and c?ij =d; - c?j . Then y(t) = Zile Z?:l q?j . Note that c?c?
fori # jand |dj|" < |d;| <1forr > 1,then

k k

i=1 j=

E((t+1)|F:) = E( (Gij +dij)* 7‘?)
1

k k k
< Y1) +2 Z DG B(dij|F2) + 2k ) B((di)?|F7)
i=1

i=1 j=1

k k k k k
2 6
s¢<t>+n—QZZqU(q?—q;‘?—Aqij>+;ZZ!%MI«ZE%H%
i=1 j=1 i=1 j=1 i=1
k k k k k k 2
A 2 6 q; +qiA 3
<(1-2)v0 2 2 S e a2 33 o2y 2 (o2 o
i=1 j=1 i=1 j=1 i=1 j=1
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If we work on the event {£(¢) € &}, then q; < cin/k for some ¢; > 0. Applying the Cauchy-Schwarz inequality
yields
k

k
> 2441 (qi+47) < VP OFDen/k
and

k k
2. 2\l < kD).

It holds that a < can/k for some ca > 0 on the event {£(¢) € &} . Then for some ¢3 > 0

k. k k kK i k&
kaz(q,ﬂm 3 S2kZZ(q?:2alA+% :i_’;(zqu?+aA+3kn)

i=1 j=1 i=1 j=1 i=1 j=1
k k
2k cin\2 caon
Sn—Q(z;Z;(T) +TA+3kn)ch.
i=1 j=

Replacing the previous three equations in Eq. (26) yields

B 9+ DI 1,90 (L= 25 |+ 5 Vg Ot sl
24 -2\eing(0/ (G (DR — 6kn/\/¢(t)) e
n2

=1lg,,,¥(@®) |1

n2

16,400 (1 _ (1+0(1)n - O(y/nlogn) - (1 - o(l))n) ‘e

= ]th+1¢(t) (1 - %) +C2,

for some C1,C2 > 0, where in the previous to last equation we used that in the event Gs41 it holds that ¢(¢) >
max{16¢(t), k2}, and that 24 > 2(1 — §)?nw/(w + 1) > (1 + c)n as § is small enough and w > k > 2.
We continue with Item 2. We note that

Ylt+1) —y(t) = 4qu1d +4Q1D1+2k2(d)2 2(Dy)?

k
Z +401D1 + (2k —2)Ds .
i=1

Following the same reasoning of Item 2 of Lemma 2.9 yields
Var(lg,, ¥t +1) - 16,y (0)|F:) = Lg,,, Var(y(t+1) - ¢(1)|F1)
k

< 21, | Y (4kgi -~ 401)2Var(di|77) + E ([(2k - 2)D2]2|7—7)) @)
i=1

21



Nan Kang, Frederik Mallmann-Trenn, and Nicolas Rivera

For the first sum, we use |d;| < 1, thus

k
D (4kGi = 401)*Var(di|F7) < ck(kQa — (1)) = cky (1), (28)

i=1
k —
7—}) < 4k’1g,,,E (Z \di| 7—;)
i=1

4k - 4k
<1g,, l’l—2(Q2 +(Q1A) < 1g,,, ?(QQ +aA) < ck, (29)

and for the second term,

k
1g,,E ([(Qk - 2)D2]2‘7—;) < 4k*1g,, B (Z(d,-)4
i=1

where in the previous to last step we used that Q1 = Zle aj/w;i < a, and in the last step that g; < cn/k and a < cn/k
in the event {£(t) € &} C Gy41. By combining Eq. (27), Eq. (28) and Eq. (29) we obtain Item 2.
Finally, for Item 3,

k Kk
G, e+ 1) = E(lg,, e+ DITD| =T, | Y [2005(dij - BislF0) + (di)? = B(Z)I7)|
i=1 j=1
k Kk k k B B k k B
UG, (24 D0 D @] D, D i = BU|F)? + 3. > (di)? + B3| F)
i=1 j=1 i=1 j=1 i=1 j=1

< c(lg,,, p(tVk+k) < c(1g,s(t)Vk +k),

where in the first inequality we used the Cauchy-Schwarz inequality, and in the second we used that at most one

agents changes its colour and thus |d;;| < 1. m]

4.2.2  Proofof Lemma 2.6 and Lemma 2.7. The proofs of Lemma 2.6 and Lemma 2.7 are essentially the same as Lemma 2.9

and Lemma 2.10, showing that both protential functions satisfy the same properties (with different constants).

PROOF OF LEMMA 2.6. Set T = | qwn| where g is some constant that we will determine later. Let Cy, ..., Ce be the
constants in Lemma 2.9.

Define the event B; by
Bj = {1p,¢(s) < n?/2/, Vs € {jT,jT+1,...,n5}},

and note that P(Bg) = 1. Let J = min{j > 0 : n2/2/ < Clog(n)wn}. We will prove that Bjr holds with high
probability.
For any j € {1,...,J} we have that

P((8;7)%) <P ({3s € UT.....n%) : 1p,0() > n?/27} 0 B pyr) + P((B(j1)7)°).

For the first term on the right-hand side we have

nS
P ({Els € (JT.....n%} : 1p,p(s) > n?/27} mB(j_l)T) < > P(le,(s) > n?/2)),
s=jT
where Gs = B N {¢((j — 1)T) < n?/2/71} for s > (j — 1)T, and note that Gg41 € 75 for s > (j — 1)T.
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Now, we iterate Item 1 of Lemma 2.9, and choose g large enough such that (1 — C1/(nw))l4%] < % . Then, letting

m = n2/2/~! we obtain for any t > jT,
E(L6,$(0) < 16, 1, ¢((j = DT)(1 = C1/(nw))" + Cawn/Cy

C C
Sm/8+—2wn£m/8+ﬂSm/4. (30)
C1 4

In the last inequality we used the definition of J, and in particular that m > n2/2/~1 > C(log n)wn.
Now, define the process M(t) = ]lG,+jT¢(t + jT) for t > 0 and apply Lemma 2.11 with

a =C1/(wn), B =Ca,y=Csk\m+ Cgk,6? = Cam/k + C4, and 1 = m/4,
then we obtain for t > 0,

2
P (M(t) > m/2) <P (M(t) > E(M(0)) + m/4) < exp (_ 53 /2 Ay)
@a-a?) T3
< xp -emintmfnn 271 o

where c is a small constant that only depends on C1, Ca, C3 and C4. Now let r > 0, then by choosing C large enough

we get
exp (—c min(m/n, m1/2/k)) <n’".
Therefore, for all s > jT,
P(1g,¢(s) >n?/2/) <n™".
Thus we conclude that for any j € {1,..., J} we have that
P((B)1)°) < n8n" +P((B))) < Jn®n" +P(8() = nOn 7,

since IP(Bp) = 1 and J = O(logn). m}

As for the proof of Lemma 2.7, we follow the same steps but replacing 1 g,¢(t) by 1 B;lp( t), and the definition of J
by J = min{j > 0: n?/2/ < C’log(n)wn}, with C’ > 32C (where C is the constant chosen in the definition of the set
of configurations & in Eq. (14)), and the constants a, f§, y and § are replaced by

a=C1/n, f=Cay=Cskvm+Cgk,6% = C3km+Cy, and A = m/4.

With the previous changes the RHS of Eq. (31) is replaced by exp (—c min(m/(kn), mt/2 /k)) Note, however, that

m/(kn) > C’log n, so we can still choose C’ large enough such that exp (—c min(m/(kn), m1/2/k)) <n’".

4.2.3  Proof of Lemma 2.11. We give a proof of Lemma 2.11. Our proof follows a similar method as the one used in the
proofs Theorems 7.3 and 7.5 of [9].

Let s > 0 to be chosen later. A simple computation shows for t > 1,
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E(esM(f) |Fi-1) = SE(M(2) ITzq)E(esM(t)—E(SM(f) |Ft-1) |Fi-1)

_ B Fi) i STE ((M(1) - E(M(D)|F-1) | Fr-1)

I (32)

J=0

Let G(t) =2 Z] 29 A' . For t < 3 we have that the function G(t) is increasing and that G(¢) < 1/(1 —¢/3). Then

i ]— B ((M(t) = E(M(0)|Fi-1) | i (33)
1Y e j— (M) - EQI(0)1F2-1) 1751
Jj=2

<1+G(sy) %Var(M(t)W‘}) (by Item (ii))

5)2
< exp ((ST)G(sy)) (by Item (i) . (34)
By replacing Eq. (34) into Eq. (32) and by Item (i) of the statement, we get

B(eMO|75_ ) < (FEMOITia) (e%am)

(s6)°

< exp ((1 a)sM(t—1) +sp+ G(sS)) (by Item (i)) .

Taking expectation on the above equation gives

2
EesM®) < (Ee(l_a)SM([_l)) exp (sﬂ+ (sg) G(sy)) . (35)

By iterating and using that G(x) is increasing for x < sy < 3 (we will choose s to ensure sy < 3).

2
EesM(1) < (Ee(l—a)sM(t—l)) exp (sﬁ+ (SC;) G(S)/))

t—1 2 t—1
< exp((1—a)fM(0)s+sﬁZ(1—a)i +w2(1—m2"). (36)
i=0 i=0
Then by Markov’s inequality,
-1
P(M(t) = E(M(t)) + A) < exp (—As + (:9°GGsy) 2(1 - a)2") < exp (—As + M) .
2 = 20 — a2

Sets = WTW which ensures that sy < 3 (i.e. we are working in the part where G is increasing). Using that

G(x) £ 1/(1 —x/3) for x < 3, we get

A

P(M(t) = E(M(t)) + A) < exp (i)

Soa? +Ay/3
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4.3 Proof of Section 2.3

For the proof of Lemma 2.14 is rather similar to the ones of Lemma 2.6 and Lemma 2.7. The proof'is a corollary of the

following lemma, which is the analogue of Lemma 2.9 and Lemma 2.10 for the potential o(t) = (A(t)/w — a(t)).

LEMMA 4.1. Let T > 0O be an integer. Let G; be an event such that Et C Giy1 € Fy forallt > T, and such that
Gt € Gyy1. Then there exist constants C1, Ca, C3, Ca, Cs, Cg (independent of T, k, etc.) such that for anyt > T

(1) B(LG,,, 0 (t+ DIFD) < 16,0%(1) (1= S) +Co
(2) Var(1g,,,0%(t + 1)|F) < C3lg,0%(t) + Ca.
(3) Mg, 0% (t +1) = E(Lg,,, 0% (t + D|F)| < Cslo(t)] +Cg -

With the above lemma, the proof of Lemma 2.14 follows exactly the same steps of proofs of Lemma 2.6 and Lemma 2.7,

and thus omitted.

Proor oF LEMMA 4.1. In the event E, we have that

k . 2
ZZ (A i) A](t)) < 5wnlogn. 37)

i= ] W]

=9 (Z X (A_(t) —X(t)) ) _ Cuwnlogn (38)

2
= Wi k

Rearranging the terms we have that

1 EE(am A (A()/w»2 E A
e (-0 - (Z t (Z; "

=1

Denote X (t) = ¢ Zk A (; ) then we have that with probability

k
LIA®) - WX ()] < 1 x| =1 % (22 - xw)w
i=1 L
< S Ailt) X LS 2 < c14/nl
< ;E(TI_ (t)) E;wi <ciynlogn

for some constant c¢; > 0 (this constant depends on w and k, however, we have assumed they are constants).

We also have that

k K
S AT = Y (A2 —X<t>2) !
T i=1 f
k
< JZ (A i(t) -X(t )) JZ (A i) +X(t)) w < c1n3/2\/10gn
i1 i1

since A;(t) < nand X(t) < n. Thus, combining the two inequalities we get

k (2 2
ZAl(t) _AMT) 32 \flogn. (39)

wi w

i=1

25



Nan Kang, Frederik Mallmann-Trenn, and Nicolas Rivera

Now, denote o(t) = A(t)/w — a(t), then

E (]IGmU(t +1) |7:t) <1g,, (U(t)2 +20(t) (1 + l)

e GOS0k ZA(t) /w,))

In the previous inequality we just wrote o(t + 1) = o(¢) + (o(t + 1) — o(t)), and square both sides. Notice that

[(e(t+1)—a(®)| < (1+ %) as at most one agent changes its colour. Also, notice that the probability that a dark
(Ai(f)2/)W)

agent changes its colour to light at time ¢ is given by Zle FE)

is afg(tl)ﬁ(lt)) . By using the bound given in Eq. (39), we get

and the probability it changes from light to dark

1
osn +4

B (Lg,, ot + D7) < 16, (fr(t)2+c2 ()(a(t)A(t) ()2))+c1

- 1g,, (o(t)2 +ep 2 ( (DA(H) - A(t)Q)) +5
=1g,,,o(t)? (1 - —A(t)) +5
=1, 0(t)? (1- —) +5

where in the last step we used that in the event B, (which is contained in G;+1) we have that A(t) > c3n for some
constant ¢3 > 0 (the constants cy, c2 etc.. may change value from line to line).

For the variance, notice that
Var(1g,,,o(t + )?|F) = Var(lg,,, (o(t) + (a(t + 1) — a(t))?|F7)
< 8a(t)*1g,,, Var(a(t +1) — a(t)|F) + 8Var(1g,,, (o(t + 1) — o(£))*|F7).,

where in the inequality we used that cov(X,Y) < 2(Var(X) + Var(Y)) for any pair of random variables X, Y. Finally,
note that |o(t+1) —o(t)] < 1+1/w < 2 as at most only one agent changes its colour from a light one to dark one, or

viceversa. Then
Var(1g,,,o(t +1)%|%;) < C31g,0%(t) +Cy.
Finally, since |o(t + 1) — o(¢)| < 2, we have
E(1Lg,,,o(t+ D?F) - 1g,,,0(t + 1)?| < 1g,,, |[EQa(t)(o(t + 1) = o () + (a(t + 1) — o(£))?|F7)]

+1g,,, [20()(a(t +1) = a(t)) + (ot + 1) — o (t)?|
< 1G,Cslo(8)[ +Cs -

A AUXILIARY RESULTS

THEOREM A.1 (CHAPTER XIV.2, XIV.3 1N [20]). Let p € (0,1) \ {1/2} and b, s € N. Consider a discrete time Markov
chain (Zy)r>0 with state space Q = [0, b] where

0o=s¢€[0,b]
e P(Z=i|Zii=i-1)=pforie[Lb-1]t>1
e P(Z=i|Zi=i+1)=1—pforie[Lb-1]t>1
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e P(Z;=i|Zi-1=i)=1foriec{0,b},t > 1.
LetT =min{t > 0| Z; € {0,b}}. Then,

() -1 () - ()

P(Zr=b) = - , and P (Zr =0) = 3
1__P) -1 (1;1’ -1
P P
Moreover,
_(z2)’
E(T) = —— - p 1 (p)
1-2p 1—2p1_(1;p)b’
P

The following the Chernoff bound for Markov Chains is from [10], however, we simplified their general statement

for the purposes of our paper.

THEOREM A.2 ([10]). Let M be an ergodic Markov Chain with stationary distribution 7 on a finite state space. Let Tryix
represent the (1/8)-mixing time. Let N; denote the number of hit of M to the state i in the first t steps, then for0 < § < 1,
it holds that

P(|N; — 7(i)t| < 87(i)t) < cexp (—52n(i)t/(72Tmix)),

where ¢ > 0 is a constant independent of  and 7, and t.

ACKNOWLEDGMENTS

We would like to express our sincere gratitude to Colin Cooper and Tomasz Radzik, for their insightful suggestions
and stimulating discussions. Nicolas Rivera was supported by the the Millennium Institute for Foundational Research
on Data (IMDF), and was supported by FONDECYT grant number 3210805.

REFERENCES

[1] David Aldous and James Allen Fill. 2002. Reversible Markov Chains and Random Walks on Graphs. Unfinished monograph, recompiled 2014,
available at http://www.stat.berkeley.edu/$\sim$aldous/RWG/book.html.
[2] David Aldous and Daniel Lanoue. 2012. A lecture on the averaging process. Probab. Surv. 9 (2012), 90-102. https://doi.org/10.1214/11-PS184

[3] LucaBecchetti, Andrea Clementi, Pasin Manurangsi, Emanuele Natale, Francesco Pasquale, Prasad Raghavendra, and Luca Trevisan. 2018. Average

Whenever You Meet: Opportunistic Protocols for Community Detection. In 26th Annual European Symposium on Algorithms (ESA 2018) (Leibniz
International Proceedings in Informatics (LIPIcs)), Yossi Azar, Hannah Bast, and Grzegorz Herman (Eds.), Vol. 112. Schloss Dagstuhl-Leibniz-Zentrum
fuer Informatik, Dagstuhl, Germany, 7:1-7:13. https://doi.org/10.4230/LIPIcs. ESA.2018.7
[4] Luca Becchetti, Andrea Clementi, Emanuele Natale, Francesco Pasquale, and Riccardo Silvestri. 2015. Plurality Consensus in the Gossip Model. In
SODA. 371-390.
Luca Becchetti, Andrea Clementi, Emanuele Natale, Francesco Pasquale, and Riccardo Silvestri. 2015. Plurality Consensus in the Gossip Model. In
Proceedings of the 26th Annual ACM-SIAM Symposium on Discrete Algorithms (SODA). 371-390.

[6] Luca Becchetti, Andrea E. F. Clementi, Emanuele Natale, Francesco Pasquale, and Luca Trevisan. 2016. Stabilizing Consensus with Many Opinions.
In Proceedings of the Twenty-Sixth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA). SIAM.

[7] Petra Berenbrink, George Giakkoupis, and Peter Kling. 2020. Optimal time and space leader election in population protocols. In Proc-
cedings of the 52nd Annual ACM SIGACT Symposium on Theory of Computing, STOC 2020, Chicago, IL, USA, June 22-26, 2020. 119-129.
https://doi.org/10.1145/3357713.3384312

[8] Carol Bezuidenhout and Geoffrey Grimmett. 1990. The critical contact process dies out. The Annals of Probability (1990), 1462-1482.

[9] Fan Chung and Linyuan Lu. 2006. Concentration inequalities and martingale inequalities: a survey. Internet Math. 3, 1 (2006), 79-127.
http://projecteuclid.org/euclid.im/1175266369

[10] Kai-Min Chung, Henry Lam, Zhenming Liu, and Michael Mitzenmacher. 2012. Chernoff-Hoeffding Bounds for Markov Chains: Generalized and
Simplified. In STACS 12 (29th Symposium on Theoretical Aspects of Computer Science), Thomas Wilke Christoph Diirr (Ed.), Vol. 14. LIPIcs, Paris,
France, 124-135. https://hal.archives-ouvertes.fr/hal-00678208

(5

=

27


http://www.stat.berkeley.edu/$\sim $aldous/RWG/book.html
https://doi.org/10.1214/11-PS184
https://doi.org/10.4230/LIPIcs.ESA.2018.7
https://doi.org/10.1145/3357713.3384312
http://projecteuclid.org/euclid.im/1175266369
https://hal.archives-ouvertes.fr/hal-00678208

(1]

[12]
[13

[14

[15]

[16]

[17

(18]

[19]

[20
[21]

[22

(23]

[24
[25]

[26

[27]
[28

[29

[30

[31

[32

[33

[34

Nan Kang, Frederik Mallmann-Trenn, and Nicolas Rivera

Colin Cooper, Robert Elsisser, Hirotaka Ono, and Tomasz Radzik. 2013. Coalescing Random Walks and Voting on Connected Graphs. SIAM Journal
on Discrete Mathematics 27, 4 (2013), 1748-1758.

Colin Cooper, Robert Elsésser, and Tomasz Radzik. 2014. The Power of Two Choices in Distributed Voting. In Proc. ICALP. 435-446.

Colin Cooper, Robert Elsisser, Tomasz Radzik, Nicolaas Rivera, and Takeharu Shiraga. 2015. Fast Consensus for Voting on General Expander
Graphs. In DISC. 248-262.

Colin Cooper, Tomasz Radzik, Nicolas Rivera, and Takeharu Shiraga. 2017. Fast Plurality Consensus in Regular Expanders. In 31st International
Symposium on Distributed Computing (DISC 2017) (Leibniz International Proceedings in Informatics (LIPIcs)), Andréa W. Richa (Ed.), Vol. 91. Schloss
Dagstuhl-Leibniz-Zentrum fuer Informatik, Dagstuhl, Germany, 13:1-13:16. https://doi.org/10.4230/LIPIcs.DISC.2017.13

Alejandro Cornejo, Anna R. Dornhaus, Nancy A. Lynch, and Radhika Nagpal. 2014. Task Allocation in Ant Colonies. In Distributed Computing -
28th International Symposium, DISC 2014, Austin, TX, USA, October 12-15, 2014. Proceedings. 46—60. https://doi.org/10.1007/978-3-662-45174-8_4
Emilio Cruciani, Emanuele Natale, André Nusser, and Giacomo Scornavacca. 2018. Phase Transition of the 2-Choices Dynamics on Core-Periphery
Networks. In Proceedings of the 17th International Conference on Autonomous Agents and MultiAgent Systems, AAMAS 2018, Stockholm, Sweden, July
10-15, 2018. 777-785. http://dl.acm.org/citation.cfm?id=3237499

Emilio Cruciani, Emanuele Natale, and Giacomo Scornavacca. 2019. Distributed Community Detection via Metastability of the 2-Choices Dynamics.
In The Thirty-Third AAAI Conference on Artificial Intelligence, AAAI 2019, The Thirty-First Innovative Applications of Artificial Intelligence Conference,
IAAI 2019, The Ninth AAAI Symposium on Educational Advances in Artificial Intelligence, EAAI 2019, Honolulu, Hawaii, USA, January 27 - February
1, 2019. 6046-6053. https://doi.org/10.1609/aaai.v33101.33016046

Josep Diaz, Leslie Ann Goldberg, David Richerby, and Maria Serna. 2014. Absorption Time of the Moran Process. In Ap-
proximation, Randomization, and Combinatorial Optimization. Algorithms and Techniques (APPROX/RANDOM 2014), Vol. 28. 630-642.
https://doi.org/10.4230/LIPIcs. APPROX-RANDOM.2014.630

Anna R. Dornhaus, Nancy A. Lynch, Frederik Mallmann-Trenn, Dominik Pajak, and Tsvetomira Radeva. 2018. Self-Stabilizing Task Allocation In
Spite of Noise. CoRR abs/1805.03691 (2018). arXiv:1805.03691 http://arxiv.org/abs/1805.03691

William Feller. 1968. An Introduction to Probability Theory and Its Applications (3rd ed.). Wiley.

Varun Kanade, Frederik Mallmann-Trenn, and Thomas Sauerwald. 2019. On coalescence time in graphs-When is coalescing as fast as meeting?. In
Proceedings of the Thirtieth Annual ACM-SIAM Symposium on Discrete Algorithms, SODA’19. http://arxiv.org/abs/1611.02460 A full version with
all proofs is available at http://arxiv.org/abs/1611.02460.

Nan Kang and Nicolas Rivera. 2019. Best-of-Three Voting on Dense Graphs. In The 31st ACM Symposium on Parallelism in Algorithms and Archi-
tectures (SPAA ’19). Association for Computing Machinery, New York, NY, USA, 115-121. https://doi.org/10.1145/3323165.3323207

E. Lieberman, C. Hauert, and M. Nowak. 2005. Evolutionary dynamics on graphs. Nature 433, 7023 (20 Jan. 2005), 312-316.
https://doi.org/10.1038/nature03204

Thomas M Liggett. 2099. Stochastic interacting systems: contact, voter and exclusion processes. Springer.

Frederik Mallmann-Trenn, Yannic Maus, and Dominik Pajak. 2019. Noidy Conmunixatipn: On the Convergence of the Averaging Population
Protocol. In 46th International Colloquium on Automata, Languages, and Programming, ICALP 2019, July 9-12, 2019, Patras, Greece. 148:1-148:16.
https://doi.org/10.4230/LIPIcs ICALP.2019.148

Frederik Mallmann-Trenn, Cameron Musco, and Christopher Musco. 2018. Eigenvector Computation and Community Detection in Asynchronous
Gossip Models. In 45th International Colloquium on Automata, Languages, and Programming, ICALP 2018, July 9-13, 2018, Prague, Czech Republic.
159:1-159:14. https://doi.org/10.4230/LIPIcs ICALP.2018.159

Satoru Morita. 2016. Six Susceptible-Infected-Susceptible Models on Scale-free Networks. Scientific reports 6 (2016).

Roberto L. Oliveira and Yuval Peres. 2019. Random walks on graphs: new bounds on hitting, meeting, coalescing and returning. In Proceedings of
the Sixteenth Workshop on Analytic Algorithmics and Combinatorics, ANALCO 2019, San Diego, CA, USA, January 6, 2019. 119-126.

Y. Rabani, A. Sinclair, and R. Wanka. 1998. Local divergence of Markov chains and the analysis of iterative load-balancing schemes. In Proceedings
39th Annual Symposium on Foundations of Computer Science (Cat. No.98CB36280). 694-703. https://doi.org/10.1109/SFCS.1998.743520

Tsvetomira Radeva, Anna Dornhaus, Nancy Lynch, Radhika Nagpal, and Hsin-Hao Su. 2017. Costs of task allocation with local feedback: Effects
of colony size and extra workers in social insects and other multi-agent systems. PLoS computational biology 13, 12 (2017), €1005904.

Yosef Rinott and Vladimir Rotar. 1997. On coupling constructions and rates in the CLT for dependent summands with applications to the antivoter
model and weighted U-statistics. Ann. Appl. Probab. 7, 4 (1997), 1080-1105. https://doi.org/10.1214/a0ap/1043862425

Hiroto Yasumi, Naoki Kitamura, Fukuhito Ooshita, Taisuke Izumi, and Michiko Inoue. 2019. A population protocol for uniform k-partition under
global fairness. International Journal of Networking and Computing 9, 1 (2019), 97-110.

Hiroto Yasumi, Fukuhito Ooshita, and Michiko Inoue. 2019. Uniform partition in population protocol model under weak fairness. arXiv preprint
arXiv:1911.04678 (2019).

Hiroto Yasumi, Fukuhito Ooshita, Ken’ichi Yamaguchi, and Michiko Inoue. 2018. Constant-space population protocols for uniform bipartition. In
21st International Conference on Principles of Distributed Systems (OPODIS 2017). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik.

28


https://doi.org/10.4230/LIPIcs.DISC.2017.13
https://doi.org/10.1007/978-3-662-45174-8_4
http://dl.acm.org/citation.cfm?id=3237499
https://doi.org/10.1609/aaai.v33i01.33016046
https://doi.org/10.4230/LIPIcs.APPROX-RANDOM.2014.630
https://arxiv.org/abs/1805.03691
http://arxiv.org/abs/1805.03691
http://arxiv.org/abs/1611.02460
https://doi.org/10.1145/3323165.3323207
https://doi.org/10.1038/nature03204
https://doi.org/10.4230/LIPIcs.ICALP.2019.148
https://doi.org/10.4230/LIPIcs.ICALP.2018.159
https://doi.org/10.1109/SFCS.1998.743520
https://doi.org/10.1214/aoap/1043862425

	Abstract
	1 Introduction
	1.1 Related work
	1.2 Model and protocol
	1.3 Results
	1.4 Summary of contributions and main techniques

	2 Analysis of the Diversification protocol
	2.1 Phase 1: The rise of the minorities 
	2.2 Phase 2: Reaching Equilibrium - Proving Diversity
	2.3 Phase 3: A finer Equilibrium
	2.4 Proof of thm:fair - Via Markov Chain approximation

	3 Future work and conclusions
	4 Proofs
	4.1 Proof of sec:phase1
	4.2 Proofs of sec:phase2
	4.3 Proof of sec:props

	A Auxiliary Results
	Acknowledgments
	References

