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ABSTRACT

Online meta-learning is emerging as an enabling technique for
achieving edge intelligence in the IoT ecosystem. Nevertheless, to
learn a good meta-model for within-task fast adaptation, a single
agent alone has to learn over many tasks, and this is the so-called
‘cold-start’ problem. Observing that in a multi-agent network the
learning tasks across different agents often share some model simi-
larity, we ask the following fundamental question: “Is it possible
to accelerate the online meta-learning across agents via limited
communication and if yes how much benefit can be achieved? "
To answer this question, we propose a multi-agent online meta-
learning framework and cast it as an equivalent two-level nested
online convex optimization (OCO) problem. By characterizing the
upper bound of the agent-task-averaged regret, we show that the
performance of multi-agent online meta-learning depends heavily
on how much an agent can benefit from the distributed network-
level OCO for meta-model updates via limited communication,
which however is not well understood. To tackle this challenge, we
devise a distributed online gradient descent algorithm with gradient
tracking where each agent tracks the global gradient using only
one communication step with its neighbors per iteration, and it
results in an average regret O(4/T/N) per agent, indicating that a
factor of \/1/_N speedup over the optimal single-agent regret O(VT)
after T iterations, where N is the number of agents. Building on
this sharp performance speedup, we next develop a multi-agent
online meta-learning algorithm and show that it can achieve the
optimal task-average regret at a faster rate of O(1/VNT) via limited
communication, compared to single-agent online meta-learning.
Extensive experiments corroborate the theoretic results.
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1 INTRODUCTION

Meta-learning [8, 20, 30] has recently emerged as a promising ap-
proach for few-shot learning, aiming to solve new learning tasks
quickly with only a few data samples by leveraging the prior knowl-
edge from many related tasks. In particular, the gradient-based
meta-learning [8, 21] has become popular because of its simplicity
yet great effectiveness. Specifically, a meta-model is learnt across a

set of training tasks sampled from some task distribution, such that
the task-specific model for a new task can be quickly adapted from
this meta-model via gradient descent using a few local samples.
Such a fast learning capability with small datasets is critical for
achieving artificial intelligence locally in resource-constrained de-
vices, paving the way to edge intelligence in the Internet-of-Things
(IoT) ecosystem [19].

To enable continual lifelong learning as human beings do, much
attention is being paid to online meta-learning [6, 9, 14, 15], which
can be viewed as a synergy of two distinct learning methods, i.e.,
meta-learning and online learning [28]. Specifically, in online meta-
learning, online learning tasks arrive one at a time, and the agent
intends to learn good priors based on its own experience about past
tasks in a sequential manner so as to adapt quickly to the current
task, and thus has a strong flavor of continual lifelong learning.
Notably, [14, 15] study the gradient-based meta-learning algorithms
in the framework of online convex optimization (OCO), where both
within-task adaptation and update of the meta-models across tasks
are treated as a OCO problem.

Despite the superior fast learning performance of online meta-
learning, to learn a good meta-model for within-task fast adapta-
tion, a single agent alone still has to learn over many tasks, which
inevitably encounters the cold-start problem. Observe that in a
multi-agent network, the learning tasks across different agents
in the same environment often share some model similarity [29].
For example, different robots may perform similar coordination
behaviors according to the environment changes. In fact, one of
the most remarkable abilities of human being is to continuously
speed up learning of new tasks based on previous experiences from
oneself as well as from others. Thus inspired, one may wonder if
the cold-start problem for a single agent could be mitigated via
limited collaboration among multiple agents by leveraging the task
similarity therein. Here by “limited collaboration" we mean limited
communication between neighboring agents only, as the commu-
nication cost usually is a bottleneck in wireless communication
systems. To be more specific, we seek to answer the following open
questions: 1) Can we accelerate the online meta-learning at a single
agent on average in a multi-agent network, with only one communi-
cation step among neighbors per learning task? 2) If yes, how much
can we improve upon the single-agent case?

In this work, we give an affirmative answer to the first question,
and show that the optimal task-average regret can be achieved at a
faster rate for each agent in the multi-agent network via limited
communication, compared to single-agent online meta-learning.
More specifically, we propose MAOML, a multi-agent online meta-
learning framework, which generalizes the single-agent online
meta-learning framework, ARUBA, in [15] to a multi-agent online



meta-learning setting. In particular, we cast the multi-agent online
meta-learning into an equivalent two-level nested OCO problem,
where we treat the within-task adaptation as a standard task-level
OCO problem, and the meta-model update as a distributed network-
level OCO problem across the multi-agent network. Mathematically,
it can be shown that the performance ceiling of the multi-agent
online meta-learning, in terms of the task-average regret, heav-
ily depends on the performance of the distributed network-level
OCO for the meta-model update. This is intuitive as a good meta-
model should be able to capture the most important information
across different tasks in the multi-agent network for enabling fast
learning of a new task. Therefore, the problem of accelerating online
meta-learning boils down to improving the performance per agent of
distributed network-level OCO via limited communication.

Then, the next key question is “how much can an agent benefit
from distributed OCO through limited communication with its neigh-
bors?” To this end, consider a multi-agent network with N agents.
Intuitively, the more agents there are and the more information
exchange, the smaller the average regret would be, and this is of
interest particularly in a networked system. It is well known that
the optimal regret in single-agent OCO is of order O(VT) after
T iterations, achievable by either online gradient descent (OGD)
or follow-the-regularized-leader (FTRL) [10, 28]. Interestingly, [5]
and [13] suggest that an average regret of O(4/T/N), i.e., a factor
of \/I/_N speedup, can be obtained at each agent for multi-agent
stochastic OCO, by performing the synchronizations of local model
predictions after each (or multiple) iteration. However, the required
synchronization (for the model predictions) where all agents need to
communicate until reaching consensus [5] [13], incurs a significant
communication burden, requiring ®(QT) communication steps
with Q being the diameter of the network, and hence inevitably
suffers from the latency which degrades the learning performance.
In a nutshell, it remains unclear a priori if distributed OCO algorithms
can achieve significant improvement in terms of the average regret
per agent, with only one communication step per iteration.

The main contributions in this paper can be summarized as
follows.

e We propose a multi-agent online meta-learning framework
to address the cold-start problem in single-agent online meta-
learning, by leveraging the task similarity, i.e., the tasks fol-
low some unknown distribution as in standard meta-learning
[8], across multiple agents via limited communication. Along
the line of the ARUBA framework introduced in [15], we
treat the multi-agent online meta-learning as a two-level
nested OCO problem, where the within-task adaptation and
the meta-model update are formulated as a standard task-
level OCO problem and a distributed network-level OCO
problem across the multi-agent network, respectively.

o We characterize the performance upper bound of multi-agent
online meta-learning in terms of the agent-task-averaged re-
gret, and show that it heavily depends on how much an
agent can benefit from the distributed network-level OCO
for updating the meta-models through limited communica-
tion with its neighbors, which is unclear a priori. To tackle
this challenge, we further consider a distributed online gra-
dient descent algorithm (DOGD-GT) with gradient tracking
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[23, 24]. We show that by carefully tracking of the accumu-
lated gradient consensus error through only limited com-
munication among multiple agents, the average regret per
agent can be significantly reduced to O(4/T/N) compared
with the single-agent case, thus revealing a linear speedup
of the learning performance.
Building on the agent-level performance speedup benefiting
from the multi-agent collaboration via gradient tracking in
the distributed network-level OCO, we next propose a multi-
agent online meta-learning algorithm called MAOML. It can
be shown that each agent in MAOML can achieve a notable
performance improvement in terms of the average regret per
agent, i.e., approaching the optimal within-task regret at a
faster rate of O(1/VNT) compared with the rate of O(1/VT)
in the single-agent online meta-learning ARUBA. To the best
of our knowledge, this is the first work to the address the cold-
start problem by studying multi-agent online meta-learning
under limited communication.

e We conduct extensive experiments on various datasets to
demonstrate the performance of DOGD-GT and MAOML.
The experimental results clearly indicate the improvement
of MAOML over the single-agent online meta-learning in
terms of the agent-task-averaged performance, corroborat-
ing the benefits of utilizing the task similarity across multiple
agents through limited communication in both convex and
nonconvex setups.

The rest of the paper is organized as follows. We present the
related work in Section 2, and introduce the multi-agent online
meta-learning framework in Section 3. In Section 4, we take a closer
look to the distributed network-level OCO, and study the DOGD-
GT algorithm. Building on the agent-level performance speedup
achieved in the distributed network-level OCO, we next propose a
multi-agent online meta-learning algorithm MAOML in Section 5
with the performance analysis. The experimental study is presented
in Section 6, followed by the conclusion in Section 7.

2 RELATED WORK

Online meta-learning. Meta-learning has achieved great success in
few-shot learning under the batch statistical setting [8, 21, 25]. A
gradient-based meta-learning algorithm called MAML is proposed
in the seminal work [8], where a model initialization is learnt based
on a lot of training tasks sampled from some task distribution, such
that maximal performance at a new task can be achieved with the
task-specific model quickly adapted from the model initialization
via only one gradient descent step. To circumvent the need of
Hessian computation in MAML, [21] studies a first-order meta-
learning algorithm named Reptile.

Online meta-learning has recently received much attention. Par-
ticularly, [9] extends the MAML algorithm [8] to the online setting
and proposes a follow-the-meta-leader algorithm. By applying the
stochastic gradient descent to a proxy of true risk for a task based
on a bias vector, [6] proposes an online meta-algorithm by incre-
mentally updating the bias when new tasks arrive, and quantifies
the average excess risk bound. By building a decent connection
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between online meta-learning and OCO, [14, 15] study the gradient-
based meta-learning algorithms in the framework of OCO. More-
over, [7] considers a general class of within-task learning based on
primal-dual online learning, and [37] extends the general online
meta-learning to the non-convex setting and evaluates the perfor-
mance in terms of the local regret. In this paper, we make a first
attempt to study the online meta-learning in a multi-agent scenario
aiming to improve task-average performance.

Distributed OCO. Distributed OCO [34] in a multi-agent network
has recently garnered much interest, where each agent first learns
the model parameters based on its local data and then commu-
nicates its local model information with its neighbors. However,
little attention has been paid to understand the impact of the net-
work size on the average regret achievable at each individual agent
therein. To reap the potential benefits that an agent can achieve
when carrying out distributed OCO, a convex loss function with
both adversarial and stochastic components is considered in [36].
Assuming that the expected gradient is bounded above by G and the
stochastic variance is bounded above by a2, they have shown that
the network expected regret is O(VN2G?T + NTo2). In contrast,
[5] studies distributed OCO in a stochastic setup and proposes a
distributed mini-batch algorithm, which leads to a network regret
of order O(VNT), i.e., an agent-average regret of O(+/T/N), indi-
cating a possible linear speed-up of the average regret per agent.
However, there is a hidden cost associated with the needed syn-
chronization among all agents, required at each iteration, which
could incur a significant communication burden and learning per-
formance degradation. To reduce the communication cost, a dy-
namic synchronization strategy is proposed in [13] by reducing the
frequency of synchronization, which however requires a central
coordinator and still suffers from learning latency because of the
synchronization.

A gradient-tracking based distributed OGD algorithm is con-
sidered in [35] for distributed OCO problem. However, the results
therein are different from ours, as outlined next: 1) [35] aims to
show that the dynamic regret of distributed OCO has no explicit
dependence on the time horizon, as in the centralized case, whereas
we focus on characterizing the performance speedup by cleverly ex-
ploiting the limited multi-agent collaboration. 2) The results in [35]
rely on the assumption that the loss function is strongly-convex,
which is required even in the centralized case so as to remove the
dependence on the time horizon. Since our focus is on the multi-
agent speedup, strong-convexity is not a necessity and we consider
convex loss functions instead. 3) The dynamic regret defined in
[35] cannot simply generalize to the problem setup in our setting,
and a non-trivial analysis of the regret bound is needed to quantify
the performance speedup.

3 MULTI-AGENT ONLINE META-LEARNING

In this section, we first introduce the multi-agent online meta-
learning framework, and cast it into an equivalent two-level nested
OCO problem. By characterizing the upper bound of the agent-task-
averaged regret, we show that the performance of the distributed
network-level OCO for the meta-model update, is the bottleneck
for the performance of multi-agent online meta-learning.
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Figure 1: The framework of multi-agent online meta-
learning. Each agent in the multi-agent network has a se-
quence of online learning tasks, and it shares the learned
model knowledge (¢;, and a; ) with its neighbors to facili-
tate the learning of new tasks at time .

3.1 Problem Formulation

As is standard in a multi-agent network, we assume that the agents
communicate in an undirected and connected communication graph
G = (V,E), where V = N = {1,..,N} is the set of vertices
(agents) and & € VXYV is the set of edges connecting agents. Agent
i and j can communicate with each other if and only if (i, j) € &.
We further denote N; = {j|j # i, (i, j) € E} as the set of neighbors
of agent i. Each agent can make its decision based on the local
information and the information obtained from its neighbors via
weighted averaging. To model this ‘weighting’ process, a consensus
weight matrix, W = [w;;] € RNXN g usually introduced with the
following properties:
e For any (i, j) € &, we have w;; > 0; otherwise, w;; = 0. In
particular, w;; > 0.
e Matrix W is doubly stochastic, i.e., Xy wirj = 2y wijr = 1
foralli,j e N.
In the multi-agent online meta-learning framework, each agent
n € N faces with a sequence of online learning tasks 7; , indexed
byt =1,..,T, as illustrated in Figure 1. We assume that all agents
are synchronized at the task level, i.e., new tasks arrive at all agents
at the same time. For each learning task 7; ,, the agent n must
sequentially choose m; , actions 9;1 ,, from some convex compact set

© and incur loss l; ,, * © — Rwhich is convex and Lipschitz, for i €
[1, msn]. After leérning one task, each agent would share learned
model knowledge with its neighbors through one communication
step to facilitate the learning of new tasks.

Let 6, denote the optimal model parameter for task 7, i.e.,

0}, = argmingcg Z:r:l’" lf’n(e). Following the standard assump-

tion in meta-learning [8], we assume that all the optimal model
parameters 9;‘,,1 foranyt € [1,T] and n € N follow some unknown
distribution P, so as to capture the task similarity across the net-
work. In multi-agent online meta-learning, the agents aim to obtain
good learning performance for each individual task. In the same



spirit with [15], we study the agent-task-averaged regret (ATAR)
after each agent encounters T tasks:

N T (Min Min
Z Z Z It ,") - Z ltl‘,n(ezn) .
n=1t= i=1

A low ATAR ensures that the individual task regret of an algorithm
is small on average over the network, compared to that of the opti-
mal within-task parameter. To this end, every agent in the network
can collaboratively learn, through limited communications with
neighboring agents, the meta-models, i.e., a model initialization ¢;
and a task-dedicated learning rate a; p by utilizing other agents’ in-
formation, such that good within-task performance can be achieved
with 9;"” adapted from ¢; ,, during the online meta-learning.

3.2 Two-Level Nested OCO

Based on the ARUBA framework [15], we treat the multi-agent
online meta-learning as a two-level nested OCO problem, and de-
velop a theoretical framework for understanding the performance
of multi-agent meta-learning through the lens of distributed OCO.
For simplicity, we assume m; ,, = m, forany t € [1,T] and n € N.

3.2.1 Task-level OCO. For the task 7;, at the agent n, given the
model initialization ¢; , and within-task learning rate a; ,, learned
jointly based on the previous tasks, the agent seeks to determine
the action 9;"” so as to minimize the within-task regret after m

rounds:
m o ) mo
Ren = Zi:l l;,n(gin) - Zi:l l;,n(et,n)'

For a convex and G-Lipschitz loss function, it is well-known that
the best upper bound for R, of online mirror descent (OMD),
regularized by Bregman divergence, is given as follows [28]:

Rt,n < (1)

where for a continuously-differentiable strictly convex function
g : © — R, the Bregman divergence is defined as

Br(0ll9) = g(6) = g(9) = (Vg(4),0 = ¢).

This step corresponds to the within-task adaptation from the ini-
tial model ¢, , using gradient descent regularized by the Bregman
divergence, i.e., the inner loop of meta-learning. In order to use
OCO for the meta-update of initial model ¢;,,,, we only consider the
regularization as the set of Bregman divergence that is convex and
smooth in the second argument, i.e., Br(0||-) is convex and smooth
for any fixed 6 € ©. For example, when g(-) is the negative gen-
eralized entropy function defined for the expected loss of convex
proper loss functions, the corresponding Bregman divergence sat-
isfies the above condition [22]. The widely used Ly regularization
also satisfies this condition.

3.2.2 Network-level OCO. Based on the definition of ATAR, it is
clear that ATAR can be bounded above by the average of {Ry,}:

ZZR”'—NTZZ n 2 Rg ()

n=1t=1 n=1t=
which indicates that the ATAR is small if the average regret-upper-
bound Ry, is small. Observe that each agent chooses one action pair
(¢,n, @t,n) and incurs the loss Ry, for each task 7z ,. It follows
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that the outer loop of multi-agent online meta-learning, i.e., meta-
update of the model initialization ¢; , and the learning rate a; n,
can be cast as a distributed network-level OCO among all N agents.
The objective here is to learn good meta-models (¢¢,n, @t,n) for
each agent via the multi-agent collaboration so as to minimize the
following regret:

1
NT

M=
M=

Rour = [Rt,n(¢t,n, at,n) - Rt,n(¢*: 0{*)] (3)

I
-

t

1l
—

n

where (¢*, a*) = argmin Ep, [f{t’n (¢, @)]. This distributed network-
level OCO enables the task-similarity to be learned on-the-fly, which
is encapsulated in an adaptive learning rate by utilizing the infor-
mation across the multi-agent network.

Note that the average regret-upper-bound R, corresponds to the
average loss in the distributed network-level OCO for updating the
meta-models. It is clear that R, is small if the regret Ry, is small
for the distributed network-level OCO, which consequently results
in a small ATAR based on (2). This is intuitive as the performance
of online meta-learning directly depends on how good the meta-
models are. In other words, if we could quickly learn good meta-
models, i.e., the model initialization and learning rate, by utilizing
the knowledge across the multi-agent network, good performance
can be guaranteed for each task in online meta-learning, without
the need of learning over many tasks at a single agent. Therefore,
the problem of accelerating distributed online meta-learning boils
down to the problem of improving the performance per agent
of distributed network-level OCO, i.e., quickly learn good meta-
models, via limited communication.

4 DISTRIBUTED NETWORK-LEVEL ONLINE
CONVEX OPTIMIZATION

As alluded to earlier, it remains unclear a priori if any distributed
OCO algorithms can achieve significant improvement in terms of
the average regret per agent, with only one communication step
per iteration. To tackle this challenge and also accelerate online
meta-learning, we take a closer look to the distributed network-
level OCO in this section, and devise a distributed OGD algorithm
with gradient tracking.

For ease of exposition, we consider a more general formulation
[3, 5, 12, 33] for the distributed network-level OCO (3): In iteration
t the agent i makes a local model prediction x;; from a convex
compact set K C RY and incurs convex loss f2,i (i) that follows
some unknown distribution P, i.e., f;; ~ P, forany t and i € N.
The stochastic assumption about the loss function corresponds to
the underlying task distribution $¢- of meta-learning in an implicit
manner. The objective here is to make a sequence of predictions
{xt,i} given the knowledge of previous ones and possibly additional
information so as to minimize the average regret (achieved at each
agent) compared with the best predictor, given as:

Zmexu) Zan(x) (4)

i=1 t=

where x* = argminEf, ,_p[fz,i(x)]. Note that the above problem
formulation is closely related to but different from the classical
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stochastic optimization in the following sense [5]: Stochastic opti-
mization is primarily concerned with finding the optimal solution
efficiently, for a given underlying model distribution. In stark con-
trast, for the (stochastic) online convex optimization, each agent
makes a sequence of decisions in a real-time manner when new
data arrives, and the objective is to make a sequence of model pre-
dictions that results in a small cumulative loss along the way. In
this study, distributed OCO algorithms are devised to reduce the
average regret per agent with limited communication, compared
with the single agent case.

Since the regret depends on the distribution of f; ;, we focus on
the expected regret E[R], which is the same across agents because
{ft,i} follow the same unknown distribution #. It is well known that
in the centralized case OGD can achieve the optimal regret E[R] =
O(4/T/N) after totally NT iterations are executed sequentially. In
the distributed case where each agent runs OGD alone with no
communication, it is clear that the regret E[R] at each agent has the
order of O(VT), which is a factor of VN worse than the centralized
case. This performance gap points to the need of the collaboration
among agents in order to obtain the optimal regret per agent.

4.1 Distributed OGD with Gradient Tracking

Gradient tracking has shown great potentials in distributed opti-
mization to improve the convergence rate through the collaboration
among agents [18, 23, 24, 31]. Particularly, by taking advantage of
the smoothness of the local functions, an accurate estimation of
the global gradient can be obtained as a better descent direction
based on the history information, in contrast to gradient descent
with local gradients. Nevertheless, the benefit of gradient tracking,
especially the acceleration capability, is not well understood in
distributed online learning where one cares about the learning pro-
cess. To fully unleash the potential of gradient tracking, we explore
a distributed OGD algorithm with gradient tracking (DOGD-GT)
in order to achieve the performance speedup at each agent for
distributed OCO, as outlined in Algorithm 1.

More specifically, an auxiliary variable s; ; is introduced for each
agent to track the average gradients over the network by leveraging
history information:

Sti = Z wijst—1,j + Vfri(xei) = Vfi-1,i (Xt-1,1)s
JEN;

which serves as a more accurate estimation of the global gradient
% 22 Vfii(xti), in contrast to the local gradient Vf; ; (x;;). As a
result, the local model at each agent is updated based on s; ; using
the gradient descent:

Xt+1,i = Z WijXt,j = NSt,i-
JEN;

Compared with the standard distributed OGD (DOGD) algorithms,
DOGD-GT has the same order of the communication cost, which
is much smaller than that in the distributed mini-batch algorithm
proposed in [5], where additional consensus steps are needed in
the network after every iteration.

Algorithm 1 Distributed OGD with gradient tracking

1: Initialize x1,; = 0 forall i € N;
2: fort=1,2,..,T do

3: for each agent i do

4 Apply local model x;; and incur loss f; ; (x¢,:);

5 Compute gradient Vf; ; (x,;);

6: if t = 1 then

7 Query the local model x; ; from neighbors j € Nj;
8 Compute s;; = Vf; i (x1,1);

9

else

10: Query the local model x;, j and s;—1, j from neighbors
J € Ni;

11: Update s;; = ZjeN,« wijst-1,j + Vfri(xei) —
Vir1,i(xt-1,i)s

12: end if

13: Update x¢41,; = ZjeNi WijXt,j = NSti;

14: end for

15: end for

4.2 Performance Analysis

We next quantify the performance speedup brought by the limited
collaboration among agents in DOGD-GT. We first impose the
following standard assumptions.

AssuMPTION 1. Each f; ;(x) is convex and L-smooth. And there
exists some constant D such that E[ ||V f:.;(x)||?] < D.

AssUMPTION 2. Let F(x) = E[f;,;(x)]. The stochastic gradient
Vfi.i(x) hasa o2-bounded variance, i.e., there exists a constant o > 0
such that

E[lIVfii(x) = VF)I!] < o*.

Let p denote the spectral norm of W — ﬁllT where 1 denotes
an N-dimensional all one column vector, then p € (0, 1). Moreover,
it can be shown that [24]

[Wx - 1x[| < pllx - 1x]| ®)

where X = ﬁlrx.

Let x; = % Zﬁl xti, and x; = [x;’l,xt’,z, e ,x;,N]’. To analyze
the regret of DOGD-GT, we note that the techniques in stochas-
tic optimization [23] cannot be directly applied here, because it
is necessary to track the regret accumulated within the learning
process instead of the optimality gap lim;— o (fz,i (x£,i) — fz,i (x™)).
In light of this, we decompose the regret into two parts: (a) the
regret Zﬁ\il Zthl [f2i(xti) — ft,i(%+)] resulted from the consensus
error among agents, and (b) the regret Zfil Zthl [fri(xe)— fr,i(x)]
accumulated over the iterations of x;.

For (a), we first have the following lemma to characterize the
relationship between the regret and the consensus gap between
model parameters.

LEmMA 1. Under Assumption 1, the following inequality holds:

N T T
friCeei) = D03 fra(z)| < 2L Y B[llx - 1%]
1 t=1

i=1 t=1

N T
E

i=1 t=



The proofs for all Lemmas and Theorems in this work can be
found in the appendix. Next, we follow a similar way as in [23] to
build a linear system to bound the consensus error E[||xz,; — %¢||%].

2
LEMMA 2. Leta = 3+Tp‘ Under Assumptions 1 and 2, the following

inequality holds for some constant A1 and Ay:

T T
a—-oa
2 Bl = 15]°] < Ar——— + |l - 15
=1 -
2149% 5 5 272 2
+Azn N p2[18r] 0“L” +18Nn°L°D + (1+nLN + N)o“]T.

The challenge lies in the characterization of the convergence
rate of the consensus error, which needs a careful manipulation
and analysis of the coefficient matrices in the linear system.

For (b), the key question is how to analyze this regret term
without strong convexity. The techniques from [24] and [23] cannot
be applied, as the former considers that each agent has the same
loss function in the entire learning process and the later assumes
the strong convexity. To resolve this issue, we quantify both the
optimaltiy gap at iteration t+1, i.e., f; ; (Xr4+1) — fz.i (x*), and the one-
iteration gap between iteration ¢ and iteration ¢ + 1, i.e., f;;(X;) —
f2,i(Xt+1). In this way, we can characterize the relationship between
the optimality gap and the consensus error, and bound the one-
iteration gap by the norm of global gradients, which leads to the
following result.

LEMMA 3. Under Assumptions 1 and 2, the following inequality
holds:

N
2,
i=1 t=

4N||%1 — x*|1?
ANl - x|

T N T

FriG) = D0 fralx?)

1 i=1 t=1

+zeLiE[nx —1502) + B[ VF(r4) )
2 t t D) T+1

+20%nT + 24LE[|lx741 — 12741 ]1°].

Based on Lemma 1, 2 and 3, we have the following result about
the average regret per agent.

THEOREM 1. Under Assumptions 1 and 2, when 1 satisfies that

n < min —(1_p2)1-5 1N
32L\1+p2 2LV T

with N = o(T'/3), the DOGD-GT algorithm attains the following
regret bound:

T

5|

Remark 1. (1) Theorem 1 indicates that each agent can achieve
a factor of 4/1/N speedup in terms of the average regret E[R],
through only one communication step per iteration by leveraging
gradient tracking, compared to the case where a single agent can
achieve a regret of order O(VT) without collaboration with other
agents. (2) The overall regret obtained by DOGD-GT, i.e., O(VNT),
also matches the optimal regret in the centralized case where NT
iterations are processed sequentially. (3) Note that the learning rate
n requires the knowledge of the time horizon T, which however
can be relaxed by applying a standard doubling trick [1].

T 1
E[R] =0 (qu+ Ve —) =0
N n

Sen Lin, Mehmet Dedeoglu, and Junshan Zhang

Remark 2. The classical DOGD algorithm [36] cannot achieve
such performance gain in the setting here, because essentially
DOGD performs a consensus step followed by a gradient descent
along the local gradient Vf; ; (x;;). For a fixed learning rate, DOGD
only converges to a neighborhood of the optimizer x*, because
the local gradient is data-driven and hence random. Such an os-
cillation around x* slows down the convergence and results in a
larger regret, calling for a more elegant consensus algorithm. This
is also corroborated by the consensus schemes in the work on
distributed multi-armed bandits [17, 27]. In contrast, gradient track-
ing provides an efficient way to communicate local estimations of
the global gradient with the neighbors, and each agent is able to
quickly construct a more accurate estimate of the global gradient
ﬁ i Vft,i(xs;) with only one communication step per iteration
as the information diffuses in the network until consensus. And
the global gradient estimation clearly serves as a better direction
than the local gradient no matter the stochasticity is in place or not,
leading to a better regret bound.

5 MAOML

Thanks to gradient tracking, the proposed DOGD-GT algorithm
clearly showcases the potential for accelerating the learning process
in distributed OCO through limited collaboration among agents.
To reap the potential benefits, we next devise a multi-agent online
meta-learning (MAOML) algorithm based on DOGD-GT, to mitigate
the cold-start problem.

Algorithm 2 MAOML
1: Initialize ¢1 , and a1, for alln € N;
2. fort=1,2,..,T do
3 for each agent n do
4: Receive task 7z, which would be learnt for m rounds;
5
6

for round i € [m] do
Run online mirror descent with ¢;, and a;,, =
%Lt obtain 0;

// (within-task adaptation)

Gym "
7 Incur loss l;' n(@i )i
8: end for ) ’
9: Run DOGD-GT with all agents to update @41, and

a — Ot+1,n ,
t+1,n G\/aa
tialization and learning rate)

10: end for

11: end for

// (multi-agent meta-update of OMD ini-

As shown in (1), f{t’n is a joint function for ¢; , and a; ,, and it
would be easier to learn ¢; , and a; , separately [15]. Specifically,
the distributed network-level OCO can be decoupled as two sepa-
rate distributed OCOs over the following two function sequences

{ftifl”}t,n and {ftr,‘;“f}t,,, for every task at each agent:

fiR () = Br(0} ,l1)GVm,

Br(0; ,pt,n) )
— 4
[

ﬁfﬁ‘e(o) = Gym.

In what follows, we make a few further remarks on the algorithm
design:
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o Here for each agent n at every task 7; ,, the model initializa-
tion ¢, is updated based on DOGD-GT over the function
finit for ¢s » € ©, and the learning rate a;, = —-2

t,n GVm
0t,n is updated based on DODG-GT over the function ftr ,‘ft €
for v;, > € > 0. By assuming that Bg(0||¢) < H? for any
0, ¢ € O, it is easy to check that ftf,‘:te(v) is convex and

2
%-smooth for v € [€, ).

o Note that although the global optimal ¢* and o™ exist for
all tasks, at each iteration t different agents would have
distinct model initialization ¢ , and learning rate a;, for
their current tasks.

o And for implementation, one can use the last iterate 9;{7” to

where

replace the optimal 6 ,, which incurs an additional o(+/m)
regret term only for many practical settings [15].

The details are summarized in Algorithm 2.

5.1 Performance Analysis

Based on Theorem 1, we have the following result about the per-
formance of MAOML.

THEOREM 2. Suppose that the model initialization ¢;n and vt

are updated based on DOGD-GT with a;, = 5’7% Then, the ATAR

achieved by each agent in the multi-agent online meta-learning satis-
fies that

1+

Ve
+Vy | Vm
VNT ¢

E[Ra] < E[Ru] =0

where V(; = mingece E[BR(Q?,n| [9)].

To obtain a more concrete sense about the performance im-
provement of MAOML, we compare it with the single-agent online
meta-learning, i.e., N = 1 (thus ignore the subscript n). In particular,
we apply the general algorithm (Algorithm 1 therein) [15] to our
setting here, which yields the following proposition.

PROPOSITION 1. Suppose that the model initialization is updated

based on ¢ = % Z;;% 9}7, and the learning rate oy = #ﬁ wherev;

is updated using simplified exponentially-weighted online-optimization

(EWOO) [11] with parameter € = # Then, the ATAR achieved by

the single-agent online meta-learning satisfies that

E[R.] < E[R4] = O min

where V; = min¢€® E[BR(Q:HQZS)]

Remark 3. (1) It can be seen from Proposition 1 that for the single-

agent online meta-learning, if Vj, the average deviation of 67,

is Q1 (1), then the ATAR approaches O(V¢\/ﬁ) at rate O(1/VT).
In contrast, with the same number T of online learning tasks,
each agent in multi-agent online meta-learning can achieve a clear
performance gain by utilizing the task similarity across multiple
agents through the limited collaboration, i.e., the ATAR approaches
O(V¢\/ﬁ) at a faster rate of O(1/VNT). Although we consider
my n, = m for simplicity, it is worth to note that the results still hold
as long as all {m; ,} follow some distribution across all tasks.

(2) Moreover, the result shown in Theorem 2 also matches the
optimal performance in the centralized case with NT tasks in total.
It is worth to note that, for the set ©® with diameter H, the single-
task regret achieved by OGD is O(H+/m), whereas in online meta-
learning the optimal regret for each task is smaller, i.e., O(Vy \m)
when the optimal 9;"” are close, especially for the few-shot setting
of a small m [15].

(3) Built on joint learning of the model initialization and the
learning rate from all past tasks, online meta-learning is intimately
related to the regularization-based methods, particularly the prior-
focused methods, in continual learning [4]. This strong connection
indicates that the multi-agent online meta-learning methods can
be used to speed up learning in continual learning, in particular,
few-shot continual learning where each task only has a few data
samples.

6 EXPERIMENTS

In what follows, we present extensive experiments on both DOGD-
GT and MAOML which corroborate the theoretic results in previous
sections, respectively.

We first introduce the setup of the communication graph for
the multi-agent network. More specifically, we consider that N
agents communicate in a random network [23, 33], where each two
agents are linked with probability 0.5 (discard the graphs that are
not connected). And the weight matrix W is defined based on the
Metropolis rule [26]:

1/max{deg(i),deg(j)} ifje M,
wij = I_ZjE}ViWij ifi = j,
0 otherwise,

where deg(i) is the degree of agent i. We also consider a complete
communication graph where all agents are connected with each
other for evaluating the performance of MAOML.

6.1 Performance of DOGD-GT

As in [23, 24], we study the online Ridge regression problem, where
each agent i at each iteration ¢ incurs the following loss:

Sri(xzi) = (uzixt,i —00)? + pllxeill?

for a given model x; ; and the data sample (u;,;, v;,;). Here p > 0 is
a penalty parameter.

In the experiments, each u; ; is uniformly sampled from [0.3, 0.4]”
with dimension p, and v; ; is generated according to v;; = utT,l.
€t,i, where X ; is a predefined parameter, and ¢; ; are independent
Gaussian random noises with mean 0 and variance 0.5. For complete-
ness, we evaluate the performance of DOGD-GT in both stochastic
and adversarial setups: (1) Stochastic setup: all X; ; are the same in
this case, set as a constant from [0, 5]7; (2) Adversarial setup: Xy ; are
randomly and independently located in [0, 10]? in this case. More-
over, p = 0.001, p = 10, and the learning rate n = 0.001. We evaluate
the average learning performance by measuring the average loss
ﬁ Zf\il Zthl f2.i(xz,;) as in [36] over multiple simulations.

To demonstrate the performance gain achieved by gradient track-
ing, we compare the performance of DOGD-GT with both DOGD
and the single agent approach. Clearly, as shown in Figure 2(a) and
2(c), DOGD-GT outperforms DOGD and the single agent approach

it,i +
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N 5 \\
© ©0.17
1017 b
2 <016
wn [
8 8
5016 2015
— m=5

2 —— ARUBA(N=1) g _
2015 MAOML(N=8) g0.14 m=10
<9 maomL(N=32) < — m=20

50 100 150 200 013 50 100 150

Number of Tasks Per Agent Number of Tasks Per Agent

2.4
* —— ARUBA(N=1) %22
©2.2 MAOML(N=8) ©
2 — MAOML(N=12)  §2.0
2.0 -~
3 3
Sis 318
[ [}

g 816
§1.6 a;) .
<14 <14

50 100 150 200 50 100 150 200
Number of Tasks Per Agent Number of Tasks Per Agent

(a) Performance comparison for 5-way 10-(b) Impact of m on MAOML for 5-way 10-(c) Performance comparison for 5-way 5-(d) Impact of m on MAOML for 5-way 5-

shot MNIST. shot MNIST.

shot Omniglot. shot Omniglot.

Figure 3: Performance evaluations of MAOML on MNIST and Omniglot.

in both stochastic and adversarial setups, indicating the benefits
brought by collaborating with neighbors to track the global gra-
dient via limited communication. We also evaluate the impact of
the network size N on the performance of DOGD-GT. As expected,
it can be seen from Figure 2(b) and 2(d) that the learning perfor-
mance improves with N for both stochastic and adversarial setups,
validating the results in Theorem 1.

To further validate the performance of DOGD-GT, we study the
online multiclass logistic regression on the MNIST dataset. For a
L ’i) € R4 x {0,...,9} where

; is the label, the logistic loss function for

batch B;; of data samples j=

ut is the feature and v

; € R910 ig defined as:
9
-1 . exp(x )
Jeiloai) = g Z Zl{vifv}bg Gl —.
]EB Zk:o exp(xt,i(k)ut’i)

Specifically, each batch B; ; is randomly and independently sampled
from the entire MNIST dataset. We set d = 784 and n = 0.0001. As
shown in Figure 4(a), DOGD-GT outperforms both DOGD and the
single agent case. When N increases, the performance of DOGD-GT
will be better, as illustrated in Figure 4(b).

6.2 Performance of MAOML

Next, we evaluate the performance of MAOML in both convex
and nonconvex setups: (1) Convex setup: we consider the online
multiclass logistic regression [33] on the MNIST dataset as an online
learnmg task 77, at each agent. For a batch B ,, of data points

j= (ut w U, n) € R? x {0, ...,9} where ut , is the feature and Ut

the label, the logistic loss function for 6 € R*10 s defined as:

l;:”( Z Z {vt

tn ]Eggt 0=0 Z

exp(GTut )
_yexp(0T()ul,)

And for each agent we consider 5-way 10-shot classification with
the dataset randomly sampled from the entire dataset. (2) Nonconvex
setup: we study 5-way 5-shot classification on Omniglot [16] as the
online learning task 7z, using a deep neural network (DNN). The
DNN architecture for each task consists of two 2D convolutional
layers (first with 6 output channels and second with 16 output
channels) with kernel sizes 5 X 5. Each convolution operation is
followed first by ReLu non-linearity, and then by 2D max-pooling
operation with stride of 2. The final layer is a fully connected layer
with input of size 16 X 4 X 4 and output of size 10. We deploy the
cross entropy to quantify the loss with respect to a single sample. In
the experiments, we evaluate the average learning performance by
measuring the average loss ﬁ 21’1\121 Z DN ll (9£’n). Along
the same line in [14], we use OGD as the learnmg algorithm within
each task.

When applying DOGD-GT to update the model initialization
¢¢n and vz, in the experiments, we set the learning rate = 0.001
for the outer loop meta-update with DOGD-GT. For the selection
of G, we test different values and choose the one with the best
performance for every experimental setup. For example, when we
use the logistic regression for the few-shot classification on MNIST,
we set G = 80. We further clarify the parameters used in different
experiments: (1) For Figure 3(a), we set m = 10; (2) For Figure 3(b)
and 3(d), we set N = 8; (3) For Figure 3(c), we set m = 5.
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Figure 4: Performance evaluation of DOGD-GT on MNIST.

We first compare the performance of MAOML under different
number of agents with the single-agent general algorithm ARUBA
in [15]. As shown in Figure 3(a) and 3(c), MAOML clearly outper-
forms ARUBA, by utilizing the task similarity across multiple agents
through limited communication in both convex and nonconvex se-
tups. More specifically, compared with ARUBA, MAOML learns
good model priors at a faster rate, and performs significantly better
after each agent learns over the same number of tasks. Moreover,
with more agents collaborating in the network, the performance of
MAOML increases further, corroborating the results in Theorem
2. We next examine the impact of m, i.e., the number of iterations
within each task, on the learning performance of MAOML. As ex-
pected, the average loss per task decreases with m because each
task has a sublinear regret on average, as illustrated in Figure 3(b)
and 3(d).

Following the same line as in [14, 15], we also evaluate the per-
formance of MAOML in a meta-testing setup. More specifically,
for each pair of (¢, vt,n) obtained at each iteration ¢, we test its
performance on a set of testing tasks. For each testing task 7?,;"

—e— ARUBA(N=1)
MAOML(N=4)
—+=— MAOML(N=38)

o
U

o
w

Average Meta-Test Accuracy
o
B

0 50 100 150 200
Number of Tasks Per Agent

Figure 5: Meta-testing performance evaluation of MAOML
on 5-way 2-shot Omniglot.

at each agent with a training dataset D"

n
D}, we first run online gradient descent from the model initial

and a testing dataset

Ot.n
Gvm

and obtain the task specific model parameter

¢¢n with the learning rate oz, = for m iterations using the

tr
Ln’

fon. Next, we evaluate the accuracy of Ot'fn on the testing dataset
Dt”‘;l for each testing task ‘7;’;

We run the experiments for 5-way 2-shot classification and 5-
way 5-shot classification on Omniglot, and evaluate the average
testing accuracy over 10 testing tasks after each iteration t for every
agent. Particularly, we consider a complete graph where all agents
are connected with each other, and set m = 50. As shown in Figure
5 and 6, MAOML clearly achieves a better meta-testing accuracy
compared with ARUBA, and its performance further increases as
the number of agents N increases. Therefore, by utilizing the task
similarity across different agents through limited collaboration
among them, each agent can achieve good testing performance in
MAOML after learning over a smaller number of tasks, in contrast
to learning alone by itself.

training dataset D

7 CONCLUSION

In single-agent online meta-learning, the agent has to learn over
many tasks so as to obtain good meta-models, based on which
within-task fast adaptation can be achieved. Nevertheless, this
would inevitably lead to the cold-start problem. To address this
problem, we propose a multi-agent online meta-learning frame-
work to leverage the task similarity across multiple agents, and
cast it into an equivalent two-level nested OCO problem. By pin-
pointing that the performance bottleneck lies in the distributed
network-level OCO, where it still remains unclear that how much
an agent can benefit from it through limited communication with
neighboring agents, we further explore a DOGD algorithm with gra-
dient tracking. We show that the average regret O(+/T/N) can be
achieved at each agent, thus revealing a linear speedup of the learn-
ing performance compared with the single-agent case. Building on
the foundation of the agent-level performance speedup achieved in
the distributed network-level OCO, we next propose a multi-agent
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Figure 6: Meta-testing performance evaluation of MAOML
on 5-way 5-shot Omniglot.

online meta-learning algorithm MAOML, and show that the optimal
within-task regret can be achieved at a faster rate of O(1/VNT)
compared with the rate of O(1/VT) in the single agent case. The
theoretic results have been clearly verified in the experimental
studies on different datasets.
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APPENDIX

For ease of exposition, we define the following average sequences:

1N lN 1N
)?Z—EX',gz—ES', Z—EV'X',
t Ni:1 t,i> St Nizl t,i> gt Nizl ft,l( t,l)

and further, rewrite {x;;}, {sz,;} and {Vf; ;(xz,;)} in vector form, i.e.,

Xt,1 st,1 Vi1(xe1)

Xt,2 St,2 Vft,z (xt,z)
xe=| . |,se=| .|, V= .

Xt,N St,n Vft,n (xt,n)

Based on Algorithm 1, the update rule can be reformulated as

st =Wsp—1+Vy = Vi, (6)
Xt41 = Wz — 17t ™)
VF(xt,1)
where s; = Vi. We define G; = as the expected gradient at x;.
VF (xt,N )

A PRELIMINARIES

To facilitate the regret analysis, we first restate some useful results in the literature. More specifically, to understand the updates of the
average sequences §; and Xy, based on Lemma 7 in [24], we have

LEmMA 4. The following equalities hold.

(@)  St+1 =5t +Gre1 — Gt = G415
(b)  Xpy1 =% — 15t = X — gy

ProoF. Since W is doubly stochastic, it follows that 17W = 17, To prove (a), we have

1 7
St+1 =—1" s41
=y +

1 7
=—1T(Ws; + Vi1 -V
N (Wst t+1 t)
=5t + gt+1 — Gt-

Telescoping the above equation, we have 541 = 51 + gr+1 — g1. Since §; = g1, we can obtain $y41 = gr41.
To prove (b), we have

_ 1 7
Xr+1 =N1 Xr+1

1T
=—1Twx,; -
N Xt T]St
th - T]gt
=.ft — Ngt.
[m]

Denote F; as the o-algebra generated by the sequence {fi, f2, ..., f—1} where f; = [ftTl, ...,ftTN]T, and define E[-|#;] as the conditional
expectation given ¥;. Based on[23], we have the following two lemmas.

LEMMA 5. The following inequality holds:

E[(Ws; — 191, Gt — Vi)|F] < o2
LEMMA 6. The following inequality holds:

E[(Gts1,Gr = Vo)|F2] < qLNG”.
We also need the following standard([2, 5, 32].
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LEMMA 7. Let'V be a closed convex set, ¢ be a convex function on 'V, and h be a differentiable, strongly convex function on V. Let d be the
Bregman divergence generated by h. Givenu € V, if

* = arg min{¢(w) +d(w,u)},
wev
then

d(w) +d(w,u) = d(w) +d(w*, u) +d(w, wt).

B REGRET ANALYSIS

In order to prove Theorem 1, based on (4), we can first rewrite the regret as

N T N T
NR=R; = > frilxes) = ), ) fuilx)

i;]l t;l i:{l t;l v 7 v 7
D Lilee) = D0 Y fri@)+ )0 Y fuilF) = Y > fralx), (®)
i=1 t=1 i=1 t=1 i=1 t=1 i=1 t=1
R1 RZ

where x* = arg min F(x). It can be seen from (8) that the regret can be decomposed into two terms: 1) Ry, the regret resulted by the difference
between local model x; ; and the global average X, and 2) R, the regret accumulated over the iteration of the global average ;.

B.1 Analysis of R

To analyze Ry, we first have the following lemma to characterize the relationship between the regret and the consensus gap between model
parameters.

LEmMMA 1. Under Assumption 1, thefollowing inequality holds:

ZZﬁl(xm—ZZf“(xt)

i=1 t= i=1 t=1

< ZLZE llxe — 1%:11%] .

Proor. For any x, we can have
N
1 Z 1
— ﬁ,i(x S
N i=1

L
SriCeri) + (Vi) x — xp5) + Ellx - xt,i||2}

{ft (i) + (Vi (i), X — xp5) + (V fri(xXp,0), x — %) + %HX - Xt,i||2}

ZIH

{friGet) + (Vi Gee), %o = x2)} + (g x = xt>+—2||x x|

{feiGet) + (Vi Gee)s %o = xe)} + (g x = xt>+—Z||x %o+ %0 = xill?

ZIH

zl -
DMz iD=z 1Pz IPM= EMZ

{fri Geri) + (Vfri(xe). % — xi) )+ (ge.x — %) + Lllx — %] + £||Xt - 1% )
N

ZIH
N

i

Moreover, based on the convexity and smoothness of f; ;, it can be shown that

1
Fri(Ee) 2 foiGe) + (VoiCo)s T = x0i) + o2 1V Soi(Te) = Vfoi (i) |
>fri(xei) + (Vfi(xei), Xt — x1i).
Continuing with (9) and taking expectation at both sides, it follows that

LN
E N ;ft,i(x)

<E

N

1 _ _ _ L _

N D fui @)+ grx = %) + Ll = %ell* + e = 12
i=1

such that

E[F(x)] < E[F(%)] +E[{gr, x = %¢)] + LE[||x — %¢[1*] + %E[uxt - 1%]1%]. (10)
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Since (10) holds for any x, we can have
_ _ 2. L -2
E[F(xt.)] < B[F(x)] + E[{gr. xt.i = %)] + LE[llxei — 21" + TE[llxe — 1217,
which indicates that

1
N

™M=

E[F(xt,)] <

z| =

{E[F(ft)] +E[(gs, xt,i — %)] + LE[llxei — % [1*] + %E[th - 19?t||2]}

i

]
—-

N
L L
E[F(%)] + ZE (grxei = 2]+ 1 > Blllxei = %ll’] + TELlx: — 1]
i=1

L _
N 2 i =l

i=

ZIH

N

E[F(x)] +E [@t, % Z(xt,i - X))

i=1

z

L
+E + ZE[|lxs — 132
v Elllxe = 1%:0I°]

z|=

—_

M= 1= 1= 1=

1l
—_

BF ()] + 2Bl - 15

z|~=

Therefore, Ry can be bounded above as follows:

N T T
Z D i) - Z PIALED)
i=1 t=1

i=1 t=1

N T N T
=ZZE Flxr)] = ) D EIF(R)]
t=

i=1 i=1 t=1

T
<2L " Blllx - 1217,
=1
thereby completing the proof of Lemma 1. O

Based on Lemma 1, to analyze Ry, it suffices to analyze the consensus error E[||x; — 1%]|]. To this end, it can be first seen that the average
of s¢;, i.e., 5, is equal to the global stochastic gradient average g; = % Zfil f2,i(xz,;) from Lemma 4. Since s;; is designed to estimate the

global gradient average g;, it is necessary to quantify the estimation gap ||s; — 1g¢||. Through careful manipulations, we have the following
result regarding the consensus error.

LEmMA 8. For any f > 0, we have the following result:

1+p2 2 1+p‘
2 n l—p

- (2+%)L2||W—I||2 p? +2Bp% +2Lpn +2n°L2

E[llxz+1 = 1??t+1||2]]

[ [z — 1%¢]1%]
E[llsz+1 — 1g+111]

E[lls: = 191171

0
tle+ BIN?LZE[llg[|?] + 202 + 27 LNo? + zNGZ] :

Proor. Based on the update rule, we can have

1 = 1% 12 <IWoxe — e — 1(ze = nge) |12

=W — 13||* - 2n(Wxp — 1%, 8¢ — 1gs) + '72||St - 1gt||2
2

-p .
W — 1% 1% +

(1-pHp?
2p2

2 -2 2’7/’2 2 2 2
<p°llxe — 1% 1° + 1 2 lIse = 1gell”| +n°llse — 1g¢|l

nzpz

<p?llxe — 1% 1> + llcr — 1)1 + = 2 lIse = 1g:11* + n*llse — 1g¢1|®

2

IN

P e = 1512 + 7 ||3t - 1g:1%. (11)
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Besides, for the global gradient estimation gap, it follows that
lIsts1 = 1gea 1 =IWsp + Vier = Vi = 19141 |
=[\Ws; = 1g; + Visr = Ve + 19 — 19511
=\Wst = 1g¢|[* + 2(Ws; = 191, Vi1 = Vi +1g; = 1g41) + Vi1 = Vi +1g; — 1gs41 |1
=Wy = 1g¢11* + Vi1 — Ve +1g; = 1g1[1* + 2(Ws; — 194, Vigr = Vi)
+2(Wst — 191, 1g¢ — 1g1+1)
<p?llse = 1ge1I* + IVi41 = Vell* + 2(Ws; — 19, Vigr = Vi) (12)
where the last inequality holds because
IVee1 = Ve +1g; — 1gs41 12
=Ves1 = Vell? + nllgrsr — gell> = 2(Ves1 = Vi 19141 — 1g1)
<[IVis1 = Vell® = nllgrer — gell®
<[ Vi1 = Vel

and

™M=

%1
2

=0.

1l
—

N
(Wst — 191,19 — 1g141) Z < WijStj — gt Gt — !]t+1>

J

™M=

wijstj — Ngt, gr — gt+1>

N
WijSt,j — Z St,i> gt — gt+1

Il
—

J

M= 1=
M=

i= i=1

—_
~.
1l

—

We next bound the three terms in (12) separately. To bound ||V;4+1 — V||%, we consider the conditional expectation E[ ||V — V¢ ||%|F7]. It
is clear that

E[IVe+1 = Vell®IF2] =E[lIGes1 — Gt + Vi1 — Grar + Gt — Vil*| 2]
=E[|Gr+1 — GelI*|F2] + 2E[(Gra1 — Gr, Viw1 — Gra1 — Ve + G|
+E[|[Ve41 = G = Vi + G |1*] 7]
E[lGe+1 = Gel*|Fe] + 2B[(Gre1. Gt — Vi) |F2] + 2No?.
Since
1Ges1 = Gell* <L [lxra1 — x|
<L2|Wx; — st — x¢||?
=L2(|(W = D) (x¢ = 15011 = 2((W = 1) (xr = 1%1), n5¢) +n°[lse[1)
<2|W — IIPL2l1x; = 1%e]17 + 202L2 e — 190 + 1441
<2l|W = IPL2||xr = 1% 11 + 2n°L2|Is = 1g:[1% + 2Np*L2|ge |12,
we use Lemma 6 to conclude that
E[IVi — Vell?I 2]
<2||W ~II*L’Elllx; = 1%¢|1*|F2] + 2n*L?E[lls: — 1g¢|1*|72] + 2Nn’L’E[llg¢1*|72] + 27LNo® + 2No®. (13)
To bound (Ws; — 19, V41 — Vi), we consider the conditional expectation E[{Ws; — 1g;, V41 — Vi) |F:] given 7%, such that
E[{Wst —1g;, Vg1 = Vi) |F2]
B[E[{Wst — 1gs, Ver1 — Vi) Fr+1]1F7]
E[(Wst — 191, Gr41 — Vi) |F2]
E[(Wst — 191, Gre1 — G)|Fe] + E(Ws: — 191, Gt — Vi) |F2]. (14)
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For the term E[{(Ws; — 191, Gr41 — Gr)|F:], we can obtain
E[{(Ws; — 1gs, Gr41 — G1)|Ft]

<LpE[llst — 1g¢lllxz+1 — x¢[||F+]

<LpE[|lst = 1g¢ W xt — nse — x¢|||F+]

=LpE[|lss = 1g: (W = I) (x¢ = 1%;) = (st — 1g; +1g:) |[|F2]

<LpE[llss = 1g: | (IIW = Illllxz — 12,1l + nllse — 1gell + nll1ge 1D |F72]

=LpE[|IW — Illlls = 1gellllxe = 11l + mllse = 1911 + nVNIIse = 19l llge Il 7]
For the term E[(Ws; — 19;, G — V)| F¢], it follows from Lemma 5 that

E[(Ws; =191, Gt = Vi) |Fe] < 0.
Therefore, by substituting (15) and (16) into (14), we have
E[{Ws; — 191, Vg1 — Vi) | F2]

<LPE[IW = Illllse = 1g:lllx; = 1%:||F2] + LpnEllls: = 1g:1I*|F2] + LonVNE[lls; = 1g: lllge l|Fe] + o*.

Combining (17) with (12) and (13), we conclude that for any > 0,
Elllst+1 — 1gr41[1%(77]
<p®Elllst = 19:11°|1F2] + E[20IW = TIIPL? I, — 1% 1|* + 2n°L2||s; = 1g¢ |1 + 2Nn°L?||g¢ ||| 7]
+ 2LpE[\W — I|lllst = 1g¢llllxr — 1%:[[|F2] + 2LpnE[lls: — 1g:11*|%7]
+2LpnVNE( st ~ 19¢lllgell| 7] + 20° + 21LNo* + 2No®

<(p® + Bp? + 2Lpn + 20’ LYE[llse — 19,121 + (2 + %)LGw — IIPE[|lx; - 1%|1%|%7]
+ 2N’ LE[llg: 1|21 + 2LpnVNE[ s — 19¢|llg¢[||F7] + 20° + 2LNo* + 2No”

<(p? +2pp® +2Lpy + 2°LDE[ s — 1g1|*|F2] + (2 + };)LGw — IIPE[lx; — 1%:1%|%2]
# 2+ HNPLEllge| 73] + 20° + 21LNG* + 2No*

Taking expectation and combining with (11), we can obtain the following result:

_ 1+p? 1+p? _
E[||xt+1 - 1xt+1||2]] - 7 e , [E[nxt - 1%
Elllse+1 = 19111 ~ | (2 + /‘-13)L2||w —II2 p?+2Pp? +2Lpn+2n?L2| |Elllst — 1g¢11%]

+

0
2+ %)Nr]sz]E[HgtHZ] +20% +27LNG? + 2N02]

. o [Blllxe = 1%:01%]
2A +B
! [E[IISz - 1g:1I°] !
where
1+p2 2 1+p2
A = 2 T 1=p2
2+ %)LZHW —112 p?+2Bp%+2Lpn +21°L?
and
0
Br=1]2+ L)NR?L?E[llge|1?] + 20° + 27LNG? + 2No? |

completing the proof of Lemma 8.

Telescoping (18), we have for t > 2

t—1 t—1 t—1
E[llx: — 15Ct||2]] E[llx1 = 1%1[|*]
< A + B Aj
Elllst — 19:1°] H ' [ELllst - 1g111°] IZ; ’jgl ’

(15)

(16)

17)

(18)

(19)
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where E[||x; — 1% %] and E[||s; — 1g;]|?] would converge to a neighborhood of 0, if the spectral radius of Ay, i.e., ps(A;), is smaller than 1
for any ¢ > 1. The next lemma characterizes the conditions for ps(A;) < 1.

_ 2\15 _ 2 2.2
LEMMA 9. Whenn < d=p) ™ and f = 1—’; - LZ , we can have
32L\/1+p2 4p P P
3 +p2
ps(Ay) < <L

Proor. To ensure ps(A;) < 1, the eigenvalues A of Ay, i.e., the solutions of det(A; — AI) = 0, must be smaller than 1. By computing
det(A; — AI), we first need the following holds for some f > 0:

1+p% 5 9802 + 2L 272
5 =P +2Bp° +2Lpy +2n°L” < 1.
_2\15 _ 2
Clearly, when n < % < 18—5, it can be seen that the selection of f§ satisfying the above equality is positive:
+p
ﬂ _1 _ pZ LT7 L2’72
a2 p  p?
1-p* 1-p% (1-p%?
T 4p? 8p 64p?
3
>2—>0.
32p2

Therefore, for any A satisfying det(A; — AI) = 0, the following is true:

11+ p? 1+ p? 4

A< p +p%+2p? +2Lpy + 2L % + 2Ly d 8+-)

20 2 1-p? B
1+ p? 1+ p? 4
-*F +Ln P 8+ -)
2 1-p2 B

1+ p? 1+ p?
<P +Ln P (8 +44p?)
2 1-p?

1+ p? 1-pH13 14 p2
< P~ 1=p7) p

(8 +44p?)
2 3201+ p2 | 1 - p?
3+ p?
< P <1
m]
Next, we are ready to prove Lemma 2.
2
LEMMA 2. Leta = 3+Tp_ Under Assumptions 1 and 2, the following inequality holds for some constant A; and Aj:
T o« — T
2 Blllxe = 12l°] < A + [ — 12
t=1
1+ p?
+ Azryzl—’% [187202L2 + 18Np2L2D + (1 + nLN + N)o?|T.
-p
2
PrOOF. Let a = ?HTp. With the same spirit in [24], we can show that
2 t-1 21+p° 272 27, 2 2 2
Elllxe = 1%:°] < Ay + Agn” 5 (6Nn"LElllg:[|"] + 0" + nLNo™ + No©), (20)
-p
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for some A; and Aj. This can be achieved through diagonalization of A, which needs tedious calculations. To start with, for the selection of
B, we first have

E[llst+1 — 1g24111%177]

1+ p? 1 1
STPE[Ilst —1g:|1°|F¢] + (2 + E)LZHW — I1E[|lx: — 1% ]1°|F2] + (2 + E)NUZLZE[IlgtHZIﬁ] +20°
1+ p2 1+ p2 1 1 _
<|— +ﬂ?%1_pgz+ﬁ)Enur—WAFwn+«z+EHPMV—nPEmm—4xmﬂﬁ]
1
+(2+ B)quLzE[||gt||2|7-}] +20% +27LNG? + 2No?. (21)
Combining (21) and (11), we can obtain
2,2 1+p 2
[Mmm—wqu< Bt I e ) 4122 ) nm—muq
E[llxz41 — 154411|%] n? 1+F’ Lp? E[llx; — 1%¢]|*]
1-p? 2
. 2+ %)NUZLZ]E[HgtHz] +20% +27LNo? + 2N &2
o .
Lp? 2 2 Lp? 1 2 1
. | =42l =2+ ) 4L(2+ ) .
For the matrix A = 2 )1 +1p_ ’ P 14p? b , we can diagonalize it as A = VAV™Y where 3 = [/101 ;L) ] with
1-p? 2 2
L+ 2422 B2 (24 1) - \/4L4174 ( Lp? )2 2+ 1)2 4161202 2 (24 1)
1= 1-p? B 1-p? B 1-p? B
1= 2 5
2 2 21+P apa (14022 132 2,2 1+p° 1
) 14 p2 + 212 2(2+ﬁ)+\/4L (l_pz) (24 52 + 161221225 (24 4)
5=
2

And matrix V and V!

are
2L2r,,/“/’ (2+5)- L\/2(2+ﬂ)[8+2L2 2“" (2+ﬁ)] 2L2r7‘/1+p (2+% )+L\/2(2+ﬁ)[8+2L2 2”*’ (2+ﬁ)]
V:
2z oy 4z

1 1
and
L4p? T
LAY Ews — 2L%p (2+ﬁ)
N 14+p2 b E\ 8+2L2np? ”p > (2+3)
1 L\/2(2+%)[8+2L2q2ﬁ(2+%)] 7
- Lep? 2,2 1+P
n 1-p? 11 2L%n (2+ﬁ)
2 2 1+p
L\/z(z+/ij)[s+zL2;72 :j‘;i (2+3)] \ 8+2L2r72 (2+,9)

E[llx; — 15?1 |
Moreover, it can be shown that

~ —_ 2 ~ ~
Let By = [E[Hs; 1g:1I'] ] We can show that the second row of A? By is smaller than Ca? for some constant C.

t—1
AP = (- AN At = ;adj(z A -A
2 det(I - A)

where det(I — A) > 0 since p(A) < 1, and adj(I — A) is the adjugate matrix of I — A.

2+ %)NUZLZE[HgtHz] + 20 + 2yLNo? + 2No?

Let B; = . The following holds for the second row of Z;‘z}) APB:

)N172L2 [1g:11?] + 262 + 27LNG? + 2No?].

o 1 l+p
APB < ——— 2 2+
2 4B wa A" -2
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_ 1 .
Let A; =Cand Ay = JetU A we can obtain (20).
Next, we need to bound the term E[||g;||?]. It follows that
2

E[llg:]I°] Z%(x“)

1 N
<= D BV Gl

N i=1
<D.
For a constant learning rate 1, from (20), it follows that
T T 4 ,02
Z E[|lx; — 1%¢]1?] < Z [AlaH +Ay[187%L%62 + 18Np?L2D + (1 + 5LN + N)o?]n? - | +ELllx — 1%]°]
= = —-p
t=1 t=2
a— T
=A1—— +A2(18172L202 +18N7?L2D + (1 + 5LN + N)Jz)r] (T 1) +E[|lx1 - 1%1]1?]
<A2q 1+p P [18726L% + 18N9?L?D + (1 + nLN + N)o*|T
- p?
T
a-a
+A; E[llx1 — 151]%].
1-a
m]
Based on Lemma 1, we can obtain the upper bound of R;.
B.2 Analysis of R,
Next, we analyze Ry. First, denote f;(+) = N Z 1 f1.i(+), then we can have
N T
PINALED —Zan(x ) -NZ fil&) = fixM)] .
i=1 t=1 i=1 t=1
And the following lemma gives an upper bound on R;.
LEMMA 3. Under Assumptions 1 and 2, the following inequality holds:
T N T
Z iE) = Y frilx®)
i=1 t=1 i=1 t=1
NIz =P Ny
1- _ _
<TEE L a6 Y Bl - 15002 + LBV F G 2]
=1
+20°nT + 24LE[ | xr41 — 127 |%].
Proor. Following the same line as in [24], we can first have
fi(x) > fi +{gr.x — %) (22)
and
N L
fr(x) < fr +{gr.x — %) + Lllx — %] + Nth - 1% || (23)
where

N
fi=v ;[ﬁ,xxt,i) (Y i o), % — xe)].
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To show this, for (22), we have

1 N
i) = 2 i)

[ftt(xtl) + <Vft1(xtz) X = xtz)]

ZI*-‘

Mz M= T

[foi ee) + (Y i Gei), e = x0)] + ZWﬁl(x“)x %)

I
—

=ﬁ + <gtsx - J?t>,
and for (23), it follows that

1 N
i = ) i)

z T

1

L
< D Ui Ceed) +(VfuiGeei).x = xei) + 7l = el

i=1

N
= D) + (Vo). % = x0.)] +—Z<an(xn)x xt>+—2||x el

i=

—_

< fr+{gnx = %) + Lllx — %% + ﬁnxt - 152
Next, we can show that
% = x*[1* =l%par — x* = Fa1 + %]
=[|Zpa1 = XN = 2(RKpr1 — Fps Kear — XY + | Ker — %]l
) - _
= 1%r41 = x"I12 + 20490, %r41 — %) + 72 llg: ]|
=||%re1 — X117 + 2149, % — x*) + 20(gr. Tee1 — %) + 0°1lge ||
(&) _ *(12 ~ * _ - n 2
2 |%ee1 = X" + 20 fr = fr (X)) +2n[{gs, Xpe1 — %) + E||9t|| ]
(©) _ *(12 ~ * _ r n 2 2 L - 112
2 ||%ee1 = X717+ 2n[fe — fr ()] + 20 [fe(Rer1) = fo + (5 =n°Dllg:N° - N”xt = 1% |°]

* . * L -
=% = x* 12 + 29[ fi (1) = fr(x)] + 277[(% -n°L)lgell* - e~ 1%|°]

Here (a) is based on the update rule, (b) is based on (22), and (c) is based on (23) by setting x = x*. Therefore,

T T

|| %1 *”2 £ g2 _ (D2 2
D) = iG] < =2 e = 15601 = (= n*L)llge 1] (24)
t=1 t=1
which indicates that
S BIF(500) - Flx* ||x1—x|| o LN B, - 152
D E[F(%141) - F(x)] < + 5 O Bl = 15[°]. (25)

~
1l
-

t=1

Moreover, it can be seen that

~

T
me ~ F(ran)] < Y (VEGra), 51 = 1) + D e = sl

t=1

M'ﬂ

(VF(f41),90) + == Z lge?
t=1

=

—_

MN!

T 2 T
< 2, 2, 'L 2
<3 2 IVFGl + ;ngtn s ;ugtn. (26)

I
-



Sen Lin, Mehmet Dedeoglu, and Junshan Zhang

Combing (25) and (26), we can obtain that

T
D EIF(%) - F(x")]
t=1

X LSy e TS B9GP i Elllgel1?
< 27 Ntzl t t 2 2 t+1 Zs gt
B LS )+ DRG] +z§T]E IVFGOI + T S B
= 2 N 24 t t 2 T+1 2 2 t 2 4 gt
T T T

2 - L 2 _ 3n+n°L 2
<— 4+ — E -1 + =E[||VF + E[||VF E
< N; Llxe = 12 02] + SELIVFGre) 1] n; LIVFGE) = gell*] + =, ; Lllge]1°]
B LS a2+ TR R G 12+ 20 S EIIVPG) - T GOIR)

= 27] Nt:1 t t 2 T+1 £ t t\At

+2rzZE IV £i () - gel1?] ZE AR

- Lx|2
=]

T 2 T
L o’nT _ 2
3+ 2 Bl = 1 lPT+ JEIVF G P + 2 oy Y BV - il

=1 =1
T
3+ 1L 2
+ == D Elllgl’]
t=1
where the last inequality holds because

N 2
BIIVfi (i) = VF (o)) Z; BlIVfii(E) - VEG)IY < -

For the term E[||Vf; (£;) — g¢]|%]. it is clear that

lge Vi = I Z Vi) = Vei(Ee) |

N
< Z ||xtt _xt”
< _”xt — 1% (27)
VN
Therefore,
T T 12
B\ [lge - VAT [ <B| Y e —mnz]
t=1 t=1
2_|<&
=—E Z [z = 19?t||2] . (28)
t=1

To obtain an upper bound on Zthl E[F(x;) — F(x*)], it suffices to bound ZtT:I E[|lg¢ %] from above. To this end, based on (23), we have
; i 2. L 2
fe(xe1) <fe +4ge, x2,i — %) + Lllxe; — % ||° + Nth — 15|
50 onnes 500+ L — 5P 5 Ll — 1541
<fe(Re) + (e, xe, — Xe) + Lllxe; — % |° + N||xt 1"
Therefore,

E[F(xt,)] < E[F(%)] + E[(gr, xe.i — X¢)] + LE[|x,; — %] + %E[th - 1%%],
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and
T 1 N
Dl D ELFGarns) = FGO)]]
t=1 i=1
T T 1 N I N T+1 I T+1
< ZE[F(J?tH) - F(x")] + Z E[N Z(gt+1,xt+1,i = 1)) + +N Z Elllxei — % )1°] + N Z E[llx: — 1%%]
t=1 t=1 i=1 i=1 t=1 t=1
T oL T+1
< D EIF () = FG)]+ 7 ) Bl — 1271,
t=1 t=1
Based on (24), we can obtain that
S o -2 L 2
D E[F(fes1) - F(x")] < ' D Elllxe — 15:01°1 - (3 = D) ZE lgelI*]-
t=1

~
I
—

Continuing with Zthl [% Zfil E[F(x¢+1,i) — F(x*)]], we can have that

z

1 Z E[F(x41) — F(x™)]]

I - x| 3L 2
<ot ZEnxt—mu 2 L)ZEugtn].

M'ﬂ

t=1

Since X1 [ & IN E[F(xt41,1) — F(x)]] 2 0, it follows that
T+1
% - %2 3L
< B S B - 1),

2
7’L) ) Elllge|*]
Z N t=1

it is clear that

Forn < 4L,
T _ T+1
20l - |2 120 .
D Ellgel’] < ===+ = 3 Elllxe — 1]
=1 U N =

In a nutshell, we can obtain the upper bound for Ry:

N T N T
HPNIESY Zﬁ,iw)]
i=1 t=1 i=1 t=1

T
NZ f:(fr)—f:(x*)]}

=E

~

DIFG) - F(x*)]}

n
T
o Nny _
+26L ) Blllxe — 15%|*] + = BLIVE Geren) 7] + 20°0T + 24LE[lfxras — 13701 |°]

=NE
t=1
T T
Nllx; - x*|? - N . c
T +L ) Efllxe = 15121 + S E[IVF(ira) ) + 2007 + 20LE| ) e = 15
t=1 t=1
T+1
N3y +n%L) 2||921—x*||2 12L
s T 2 Bl = 1)
t=1

2

4N||x1 — x* 2
< ” 1 ”
t=1
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B.3 Proof of Theorem 1

Based on the analysis of Ry and Ry, we can obtain the regret as follows:

T T
E[R;] = ZZﬁ,i(xt,» ZZﬁl(x*)}
i=1 t=1 i=1t
N T N T N T N T
=B > il = ) ) fuG [ +E| D D fuilFe) - ZZf /(")
i=1 t=1 i=1 t=1 i=1 t=1 i=1 t=
T
) 4N|lx; - x*|I*  Np - 3}
SZSLZ [l — 1% ]|°] + — + TE[”VF(XTH)”Z] +20°0T + 24LE[ ||x741 — 12741 [|%]
=1
+P 272 272 2 a-al 2
<28LA; r] [187] 0“L* + 18Nn“L°D + (1+ nLN + N)o“]|T + 28LA; + 28L||x1 — 1%
-
4N||x1 -x*|?

— ELIVF(&r40)I1°] + 20°T + 24LE[||x741 — 15741 [1°]

=0(n*T + n°NT + % +17T)

=O(VNT)
where 1 < % ¥ and N = o(T'/3). Therefore, we conclude that the optimal regret can be achieved and the average regret per agent
BIR] = 4E[R,] < 0.

C DISTRIBUTED CONVEX STOCHASTIC OPTIMIZATION

As a byproduct, we can achieve the following convergence guarantee of DOGD-GT for distributed convex stochastic optimization.

COROLLARY 1. Suppose Assumptions 1, 2, and 3 hold, and let %; = T Zt 1 X,i be the final output of DOGD-GT for each agent i. It follows that
1 % 1
N ;me,—) -F(x")]=0 (—W) :

Proor. Based on the convexity of F(+) and Jensen’s inequality, we can have

—ZEF(xl) F(x")] < 1215

ZF(x“) F(x")

=1 l’ 1
1Y (1 & 1<
:N;E T;F(xt’i)_T;F(x)
1
1
=0|—].
()

[m]

Corollary 1 indicates that the optimal convergence rate of O(1/VNT) can be obtained by DOGD-GT for convex stochastic optimization

problems. In contrast to standard stochastic gradient descent algorithms, it is clear that DOGD-GT can achieve a factor of 4/1/N speedup
compared with the single-agent case.

D PROOF OF THEOREM 2

Define the regret for the network-level OCO about ¢ ,, with respect to any reference point ¢ as

L 1 N T 1 N T
R™(G) = = D D fimit () = 5 D D St (),

n=1 t=1 n=1t=1
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and the regret about v; , with respect to any reference point v as
T

1 N T 1 N
R™(0) = = D D fiet o) = 5 D) D finte (o).

n=1t=1 n=1t=1
Therefore, according to Theorem 1 in Section 4, it follows that

E[R™($7)] =0

for ¢* = argming g E[ft””t(qﬁ)], and that

E[Rrate (5*)] =0

for * = argming>¢ E [ft””e (0)].
Based on Theorem 3.1 in [15], we can have

NL Z Z (BR(Q ||¢t n) rorm

=1 t=1
N T *
1 Z Z Br(0;,11¢1,n)
N 1t=1 ( v '
n=1t=

SE[ere(ﬁ*)] + min l E[Ri"it(¢7*) i
T o T t=1

E[R.] <E GVm

GVm

%{ [R79%¢ (5%)] +mgnE

!

BR(H nll$") U)GW]}

(2)w + % min {w’ 2\/E[Ri””(¢*)]GTW} + 2V¢,GTW

1

iMz

where (a) is true for Vj; = [E[BR(QZH||¢*)] and v = max {V¢, _E[R(;;—i:/(%s*)] }



	Abstract
	1 Introduction
	2 Related Work
	3 Multi-Agent Online Meta-Learning
	3.1 Problem Formulation
	3.2 Two-Level Nested OCO

	4 Distributed Network-Level Online Convex Optimization
	4.1 Distributed OGD with Gradient Tracking
	4.2 Performance Analysis

	5 MAOML
	5.1 Performance Analysis

	6 Experiments
	6.1 Performance of DOGD-GT
	6.2 Performance of MAOML

	7 Conclusion
	References
	A Preliminaries
	B Regret Analysis
	B.1 Analysis of R1
	B.2 Analysis of R2
	B.3 Proof of Theorem 1

	C Distributed Convex Stochastic Optimization
	D Proof of Theorem 2

