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We present a sparse Gauss-Newton solver for accelerated sensitivity anal-

ysis with applications to a wide range of equilibrium-constrained opti-

mization problems. Dense Gauss-Newton solvers have shown promising

convergence rates for inverse problems, but the cost of assembling and

factorizing the associated matrices has so far been a major stumbling

block. In this work, we show how the dense Gauss-Newton Hessian can be

transformed into an equivalent sparse matrix that can be assembled and

factorized much more efficiently. This leads to drastically reduced compu-

tation times for many inverse problems, which we demonstrate on a diverse

set of examples. We furthermore show links between sensitivity analysis

and nonlinear programming approaches based on Lagrange multipliers and

prove equivalence under specific assumptions that apply for our problem

setting.
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1 INTRODUCTION

Many design tasks in engineering involve the solution of inverse

problems, where the goal is to find design parameters for a me-

chanical system such that the corresponding equilibrium state is

optimal with respect to given objectives. As an alternative to con-

ventional nonlinear programming, an approach that has recently

seen increasing attention in the visual computing community is

This research was supported by the Discovery Accelerator Awards program of the
Natural Sciences and Engineering Research Council of Canada (NSERC) and the Eu-
ropean Research Council (ERC) under the European Union’s Horizon 2020 research
and innovation program (Grant No. 866480).
Authors’ addresses: J. Zehnder, Université de Montréal, LIGUM - Department of
Computer Science and Operations Research, 900 Edouard Montpetit Blvd, Montréal,
Québec, Canada, H3T 1J4; email: jonas.zehnder@umontreal.ca; S. Coros, Computa-
tional Robotics Lab - Department of Computer Science, ETH Zürich, Stampfenbach-
strasse 48, Zürich, Switzerland, 8092; email: scoros@inf.ethz.ch; B. Thomaszewski,
Computational Robotics Lab - Department of Computer Science, ETH Zürich,
Stampfenbachstrasse 48, Zürich, Switzerland, 8092 and Université de Montréal,
LIGUM - Department of Computer Science and Operations Research, 2900 Edouard
Montpetit Blvd, Montréal, Québec, Canada, H3T 1J4; email: bthomasz@inf.ethz.ch.

Permission to make digital or hard copies of part or all of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full cita-
tion on the first page. Copyrights for third-party components of this work must be
honored. For all other uses, contact the owner/author(s).
© 2021 Copyright held by the owner/author(s).
0730-0301/2021/09-ART4
https://doi.org/10.1145/3470005

Fig. 1. Comparison between dense Gauss-Newton and our sparse formula-

tion on a shape optimization problem for a concrete shell. Left : Shell roof

before (top) and after (bottom) optimization. Right : Average timings for

computing the search direction with sparse Gauss-Newton, dense Gauss-

Newton, and the CG method as a function of the number of design param-

eters np .

to eliminate the equilibrium constraints using sensitivity analysis.

Removing redundant degrees of freedom decreases not only the

problem size but also transforms a difficult nonlinear constrained

optimization problem into an unconstrained minimization

problem.

Solving such minimization problems efficiently requires deriva-

tives of the map between parameters and state, which is given im-

plicitly via the solution of the forward simulation problem. While

the gradient can be computed efficiently with the adjoint method,

using only first-order derivative information often leads to unsatis-

fying convergence, even if acceleration techniques such as L-BFGS

are used. Second-order sensitivity analysis promises faster conver-

gence by requiring fewer iterations but comes at the price of dense

and potentially indefinite system matrices. The second problem

can be resolved by resorting to the Gauss-Newton method, which

replaces the full Hessian with a positive-definite approximation.

However, its dense nature greatly impedes the potential of second-

order sensitivity analysis.

In this article, we show how the dense Gauss-Newton Hessian

can be transformed into an equivalent sparse matrix that can be

assembled and factorized much more efficiently than its dense

counterpart. Whereas the asymptotic complexity for dense solvers

is approximately O (n3) for an n × n matrix, the cost of factorizing

sparse systems depends on the sparsity pattern, which is itself

problem dependent. While meaningful asymptotic bounds for

sparse factorization are hard to obtain [Peng and Vempala 2020],

our extensive numerical examples indicate drastically reduced

computation times for a wide range of inverse design problems.

We furthermore establish links between sensitivity analysis and

general nonlinear programming approaches based on Lagrange

multipliers and prove equivalence under specific assumptions.
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2 RELATED WORK

Since fabrication-oriented design moved into the focus of the

visual computing community, inverse problems have received a

surge of attention. While an exhaustive review of applications is

beyond the scope of this work, many different methods have been

proposed for solving inverse design problems ranging from musi-

cal instruments [Bharaj et al. 2015; Musialski et al. 2016; Umetani

et al. 2016] and balloons [Skouras et al. 2012, 2014] to deploy-

able structures [Guseinov et al. 2017; Kilian et al. 2017; Panetta

et al. 2019] and architectural-scale surfaces [Vouga et al. 2012]

and frameworks [Gauge et al. 2014; Jiang et al. 2017; Pietroni et al.

2017]. While some of these works propose formulations tailored to

specific applications, we target general inverse problems that can

be cast as constrained minimization problems with continuous pa-

rameter and state variables that are subject to equality constraints

derived from physical principles.

One natural approach to solving such problems is via sequen-

tial quadratic programming (SQP), which uses states and pa-

rameters as problem variables while introducing Lagrange multi-

pliers to enforce equilibrium constraints; see, e.g., Skouras et al.

[2014]. As an alternative that avoids challenges associated with

Lagrange multiplier formulations, the augmented Lagrangian

method (ALM) has been applied to shape [Skouras et al. 2012] and

multi-material [Skouras et al. 2013] optimization problems. An-

other approach that has recently seen increasing attention is sen-

sitivity analysis, which eliminates state variables and constraints

so as to obtain an unconstrained minimization problem with de-

sign parameters as only variables. Sensitivity analysis is a power-

ful method that has been used for inverse design of mechanisms

[Coros et al. 2013; Megaro et al. 2017], clothing [Wang 2018], and

material optimization [Yan et al. 2018; Zehnder et al. 2017] as

well as for optimization-based forward design [Pérez et al. 2017;

Umetani et al. 2011].

First-order sensitivity analysis provides the gradient of the

objective function with respect to design parameters, which

can be computed efficiently using the adjoint method (see, e.g.,

Bletzinger et al. [2010]). While gradient descent typically performs

poorly, faster convergence for the corresponding minimization

problem can be achieved using, e.g., Anderson acceleration [Peng

et al. 2018] or Quasi-Newton methods such as L-BFGS [Liu et al.

2017]. Kovalsky et al. [2016] improve convergence for mesh opti-

mization by combining acceleration with Laplacian precondition-

ing for the gradient. Using the same preconditioner, Zhu et al.

[2018] instead propose a modified L-BFGS method to accelerate

convergence. These methods mostly aim at geometry deformation

tasks for which the cost of evaluating the objective is relatively

low. For physics-constrained design problems, however, the costs

per step are significantly higher since each evaluation of the objec-

tive function requires simulation.

Recent work has started to investigate ways of exploit-

ing second-order derivative information for sensitivity analysis.

Panetta et al. [2019] use Newton’s method with a trust region ap-

proach on the reduced Hessian resulting from second-order sen-

sitivity analysis. Zimmermann et al. [2019] propose a General-

ized Gauss-Newton solver with Hessian contributions selected so

as to avoid indefinite matrices. However, while this method has

led to promising convergence in terms of the number of required

iterations, assembling and factorizing the dense Hessian undoes

this potential advantage to a large extent. This impression is fur-

ther substantiated by Wang [2018], who benchmarked sensitivity

analysis with generalized Gauss-Newton against exact and inexact

gradient descent methods.

Our method overcomes these problems through a sparse refor-

mulation of Gauss-Newton that yields the same search direction

but drastically decreases the time required for assembling and fac-

torizing the linear system. Although sparse Gauss-Newton formu-

lations for sensitivity analysis have, to the best of our knowledge,

not been investigated before, there are connections to so-called

projected SQP methods based on reduced Hessians that have been

studied in the optimization community [Heinkenschloss 1996]. We

use these insights to show equivalence between sensitivity analy-

sis and nonlinear programming with Lagrange multipliers for spe-

cific equilibrium-constrained optimization problems.

3 BACKGROUND

We consider constrained optimization problems of the form

min
x,p

f (x, p) s.t. c(x, p) = 0, (1)

where x denotes the equilibrium state of a mechanical system de-

scribed by a set of design parameters p. The state x is coupled to

the design parameters p through a set of constraints c requiring

that x must be an equilibrium configuration for p. While the exact

form of these equilibrium constraints depends on the problem, we

will focus on static and dynamic force balance in this work.

3.1 Sensitivity Analysis

We exclusively consider the special but common case of problems

that exhibit exactly as many equality constraints as state variables,

i.e., nc = nx. Furthermore, we assume that the constraint Jacobian
∂c
∂x

has full rank. Under these conditions, the implicit function the-

orem asserts that any choice of p in a local neighborhood uniquely

determines the corresponding equilibrium state x and we therefore

write x = x(p). Given a state-parameter pair (x, p) that satisfies the

equilibrium constraints, we require that any change to the design

parameters induces a corresponding change in state such that the

system is again at equilibrium. Formally, we have

dc

dp
=
∂c

∂p
+
∂c

∂x

dx

dp
= 0, (2)

from which we directly obtain the so-called sensitivity matrix

S =
dx

dp
= −

(
∂c

∂x

)−1 ∂c

∂p
. (3)

Using this relation, the gradient of the objective function with re-

spect to the parameters is obtained as

d f (x(p), p)

dp
=
∂ f

∂p
+
∂ f

∂x
S. (4)

We note that, by using Equation (2) in the above expression and

rearranging terms, computing the gradient requires only the solu-

tion of a single linear system.
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3.2 Gauss-Newton

With the gradient defined through Equation (4), we can minimize

f using steepest descent in parameter space. Every step amounts

to updating p along the search direction, computing an equilibrium

configuration x through simulation, and evaluating the objective

to accept or reject the step. Though simple, the convergence of

steepest descent is typically very slow. Using the Hessian of the

objective function, Newton’s method promises quadratic conver-

gence close to the solution. However, Newton’s method is often

plagued by indefiniteness on the road towards the optimum, re-

quiring expensive regularization and other advanced strategies.

As a promising middle ground, Gauss-Newton retains parts of

the Hessian information but is guaranteed to never encounter

indefiniteness.

Gauss-Newton in its original form is a minimization algorithm

for objective functions in nonlinear least-squares form,

f (x, p) =
∑

i

wi

2
ri (x, p)2, (5)

where w = (w1, . . . ,wn ) is a vector of weights and ri are residuals.

Instead of using the full Hessian

H =
∑

i

wi
dri

dp

T dri

dp
+

∑
i

wiri
d2ri

dp2
, (6)

Gauss-Newton drops the second term to define an approximate but

positive-definite Hessian. Writing out dri/dp, we arrive at

HGN =

[
dx
dp

T
I
] ���

∑
i

wi

⎡⎢⎢⎢⎢⎢⎣
∂ri

∂x

T ∂ri

∂x
∂ri

∂x

T ∂ri

∂p

∂ri

∂p

T ∂ri

∂x
∂ri

∂p

T ∂ri

∂p

⎤⎥⎥⎥⎥⎥⎦
��
⎡⎢⎢⎢⎢⎣

dx
dp

I

⎤⎥⎥⎥⎥⎦ . (7)

A Gauss-Newton step can then be computed by solving the system

of linear equations

HGN · δp = −d f
dp

T

. (8)

In practice, however, computing, assembling, and factorizing this

reduced Hessian matrix is exceedingly expensive: it requires the

complete sensitivity matrix, products between sparse matrices

with incompatible sparsity patterns, and leads to a dense matrix

that is expensive to factorize.

4 SPARSE GAUSS-NEWTON

To arrive at a more efficient formulation, we start by rewriting the

Gauss-Newton Hessian as

HGN =
dx

dp

T

A
dx

dp
+ B

dx

dp
+
dx

dp

T

BT +C (9)

with

A =
∑

i

wi
∂ri

∂x

T ∂ri

∂x
, B =

∑
i

wi
∂ri

∂p

T ∂ri

∂x
, and C =

∑
i

wi
∂ri

∂p

T ∂ri

∂p
.

Since dx
dp
= −[ ∂c

∂x
]−1 ∂c

∂p
, the inverse of the constraint Jacobian

appears inside the definition of HGN . We can remove this inverse

by reformulating the problem with additional variables δx = dx
dp

δp,

which is equivalent to ∂c
∂p

δp + ∂c
∂x

δx = 0:

⎡⎢⎢⎢⎢⎣
dxT

dp
A + B C + dxT

dp
BT

∂c
∂x

∂c
∂p

⎤⎥⎥⎥⎥⎦
[
δx

δp

]
=

⎡⎢⎢⎢⎢⎣−
df
dp

T

0

⎤⎥⎥⎥⎥⎦ . (10)

However, the transpose of the sensitivity matrix still appears in

this system. To also remove this occurrence, we introduce addi-

tional variables δλ defined as

∂c

∂x

T

δλ + BT δp +Aδx = 0, (11)

and arrive at the extended system⎡⎢⎢⎢⎢⎢⎢⎢⎣
A BT ∂c

∂x

T

B C ∂c
∂p

T

∂c
∂x

∂c
∂p

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣
δx

δp

δλ

⎤⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎣

0

−df
dp

T

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (12)

Note that the first row enforces Equation (11), whereas the second

row is obtained by using Equations (11) and (3) in the first row of

Equation (10). The resulting system is sparse and it requires neither

the inverse of the constraint Jacobian nor the sensitivity matrix.

We emphasize that, by construction, the solutionδp obtained when

solving this system is exactly identical to the one obtained when

factorizing the dense Hessian. Although this new system is larger

than the reduced one, its sparsity allows us to leverage specialized

linear solvers. The exact time complexity of common sparse direct

solvers is only known for specific sparsity patterns and can range

fromO (n) for, e.g., a diagonal matrix toO (n3) for a quasi-dense ma-

trix [Peng and Vempala 2020]. Nevertheless, our experiments show

that the cost of factorizing the larger sparse system is asymptoti-

cally lower than the cost of factorizing the reduced dense system

for many problems; see Figure 1 for an example. This result trans-

lates into dramatically improved performance for a large range of

problems, as we demonstrate with our examples.

4.1 Discussion and Generalization

Relation to Sequential Quadratic Programming. System (12) is in

the form of a saddle-point problem that is characteristic for first-

order optimality conditions in nonlinear programming. Indeed, it

can be shown that second-order sensitivity analysis on general ob-

jectives is equivalent to so-called reduced SQP methods when us-

ing a particular definition for the Lagrange multipliers; see [De los

Reyes 2015] and our derivations in Appendix A.

Generalization to Arbitrary Objectives. Our construction can be

extended to general objectives f (x(p), p) for which the Hessian

reads

d2 f

dp2
=

dx

dp

T ∂2 f

∂x2

dx

dp
+
∂2 f

∂x∂p

dx

dp
+
dx

dp

T ∂2 f

∂p∂x
+
∂2 f

∂p2

+
∑

i

∂ f

∂xi

d2xi

dp2
.

(13)

In particular, when dropping only second-order sensitivities to ob-

tain the Generalized Gauss-Newton approximation [Zimmermann

et al. 2019], our formulation applies directly with blocks defined

as A =
∂2f

∂x2 , B =
∂2f
∂x∂p

, and C =
∂2f

∂p2 . The extension to the

full-Hessian case and its relation to nonlinear programming is
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described in Appendix A. It should be noted, however, that nei-

ther Generalized Gauss-Newton nor full Newton offers any guar-

antees on the positive-definiteness of the blocks. In our experi-

ments, the additional measures required for detecting and treating

indefiniteness can easily undo the potential advantage of using

more accurate Hessian information.

Combination with L-BFGS. As we show in Section 5, Gauss-

Newton leads to very good convergence in many cases and our

sparse formulation makes this approach highly efficient. Never-

theless, Gauss-Newton is not a true second-order method and,

depending on the problem, the missing derivative information

can slow down convergence. For such cases, combining Sparse

Gauss-Newton with L-BFGS can be an attractive alternative: even

though L-BFGS requires only first-order derivatives, it approxi-

mates second-order information in its inverse Hessian from rank-

one updates with past gradients. Similar in spirit to Kovalsky et al.

[2016], Liu et al. [2017], and Zhu et al. [2018], we use Sparse Gauss-

Newton to initialize the inverse Hessian approximation in L-BFGS.

This amounts to solving a linear system each time a new search

direction is computed. We provide an evaluation of this approach

in Section 5.

Block Solve. If the objective f does not directly depend on the

design parameters, the block structure for Equation (12) simplifies

to B = 0 and C = 0. If the constraint Jacobian ∂c/∂p is invertible,

upon block substitution, the solution δp is obtained by solving the

linear system

∂c

∂p
δp = − ∂c

∂x
δy , with δy = A−1 ∂ f

∂x

T

. (14)

See Appendix B for a detailed derivation. If the objective is not a

simple L2 distance, then A � I and we must solve an additional

linear system to obtain δy. We show in Section 5 that, where appli-

cable, this block solve can accelerate the computation of the search

direction by another 30% and more compared to the Sparse Gauss-

Newton baseline.

5 RESULTS

We evaluate the performance of our Sparse Gauss-Newton

(SGN) solver on a set of inverse design problems. Besides illustrat-

ing different applications, each of these problems differs in terms of

the ratio between parameters and state variables, the connectivity

among variables, and their degree of nonlinearity and convexity.

We are primarily interested in assessing the relative performance

of SGN and dense Gauss-Newton (DGN), and how this ratio

evolves as a function of problem size. Since both methods give the

same results, we only provide average computation times for com-

puting search directions in most cases. Additionally, we also pro-

vide total computation times on selected examples and compare to

alternative approaches. We measure convergence in terms of sub-

optimality, which we define as the objective function value minus

its value at the minimum.

Solving the saddle point problem. We used the PARDISO LU di-

rect solver from Intel’s Math Kernel Library (MKL) for solving

the indefinite sparse linear systems. This solver performed ro-

bustly and efficiently for all problem types and resolutions except

for the cloth example, where it returned solutions of insufficient

Fig. 2. Performance comparison for different solvers on an inverse elastic

design problem. Top left : Initial rest shape (green) and corresponding de-

formed state (purple). Top middle: Target shape. Top right : Optimized rest

shape (green) and corresponding deformed state (purple). Bottom left : Ob-

jective value vs. computation time for a mesh size of 3,228 vertices. Bottom

right : Computation time vs. problem size.

accuracy. Instead of tweaking solver parameters per problem,

we opted for a robust fall-back strategy based on the itera-

tive BiCGSTAB method [Van der Vorst 1992], using PARDISO’s

LDLT decomposition of the stabilized matrix as preconditioner.

Specifically, we add the vector [εx 1T
nx
, 0T

np
,−ελ1T

nc
]T to the diag-

onal of the matrix with εx = 10−6 and ελ = 10−6. We found this

strategy to work well in practice, requiring only a few BiCGSTAB

iterations to solve the system to high accuracy. It should be noted

that the optimal stabilization of the lower right block is scale de-

pendent and should be chosen according to the norm of the con-

straint Jacobian. See Benzi et al. [2005] for more details on stabi-

lization and on the numerical solution of saddle point problems in

general.

We also experimented with iterative solvers such as BiCGSTAB

and GMRES with a variety of commonly used preconditioners,

ranging from simple diagonal scaling (Jacobi) to incomplete factor-

ization (ILUT) methods. For the problems considered in this work,

however, these iterative methods were either much slower or failed

to converge at all. Though we expect iterative solvers to eventually

outperform direct solvers for increasingly large problems sizes, we

consider this topic beyond the scope of this work. For Sparse New-

ton and Sparse Generalized Gauss-Newton (GGN) we used the

inertia revealing feature of PARDISO’s LDLT decomposition to test

for positive-definiteness on the nullspace of the constraint Jaco-

bian (i.e., second-order optimality conditions) and added diagonal

regularization if necessary [Han and Fujiwara 1985]. For the trust

region method we used trlib [Lenders et al. 2018] to solve the trust
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Fig. 3. Convergence of different solvers for the shell roof example with 15,443 vertices. Dense Gauss-Newton is not listed since the linear solver ran out of

memory when computing the reduced Hessian. The sparsity pattern of the saddle point system, shown on the right, reveals a repetitive structure resulting

from similar stencils for objective and constraints. The dense Hessian contains 2.13 · 109 entries, whereas the sparse KKT matrix contains 1.77 · 107 nonzero

entries. PARDISO reported 2.18 · 108 nonzero entries in the decomposition.

region subproblem. We solve the reduced linear systems (DGN)

using Eigen’s built-in Cholesky decomposition. All measurements

that we present here were done on an Intel i7-6700K quad-core

with 16GB of RAM.

Computing Equilibrium States. All methods based on sensitiv-

ity analysis must recompute the equilibrium state through for-

ward simulation after each parameter update. Forward simulation

amounts to a nonlinear minimization problem, whose objective

function depends on the application. In each case, we ensure mono-

tonicity in the objective using a backtracking line search. We use

standard computational models described in the literature. Deriva-

tives with respect to state and design parameters are computed

analytically using pre-compile-time automatic differentiation.

5.1 Inverse Elastic Design

Our first example considers gravity compensation for a simple elas-

tic bar clamped on one side and subjected to gravity; see Figure 2.

The goal is to find a rest state mesh such that the resulting equilib-

rium state is as close as possible to a given target shape:

f (x, p) =
1

2nx
‖x − xtarget‖2 + R (p). (15)

To prevent inversions in the rest shape p, we add a nonlinear

least-squares regularizer R (p) that penalizes per-element volume

changes. For the forward simulation, we use standard linear tetra-

hedron elements and a Neo-Hookean material with Young’s mod-

ulus E = 106Pa and Poisson’s ratio ν = 0.45. As a termination

criterion we used ��d f /dp�� ≤ 10−5, where the gradient norm at

the beginning of the optimization was close to 2 · 10−2 for all res-

olutions.

While there are specialized solvers for gravity compensation

problems [Chen et al. 2014; Ly et al. 2018; Mukherjee et al. 2018],

we use this example as a benchmark for evaluating the relative per-

formance of SGN, DGN, and sparse versions of full Newton and

GGN. For comparison, we also add alternative approaches based

on sensitivity analysis that have recently been introduced or used

in the visual computing community: the trust region solver by

Panetta et al. [2019], as well as standard Gradient Descent and L-

BFGS. We also include performance data for our implementation

of SQP using Newton’s method on the KKT-conditions (see Ap-

pendix A) and an exact L1 merit function. As a further reference

point, we also compare to the conjugate gradient (CG) method

applied directly to Equation (9) and use back-substitutions to avoid

forming the dense matrix. We refer to this alternative as CG + GN.

As a termination criterion for CG, we use a relative residual thresh-

old η of 10−3 for all examples. We furthermore note that, when

dropping the regularizer, the shape objective does not directly

involve the design parameters, allowing us to apply the block

Gauss-Newton (BGN) method described in Section 4.1. Interest-

ingly, we found that the Gauss-Newton methods produce smooth

rest state deformations even without regularizer, whereas all other

methods led to inversions in that case. In the case of CG + GN, the

default value of the threshold η was not low enough to avoid in-

versions and thus this method was not included.

From Figure 2 (left) it can be seen that sparse methods with-

out regularizer, i.e., our SGN solver and its block-solve version

(BGN), outperform all other solvers by a relatively large margin.

Sparse GGN and the trust region solver rank first among the al-

ternative approaches, keeping track with SGN when using regu-

larization. Gradient descent and L-BFGS initially perform well, but

progress quickly slows down. The remaining methods are not com-

petitive on this example. The superior scaling behavior of BGN and

SGN without regularizer becomes evident from Figure 2 (right). Al-

though the difference between BGN and SGN is small compared to

the other methods, the block-solve version still offers about a 30%

performance increase for lower resolutions and more than 50% for

higher resolutions.

5.2 Shell Form Finding

For the solid bar example, the objective was a simple L2-distance

on the equilibrium state, which, even with regularization, did not

directly couple parameters and state. In our second example, we in-

vestigate a case in which these quantities are strongly coupled—a

form finding problem for a 50m× 50m concrete shell roof, inspired

by the works of architect Félix Candela; see Tomas and Martí-

Montrull [2010] and Figure 1. We model the roof using discrete

shells [Grinspun et al. 2003] with material parameters correspond-

ing to E = 28GPa and ν = 0.2 as well as a density of 2, 500kд/m3.
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Fig. 4. Time to compute the search direction for the rod dome as a function

of state size nx . We subdivide the edges to add more state variables and

compare timings for different numbers of parameters.

The design task consists in finding a rest shape for the shell such

that the equilibrium state under gravity minimizes a stress objec-

tive in nonlinear least squares form. We use a stress model fol-

lowing Gingold et al. [2004]. To encourage smooth solutions, we

additionally use a regularizer R (p) that penalizes curvature in the

rest state and per-triangle deformations. The resulting objective is

f (x, p) =
∑

i

| |σi (x, p) | |2 + R (p), (16)

where σi denotes the Cauchy stress for element i . We note that

this objective couples x and p, meaning that we cannot apply BGN,

and its Hessian is not guaranteed to be positive-definite. As can be

seen from Figure 3 (left), SGN clearly outperforms all other meth-

ods. Interestingly, the sparse Generalized Gauss-Newton performs

similar to Gradient Descent and far worse than L-BFGS, which can

be attributed to the Hessian approximation becoming indefinite.

Although SGN rapidly decreases the initial objective by almost

two orders of magnitude, the log-scale plot in Figure 3 (right) re-

veals that convergence slows down afterwards. However, the com-

bination of SGN with L-BFGS as described in Section 4 is able to

sustain rapid convergence in this case.

For this example, dense Gauss-Newton ran out of memory when

trying to compute the dense reduced Hessian. Figure 1 neverthe-

less compares timings between SGN and DGN for smaller problem

sizes, indicating that, due to its different asymptotic complexity,

SGN breaks even already for problem sizes beyond a few hundred

parameters.

We note that, in order to allow for larger geometry changes, we

used a lower regularization weight for the result shown in Figure 1

than for the comparison shown in Figure 3, since otherwise, not all

methods would converge to the same solution.

5.3 Rod Dome

In the third example, we consider an inverse design problem for

a hemispherical dome made from interconnected elastic rods. The

dome is subject to a force applied at the top and we impose Dirich-

let boundary conditions on the bottom. The design parameters are

radii for the rods that are prescribed at connection points and in-

terpolated along the rods. The goal, then, is to find parameters

that minimize a weighted combination of the total mass of the

structure—approximated as the L2 norm of the parameter vector—

and its displacement under load. We define the design objective in

nonlinear least-squares form as

f (x, p) =
1

2
��x − xundef

��2 +
1

2
��p��2

V + fbounds (p), (17)

where fbounds (p) is a log-barrier term enforcing lower and upper

limits on the radii. The mapping ‖·‖2
V

approximates the volume of

the structure using conical frustums. As a simulation model, we

used discrete elastic rods [Bergou et al. 2010] together with the

extension to rod networks by Zehnder et al. [2016] and set mate-

rial parameters to E = 69GPa and ν = 0.33 such as to emulate

aluminum rods.

The problem setup as described above allows us to indepen-

dently vary the number of parameters and state variables. As can

be seen from Figure 4, for small numbers of parameters, DGN out-

performs SGN. However, for a given number of state variables,

SGN shows only a slight growth in computation time when the

number of parameters is increased. The situation is very different

for DGN and the breakeven point for this example is at around

200 parameters. It is worth noting that both dense and sparse

Gauss-Newton show a similar increase in computation time with

increasing number of state variables. For SGN, we conjecture that

the linear scaling is due to the particular sparsity structure induced

by the rod dome, which—except for the connecting nodes—exhibits

a band-diagonal structure.

5.4 Car Control

The examples studied so far investigated the performance and scal-

ability of our method for static equilibrium problems. We now turn

to inverse dynamics problems in which we seek to optimize for

control parameters such that the resulting dynamic equilibrium

motion optimizes given design goals. For the first two examples,

we consider the problem of steering a simple self-driving car so

as to move from a given starting position to a prescribed goal

configuration. The state of the car x = (px ,py ,θ ) is described

by three variables representing its position (px ,py ) on the plane

and angle θ with respect to the first coordinate axis. The param-

eters p are control variables that include the speed v in forward

direction and the steering angle s relative to the forward direction.

The motion of the car is described by the simple first-order ODE

ẋ = (v cosθ ,v sinθ ,v tan s ), which we formulate in constraint

form as

cti (x, p) = xti − IEE (xti−1 , pti ), (18)

where the time integration routine IEE takes state variables xti−1

and control variables pti at the beginning of a given time step and

returns the corresponding new state xti . We use explicit Euler inte-

gration with a step size of 1
30s and run the simulation for N steps.

The total number of state and problem variables is therefore 3N
and 2N , respectively. The objective that we minimize measures the

difference between final and target states as

f (x, p) =
wpos

2
| |xN − xtarget | |2 +

wdir

2
| |d(xN ) − dtarget | |2 + R (p),

(19)

where d is the vector that points in the forward direction of the car

and R (p) is a smoothness term that penalizes differences in control

variables over time. Except for L-BFGS-B, we additionally enforce

bounds on the maximum velocity and steering angle by filtering
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Fig. 5. Performance comparison for different solvers on the car example

using 5,000 time steps.

Fig. 6. Average time for computing Gauss-Newton search directions for

the car (left) and cloth (right) control examples using the dense vs. our

sparse Hessian and the CG method. Left : We increase the number of time

steps, thus increasing problem size in terms of both state variable and pa-

rameters. Right : We increase the number of vertices for the cloth while

keeping the number of time steps fixed and thus the number of control

variables constant.

the search direction. The measured results are shown in Figure 5

and 6.

For this relatively simple and non-stiff problem, Gradient De-

scent performs comparatively well and is only slightly slower

than Sparse Gauss-Newton. While CG + GN outperforms all other

methods in this example, the difference between sparse and dense

Gauss-Newton is again substantial.

5.5 Cloth Control

In our second inverse dynamics example we use the method by

Geilinger et al. [2020] to find time-varying handle positions for

two corners of a sheet of cloth such that it moves from a given

start configuration to a target state with prescribed positions. As

best seen in the accompanying video, the optimized handle mo-

tion leads to two flip-overs, one in place and one with horizontal

movement. As a simulation model, we use a standard mass-spring

system together with implicit Euler for time integration. To define

the map between parameters and state for sensitivity analysis, we

express the corresponding update rule in constraint form as

cti = xti − II E (xti−1 , pti−1 , pti ), (20)

where, given vertex positions xti−1 as well as control forces pti−1

and pti , the implicit Euler rule II E returns the new state xti . The

cloth comprises 100 vertices and we perform N simulation steps,

leading to a total of 300N state and 6N control variables. We simu-

late for 1.66s of virtual time and set the step size accordingly. The

Fig. 7. Time required to compute the search direction for the cloth con-

trol problem. Right : We increase the number of time steps while keeping

mesh resolution constant such that the problem size increases in terms of

both state variables and parameters. The dense solution strategy ran out

of memory for nx > 1.8 · 105.

goal of matching the target state is expressed as

f (x, p) =
1

2

∑
j ∈S
‖xj − x̃j ‖2 + R (p), (21)

where S is a set of keyframes and R (p) is a regularizer that penal-

izes deviations from initial handle positions, handle velocities, and

cloth velocities.

For this example, we additionally provide breakdowns for the

cost of DGN. Somewhat surprisingly, the factorization of the dense

system only accounts for a fraction of the total time, which is domi-

nated by the computation of the sensitivity matrix. Figure 7 shows

that SGN outperforms DGN for all problem instances, whose

size we control by the number of time steps used for forward

simulation.

As shown in Figure 6 (right), when changing only the state size

but keeping the number of parameters fixed, DGN scales better

than SGN but breaks even only for very large problem sizes that

are intractable for dense solvers on current desktop machines. The

difference in scaling between SGN and DGN can be explained by

the fact that, unlike for the rod dome, the cost of solving the sparse

system scales quadratically with state size, which, in turn, can be

attributed to the higher connectivity among state variables.

6 CONCLUSIONS

We presented a sparse Gauss-Newton solver for sensitivity analy-

sis that eliminates the poor performance and scaling of the dense

formulation. We have shown on a diverse set of examples that SGN

scales asymptotically better than its dense counterpart in almost

all cases. We have furthermore provided numerical evidence that

SGN outperforms existing solvers for equilibrium-constrained op-

timization problems on many examples.

6.1 Limitations & Future Work

All of our performance tests use a sparse direct solver, which im-

poses certain limits on the maximum problem size. One potential

option for extending SGN to very large problems would be to use

iterative saddle-point solvers such as the Uzawa algorithm.

Sparse Gauss-Newton transforms a dense np ×np system into a

sparse system of dimension (2nx+np )×(2nx+np ), wherenx andnp
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denote the number of state and design variables, respectively. This

transformation is only advantageous if the number of parameters

is sufficiently large. For example, when optimizing for the Young’s

modulus of a homogeneous elastic solid, the dense 1 × 1 Hessian

will always be faster to invert than its sparse counterpart. At the

other extreme, SGN will generally be much faster when optimizing

for per-element material coefficients. While the exact breakeven

point depends on the problem, our experiments show that already

for small to moderate np , SGN outperforms DGN.

Problems with sequential dependence between state variables

(resulting, e.g., from time discretization) lead to a special block

structure that can be leveraged to accelerate computation of

the dense sensitivity matrix. We did not consider such problem-

specific optimizations here.

Using a CG-based solver can be an attractive alternative, es-

pecially when fast back-substitutions are available. A disadvan-

tage is that, for optimal performance, residual thresholds must be

tweaked for each example. Furthermore, the convergence rate of

CG depends strongly on the problem. Developing specialized pre-

conditioners for Equation (9) might be an interesting option for

future work.

Our formulation assumes that the objective function can be ex-

pressed in nonlinear least squares form. While not all problems

exhibit this particular form, they can often be reformulated or rea-

sonably well approximated in this way.

Some of our examples include bound constraints on the parame-

ters, which we enforced through log-barrier penalties or by simple

projection of the search direction. The latter approach, however, is

neither efficient nor guaranteed to converge in the general case. In-

corporating bound and inequality constraints in our formulation

is an interesting direction for future work.

We did not directly analyze the impact of the cost per simula-

tion on optimization performance. In general, problems for which

forward simulation is fast will benefit more from solvers that rely

only on first-order derivative information but require more func-

tion evaluations. However, we believe that our selection of exam-

ples is representative for a large range of stiff inverse problems

encountered in practice. For the case of non-stiff problems, on the

other hand, inexact descent methods can be an attractive alterna-

tive [Yan et al. 2018].

Finally, it would be interesting to extend our approach to effi-

ciently compute second-order sensitivity information in the con-

text of design space exploration for multi-objective optimization

problems [Schulz et al. 2018].

APPENDICES

A EQUIVALENCE RESULT

We show that, for general objectives, using the dense system ob-

tained for second-order sensitivity analysis and the sparse system

(Equation (12)) lead to the same search direction. This proof also

shows the equivalence between sensitivity analysis and sequential

quadratic programming for the special case of equality constraints

that are enforced to stay satisfied at all times.

Theorem A.1. Let A,B,C, ∂c
∂x
, ∂c
∂p

denote sparse matrices with

the correct dimensions and let H = dx
dp

T
Adx

dp
+ B dx

dp
+ dx

dp

T
BT + C .

To compute the solution to the dense linear system H · δp = −df
dp

T
,

we can equivalently solve the larger sparse system (Equation (12)).

Proof. See construction in Section 4. �

We next introduce the Lagrangian for the optimization problem

(Equation (1)) as

L (x, p,λ) = f (x, p) + λT c(x, p) (22)

whose gradient is

∇L (x, p,λ) =

⎡⎢⎢⎢⎢⎢⎣
∇x f + ∇xcT · λ
∇p f + ∇pcT · λ

c

⎤⎥⎥⎥⎥⎥⎦ , (23)

where λ are the Lagrange multipliers. The first-order optimal-

ity (or KKT) conditions correspond to ∇L (x, p,λ) = 0. Solving

these conditions with Newton’s method leads to the so-called KKT

system⎡⎢⎢⎢⎢⎢⎢⎣
∇2

xx f + ∇2
xxc : λ ∇2

xp f + ∇2
xpc : λ ∇xcT

∇2
px f + ∇2

pxc : λ ∇2
pp f + ∇2

ppc : λ ∇pcT

∇xc ∇pc 0

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣
δx

δp

δλ

⎤⎥⎥⎥⎥⎥⎦ = −
⎡⎢⎢⎢⎢⎢⎣
∇xL
∇pL

c

⎤⎥⎥⎥⎥⎥⎦ ,
where we used the shorthand ∇2

yzc : λ =
∑

i λi∇2
yzci .

Theorem A.2. When using the adjoint variables as Lagrange

multipliers

λc=0 = −
[
∂c

∂x

]−T ∂ f

∂x

T

, (24)

the KKT system and the system for second-order sensitivity analysis,
df 2

dp2 δp = −df
dp

T
, give the same search direction δp.

Proof. We show that, for λ = λc=0, we have

df 2

dp2
=

dxT

dp

∂2f

∂x2

dx

dp
+

∂2f

∂x∂p

dx

dp
+

dxT

dp

∂2f

∂p∂x
+

∂2f

∂p2
+

∑
i

∂f

∂xi

d2xi

dp2

=
dxT

dp
∇2

xxL
dx

dp
+ ∇2

xpL
dx

dp
+

dxT

dp
∇2

pxL + ∇2
ppL . (25)

Only the term involving second-order sensitivities is

non-obvious. Using basic transformations, we obtain

∑
k

∂f

∂xk

d 2xk

dpj dpi
= (26)

= −
∑

k

∂f

∂xk

⎡⎢⎢⎢⎢⎣
(
∂c

∂x

)−1 (
dxm

dpj

∂2c

∂xm ∂xl

dxl

dpi
+

∂2c

∂xm ∂pi

dxm

dpj
+

dxl

dpi

∂2c

∂pj ∂xl
+

∂2c

∂pj ∂pi

)⎤⎥⎥⎥⎥⎦k

= −
∑

k

��
(
∂c

∂x

)−T
∂f

∂x

T �k

(
dxm

dpj

∂2ck

∂xm ∂xl

dxl

dpi
+

∂2ck

∂xm ∂pi

dxm

dpj
+

dxl

dpi

∂2ck

∂pj ∂xl
+

∂2ck

∂pj ∂pi

)

=
∑

k

λc=0
k

(
dxm

dpj

∂2ck

dxm ∂xl

dxl

dpi
+

∂2ck

∂xm ∂pi

dxm

dpj
+

dxl

dpi

∂2ck

∂pj ∂xl
+

∂2ck

∂pj ∂pi

)
. (27)

Equation (25) thus holds and, using Theorem A.1, the result fol-

lows directly. �
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B BLOCK SOLVE

Using B = 0 and C = 0 in Equation (12), we have

δλ = − ∂c
∂p

−T d f

dp

T

, and δx = −A−1 ∂c

∂x

T

δλ.

Using these definitions in the third row of Equation (12), we obtain

δp = − ∂c
∂p

−1 ∂c

∂x
δx =

∂c

∂p

−1 ∂c

∂x
A−1 ∂c

∂x

T

δλ

= − ∂c
∂p

−1 ∂c

∂x
A−1 ∂c

∂x

T ∂c

∂p

−T d f

dp

T

,

and using Equation (4) with
∂f
∂p
= 0, we finally have

δp =
∂c

∂p

−1 ∂c

∂x
A−1 ∂c

∂x

T ∂c

∂p

−T (
∂c

∂p

T ∂c

∂x

−T )
∂ f

∂x

T

=
∂c

∂p

−1 ∂c

∂x
A−1 ∂ f

∂x

T

.
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