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Abstract

We study the problem of allocating bailouts (stimulus, subsidy allocations) to people par-
ticipating in a financial network subject to income shocks. We build on the financial clearing
framework of Eisenberg and Noe [EN01] that allows the incorporation of a bailout policy that
is based on discrete bailouts motivated by the types of stimulus checks people receive around
the world as part of COVID-19 economical relief plans. We show that optimally allocating such
bailouts on a financial network in order to maximize a variety of social welfare objectives of
this form is a computationally intractable problem. We develop approximation algorithms to
optimize these objectives and establish guarantees for their approximation ratios. Then, we
incorporate multiple fairness constraints in the optimization problems and establish relative
bounds on the solutions with versus without these constraints. Finally, we apply our method-
ology to a variety of data, both in the context of a system of large financial institutions with
real-world data, as well as in a realistic societal context with financial interactions between
people and businesses for which we use semi-artificial data derived from mobility patterns. Our
results suggest that the algorithms we develop and study have reasonable results in practice and
outperform other network-based heuristics. We argue that the presented problem through the
societal-level lens could assist policymakers in making informed decisions on issuing subsidies.

Keywords. financial networks, bailouts, optimal bailouts, stimulus allocation, financial clear-
ing, algorithmic fairness, access to opportunity

1 Introduction

The COVID-19 pandemic has spread uncertainty among financial entities. Governments around
the world are faced with the problem of saving entities from economic ruin that are subject to
financial shocks. A policy framework, applied in many places throughout the world, is stimulus
checks, i.e. cash injections so that consumption is stimulated [BFM+20, Bak18, CCSW20, BP14,
JPS06, PSJM13, NSW20, NSW21, AKW20]. A cardinal question faced by policymakers is who gets
the subsidies. In the US the CARES act [act20] gives a stimulus check within a certain range of
income and increases the payments proportionally to the number of dependents. Other countries
such as, for example, New Zealand1 and Greece2 offer stimulus checks of fixed value to affected
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employees. A common pattern in these cases is that when somebody’s income is below a certain
threshold or satisfies some criterion then the household is entitled to a stimulus check of fixed value.

An important limitation is that these rules ignore contagion effects through the financial net-
work. For example, if a business defaults that may translate to job loss for the employees who
in their turn may not be able to pay their rent etc. The subject of who to bailout in a financial
crisis is a subject of controversy [Jih09, Con09, CP15, Bri09, Ros06, BBT13, BHM17], namely the
policymakers are faced with the following quandary: do we need to bailout large businesses whose
saving from default would help maintain job positions but can also make them richer and stronger
with respect to the rest of the population, or do we need to bailout individuals (or groups thereof)
and small businesses so as they are able to afford their rent and groceries with the fear of letting
bigger companies collapse?
Theoretical Contributions. We develop a theoretical framework for optimally allocating discrete
bailouts on the well-studied Eisenberg-Noe (EN) model [EN01] of contagion with the presence of
income shocks, in order to maximize welfare objectives. We show that finding the optimal policy
under the discrete bailouts scheme is an NP-Hard problem, develop approximation algorithms, and
prove hardness-of-approximation results. We also find that thresholding entities with respect to
their equity performs poorly. We then turn to a set of questions within the model that relate to
fairness and equity considerations in the provision of bailouts. In particular, we optimize the same
objectives as above subject to an algorithmic fairness constraint that regards stimulus distribution
via the Gini Coefficient [Gin21]. We study three notions of fairness: (i) the classical Gini Coefficient
that measures all-pairs inequality, (ii) a variant of the GC introduced in [MMD+21] adjusted to
our model, (iii) a novel Gini Coefficient index based on the attributes of each node in the financial
network (e.g. minority status). We show that the Price of Fairness (PoF) can be unbounded in the
discrete case and bounded in the fractional case, and devise bounds on the PoF for the fractional
case. Our bounds relate to quantities from spectral graph theory, namely the conductance of the
underlying nominal liability network.
Empirical Contributions. We apply our algorithms on real-world banking datasets from [GY15,
CWY16] from bank stress-testing, and semi-artificial data such as social payments data from the
Venmo platform, and societal-granularity network topologies inferred by anonymized mobility data
from the SafeGraph platform, the US Census, and the US Economic Census. We compare the
results of the proposed approximation algorithms with other network-based heuristics on these
datasets. We empirically study the incorporation of the fairness constraint both between all pairs
of nodes as well as in a minority/non-minority context on the semi-artificial data.
Paper Organization. The paper is organized as follows: Section 1.1 gives a brief description
of the Eisenberg-Noe framework for computing clearing payments and introduces the objectives
that will be studied throughout the paper. Section 1.3 describes the Generalized Discrete Bailouts
Problem which is the general formulation of stochastic optimization problem we solve in the pa-
per. Section 2.1 establishes the hardness results of the discrete bailouts problem. The remainder of
Section 2 studies approximation algorithms with provable guarantees, and establishes inapproxima-
bility results for certain objectives. Section 3 relates metrics of algorithmic fairness to the problem
and proposes ways to incorporate fairness when designing a stimulus allocation problem. Section 4
provides data-driven experiments with real-world, and semi-artificial datasets. Section 5 discusses
the experiments as well as generalizations of the models studied in this paper, the societal impact
of the work, as well as further related work. Section 6 provides concluding remarks and future
directions. Proofs of theoretical nature have been deferred to Appendix A and are presented in
serial order. An extensive data analysis can be found in Appendix C and data ethics statement in
Appendix D.
Basic Notation. [n] denotes the set {1, . . . , n}. ‖x‖p denotes the p-norm of the vector x. When
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(a) Model Setup for node j.
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Figure 1: Eisenberg-Noe Model.

p = 2 the subscript may be omitted. 0 (resp. 1) denote the all zeros (resp. all ones) column
vector. 1S represents the indicator column vector of the set S. For a matrix A, ‖A‖p denotes the
induced p-norm of A. x ∧ y (resp. x ∨ y) denotes the coordinate-wise minimum (resp. maximum)
of x, y. (x)+ = 0 ∨ x denotes the non-negative part of x. A t B denotes the disjoint union of A
and B (A ∩ B = ∅). ≥,≤, >,< denote coordinate-wise ordering. Õ(·) ignores poly-logarithmic
factors. A � B is the Hadamard (element-wise) product of A,B. A(k) is defined as A(0) = I and
A(k+1) = A(k) � A for k ≥ 1. For a vector v > 0 we define ζ(v) = vmax

vmin
≥ 1 to be a measure of

conditioning of the vector v in the sense that ζ(v) is the condition number of the n × n matrix
diag(v1, . . . , vn). When clear from the context, we use the shorthand notation ζ = ζ(v).

1.1 The Eisenberg-Noe Model

Setup. The EN model considers a directed network of payments G([n], E) with the following
structure. The network has n nodes and internal liabilities which are represented on the directed
edges E. Each node j ∈ [n] of the payment network has an external influx of assets cj ≥ 0 and
external liabilities bj ≥ 0 which correspond to the node’s external exchanges. A direct way to think
about external liabilities are taxes that natural and legal people owe to their governments. Between
two nodes (j, i) ∈ E there is a liability pji ≥ 0 from j to i, which denotes how much j owes to i (in
terms of monetary units, e.g. USD). The initial wealth, or equity, of node j is given by

wj = cj +
∑
i:i∼j

pij − pj

where pj = bj +
∑

i:j∼i pji are the cumulative liabilities of node j. The network contains no
isolated nodes, i.e. every node j has pj > 0 (either external liabilities, or internal liabilities or both).
With βj = (pj − bj)/pj we refer to the financial connectivity of j, i.e. the fraction of total liability
that j owes within the network (see also [GY15]). Subsequently, 1−βj = bj/pj denotes the fraction
of total liabilities j owes outside the network. If wj ≥ 0 then j is said to be solvent, i.e. it can pay all
of its obligations, and has a profit of wj − pj . Otherwise the node is default (or insolvent) in which
case the node cannot satisfy all of its payments. In this case, the node defaults to its creditors and,
according to the EN model, rescales its liabilities in order to pay its creditors to a reduced rate,
according to the amount of money it owes to them. The relative liabilities matrix A is defined to
have entries aji = pji/pj whenever pj > 0 and aji = 0 otherwise. We define βmin = minj∈[n] βj and
βmax = maxj∈[n] βj . Later in the paper, the quantity βmax will play an important role regarding
the algorithms we develop. Moreover, βmax determines the contraction properties of the clearing
mapping. The clearing payment vector p̄ is given by the EN equilibrium equations

p̄ = p ∧
(
AT p̄+ c

)
(1)
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The set of default nodes is defined to be the set D = {j : p̄j < pj} whereas the set of solvent
nodes is the set R = {j : p̄j = pj}, such that V = D t R3. When βmax = 1 it can be shown that

the fixed point operator p̄
Φ7→ p∧

(
AT p̄+ c

)
is a non-expansion and thus the EN model has multiple

equilibria which are bounded by the best-case equilibrium p̄+ and the worst-case equilibrium p̄−

where p̄+ ≥ p̄− due to the Knaster-Tarski Theorem [Hay85]. For asserting the uniqueness of the
equilibrium vector, namely imposing that p̄+ = p̄−, [GY15] make the following assumption and
prove uniqueness under it:

Assumption 1 (Uniqueness of Clearing Vector [GY15].). If every node i can access a node j such
that j has bj > 0, then the EN model has a unique equilibrium p̄, i.e. p̄− = p̄+ = p̄.

Under this assumption one can apply the mapping Φ(p̄) = p∧
(
AT p̄+ c

)
to iteratively compute

the equilibrium vector. Under Assumption 1, Φ is a contraction since the spectral radius of A is less
than 1, and the uniqueness of the equilibrium is asserted from to Banach’s Fixed Point Theorem
Moreover, Φ is increasing, positive, and concave [EN01]. In our paper, we rely on a very realistic
assumption, that every node is directly obliged to the external sector, i.e.

Assumption 2. ‖AT ‖1 = βmax < 1. The following are equivalent: (i) A has strictly substochastic
rows, and (ii) for all j ∈ [n] there are obligations to the external sector. Subsequently the spectral
radius of A satisfies ρ(A) ≤ βmax < 1.

In the context of studying topologies involving people, Assumption 2 is a reasonable assumption
as we are able to model the external liabilities with a tax (e.g. income tax) or other fixed costs
(e.g. rent/utilities payment) that is owed to an external entity (e.g. government, physical or legal
person).

At equilibrium, the set of solvent nodes is defined to be R = {j : p̄j = pj} and the set of default
nodes is defined to be D = {j : p̄j < pj} = [n] \ R. The vector p̄ can also be found via solving an
optimization problem of the following form [EN01, p. 10]:

max f(p̄)

s.t. p̄ ≤ AT p̄+ c

0 ≤ p̄ ≤ p,
(2)

where f is a strictly increasing function of p̄. We will also refer to the convex polytope
P(P, b, c) = { p̄ : 0 ≤ p̄ ≤ p, (I − AT )p̄ ≤ c } as the domain of the network parametrized by
P, b, c with A being the relative liability matrix computed as a function of P and b.
Objectives. The objectives that we study in this paper (in terms of maximization) are of two kinds:
The former type of objective is a linear objective that is a sum (with positive coefficients) of the
payments in equilibrium, and the latter one is the total number of solvent nodes. Maximizing such
objectives is reasonable both from a societal and a technical viewpoint (see also [AK19, AKW20,
NRTV07, LS10]). From a societal viewpoint, the maximization of a sum (with positive coefficients)
of the total payments in the network results in the (assumingly honest) nodes being incentivized
to clear their liabilities for the benefit of society, and, thus, each node’s utility corresponds to the
liabilities it is able to pay off. From a technical viewpoint, the positively-weighted linear objectives
are known to yield clearing vectors, and the number of solvent nodes objective can also be slightly
modified to yield a clearing vector.

3Throughout the rest of the paper we will use superscripts to denote the context under which we refer to the sets
of default and solvent nodes and the clearing payment vector.
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1. A linear objective parametrized by a vector v > 0, i.e.

f(p̄) = vT p̄. (L-OBJ)

This form of objective will be largely used throughout the paper since most welfare mea-
sures have a natural formulations in this context. Examples of such measures constitute the
following:
(a) Sum of Payments (SoP). The SoP objective is just the sum of the clearing payments,

namely

fSoP(p̄) = f(p̄; 1) = 1T p̄. (SoP)

(b) Sum of Internal Payments (SoIP). The SoIP objective equals the sum of clearing
payments with respect to within-network liabilities, that is

fSoIP(p̄) = f(p̄;β) = βT p̄. (SoIP)

(c) Sum of Taxes (SoT). The SoT objective equals the sum of clearing payments with
respect to outside liabilities (i.e. taxes), that is

fSoT(p̄) = f(p̄; 1− β) = (1− β)T p̄. (SoT)

Note that fSoP = fSoIP + fSoT.
(d) Fractional Solvency (FS). The objective is defined as

fFS(p̄) =
∑
j∈[n]

p̄j
pj
. (FS)

2. Absolute Solvency (AS). The objective is defined as

fAS(p̄) =
∑
j∈[n]

1{p̄j = pj} = |R|. (AS)

In the above definitions there are some slight technical details that we now clarify. First,
the (AS) objective is not strictly increasing. To obtain an ε-approximation we augment the objective
to include a small amount of the total payments to be added to the objective controlled by an
approximation parameter ε > 0. We defer the statement to Appendix B. To make (SoIP) strictly
monotone we need β > 0. Secondly, in the (SoIP) objective there may exist βj such that βj = 0.
In this case, we follow the same procedure to calculate the clearing vector if we choose to do so
via optimization. Lastly, note that since the equilibrium is unique, the optimal solution to all
the equations is the same clearing vector, since it can be computed independently by iteratively
applying Φ (see Lemma 4 of [EN01]) and then evaluating f on the fixed point of Φ.
Shock Model. In the presence of shocks, Glasserman and Young [GY15] proposed the following
alteration to the EN model: Suppose that a shock x = (x1, . . . , xn)T hits the network where each
node j receives a shock xj ∈ [0, cj ]. Then, the adjusted EN equilibrium equations become

p̄ = p ∧
(
AT p̄+ c− x

)
(3)

where the notation holds as in the case of (1). The set of default nodes is again defined to be
D = {j : p̄j < pj} and the set of solvent nodes is defined to be R = {j : p̄j = pj}. Following the
paradigm of [GY15], we impose randomness on the shocks. More concretely, the shocks are drawn
from a distribution D with support the set [0, c]. In the context of randomization, we are interested
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Figure 2: Example 1 instance.

in the influence of the shocks on the objectives we study on expectation under the distribution D.
In the majority of our proofs, we will first fix a shock, i.e. condition on the event {X = x}, and
then extend the result by computing EX∼D [·] from the law of total expectation.

Finally, we will use the following Lemma as a tool in many of our proofs. Briefly, the Lemma
states that if the external assets vector is increased (point-wise) then the corresponding clearing
vector is (point-wise) greater than the previous one. Formally, we prove the following.

Lemma 1 (Comparison Lemma). Let N1 = (P, c1, b) and N2 = (P, c2, b) be two EN instances with
c1 ≥ c2 (w.l.o.g. with X = 0). Then for the clearing vectors p̄1 and p̄2 it holds that p̄1 ≥ p̄2 and
vT p̄1 ≥ vT p̄2 for every vector v > 0. Moreover, if D1 is the set of the default nodes of N1, then the
vector δ̃ = 1D1 � (c1 − c2) ≥ 0 satisfies p̄1 ≥ p̄2 + δ̃, and subsequently vT (p̄1 − p̄2) ≥ vT δ̃.

Remark. In contrast to earlier works, we do a slight change in notation. Earlier works, denote
the clearing vector with p instead of p̄ and the total liabilities with p̄ instead of p. We make this
change in notation to improve readability, and ease the reader in distinguishing the input variables,
from the clearing vectors in the discrete bailouts case, and the fractional case.

1.2 Analytical Overview of Contributions

Having set up the model we are ready to state our contributions in detail:
1. We set up the optimization problem of discrete bailouts regarding various objectives (Sec-

tion 1.3), and prove that the corresponding optimization problems are NP-Hard (Section 2.1
and Theorem 1). The problems correspond to general Mixed-Integer-Linear-Stochastic-Program-
ming Problems (MILSP).

2. We propose two families of approximation algorithms:
(a) Based on the continuous relaxations of the aforementioned problems we design algo-

rithms with the following approximation guarantees based on simple randomized round-
ing schemes (Section 2.3): More specifically, for every linear objective we introduce a
family of algorithms with approximation ratios equal to 1−βmax

ζ − o(1).

(b) For a linear objective vT p̄ with v > 0, a greedy hill-climbing algorithm that bails
out the node with the largest marginal gain achieves an approximation ratio of 1 −
e−(1−βmax)/ζ − o(1) under the reasonable condition that a Small-Bailout Regime holds.
This subsequently provides approximation guarantees for all the linear objective func-
tions presented in Section 1.1 (Section 2.4, Theorem 5).

(c) For the (AS) objective we prove that it is inapproximable within a factor k+n·a(|I|)
k+n =

Ω (a(|I|)), where a(|I|) ∈ N∗ is a poly-time computable function of the input instance
size |I|, unless P = NP. (Section 2.5 and Theorem 7).
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3. We impose fairness constraints to our model in terms of the Gini Coefficient. We study three
alternative indices on bailouts related to the overall inequality of the network, inequality over
groups with a certain property (e.g. minority status), as well spatial inequality (i.e. each
node with respect to its neighbors). We define a Price of Fairness with respect tho these
measures, and study the behaviour of the PoF in these cases, connecting it with ideas from
spectral graph theory. We show that in the discrete case there exist instances where the PoF
is unbounded. On the contrary, in the fractional case, the PoF is always finite for increasing
objectives f(p̄) with f(0) = 0 (such as in the case of linear objectives with v > 0).

4. We run our algorithms on real-world and semi-artificial data and get insights about the
corresponding networks under the presence of random shocks and quantify their behaviour.
Moreover, we track the evolution of the variables of the continuous relaxations with respect
to the changes in number of to-be-bailed-out nodes and devise fairness measures regarding
the fair allocation of stimulus checks. (Section 4)

1.3 The Generalized Discrete Bailouts Problem

We define Generalized Discrete Bailouts Problem (GDBP) as the solution to the following Mixed-
Integer-Linear-Stochastic-Programming Problem, parametrized by the strictly increasing function
f (see Section 1.1), the budget Λ, the relative liabilities A, the total liabilities p, a stimulus vector
L > 0, and the shock distribution D, with decision variables the continuous clearing payments p̄i,
and the bailout indicator variables z̄i ∈ {0, 1}.

max EX∼D [f(p̄)]

s.t. p̄ ≤ AT p̄+ c−X + L� z̄
0 ≤ p̄ ≤ p
LT z̄ ≤ Λ

z̄ ∈ {0, 1}n.

(GDBP)

We denote the overall vector as ξ̄ = (p̄, z̄)T ∈ [0, p] × {0, 1}n. Note that bailing out a solvent
node does not increase the objective, so the support of z̄ is a subset of the default nodes. The
continuous relaxation (RGDBP) of (GDBP) allows z̄i to range in the continuous [0, 1] interval,
where the variables that refer to the relaxation are denoted by ξ̃ = (p̃, z̃);

max EX∼D [f(p̃)]

s.t. p̃ ≤ AT p̃+ c−X + L� z̃
0 ≤ p̃ ≤ p
LT z̃ ≤ Λ

0 ≤ z̃ ≤ 1.

(RGDBP)

Given an optimal solution OPTf to (GDBP) and an optimal solution OPTRelf to (RGDBP)
the optimality conditions impose that OPTRelf ≥ OPTf since the relaxed problem has a larger
feasible region. A feasible solution of (GDBP) is denoted by SOLf and satisfies SOLf ≤ OPTf .

Finally, we denote a feasible solution by ξ̄ (resp. ξ̃), an optimal solution by ξ̄∗ (resp. ξ̃∗). For
warm-up we give the following example (see Figure 2). Note that if L = ` · 1 then the problem
reduces to finding at most k = Λ/` nodes such that the corresponding objective is maximized.

7



Example 1 (see Figure 2). Let Λ = 1, L = 1 and the network that has nodes {1, 2}, external assets
c = (1.5, 0)T , external liabilities b = (0.5, 1)T and internal liability matrix P with pij = 1{i = j =
1}. A point mass shock x = (1, 0)T hits the network and causes node 1 to default, which in turn
causes node 2 to default. Thus node 1 can only pay 1/3 to node 2 and 1/6 to the external creditors
and, in turn, node 2 can only pay 1/3 to its external creditors. The optimal solution is to bailout
node 1 with 1 unit of cash at which case everyone is solvent, since the shock is fully averted. We
have that OPTSoP = 5/2, OPTAS = 2, OPTFS = 2, OPTSoT = 3/2, and OPTSoIP = 1.

Decision version of (GDBP). The decision version of the problem takes as input a network with
liability matrix P , external assets c, internal assets b, a stimulus vector L > 0, a stimulus value a
budget Λ ≥ 0 to be used for the bailouts, a shock distribution D, and a lower bound f∗ and answers
YES if and only if there exists a set of nodes which are bailed out with L such that in equilibrium
we have that EX∼D [f(p̄)] ≥ f∗.
Construction of L. The construction of the bailout vector L differs according to cases. For
instance, the stimulus Lj of an node j ∈ [n] under the CARES Act was determined as follows:
First a $1,200 check was allocated to individuals without children, with income at most $75K
whose amount faded out until the value of $100K where for incomes greater than $100K the value
of the stimulus was zero. Married couples filing tax returns jointly received $2.4K if their income
was less than $150K. For each dependent (child) an extra of $500 was allocated. In other cases,
such as in the case of Greece, an employee of a business that shut down due to COVID-19 received
a bailout of a fixed amount. The above policies suggest computing the stimuli as a product of a
non-negative value that depends on the node’s features and a binary decision variable that captures
some other property. In a system with “societal granularity” the bailouts tend not to be fractionally
dependent on the structure of the underlying financial network between people, mainly for equity
issues, since, for instance, two households with identical features (e.g. number of dependents) shall
get equal bailouts. In large-scale financial systems (e.g. banks, economy sectors) fractional bailouts
are considered and fractional allocation of bailouts subject to the EN model has been attempted
in the past (see Section 5.3). This choice of bailouts creates a very interesting computational
dichotomy, namely the fractional bailout allocation problem is efficiently solvable, whereas the
discrete bailout allocation problem is not, as we prove in Section 2.1.

2 Approximation Algorithms

We prove that the problem of determining the optimal bailouts when these are dictated by discrete
decisions is NP-Hard. To mitigate this problem, we develop approximation algorithms. Our first
algorithm is based on randomized rounding. More specifically, we solve the relaxation problem given
in (RGDBP) and then we apply a randomized rounding scheme by rounding the decision variables
randomly with coin flips of bias equal to their optimal values. While the rounding scheme itself
is straightforward, the analysis is more subtle, and shows that this algorithm achieves an approxi-
mation guarantee of 1−βmax

ζ − o(1) for every linear objective given by a vector v > 0 of coefficients
with ζ = ζ(v). Our second result is a greedy algorithm that always chooses the node with the
maximum gain in welfare subject to respecting the budget constraints. This type of algorithm has
been extensively used for maximizing monotone submodular functions subject to cardinality con-
straints [NW78], such as influence maximization problems [KKT03], outbreak detection [LKG+07],
facility location problems [CNW83], and many more, and has an approximation ratio equal to
1 − 1/e. Although the family of linear objectives we analyze in this paper is not submodular in
general, we are able to adapt the style of analysis using the properties of Φ and Lemma 1, as we

describe in Section 2.4. The algorithm achieves an approximation guarantee of 1− e−
1−βmax

ζ − o(1)

8



c1 =x1 =3

c2 =x2 =3

b1 =α

b2 =α
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Figure 3: Reduction Construction of Theorem 1 for two sets S1 = {u1, u2, u3}, S2 = {u2, u3, u4},
and four items {u1, u2, u3, u4}. Here α ∈ (0, 3). Red edges represent a liability of 1 − α/3. White
nodes represent the external sector (either as assets or liabilities). The financial connectivities are
βSj = 1− α/3 ∈ (0, 1) for j ∈ [2], and βuj = 0, for j ∈ [4], and βmax = 1− α/3 < 1.

under a reasonable condition. In addition, the hill-climbing algorithm is efficient and performs
very well, outperforming all the network-based heuristics. The rounding algorithm has a better
worst-case approximation ratio in our theoretical bounds than the greedy algorithm, however it
performs slightly worse than it empirically. Finally, we conclude our results by an inapproximabil-
ity result for the (non-linear) (AS) objective which resembles inapproximability results appearing
in generalized influence maximization problems where the objective in question is not submodular.

2.1 NP-Hardness Results

In this Section, we prove that maximizing the objectives defined in Section 1.2 is computation-
ally intractable. To give intuition on the reduction and its construction, we proceed by giving
a polynomial-time reduction from a variant of the Set-Cover problem to the decision version for
the maximization of the (L-OBJ) objective, and similarly for the (AS) objective. Our reduction
resembles the reduction presented in [KKT03] for the Influence Maximization problem, and can
be generalized to the other objectives described in Section 1.2, whose proof sketches we defer to
Appendix A. The reduction is outlined below:
The 3-Set-Cover Problem. The (NP-Hard) 3-Set-Cover problem is a variation of the classical
Set-Cover problem [Kar75], and is described as follows:

Given a collection of n items U = {u1, . . . , un} a collection of m ≤ n sets S1, . . . , Sm ⊆ U
such that |Si| = 3 for every i ∈ [m], does there exist a collection I of |I| = k sets such
that

⋃
i∈I Si = U?

We prove that:

Theorem 1 (see Figure 3). Under A2, maximizing the (L-OBJ) and (AS) objectives are NP-Hard.

2.2 Threshold Rules Can Have Bad Performance

A natural policy to allocate subsidies is through a threshold policy, regarding one’s existing equity,
that is, if the initial equity wj of a node is below a threshold θ then this node is bailed out with a
stimulus check of value Lj . Thus, the designer’s choice should be to order nodes by their equities
in ascending (or descending) order and bailout as many nodes as possible, in this order, subject to
the budget, breaking ties consistently. Such a policy can perform arbitrarily bad. To observe this,
consider a network G on n nodes which is built as follows: It consists of a node v1 with c1 = b1 = 1
(note that this node is not isolated since it has b1 > 0) and a directed path v2 → vn where bj = ε/2
for 2 ≤ j ≤ n− 1, bn = 1− (n− 1)ε+ ε/2 and c2 = 1. We let X = c, L = 1, v = 1 and Λ = 1. The
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optimal policy bails out v2 and achieves a value of O(n) whereas the naive policy bails out node
v1 and achieves an objective of 1. The gap grows unbounded as n→∞. The same (bad) example
can be altered to fool the policy which bails out nodes in descending order of their equity.

2.3 Approximation Algorithms Based on Randomized Rounding

In this Section, we prove approximation guarantees based on randomized rounding. Briefly, we
solve the relaxation problem where the indicator variables z̄i are allowed to range in [0, 1], as
presented in (RGDBP). If ξ̃∗ = (p̃∗, z̃∗)T is the optimal solution to the relaxation problem, we
construct the corresponding rounded solution based on setting each rounded variable Zi equal to 1
with probability z̃∗i and 0 with probability 1 − z̃∗i 4. To make our algorithm efficient we will allow

EZ∼Be(z̃∗)

[∑
i∈[n] Zi

]
to deviate from Λ by some factor. For the approximation ratio analysis of

the most algorithms, the following technical Lemmas are useful; their proofs, along with the proofs
of the other results in this section, are deferred to Appendix A.

We start by giving an approximation guarantee for the expected costs of the rounded solutions.
When we condition upon a shock X = x we overload the notation SOL, OPT, OPTRel with
SOL(x), OPT(x), OPTRel(x), so that SOL = EX∼D [SOL(X)] (resp. OPT = EX∼D [OPT(X)], and
OPTRel = EX∼D [OPTRel(X)]). Again, we refer to Appendix A for the proofs of the results in this
section. Our result follows:

Theorem 2. The following results hold for the expected costs under the rounded variables Z given
a fixed shock X = x, for a linear objective f(p̄) = vT p̄ with v > 0:

EZ∼Be(z̃∗) [SOLf (x)] ≥
(

1− βmax

ζ

)
·OPTf (x).

We remind that ζ = ζ(v) = vmax
vmin

≥ 1 is related to how “well-conditioned” the linear objective
is. Taking expectations over X ∼ D, we get the approximation guarantees for the objectives.
Runtime Analysis. To simulate the algorithms based on randomized rounding with the approx-
imation guarantees devised in Theorem 2, we draw m samples from D and with realizing each
sample we do T runs, such that at the end of the T runs the computed solution is correct with high
probability, i.e. probability that goes to 0 as n→∞. Given an oracle that solves the corresponding
relaxed problems in time T (n) is O(m(T + kT )) where k is the maximum number of items that
the algorithm selects and the O(k) cost is paid to check the feasibility of the budget constraint. If
the bailouts are equal, i.e. L = ` · 1 for some ` > 0 we know that k = Λ/`.

Theorem 3 analyzes the runtime of the randomized rounding algorithm. We break the runtime
analysis into two pieces to improve readability: First, we analyze the rounding algorithm for equal
bailouts using independent rounding in which case we can directly make use of Chernoff bounds
for the concentration of LTZ. Second, we analyze the same algorithm for different values of the
bailouts. The difference with the case of equal bailouts is that if Z has independent components,
then LTZ may not be concentrated and the runtime of the independent rounding scheme may
explode. To remedy this problem, we make use of the oracle presented in [Sri01] to do dependent
rounding on the variables. We adjust the oracle in a way that (i) the result of Theorem 2 continues
to hold after the dependent rounding procedure, (ii) LTZ obeys Chernoff-like concentration. In
both of our rounding schemes, the planner is allowed to use an extra budget of Õ(

√
Λ) added to the

available budget of Λ. Moreover, due to the simulating the expected value of the rounded and the

4In fact, any rounding scheme such that E [Zi] ≥ z̃∗i would yield the same approximation ratio guarantee on
expectation.
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optimal solution, the approximation factor drops by an additive factor of O(ε) for some sufficiently
small ε. We present the Theorem below:

Theorem 3. Let x(1), . . . , x(m) be m samples drawn from D, let A be a randomized rounding algo-
rithm as in Theorem 2 to maximize an objective f with ‖f‖∞ <∞, for which EZ∼Be(z̃∗)

[
SOLf (x(i))

]
≥

(1 − γf ) · OPTf (x(i)) for some γf ∈ (0, 1), and for all i ∈ [m]. Then the estimator SOLf =
1
m

∑
i∈[m] SOLf (x(i)) satisfies SOLf ≥ (1 − γf − 2ε) · OPTf for m = logn

ε2
with probability 1 −

O(log n/(ε2n)), runs in Õ
( T
ε2

+ k
ε4

)
time, and uses at most Λ + Õ(

√
Λ) budget.

Integrality Gap. The integrality gap of the problem can be used to quantify the worst case ratio
between a fractional optimal solution and an integral optimal solution. The integrality gap is given

by σf = maxinstances I
OPTRelf (I)

OPTf (I) and is well studied in the theory of approximation algorithms

(see [WS11] and the references therein). From a first glance, we expect that fractionally allocating
stimulus is in general much more efficient than giving the stimulus to certain individuals; even
in the optimal case. Indeed, this intuition is true theoretically, as we show that for every linear
objective the integrality gap can become unbounded:

Theorem 4 (Integrality Gap). For every ε ∈ (0, 1), n ∈ N∗ and k = o(n) there exists an instance
for which the integrality gap for the linear objective f(p̄) = vT p̄, with v > 0, is unbounded as n→∞
and ε→ 1. Subsequently σf →∞.

2.4 Greedy Approximation Algorithms

We consider a family of greedy hill-climbing algorithms in order to find the optimal bailout set for
a linear objective f(p̄) = vT p̄, where v > 0. These algorithms run in k ≤ Λ/Lmin steps, and at
each step they pick the (feasible) element with the largest marginal gain until the budget constraint
is violated, namely given a fixed shock X = x where the current set of bailouts is St, with S0 =
∅, we have ut+1 ∈ argmaxu∈[n]\St feasible

{
vT p̄St∪{u} − vT p̄St

}
. This algorithm resembles the hill-

climbing nature of [NW78] for constrained monotone submodular maximization which guarantees
an (1−1/e)-approximation ratio. Below we prove that under a Small-Bailout Regime our algorithms
achieve an approximation ratio of 1− e−(1−βmax)/ζ − o(1). We first state the Small-Bailout Regime
condition, that suggests that whenever a node is bailed out, it remains default after the bailout
(however with a greater value). It is important to note here that the hill climbing family of
algorithms we consider would still work if run on an instance that violates the Small-Bailout
Regime, and, in practice, the greedy hill climbing algorithm is the best-performing one, however
the theoretical guarantee would hold only when this condition holds. For the rest of the analysis
we fix a point-mass shock X = x. Given an approximation guarantee for the fixed shock x we can
later argue that this guarantee is achieved in expectation. We state our assumption

Condition 1 (Small-Bailout Regime). Under the randomness of D with probability 1, for every
step t the node ut selected by the algorithm yields a clearing vector p̄St such that p̄St,ut < put.

This condition says that every node ut we include at iteration t does not get “saturated” in the
context of the constraint p̄St,ut = put holding and the default constraint being inactive. Under this
condition, the approximation ratio of the greedy algorithm follows:

Theorem 5. Under C1, for every linear objective the greedy hill-climbing algorithm achieves an
approximation guarantee (under the randomness of D, i.e. X ∼ D) of

SOLf ≥
(

1− e−
1−βmax

ζ

)
·OPTf .
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Runtime Analysis. To run the algorithm in a simulation environment we calculate the expecta-
tion at each round using the sample average over m i.i.d. samples from D. Since by the problem
constraints imply that 0 ≤ p̄ ≤ p then approximating the expectation within an accuracy ε > 0
with probability of failure at most δ > 0 requires O(‖f‖2∞ log(1/δ)/ε2) samples to be averaged,
where ‖f‖∞ = f(p). The approximation ratio is off by an additive factor of o(1) due to the approx-
imation of the expectation via samples. We can apply a slight variation of Lemma 3.6 of [BBCL14]
to get a similar guarantee.

Theorem 6. Let x(1), . . . , x(m) i.i.d.∼ D, let A be a greedy algorithm of the form of Theorem 5 to
maximize a linear objective f in p̄ with ‖f‖∞ <∞ and for which SOLf

(
x(i)
)
≥ (1−γf )·OPTf

(
x(i)
)

for some γf ∈ (0, 1), and for all i ∈ [m]. Then the estimator SOLf = 1
m

∑
i∈[m] SOLf (x(i)) is an

(1−γf −2ε)-approximation for m = Õ(Λ/Lmin) samples, succeeds with probability 1−O(1/n), and

runs in time Õ
(

(n+|E|)Λ2

Lminε2

)
via invoking the fixed point operator Φ.

Comparison with Randomized Rounding. We have proved that for a linear objective vT p̄
the greedy algorithm yields an approximation ratio (on expectation) of 1− e−(1−βmax)/ζ (under C1)
whereas the randomized rounding algorithm achieves an approximation ratio (on expectation) of
(1−βmax)/ζ. Using the fact that e−x ≥ 1−x for all x ∈ R we have that always (1−βmax)/ζ ≥ 1−
e−(1−βmax)/ζ , so the approximation ratio of the randomized rounding algorithm is always better than
the approximation ratio of the greedy algorithm through the present analysis. On the contrary, on
the experimental instances of Section 4, the greedy algorithm nearly always outperforms randomized
rounding.

2.5 An Inapproximability Result for (AS)

In the previous Section we devised an
(

1−βmax

ζ − o(1)
)

-approximation rounding algorithm for the

(L-OBJ) objective. However, if we ask a similar question for the (AS) objective — namely, whether
there is an approximation algorithm for optimizing the (AS) objective — we obtain a negative
answer. We prove that it is NP-hard to approximate a solution to the (AS) objective within any
poly-time computable function of the input.

Theorem 7 ((AS) Inapproximability (Figure 4)). The (AS) problem cannot be approximated within

a factor of k+a(|I|)n
k+n = Ω(a(|I|)) for every poly-time computable function a(|I|) ∈ N∗ of the input

instance size |I|, unless P = NP.

3 Fairness

3.1 Fairness Metrics

In this paper, we say that an allocation is fair across the nodes if the allocation (discrete or
fractional) obeys the following property: the amount of bailouts that a certain node gets “does
not differ a lot from its neighbors” where the notion of neighborhood here is general and does
not necessarily refers to the network “neighborhood“ as devised by the EN model. For instance,
the “neighborhood” may refer to measuring inequality among all pairs of nodes, nodes who have
a specific property, and nodes in the actual network. All metrics have to be homogeneous, i.e.
multiplying all the bailouts by a positive number should not affect their value. We consider the
following constraints to incorporate fairness in our model:
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Figure 4: Proof of Theorem 7 (see Appendix A for the full proof). Here α ∈ (0, 3) and a(|I|) ∈ N∗ is
a poly-time computable function of the input instance size |I|. The red edges represent liabilities of

value 1−α/3. Gray edges represent liabilities of value 1−α/3
n . The maximum financial connectivity

is βmax = 1 − α/3 < 1. A YES answer to the 3-Set-Cover problem implies at least k + a(|I|) · n
solvent nodes, whereas a NO answer implies at most k + n solvent nodes.

Gini Coefficient. The Gini Coefficient [Gin21] measures the fairness of the stimulus allocations
between all pairs of nodes and is defined to be

GC(z̄) =

∑
i,j∈[n] |Liz̄i − Lj z̄j |
2n
∑

j∈[n](Lj z̄j)
. (GC)

It evaluates to 0 when the stimuli are equally distributed and is 1 − 1/n when one node gets
all the bailout amount. A useful optimization constraint is making the Gini coefficient at most
g ∈ [0, 1], or equivalently

∑
i,j∈[n] |Liz̄i − Lj z̄j | ≤ 2ng

∑
j∈[n] Lj z̄j . We say that an allocation for

which the Gini Coefficient is at most g is a g-unfair allocation.
An advantage of this metric is that it is one widely used metric for calculating income inequality5

and is widely used in policymaking. However, a possible disadvantage of this metric is that it does
not take into account each individual node’s debts, i.e. it treats all nodes on an equalized basis.
This issue is mitigated by the (SGC) metric which is presented below that takes into account the
financial ties between the nodes.
Property Gini Coefficient. The collection of real-world data from SafeGraph and the US Census
we present in Section 4 consists of attributes characterize nodes. One of the key attributes in
these datasets is the minority status of the owner of a business, if such business participates at
the network as a node, or the demographic characteristics of a group of people, for instance the
fraction of people belonging to a minority group within a Census Block Group under which we
want to impose fairness constraints. (That is, to measure the relative assistance between different
groups, in an approximate way).

This type of data motivates the following metric: We introduce the (assymetric) Property Gini
Coefficient (PGC) in which nodes may have a property of interest (such as the demographic group
in the SafeGraph or Census data) along which we want to apply an equity analysis. We model this
by a property vector q ∈ [0, 1]n, where each element qj corresponds to the probability that node
j ∈ [n] has this property, as follows: We let nq =

∑
j∈[n] qj and n¬q = n− nq be the total weights

of the (soft) bipartition. For every node j ∈ [n] is inequality subject to being in the minority group
is given as 1

2n¬q

∑
i∈[n](1− qi)|Liz̄i − Lj z̄j |. The sum over all j with weight qj give the numerator

of the (PGC). The denominator of the (PGC) is
∑

j∈[n] qjLj z̄j :

5For example see: https://data.worldbank.org/indicator/SI.POV.GINI.
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PGC(z̄; q) =

∑
j,i∈[n] qj(1− qi)|Liz̄i − Lj z̄j |
2 (n− nq) ·

∑
j∈[n] qjLj z̄j

. (PGC)

Note that taking q = 1
2 · 1 reduces (PGC) to the conventional GC. Moreover, for L = ` · 1

and qT z̄ = 0 we observe that (PGC) becomes unbounded since the denominator goes to zero. One
case where this happens, and further justifies the correctness of the criterion is when q and z̄ are
a 0/1 vector and where the entries of q are 1 the entries of z̄ are 0, and vice-versa, where the
entries of q are 0 the entries of z̄ are 1, which corresponds to giving all the bailouts to the majority
group. We say that an allocation which achieves a (PGC) at most g subject to a property q is
(g, q)-unfair. Note that the (PGC) constraint can be combined with the (GC) constraint as follows:
given gbetween, gwithin ≥ 0 we seek to find an allocation that respects both between-fairness, i.e.
PGC(z̄; q) ≤ gbetween, and within-fairness, i.e. GC(z̄ � q) ≤ gwithin and GC(z̄ � (1− q)) ≤ gwithin.

An advantage of this fairness measure is that it asserts that all (fuzzy) groups within the network
are treated almost equally, whereas the measure suffers from the same problem that (GC) has, i.e.
there is no dependency on the actual financial ties.
Spatial Gini Coefficient. To make the GC take into account network effects, we define its spatial
analogue, the (SGC), to be

SGC(z̄;A) =

∑
(j,i)∈E aji|Lj z̄j − Liz̄i|

2
∑

j∈[n] βjLj z̄j
(SGC)

A simplified version of (SGC) appears in work regarding school funds allocation [MMD+21]
where the graph is assumed to have unit weights. In our case, the role of the unweighted graph
plays the relative liability matrix A. Since A is substochastic the total weight of each row is
βi < 1 and the contribution of edge (i, j) is aij . Normalizing by the sum

∑
j∈[n] βjLj z̄j allows for

comparing different population groups and different bailout magnitudes. When the bailouts are
distributed equally (SGC) is 0. If A = AT and one node gets all the bailouts, then the (SGC) is
bounded by 1. We say that an allocation which achieves an (SGC) of at most g is (g,A)-unfair.
We note here that unlike (GC), the (SGC) metric takes into account each node’s debt, that is a
node j with a significant (compared to its neighbors) liability to node i, i.e. it has aji ≈ βj , then
this deviation will get a higher weight in the calculation of the coefficient compared to j’s deviation
from the rest of its neighbors.

3.2 Optimization Formulation

We formulate the following relaxations to the optimization problems involving the aforementioned
fairness metrics for a target fairness metric upper bound g ≥ 0. First, we consider the following op-
timization problem that extends (GDBP) by adding the GC-dependent constraints (resp. (RGDBP)
on the p̃, z̃ variables):

max EX∼D [f(p̄)]

s.t. (p̄, z̄) ∈ (GDBP) constraints∑
i,j∈[n]×[n]

|Liz̄i − Lj z̄j | ≤ 2ngLT z̄,
(GC-Problem)
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max EX∼D [f(p̃)]

s.t. (p̃, z̃) ∈ (RGDBP) constraints∑
i,j∈[n]×[n]

$̃ij ≤ 2ngLT z̃

$̃ij ≥ 0, −$̃ij ≤ Liz̃i − Lj z̃j ≤ $̃ij (i, j) ∈ [n]× [n].

(GC-Relaxation)

The optimization problem relaxations can be formulated mutatis mutandis for Equations (PGC)
and (SGC) for a fairness bound g ≥ 0. The optimal fractional solutions to these problems consider
fractional allocations whereas their discrete counterparts consider discrete allocations. Using the
same rounding scheme as presented in Section 2.3, we can deduce approximation guarantees for
the (GC-Problem). We present such a result for (GC). As in the previous section, we refer to
Appendix A for all proofs in this section.

Theorem 8. Let z̃∗(g) be the optimal solutions to (GC-Problem), for f being the (L-OBJ) objective,
and g > 0 being a fairness constraint. Then, if all bailouts are equal, i.e. L = ` ·1 with k = Λ

` , and

for g > 1− k
n , the GC problem admits an

(
(1−βmax)(1−k/n)

gζ − o(1)
)

-approximation algorithm.

One can extend the runtime analysis of this algorithm (Theorem 3) with the incorporation of the
finite differences inequality [Doo40] to devise high probability bounds for the deviation constraint.
We believe that further runtime analysis lies beyond the main points of this paper.

3.3 Price of Fairness

A natural question we might ask is, “What is the maximum effect of these fairness constraints on
the welfare objective function?”. We define the Price of Fairness (PoF) [BFT11] to be

PoF =
Optimal Value when sans Fairness Constraint

Optimum value when the solution is g-unfair (resp. (g, q)-unfair / (g,A)-unfair)
.

It is evident that the since the value in the numerator refers to an optimization problem with a
larger feasible region than the one in the denominator that always PoF ≥ 1. At glance, a natural
question arises: Do there exist instances for which PoF is unbounded/bounded for discrete/fractional
allocations? The answer to this question is affirmative for the discrete allocations case:

Theorem 9 (Unbounded Discrete PoF Instances). There exist finite instances where the PoF is
unbounded for discrete allocations, for all the constraints defined by (GC), (PGC), and (SGC),
and any linear objective given by a vector of coefficients v > 0.

A natural follow-up question that arises is the following: Does there exist a bound on the PoF
regarding fractional allocations? An answer to this question provide the following Theorems

Theorem 10 (Fractional PoF Boundedness). For every increasing objective f with f(0) = 0,
‖f‖∞ < ∞, and for every g ≥ 0 the PoF for fractional bailouts is bounded (for all fairness
metrics).

In the sequel, the next question is the derivation of a PoF bound for the fractional case. The
following result gives such a bound for the (GC) case and the (SGC) case when the relative liability
matrix is symmetric and the network G is connected and A = AT . The proof of this Theorem
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depends on two steps. Firstly, given that all the optimal fractional allocations consume a certain
budget µ ∈ (0,Λ] there could be two cases: either the budget is distributed equally or at least one
node gets a budget different than µ

nLj
. In the former case, to get the desired PoF bound we create

a feasible solution by perturbing the values of the optimal solution allocations so they fall into the
second case (i.e. create a suboptimal solution) establishing, this way, an upper bound to the PoF.
We state the Theorem below:

Theorem 11 (Fractional PoF Bounds). Given a finite instance I of the EN model with g > 0 the
following upper bounds are true for any linear objective given by a coefficient vector v > 0: There
exists a finite C(I) > 0 such that:

• For the (GC) constraint

PoFg ≤ C(I) · 2ζg(‖c‖1 + Λ)
√
n

(1− βmax)
.

• For the (SGC) constraint, if A = AT and G is connected, we have that

PoF(g,A) ≤ C(I) ·
√

2ζg(‖c‖1 + Λ)βmax

(1− βmax)φ(A(2))
.

Where φ(A(2)) is the conductance of the graph with adjacency matrix A(2).

The above Theorem relates the PoF for a (g,A)-unfair allocation when A is symmetric with two
quantities of a topological nature: the former one is the conductance (of A(2)), a quantity widely
used in spectral graph theory in order to justify the mixing time of random walks, and the latter
one is βmax, i.e. the maximum row sum of A. Note that the conductance of A(2) and βmax are not
independent of one another. Another useful bound that relates the conductance of A with (SGC)
is given by the following Theorem, which stems from an alternative expression of conductance.
Appendix B.2 contains an algebraic proof of the argument, which is of independent interest. We
state the Theorem:

Theorem 12. Let A be a symmetric and connected network and let z̃ be any allocation for which
SGC(z̃;A) 6= 0. Then

φ(A)

2
≤ SGC(z̃;A).

Theorem 12 states that for A = AT (connected) (SGC) is at least an 1/2 factor away from
φ(A). Moreover, note that in general for Theorems 11 and 12 we have that φ(A) 6= φ(A(2)).

In addition to these general bounds, it is also interesting to ask about the behaviour of the PoF
for simple topologies, the conductance of which we can control in a standardized manner. With
this in mind, we examine following example created from two equal-sized cliques with randomly
sampled edges between:

Example 2. A graph on n nodes is built from 2 cliques of size n/2 between which edges are generated
randomly and independently with probability r ∈ (0, 1]. Each edge (j, i) is endowed with a liability
pji = 1, and each node j has cj = n, bj = 1, Lj = n/2, and Xj = 1{j ≤ n/2}. A log-log plot
relating the log-PoF with log r is presented in Figure 5. We observe that as the nodes become more
densely connected the PoF decreases. Moreover, note that for two target values g1 ≤ g2 for the
(SGC) constraint, the PoF curve relating to g1 is always above the PoF curve relating to g2. This
is expected, as the latter problem has a larger feasible region and thus solutions of higher welfare
can be achieved.
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Figure 5: Randomized Construction of Example 2 with log-log fits.

4 Experiments

4.1 Data

In this section, we evaluate our methods on public datasets from two kinds of sources: high-
level granularity data, among nodes corresponding to financial institutions in a country, financial
institutions between countries, or financial interactions between different financial sectors of the
same country; and lower granularity data, among nodes corresponding to anonymized groups of
people defined by the US Census. In the latter case, the relevant public datasets are constrained
through anonymization or aggregation due to the privacy considerations of the individuals.

We now present the datasets we analyze in this study. A more extensive data analysis of the
datasets can be found in Appendix C.

• German Banks. Datasets from 22 German banks from the work of [CWY16] where the
internal and external assets and liabilities are reported.

• EBA. Data from 76 banks that participated in the European Banking Authority (EBA) 2011
stress test, provided in [GY15]. The paper reports only the column sums a (aj are the total
internal assets of j) and the row sums l (lj are the total internal liabilities of j), assuming
that a = l. The network structure is unknown and are inferred using the systemicrisk

package, introduced in [GV17] which incorporates a Gibbs sampler to fit data where the row
and column sums of the liabilities are provided. Prior to fitting and sampling, we perturb the
liabilities vector l to l̂ as follows: We draw n i.i.d. Gaussians ε1, . . . , εn with mean 0 and std 100

and we set each l̂j =
⌈
(lj + εj)

1T l
1T (l+ε)

⌉
for j ∈ [n−1] and we finally set l̂n = 1T l−

∑
j∈[n−1] l̂j .

To fit the model with systemicrisk we used the complete network on n = 76 nodes.
• Venmo. Data from the Venmo social payments application6. The data consists of 7M nodes

and 7M transactions between users of Venmo. Each transaction is encoded by its sender
u and its receiver v, represented by a directed edge (u, v) and a timestamp. The payment
amounts are not available in the original data, for data privacy reasons. Finally, the data
consists of hundred of thousands weakly-connected components, many of them with very small
size (less than 10 nodes). We keep the Venmo network of n ≈ 7M nodes and m ≈ 7M edges

6The data has been public prior to this study, and available at: https://github.com/sa7mon/venmo-data. As of
2019, the API could be accessed with a GET request at https://venmo.com/api/v5/public.
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by dropping the timestamp column (i.e. assuming a static setting). The network has a power-
law degree distribution (see Appendix C for more). We calculate all the weakly-connected-
components (WCCs) of the network. We observed that most of the WCCs are very sparsely
connected and small for which reason we decided to keep the component Gi that has ni ≥ 50
nodes and has the maximum density mi/n

2
i that is equal to 4.44%. Since the values of the

entities were missing we generated values based on models of the existing literature and the
individual analysis that we had performed on the data sources where data was available (see
the distribution fits and regression plots in Appendix C). Using this knowledge, we generated

i.i.d. internal liabilities7 from Exp(1), (independent) external assets cj =
(
din
j + dout

j

)
·Exp(1),

and external liabilities given by bj = 0.9 · cj8.
• SafeGraph. Data generated based on mobility data from the SafeGraph platform during

April 2020. The nodes in the financial network represent: (i) Points of Interest nodes (POI
nodes) that represent various businesses categorized by their NAICS codes9 to categories
(i.e. grocery stores, banks, gas stations etc.) and the Census Block Group10 (CBG) they
are located at; (ii) CBG nodes that represent a set of households in a certain location. The
dataset is constructed by access to an initial pair of geographical coordinates (i.e. latitude
and longitude) and a number kkNN of neighboring CBGs. The POI nodes are determined
to be the businesses that are located in the kkNN-nearest neighboring CBGs based on the
Haversine distance metric. Each POI provides data about the CBGs of its unique visitors11

and the dwell times. For the source of its visitors we estimate the number of people that
come from each CBG. From the dwell times of devices that are available we determine the
percentage of people that work on the POIs and the ones who visit the POIs. For the former
category we create a financial liability edge from the POI to the CBG node to indicate the
payment of a liability (i.e. a wage) and for the latter category we create a liability edge
from the CBG node to the POI representing some form of expense (e.g. groceries). The
weights are multiplied accordingly to represent the set of people that interact with each POI.
The aforementioned process creates a bipartite network. Each CBG node is associated with
multiple data from the US Census, as well as every POI node is associated with data from
the US Economic Census. For each CBG node, we estimate the average size of households
per CBG, the average income level and the percentage of people that belong to a minority
group.
We use the above data to estimate the external assets and liabilities of the CBG nodes. For
the bailouts of CBG nodes we calculate a bailout devised by the CARES act that considers as
income the average income of the CBG and as size of household the average size of household
multiplied by an estimate for the number of people in that CBG who interact with the
POI nodes. Similarly, for the POI nodes we use data from the US Economic Census and
NAICS to determine average wages, income and expenses. For the bailouts of the POI
nodes we use loan data regarding loans that were given during April 2020 as part of the
SBA Paycheck Protection Program (PPP) provided by SafeGraph, adjusted to the number
of workers being present in the network and the span of one month. Moreover, the loan
data included demographic characteristics about the businesses in question so we were able

7The exponential internal liability model is also followed in the work of [GV17].
8A linear relation between cj and bj is reasonable as evidence presented in Appendix C underline.
9https://www.naics.com/search

10A CBG is a unit used by the US Census. It is the smallest geographical unit for which the bureau publishes
sample data, i.e. data which is only collected from a fraction of all households and contains 600-3K people.

11A unique visitor is a unique mobile device, i.e. each device is only counted once. We assume that each device
represents a distinct person.
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to determine (or estimate in the case of missing data) the minority status of a business, i.e.
the probability of a certain business being a business with a minority owner. A complete
description of the data generation process is presented in Appendix C.

Shocks. For all of our experiments we assume that the shocks Xj for each j ∈ [n] are independent
and each shock Xi is sampled from the uniform distribution with support [0, ci]. We ran experiments
with the shocks being scaled Beta(1/2, 1/2) distributions and the results were similar, and thus were
omitted.
Heuristic Methods. We use the following heuristic methods to allocate stimulus, where for each
step we augment each set (based on the criteria below) maximally with respect to the budget
constraint.

• Wealth Policy. We sort the nodes in increasing order of initial wealth wi, nodes with the
lowest wealths each time. Note that we performed the same experiments with decreasing
order of wealths and the results were similar and thus omitted.

• Out-degree Policy. We take the nodes with the highest outdegrees.
• PageRank [PBMW99]. We take the k-top nodes in decreasing value of their PageRank values.

The calculation of PageRank takes into account the directionality of the graph.
• Eigenvector Centrality [Fre77]. We take the nodes in decreasing value of their eigenvector

centrality (i.e. values of the principal eigenvector of the corresponding random walk transition
matrix). The computation of the eigenvector centrality measure ignores directionality.

• Random Permutation. Baseline criterion that considers a random permutation of the nodes.
All the above policies are well known benchmarks and have been used on similar tasks such as

Influence Maximization [KKT03]. For all experiments we also report the upper bound of OPTf

which is the corresponding relaxation optimum OPTRelf that is an upper bound to the true opti-
mum, which in our case is computationally intractable, that is if we used brute-force in the case
where the stimuli were equal, we would need to search over O(nk) sets to find the optimal solution
for each k.

4.2 Experiments

Discrete Allocations. Firstly, for various values of the stimuli vector L, either fixed or varying,
we report the corresponding objective values averaged over multiple draws of shocks from the
corresponding shock distribution, where we report both the empirical mean and standard deviation
(std). We parametrize the available budget with a pair of parameters. The former parameter `
parametrizes the budget increase rate, and the latter parameter k parametrizes the multiplicity of
resources. We make assumptions about the bailouts that fall into two main categories: (i) fixed
bailouts: where L = ` · 1 and Λ(k) = ` · k and the number of bailouts k varies along the x-axis of
the plots. This is equivalent with bailing out at most k nodes on the network where every node
gets a stimulus value of `. (ii) variable bailouts: in the SafeGraph experiments we determine the
bailouts as discussed in the start of Section 4 and Appendix C. We assume that for each step k the
budget increases by some amount ` so, again, the available budget is Λ(k) = ` · k.

The results of these experiments for the various datasets are reported in Figures 6 to 9. In brief,
the greedy algorithm outperforms all other algorithms in all settings. Then, the rounding algorithm
comes second, outperforming the other heuristics. Finally, note that the Wealth Policy performs
very poorly due the fact that it is independent of the contagion process. This last observation is
consistent with the theoretical observations that we made in Section 2.2).
Fairness. Secondly, we perform experiments where we constrain the fairness of the model as
follows:

• For the German Banks dataset we run the following problems constraining the (GC). First,

19



(a) SoP Objective for L = 106 · 1 (b) SoIP Objective for L = 106 · 1

Figure 6: German Banks Dataset results with uniform shocks. The simulations have been run for
1000 iterations. The error areas represent 1 std.

we run the unconstrained optimization problem (i.e. allowing Gini to be at most 1), and,
second, we restrict the (GC) to be at most 0.1. We report the relaxation optimum, the
rounded solutions to the problem and the realized (GC) after the optimization on Figure 10.

• For the Venmo dara we run the following problems constraining the (SGC). First, we run
the unconstrained optimization problem (we allow the (SGC) to be at most 1 which in our
experiments suffices to produce the optimal solution in the unconstrained version), and, sec-
ond, we restrict the (GC) to be at most 0.1. We report the relaxation optimum, the rounded
solutions to the problem and the realized (GC) after the optimization on Figure 10.

• For the SafeGraph and the German Banks data we use the fuzzy version of the (GC) where
the weights represent the probability that a node is a minority node. In other words, we want
to impose constraints between minority and non-minority groups. For the former dataset,
the weights q are the minority scores for each CBG and business. For the latter dataset,
the values of q are sampled i.i.d. from Beta(2, 5). We report the relaxation optimum and
the rounded solutions as well as the total income allocated to the minority group. We use
a budget increase rate of 104 for SafeGraph, similar to the one reported in Figure 9, and a
bailout L = 106 · 1 for German Banks. The results are reported on Figure 12.

• In Figure 13 we plot the relation between the upper bound on the (SGC) coefficient and the
PoF for the Venmo and German Banks Data.

Implementation and Environment. The source code is developed in the Python language
using NumPy for numerics, NetworkX for network analysis, and Google’s or-tools for optimization.
For solving linear programs we use the GLOP Linear Solver, and support multi-threading. The
experiments were run on a server with 144 cores and 1.5TB of RAM.
Source Code. https://github.com/papachristoumarios/financial-contagion
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(a) SoP Objective for L = 10 · 1 (b) SoIP Objective for L = 10 · 1

Figure 7: Venmo Dataset results with uniform shocks. The Venmo network is taken to be the
densest weakly connected component with at least 50 nodes from the Venmo network. The internal
liabilities have been generated from Exp(1) for every (i, j) ∈ E. The external assets ci are given as
ci = (din

i + dout
i ) ·Exp(1), and the external liabilities are given as bi = 0.9 · ci. The simulations have

been run for 2000 iterations. The error areas represent 1 std.

5 Discusion

5.1 Experimental Results

5.1.1 Discrete Allocations

Figure 6 shows the performance of the various algorithms on the German Banks dataset. In
both (SoP) and (SoIP) the greedy algorithm outperforms all the other algorithms algorithms,
and then come the centrality and PageRank-based heuristics, as well as the LP with randomized
rounding. Note that this network is strongly connected and all edges have both directions so the
eigenvector centrality and the PageRank rankings coincide. In the worst case, the greedy algorithm
outperforms the LP-based one by approximately 15%, whereas the PageRank and centrality-based
heuristics are outperformed by greedy by approximately 58% in the worst case. Finally, we note
that in both objectives the random permutation, wealths and outdegree heuristic perform badly.
The significantly decreased performance of the wealth heuristic is justified by the fact that nodes
which are important for the bailout process and have priority (i.e. lower wealth) are not well-
connected which is in accord with theory, where an instance can be constructed such that the
approximation ratio of the wealth heuristic goes to zero. Similarly, one can argue about the other
heuristics, i.e. in the case of the out-degree heuristic nodes with low equity may be well connected
to the other nodes and thus giving them priority does not contribute substantially to the overall
objective. That suggest that the uneven form of such curves represent the fact that these simple
heuristics are not good candidates for this optimization problem. The results regarding (SoT) are
similar, so we omit them.

Figure 7 shows the results on the simulations run on the Venmo network. We observe that both
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(a) SoP Objective for L = 106 · 1 (b) SoT Objective for L = 106 · 1

Figure 8: EBA Dataset results. The simulations have been run for 1000 iterations. The error areas
represent 1 std.

the greedy and the randomized rounding algorithm outperform the other algorithms by a margin
of approximately 13%. The difference between the greedy and randomized rounding algorithms
is approximately 3.2%. Again we note that the other heuristics do not perform as well as the
greedy or randomized rounding algorithms for the reasons outlined in the previous paragraph.
More precisely, the PageRank and centrality-based heuristics perform substantially bad perhaps
due to the connectivity characteristics of the network (i.e. the network being too sparse).

Figure 8 displays results about the EBA dataset with inferred internal liabilities based on a
complete network backbone. In this type of network, the outdegree, the PageRank, and centrality
heuristics are equivalent to a random permutation, since any tie-breaking mechanism would yield a
different permutation. Again, the greedy algorithm outperforms the wealth heuristic by about 30%
in the worst case whereas the randomized rounding algorithm outperforms the wealth heuristic by
about 23% in the worst case.

Figure 9 displays the results on the SafeGraph data for both the (SoP) and (SoT) objectives
where the results are qualitatively similar in both plots, although in slightly different scales. In
this simulation, the randomized rounding algorithm outperforms all benchmarks and is also very
close to the greedy algorithm with a worst case diffeerence of about 7.1% and being as far as
approximately 40% from the other heuristics in the worst case in the (SoT) plot. In the (SoP) plot
the differences are about 18% in the worst case, however the greedy algorithm quickly approaches
the randomized rounding algorithm.

5.1.2 Fairness

Regarding the Gini-constrained problems, Figure 10 has a predictable behaviour. To be more
specific, as the number of bailouts k is small, the instance for which Target Gini ≤ 0.1 has a
lower relaxation optimum as well as rounded value for k ≤ 6 and later approaches the unconstrained
optimum (i.e. where Target Gini ≤ 1.0). Moreover the realized Gini Coefficient calculated by
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(a) SoP Objective for L estimated from real-world
data with a budget given by Λ(k) = 104 · k

(b) SoT Objective for L estimated from real-world
data with a budget given by Λ(k) = 104 · k

Figure 9: Network generated from Safegraph data whose generation is described in Appendix C
for businesses spanning the 3 nearest neighbor CBGs around the geographical location given by
(42.43969750363193, -76.49506530228598) in a monthly basis. The shocks are uniform. The
simulations have been run 50 times and the error areas represent 1 std.

averaging the relaxation solutions is dropping in the unconstrained problem and meets with the
curve of the constrained problem at k = 20. In the constrained case, the Gini coefficient rises to its
upper bound 0.1 until k = 6 and then starts to drop, that coincides with the objective value plots.
The explaination for this phenomenon is rather simple: at first, when resources are scarce, selecting
certain nodes on the network subject to these resources creates inequality which is mitigated by
the constraint at the expense of the quality of the solution creating a wors PoF of about 1.2 ≥ 1.
When k is large enough, i.e. k ≥ 6, the available resources allow the constrained version to create
a solution close to the unconstrained version (by “rebalancing” some z̄∗i values) which is reflected
on both objective values, and eventuall the PoF reaches 1 when the two solutions eventually meet.
Also in the unconstrained version, again due to the fact that the number of resources increases the
Gini coefficient drops at almost a linear rate. In Figure 11, where we constrain the (SGC) with the
same values as Figure 10 we observe a worst-case PoF of about 1.09 at k = 13. Indeed, if we plot
the spatial inequality for k = 13 we observe that the mitigation of disparity through the constraint
is considerable in all of the nodes which yields an about 8% lower (SoP) value. In Figure 12 the
PoF for the SafeGraph data is approximately 1, meaning that all the resources have been equitably
allocated between minority/non-minority groups subject to the respective constraint(s). For the
German Banks data, the PoF is approximately 1.16 in the worst case (k = 2) and approaches 1 at
k = 6. Lastly, in Figure 13 we observe that the PoF drops quickly to 1 in most cases and a decent
trade-off between fairness and optimality can be achieved when g = 0.4.
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(a) Relaxation Optima and rounded values. (b) Gini Coefficient calculated on the average values
of the fractional solutions.

Figure 10: Optimization subject to Gini Coefficient constraints on the German Banks dataset
with L = 106 · 1. Comparison of the unconstrainted problem (Target Gini ≤ 1) and a fairness
constrainted problem (Target Gini ≤ 0.1). The left plot represents the values of the relaxation
optimum for both values of the constraint, and the corresponding rounded solutions based on the
uniform rounding scheme of Section 2.3, and the right plot represents the actual value of the Gini

coefficient calculated upon the optimization with values equal to z̄avg,i =
∑m

t=1 z̄
∗(t)
i /m for m = 1000

simulations. Error areas represent 1 std.

5.2 Societal Implications

Our work suggests a set of societal implications. The first consideration is how the features of
individuals related to (i) the economic shocks and (ii) the financial interactions, are gathered, a
problem which is also highlighted in [AKW20]. While many attributes may be accessible (or at least
can be accurately inferred) by public datasets (such as the US Census, the US Economic Census,
the Poverty Tracker Dataset [pov21] and so on), many features correlated to income shocks and
financial interactions may touch on sensitive and private attributes of the individuals, which suggest
that work needs to be done in the lens of these models where there are missing or noisy data.

Moreover, carefully choosing the objective and the fairness constraint (if any) suggests a separate
issue informing our work. While we mostly study linear objectives of the clearing variable p̄, as well
as maximizing the number of solvent nodes, there are more objectives that one can study in this
context. One of them is a maximin (egalitarian) objective similar to the one of [AKW20] which,
in our case, corresponds to maximizing the worst-possible ratio of the clearing vector ratio over
total liabilities which can be thought of “fractional default”, namely maxp̄∈(GDBP) minj∈[n] p̄j/pj .
While we do not study this objective in the present paper, this objective can be thought of having
built-in fairness and possibly methods like the ones presented in [TWR+19] can be deployed.

From the perspective of policymakers, there are interesting phenomena that emerge in our work
and can be subject to more extensive discussion. Perhaps the most ubiquitous one is that wealth-
thresholding policies, i.e. allocating stimulus to people below (or, theoretically, even above) a certain
income, does not seem to perform well when contagion happens on a network. This result juxtaposes
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(a) Relaxation Optima and rounded values (b) Spatial Disparity for k = 13

Figure 11: Optimization subject to the (SGC) constraints on the Venmo data with L = 10 · 1.
Comparison of the unconstrainted problem (Target Gini ≤ 1) and a fairness constrainted problem
(Target Gini ≤ 0.1). The left plot represents the values of the relaxation optimum for both
values of the constraint, and the corresponding rounded solutions based on the uniform rounding
scheme of Section 2.3, and the right plot represents the spatial inequality per node for k = 13.
Error areas represent 1 std after 2000 simulations.

conventional rules and underlines that in order for the cumulative welfare to be maximized bailouts
may not be redirected towards both the poorest or, vice-versa, the wealthiest nodes. An intuitive
explanation for the bad performance of this criterion in presence of an underlying network that
propagates contagion, is that such nodes may not have many connections to the network, so the
effect of bailing them out is less than bailing out more central nodes. Ending, we observe that
the PoF showcases a quick phase transition to being 1 (Figure 13) suggesting that a decent trade-
off between being fair (within our framework) and optimal can be achieved, even with moderate
resources.

5.3 Further Related Work

Financial Networks and the Eisenberg-Noe Model. The EN model introduced in [EN01]
models a financial network where each node has assets and liabilities both with respect to the
internal network, namely the other nodes of the network, and the external sector, namely the
node may, for instance, owe taxes to the government, or has loans to external creditors, as well
as may get social security benefits from the government. According to the EN model, when a
node defaults, namely is not able to pay out its creditors (internal and external), it rescales its
obligations proportionally12 and pays the rescaled responsibilities in full13. The EN model is used

12This property is also known as absolute priority.
13This property is also known as “liability over equity”.

25



(a) Relaxation Optima and rounded values for Safe-
Graph data

(b) Relaxation Optima and rounded values for Ger-
man Banks data

Figure 12: (i) Optimization subject to the Property Gini Coefficient constraints between
minorities/non-minorities data (with property data from the US Census and SafeGraph) with
custom bailouts and a budget increase rate of 104. Error areas represent 1 std after 50 simulations
with constraint target values 0.3 and 1.0. (ii) Optimization subject to the Property Gini Coef-
fifient on the German Banks data with property data drawn independently from Beta(2, 5) with
constraint target values 0.1 and 1.0. Error areas represent 1 std after 1000 simulations.

to calculate these payments, which are usually called clearing payments14, by computing a solution
to a fixed-point problem, or, equivalently, an optimal solution to a mathematical program with a
strictly increasing objective.

In the presence of shocks [GY15], the nodes similarly become default due to external shocks
that disrupt their assets. The works of [BBF18, FS19] investigate dynamic variants of the EN
model, where the liabilities and assets evolve as functions of time. Our work investigates the prob-
lem from a static viewpoint, and the hardness results obviously hold for the dynamical version.
Moreover, [JP20, AK19, EW21], investigate optimal bailouts in the cases of defaulting. More specif-
ically, [JP20], investigates scenaria for the existence of multiple equilibria and provides necessary
and sufficient conditions for solvency under any equilibrium. Besides this, their paper investigates
optimal bailouts that brings the system into solvency and provides computational intractability
results for the minimum bailout problem by a reduction from the partition problem. The subse-
quent work of [EW21] considers the structure of optimal discrete bailouts under the RV model (a
model with bankruptcy costs) of [RV13] and proves hardness results for objectives that are sim-
ilar to ours using different approaches where there are non-zero bankruptcy costs. Their paper
does not consider stochastic shocks, but rather a fixed state of the network and a fixed non-zero
percentage regarding default costs. Additionally, their work does not include approximation al-
gorithms, fairness-constrained optimization, and empirical work. They prove that for non-zero
bankruptcy costs maximizing the number of solvent nodes cannot be approximated within a factor

14The general problem has multiple equilibria, however, our paper, for simplicity, examines the cases where the
equilibrium payments are unique.
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(a) Venmo Data, L = 10 · 1 (b) German Banks Data, L = 105 · 1

Figure 13: Relation between fractional PoF and the upper bound g on the (SGC) for varying
resources.

of n1/(log logn)C for some universal constant C > 0 that agrees with our improved inapproximability
result for the EN model.

An extension of the model includes credit default swaps, that is triads of entities enter contracts
with one another whereas the default of a third entity in the network forces a bilateral transaction
between the other two. Computing a clearing vector in such models was shown to be PPAD-
Complete by [SSB17]. [PW20] investigates the problem of sequential defaulting in networks with
debt contracts and credit default swaps and shows hardness results regarding identifying the number
of default banks on the best-possible and worst-possible orders at which banks announce their
defaults.

The work of [AK19] considers optimal intervention methods under budget constraints under
the extended model of [GY15] and formulate optimization problems that minimize the systemic
losses as well as minimizing the number of defaulting institutions and apply their methods on
publicly available data on the Korean financial system. Their work considers fractional intervention
policies which differentiates it from ours. More specifically, we consider discrete interventions (i.e.
a node gets the full bailout or does not) in which case the model of [AK19] can be seen as the
fractional relaxation of the optimization objectives we study. Secondly, we experiment both with
high-granularity financial institutions (banks) as well as view the problem from a societal lens,
namely modeling the entities of the system as “societal nodes” (businesses, households, individuals).

Finally, the work of [Fei19] generalizes the classical EN model to a multi-layered one, where the
interconnected entities of the financial network have trades in multiple assets, develops a financial
contagion model with fire sales that allows institutions to both buy and sell assets subject to some
utility, and studies its equilibria. While the exact contributions of [Fei19] are tangential to ours
generalizing our model in their framework it provides an excellent pathway for extending the current
work.
Income Shocks and Systemic Risk. The theory of income shocks has a long history financial
mathematics. One of the papers that is most closely connected to our work is the work of [GY15]
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where financial contagion in the presence of shocks is investigated, and results are provided regard-
ing the probability of contagion of a subset of nodes due to a shock on a specific node. The setting
of this paper is extensively discussed at Section 1.1.

The work of [AKW20] studies subsidy allocations at the presence of income shocks where there
is only temporal but no spatial information about the nodes. The analysis in their paper is based on
ruin processes and considers two main objectives, one is minimizing the expected number of nodes
that are economically ruined (min-sum objective), and the other objective considers minimizing
the worst ruin probability of an node in the network (min-max objective). As they mention in
their paper, a crucial point that highlights income shocks in a societal level is the households have
different abilities to withstand income shocks. The phenomenon disproportionately affects low-
income families and can bring them into long-lasting poverty [Des16, Ata18, S+04]. Our paper
can be seen as a part and extension of this work direction which uses optimization methods for
decision-making, and a possible combination of the model of both [AKW20] and ours presents an
interesting research pathway.

The contagion effect in a financial network can trigger a financial crisis through contagion
[AG00, FPR00], with a vivid example being the 2007-2009 financial crisis which followed after the
collapse of Lehman Brothers because of the decline of the housing market [AR+09], that initiated
a cascade of failures of financial institutions around the world. This domino of effects prompted
government bailouts around the world, with the lending interests booming, which turned many
nations, such as Greece, unable to service their mounting debts.
Optimal Stimulus Allocation During COVID-19. There are multiple recent works regarding
stimulus allocation and the recent COVID-19 economic crisis response. Most notable plans for
economic relief are the ones of the United States of America [act20], and the European Union
[Uni20] which contain stimulus packages to be distributed to individuals by the governments.

The work of [CCSW20] models the response to the US CARES act on consumption by extending
existing models of consumption to incorporate features of the COVID-19 crisis, where spending has
to be limited, and predicts, that under a short lockdown (as of April 2020) the stimulus payments
will be sufficient to make a recovery. Their work does not incorporate devising a policy to allocate
stimulus checks and investigating issues of fairness, which is the main part of our paper.

Data-driven approaches have been followed by the works of [BFM+20]15 and [CFH+20] where
the authors used large datasets in order to study how the stimulus payments were allocated and
found out that poorer consumers and consumers who had lower liquidity spent a significantly higher
amount of their stimulus checks quickly. In contrast, our work studies the assignment problem and
its fairness implication, and not the consumption response to the pandemic.

Finally, a work tangential, but fundamentally different from ours is the work of [NSW20,
NSW21] where the authors use a life-cycle model and build an efficient algorithm to find the
optimal policy that maximizes aggregate consumption. The main difference with [NSW20] is that
their work provides a policy based on a completely different model and does not account for the
network effects of the economy and shocks, and consequently do not know how they affect the
bailouts.
Influence Maximization. While not directly related to financial networks, the allocation problem
we study in this paper has very close ties to Influence Maximization (IM). The work of [KKT03]
introduced the influence maximization problem as follows: given a network in which each edge can
transmit information (e.g. disease, marketing information etc.) with probability p independently
of the other edges, the IM problem asks whether there exists a set S with |S| = k such as the
number of influenced nodes is maximized. Based on the submodularity properties of the influence

15https://github.com/econ-ark/Pandemic
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function, the authors devise an (1 − 1/e − o(1))-approximation algorithm for approximating the
optimal influence set. This work has been greatly extended by a series of works that optimize
its algorithm (e.g. see [BBCL14, GLL11] and the references therein), and adapt it to different
contexts (see e.g. [LKG+07, LAH07, CLCL20]). Another recent interesting work related to ours is
the concept of Fair Influence Maximization [TWR+19, RJL+20] which discusses the maximization
of influence subject of fairness constraints.

6 Conclusions and Future Work

In this work we propose a model of discrete subsidy allocation based on the Eisenberg-Noe model
which assumes a collective of interconnected individuals which posses features such as external
assets and liabilities, internal assets and liabilities, demographic features, and experience shocks
on their assets leading a part of them to default. Our work addresses the problem of averting
as much damage as possible from the shocks subject to a total budget constraint by relying in
optimizing a welfare objective. The subsidy allocations are discrete and can be determined from
each node’s features (such as e.g. the number of children, the income level, the poverty status etc.).
Policymakers are faced with similar planning problems when attempting to optimize some welfare
measure on a population. Although exact network interactions are difficult to be inferred on a
realistic world, our model and the consequent data-driven experiments based on individual level
and business and households-level granularity offer a simple proxy of studying such problems in real-
world scenarios, and provide useful insights with respect to the effectiveness of certain strategies.
For instance, thresholding by an ex-ante wealth criterion (i.e. income level), which is a de facto
pathway in policymaking, yields worse results in our model than the greedy or the LP-based policies
for the linear objectives in question. Furthermore, we show that maximizing the (absolute) number
of solvent nodes cannot be approximated within a poly-time computable factor. Closing, we show
how fairness can be incorporated on the model and study the price of fairness both theoretically
and empirically.

There are numerous ways to extend the horizons of the present work. First of all, there are two
very interesting objectives that can be studied: the former is a maximin objective similar to the
one presented in [AKW20] subject to the bailout scheme we study in this paper; the latter one is
the systemic loss objective as presented in [GY15]. For such objectives, it could be an important
contribution to develop approximation algorithms, or study the approximation algorithms presented
in this work on the corresponding objectives. Besides this, it is interesting to examine whether there
exist algorithms with better approximation ratios, or prove the absence thereof, than the ones
developed in this paper, and examine whether more efficient variants of the current algorithms can
be implemented (for instance, using the ideas of [LKG+07] and the subsequent works could improve
the runtime of the greedy algorithm). Finally, there is a need to analyze additional real-world
datasets at the societal level. The study, modelling, and inference of income shocks and financial
interactions from real-world datasets suggest a cardinal direction for follow-up work. Note, however,
that obtaining such data may be a difficult task due to data protection legislation, pointing toward
possible future synergy between the academic community, policymakers, and companies.
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A Omitted Proofs

Proof of Lemma 1. The polytopes P1(A, c1, b) and P2(A, c2, b) satisfy the relation P2 ⊆ P1.
Using the fact that the fixed point operator is increasing [EN01] we get that p̄1 ≥ p∧

(
AT p̄2 + c1

)
≥

p̄2. Thus p̄1 ≥ p̄2. Moreover for every vector v ≥ 0, trivially vT p̄1 ≥ vT p̄2. To find a direction δ ≥ 0
such that p̄1 ≥ p̄2 + δ, let R1, D1 be the sets of solvent and default nodes for assets c1 and R2, D2

be the sets of solvent and default nodes for assets c2. Then we know from above that D1 ⊆ D2

and consequently R2 ⊆ R1. So R1 ∩ R2 = R2, and D1 ∩ D2 = D1. Thus we calculate δ to have
components

δj =


0 j ∈ R2∑

i∼j aij(p̄1i − p̄2i) + c1j − c2j j ∈ D1(
p1j −

∑
i∼j aij p̄2i − c2j

)+
j ∈ R1 ∩D2

.

We also get that a feasible solution is given by δ̃ = 1D1 � (c1 − c2) ≥ 0 such that δ̃ ≤ δ.
Proof of Theorem 1. We first start by designing a polynomial-time reduction from a 3-Set-Cover
instance to an instance of the decision version of the (AS) objective.

Reduction. We fix a constant α ∈ (0, 3). We create a bipartite network H with a node set
partitioned into V and U where V = {v1, . . . , vm} is the node set that represents all the “set nodes”
and U = {u1, . . . , un} is the node set that represents all the “item nodes” of the corresponding
3-Set-Cover instance. For each set node vj and each item ui we add an edge (vj , ui) if and only if
ui ∈ Sj . We set the parameters of the EN model as follows. First, for each “set node”, there is an
external influx of cj = 3, and an external outflux of bj = α. For each edge (vj , ui) created there is
an obligation of pji = 1− α/3 from the set to the corresponding item. Thus βmax = 1− α/3 < 1.
Each item node has no external influx, i.e. ci = 0, and has external liabilities of bi = 1− α/3. The
shock distribution is taken to be the point-mass distribution that has Xj = 3 if Xj is a “set node”
and is zero otherwise. We also take Lj = 3 for all j ∈ [n], Λ = 3k and r = k + n. After the shock,
the influx of cash is disrupted and all nodes default to having p̄i = 0, namely no-one can meet
his/her obligations. The reduction creates a network with n+m nodes and n+ 4m edges and runs
in polynomial-time.

Forward Direction. Suppose that C is a set cover with |C| = k. Giving aid L to set nodes vi such
that i ∈ C we have that every “set node” in C becomes solvent, since it can pay the obligations of
pj = 3 to the “item nodes”, and the corresponding items that it covers become solvent themselves.
Since C is a set cover, every item becomes solvent, and all the set nodes vi for i /∈ C remain default,
hence we have a total of k + n solvent nodes.

Reverse Direction. Suppose that there are at least r = k + n solvent nodes, therefore there are
at most d = m− k default nodes. Let J ⊆ U ∪ V be the set with |J | = k elements such that every
element j ∈ J gets an aid of L. We will show that J ⊆ V . Suppose that J has ` elements on U and
k − ` elements on V . Then, the number of solvent nodes is at most `+ k − `+ k − ` = 2k − `, and
the number of default nodes is therefore at least (n− k+ `) + (m− k). In order for this to hold we
must have that n − k + ` ≤ 0, which implies that ` = 0. Therefore J ⊆ V . Therefore, every item
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node is solvent and thus J must be a set cover for the original problem. The budget constraint is
also satisfied.

(L-OBJ) objective. The reduction construction for the (L-OBJ) problem is very similar: instead
of letting r = k + n we let r = 3k + n. Moreover, we let v = 1.

Proof of Theorem 5. C1 helps us establish a lower bound on the marginal gain. We state the
following Corollary which is obtained by applying Lemma 1 with asset vectors c1 = c − x + L �
1St∪{ut} and c2 = c− x+ L� 1St .

Corollary 1. Under C1 and a fixed shock X = x, the marginal gain at each iteration t ≤ k where
node ut is chosen is at least vminLut.

Next, we prove the following upper bound regarding bailing out two sets S, T with S ⊆ T .

Lemma 2 (Marginal Gain Upper Bound Lemma). Let f(p̄) = vT p̄ for some v > 0 and let ∅ ⊆
S ⊆ T ⊆ [n] be two sets, and fix a shock X = x. Then if p̄T is the clearing vector after bailing out

T and p̄S is the clearing vector after bailing out S, then vT p̄T − vT p̄S ≤
vmax

∑
j∈T\S Lj

1−βmax
.

Proof of Lemma 2.

1T p̄T − 1T p̄S = ‖p̄T − p̄S‖1 (Lemma 1)

= ‖p ∧
(
AT p̄T + c− x+ L� 1T

)
− p ∧

(
AT p̄S + c− x+ L� 1S

)
‖1
(Fixed Point Op.)

≤ ‖AT p̄T + c− x+ L� 1T −AT p̄S − c+ x− L� 1S‖1 (Non-expansion of p ∧ (·))
≤ ‖AT ‖1‖p̄T − p̄S‖1 + LT1T\S (Norm Consistency, 1T − 1S = 1T\S for S ⊆ T )

≤ βmax‖p̄T − p̄S‖1 + LT1T\S . (‖AT ‖1 = βmax ∈ (0, 1))

Rearranging we get 1T p̄T − 1T p̄S ≤
∑
j∈T\S Lj
1−βmax

. Therefore for a linear objective vT p̄ with v > 0
since the EN model would yield the same clearing vector p̄ [EN01] we have

vT (p̄T − p̄S) ≤ vmax1T (p̄T − p̄S) ≤
vmax

∑
j∈T\S Lj

1− βmax
.

We use the above lemma to state the following Corollary which results as a combination of
Corollary 1 and Lemma 2.

Lemma 3. Let S be a set and S∗ be the optimal bailout set set under a fixed shock X = x. Then,
under C1 we have that vT p̄S∗ − vT p̄S ≤ ζk

1−βmax
maxu/∈S,u feasible

{
vT p̄S∪{u} − vT p̄S

}
.

Proof of Lemma 3. Let S be a set and let S∗ be the optimal bailout set. Let S∗ \ S = {j1, . . . , jq}
for q ≤ k. We have
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vT p̄S∗ ≤ vT p̄S∪S∗ (Monotonicity, S∗ ⊆ S ∪ S∗)

= vT p̄S +

q∑
l=1

vT
(
p̄S∪{j1,...,jl} − p̄S∪{j1,...,jl−1}

)
(Telescoping Sum)

≤ vT p̄S +
vmax

1− βmax

q∑
l=1

Ljl (Lemma 2)

≤ vT p̄S +
vmaxk

1− βmax
max
l∈[q]

Ljl (Bound by Maximum)

≤ vT p̄S +
vminζk

1− βmax
max
l∈[q]

Ljl (ζ = vmax/vmin)

≤ vT p̄S +
ζk

1− βmax
max
e/∈S

{
vT p̄S∪{e} − vT p̄S

}
. (Condition 1)

⇐⇒ max
e/∈S,e feasible

{
vT p̄S∪{e} − vT p̄S

}
≥ 1− βmax

kζ

(
vT p̄S∗ − vT p̄S

)
. (Rearrangement)

Proof of Main Theorem (Theorem 5). Let St be the solution at set t and let k be the total number
of iterations of the algorithm. Let ρ = (1− βmax)/(kζ) Then, for a fixed shock X = x

vT p̄Sk ≥ ρv
T p̄S∗ + (1− ρ)vT p̄Sk−1

(Lemma 3)

≥ vT p̄∅ + ρvT p̄S∗
∑

0≤l≤k
(1− ρ)l (Induction)

≥ ρ(1− ρ)k

ρ
· vT p̄S∗ (vT p̄∅ ≥ 0 and Geometric Sum)

≥
(

1− e−kρ
)
· vT p̄S∗ (1 + x ≤ ex)

=
(

1− e−(1−βmax)/ζ
)
· vT p̄S∗ . (Definition of ρ)

Taking expectations over X ∼ D in the above expression we get the desired result.

Proof of Theorem 6. Different Bailouts. The proof follows similar philosophy as Lemma 3.6
of [BBCL14]. We construct the set of feasible solutions S = {S ∈ 2[n] : S is a feasible allocation set}.
A set S ∈ S can have at most Λ/Lmin elements. Applying the Chernoff bound form = O

(
logn·Λ/Lmin

ε2

)
each S ∈ S deviates at most an additive factor of εOPTf from its expectation with probability at
least 1− 2−Λ/Lminn−1. The probability that there exists S ∈ S that violates this event is given by
the union bound on S, with |S| ≤ 2Λ/Lmin , and is at most 1/n. Conditioned on this event which
happens with probability 1− O(1/n) and letting OPTf denote the sample average of the optimal
solutions we have

SOLf ≥ SOLf−εOPTf ≥ (1−γf )OPTf−εOPTf ≥ [(1− γf )(1− ε)− ε] OPTf ≥ (1−γf−2ε)OPTf

Therefore, the average estimator achieves an (1− γf − 2ε)-approximation. The total number of

iterations is therefore O
(
m Λ
Lmin

)
= Õ

(
Λ2

ε2(Lmin)2

)
. Assuming that each iteration is solved by the
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fixed point iteration in time Top = O
(

(n+ |E|) log(1/η)
log(1/βmax)

)
within relative accuracy 0 < η < 1 via

using a sparse-matrix multiplication (or adjacency lists) the total runtime becomes

O

(
(n+ |E|) log nΛ2 log(1/η)

L2
minε

2 log(1/βmax)

)
= Õ

(
(n+ |E|)Λ2

Lminε2

)
,

where the final solution is within an (1−γf−2ε) approximation factor from the optimal solution
and modulo a (very small) relative approximation error of η.

Proof of Theorem 2. To prove Theorem 2 we first prove the following two technical helper
Lemmas:

Lemma 4 (Upper Bound Lemma). Let ξ̃ = (p̃, z̃)T be any feasible solution to the (RGDBP)
problem, and let X = x be a point-mass shock. Then, for every S ⊆ [n] the following inequality
holds:

∑
j∈S(1− βj)p̃j ≤

∑
j∈S(cj − xj + Lj z̃j).

Proof of Lemma 4. The proof of the Lemma is quite of technical nature, and involves summing
the relative liabilities constraint p̄ ≤ AT p̄ + c − x + L � z̄ over the elements of the set S. More
formally we consider nodes of the set S and sum over S, i.e.

(1− β)TS p̄
[GY15, (13)]

≤ 1TS (I −AT )p̄ ≤ 1TS (c− x) + (L� z̄)T1S .

Thus
∑

j∈S(1− βj)p̄j ≤
∑

j∈S(cj − xj + Lj z̄j).

Lemma 5 (Lower Bound Lemma). Let ξ̃∗ = (p̃∗, z̃∗)T be an optimal solution to the (RGDBP)
problem under a point-mass shock X = x and let j be a default node. Then p̃∗j ≥ cj − xj + Lj z̃

∗
j .

Moreover if Zj ∼ Be(z̃∗j ) and p̄j is the corresponding (feasible) clearing solution of (GDBP) after
rounding, then, conditioned on the fact that j is default we have that p̄j ≥ cj − xj + LjZj, and
subsequently EZ∼Be(z̃∗) [p̄j ] ≥ cj − xj + Lj z̃

∗
j .

Proof of Lemma 5. Let ξ̃∗ = (p̃∗, z̃∗) be an optimal solution to the relaxation problem, and let j be
a default node under this solution. Then j satisfies the following equation (due to absolute priority),

p̃∗j =
∑
i∼j

aij p̃
∗
i + cj − xj + Lj z̃

∗
j ≥ cj − xj + Lj z̃

∗
j ,

where we have used the fact that the optimal solution is feasible and that p̃∗ ≥ 0, and aij ≥ 0.
The result for the rounded solution is inferred exactly the same way.

Proof of Main Theorem (Theorem 2). We now proceed with the main Theorem: Let f(p̄) = vT p̄
for some v > 0 (i.e. a strictly increasing linear function of p̄). The rounded variables are sampled
from Be(z̃∗). So, for a fixed shock X = x

EZ∼Be(z̃∗) [SOLf (x)] =
∑

z̄∈{0,1}n
Pr

Z∼Be(z̃∗)
[Z = z̄] · EZ∼Be(z̃∗) [SOLf (x)|Z = z̄] .

Conditioned on the event {Z = z̄}, we use the sets DSOL(z̄) and RSOL(z̄) to denote the sets of
default and solvent nodes under the assignment z̄ ∈ {0, 1}n. We therefore break the above sum as
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EZ∼Be(z̃∗) [SOLf (x)|Z = z̄] = EZ∼Be(z̃∗)

 ∑
j∈DSOL(z̄)

vj p̄j +
∑

j∈RSOL(z̄)

vj p̄j

∣∣∣∣Z = z̄


We treat the two components of the partition of [n] as follows:

1. Solvent Nodes. Every solvent node j satisfies p̄j = pj ≥ p̃∗j ≥
1−βmax

ζ p̃∗j . Summing over the
set of solvent nodes we get

EZ∼Be(z̃∗)

 ∑
j∈RSOL(z̄)

vj p̄j

∣∣∣∣Z = z̄

 ≥ (1− βmax

ζ

)
· EZ∼Be(z̃∗)

 ∑
j∈RSOL(z̄)

vj p̃
∗
j

∣∣∣∣Z = z̄

 .
2. Default Nodes. We have

EZ∼Be(z̃∗)

 ∑
j∈DSOL(z̄)

vj p̄j

∣∣∣∣Z = z̄

 ≥ EZ∼Be(z̃∗)

 ∑
j∈DSOL(z̄)

vj(cj − xj + LjZj)

∣∣∣∣Z = z̄


(Lemma 5)

≥ EZ∼Be(z̃∗)

 ∑
j∈DSOL(z̄)

vmin(1− βj)p̃∗j
∣∣∣∣Z = z̄

 (Lemma 4)

≥ EZ∼Be(z̃∗)

 ∑
j∈DSOL(z̄)

1− βmax

ζ
vmaxp̃

∗
j

∣∣∣∣Z = z̄


(ζ = vmax/vmin)

≥
(

1− βmax

ζ

)
· EZ∼Be(z̃∗)

 ∑
j∈DSOL(z̄)

vj p̃
∗
j

∣∣∣∣Z = z̄

 .
(vmax ≥ vj)

Thus, since the LP bound is an upper bound to the optimal we get EZ∼Be(z̃∗) [SOLf (x)] ≥(
1−βmax

ζ

)
· EZ∼Be(z̃∗) [OPTf (x)] .

Proof of Theorem 3. The proof of the argument is straightforward in general, and follows the
classical analysis pathway for this kind of algorithms [WS11]. We start by bounding the probability

of failure of this step. Let us fix a sample X = x(i) where i ∈ [m] and let F (i)
f be the event that

the i-th random assignment fails. Then we know that

Pr
Z∼Be(z̃∗)

[
F (i)
f

]
= Pr

Z∼Be(z̃∗)

[{
SOL

(i)
f ≤ (1− γf − ε2)OPT

(i)
f

}
∪
{
LTZ(i) ≥ (1 + δΛ)Λ

}]
≤ Pr

Z∼Be(z̃∗)

[
SOL

(i)
f ≤ (1− γf − ε2)OPT

(i)
f

]
+ Pr
Z∼Be(z̃∗)

[
LTZ(i) ≥ (1 + δΛ)Λ

]
,

by virtue of the union bound. We bound the first probability by (reversed) Markov’s Inequality

Pr
Z∼Be(z̃∗)

[
SOL

(i)
f ≤ (1− γf − ε2)OPT

(i)
f

]
≤ 1

1 + ε2/γf
≤ 1− ε2

2γf
≤ 1− ε2

2
.
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We distinguish the following two cases for our analysis: the former case considers equal bailouts
and the latter one considers unequal bailouts:

1. Equal bailouts. For the second inequality, we know that all the bailouts have the same value `.
Let k = Λ/`. Then we know from the Chernoff bound that PrZ∼Be(z̃∗)

[
1TZ ≥ (1 + δk)k

]
≤

e−δ
2
kk/3 and thus letting δk =

√
3 log(4/ε2)/k we know that the above probability is at most

ε2/4. Thus a deviation of k+ Õ(
√
k) (resp. Λ + Õ(

√
Λ) for the total budget) is allowed with

high probability for the case of equal bailouts.

Combining the two events above we end up with PrZ∼Be(z̃∗)

[
F (i)
f

]
≤ 1− ε2/4. Repeating the

procedure T times boosts the probability of failure to at most (1− ε2/4)T ≤ e−ε2T/4. Failing
in any of the m shocks happens with probability at most me−ε

2T/4. Finally, by the one-sided
Chernoff bound we have that for the sample average OPTf of the corresponding optima

Pr
X∼D

[
OPTf ≥ (1− ε)OPTf

]
≤ e−mε

2OPT2
f/‖f‖2∞ .

We want to make the probability at most e−ε
2T/4 so choosing m =

TOPT2
f

4‖f‖2∞
yields the desired

result. Note that m ≤ T/4 since OPTf ≤ ‖f‖∞, so repeating the process for T/4 steps

yields the desired guarantee. The final probability of failure is O(Te−ε
2T/4). Setting T =

4(log n)/ε2 we get that the failure probability is O(log n/(ε2n)). So the algorithm succeeds
with probability 1−O(log n/(ε2n)). The total runtime is

O

(
log n

ε2

(
T +

k log n

ε2

))
= Õ

(
T
ε2

+
k

ε4

)
.

Finally, with probability 1−O(log n/(ε2n)) we have that for SOLf = 1
m

∑
i∈[m] SOL

(i)
f

SOLf ≥ (1− γf − ε2)OPTf ≥ (1− γf − ε2)(1− ε)OPTf ≥ (1− γf − 2ε)OPTf .

Remark on the value of ε. A suitable value for ε can be ε = Θ(n−1/4) for which we get a
runtime of Õ(T

√
n + kn), a success probability of 1 − O(log n/

√
n) and an approximation

guarantee of 1− γf −Θ(n−1/4).
2. Adaptation of the Rounding Scheme of [Sri01] for general bailouts. We can adapt the de-

pendent rounding scheme of [Sri01] to perform randomized rounding such that (i) we ob-
tain the same approximations as in the case of independent rounding; (ii) the constraints of
the problem are satisfied with high probability. The problem that the independent round-
ing scheme has is that there exist choices of the entries of L (e.g. Lj = 2j−1) such that
LTZ is anti-concentrated. In fact, when Lj = 2j−1 and Z ∼ Be(1/2 · 1) then LTZ ∼
Uniform({0, . . . , 2n − 1}). To mitigate this problem we will use the main result of [Sri01] as
follows: We first solve the LP relaxation and get the optimal fractional bailouts z̃∗ as in the
independent rounding case. Then we define a vector U as a sample from the oracle of [Sri01]
(described in Section 2, and Section 3.2 that modifies the original algorithm for a non-integral
sum)

U ∼ Ddep

 L1

‖L‖∞
(1− z̃∗1), . . . ,

Ln

‖L‖∞
(1− z̃∗n),

⌈
‖L‖1 − Λ

‖L‖∞

⌉
− ‖L‖1 − Λ

‖L‖∞︸ ︷︷ ︸
probabilities

; n+ 1︸ ︷︷ ︸
# variables

;

⌈
‖L‖1 − Λ

‖L‖∞

⌉
︸ ︷︷ ︸

total weight

 ,
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and let Z = 1−U . For (i) we have that E [Zj ] = Pr[Zj = 1] = 1−Pr[Uj = 1] = 1− Lj
‖L‖∞ (1−

z̃∗j ) ≥ z̃∗j and thus we can achieve the desired approximation guarantees of Theorem 2. For
(ii) we know that

∑
j LjUj are concentrated and thus we can easily show that

∑
j LjZj

are concentrated as well, and thus with high probability the rounded bailouts are at most

Λ+Õ(
√

Λ). Finally, the runtime can be similarly deduced to be Õ
(
T
ε2

+ Λ
Lminε4

)
for a success

probability of 1−O
(

logn
nε2

)
. Thus, again, for ε = Θ(n−1/4) we get an approximation ratio of

1− γf −Θ(n−1/4) with probability 1−O
(

logn√
n

)
.

Proof of Theorem 4. We start with the complete network on n nodes Kn, with ci = bi = 1
and pij = 1, and a point-mass shock of Xi = ε for some ε ∈ (0, 1). We also let L = nε/k · 1
and v > 0. In the fractional optimum we have that z̃∗i = k/n and the optimum value of ‖v‖1 · n
is achieved. When we choose to round to k nodes, we do that uniformly (since z̃∗i = k/n) over
all k-sets, that is the probability of each k-set being selected is 1

(nk)
. Thus the value optimum

is just the value of the optimum given that the values of any k-set are set to 1 (w.l.o.g we can
choose the k-set {1, . . . , k}). The rounded nodes’ bailouts would suffice to avert the shock, so they
will be truncated to have a value of ε, from the problem constraints (debts must only be paid
in at most their full value). Since all nodes are marginally default (that holds for the bailed-out
nodes with the truncated values as well), we have from Lemma 4 (with equality since every node
satisfies the constraint with tight equality) that (1/n)

∑
j∈[n] p̄j = n − nε + kε which implies that

OPTf = vT p̄ ≤ ‖v‖∞ [n(n− ε(n− k))]. We thus have σf ≥ ζ−1

1−ε(1−k/n) . So for k = o(n) (small)

and n large the gap tends to ζ−1

1−ε which can be arbitrarily bad for ε→ 1.
Proof of Theorem 7 (see Figure 4). Let a(|I|) be a poly-time computable function on the
input size |I|, and α ∈ (0, 3). We construct the same proof as the hardness reduction of Theorem 1
with the only change that instead of adding one copy of “element nodes” we add a(|I|) copies of
“element nodes” resulting in a network with a polynomial number, i.e. m + a(|I|) · n, of nodes.

We connect, with direction from left to right, the element nodes with liabilities 1−α/3
n (i.e. a fully-

connected network) and we set the external liabilities of the a(|I|)-th level to be 1 − α/3. We
distinguish the following cases: If the answer to the 3-Set-Cover problem is YES then there are
at least k + a(|I|) · n solvent nodes. Else, if the answer to the 3-Set-Cover problem is NO then
there are at most k + n solvent nodes. That is, if we were able to distinguish between the (AS)
being between k + n and k + a(|I|) · n in polynomial time we will be able to solve the 3-Set-Cover
in polynomial time, which is a contradiction assuming that P 6= NP. The approximation gap is
k+n·a(|I|)

k+n ≥ a(|I|)·n
2n = a(|I|)

2 = Ω (a(|I|)).

Proof of Theorem 8.
• GC Problem. We omit the dependence on g to lighten notation. We have that
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EZ∼Be(z̃∗)

∑
j∈[n]

Zj

 ≥ 1

2ng
EZ∼Be(z̃∗)

 ∑
i,j∈[n]

|Zi − Zj |

 (Gini Constraint)

=
1

2ng

∑
i,j∈[n]

(
z̃∗i (1− z̃∗j ) + z̃∗j (1− z̃∗i )

)
(Definition of Expected Value)

≥ 1

ng

n∑
j∈[n]

z̃∗j −
∑
i,j∈[n]

z̃∗i z̃
∗
j

 (Reorder Summation)

≥ 1

ng

n∑
j∈[n]

z̃∗j − k
∑
j∈[n]

z̃∗j

 (At most k nodes are bailed out)

=
1

g

(
1− k

n

) ∑
j∈[n]

z̃∗j

If 1
g

(
1− k

n

)
< 1, or g >

(
1− k

n

)
then we follow the same analysis as in Theorem 2 and obtain

an (1−βmax)(1−k/n)
g approximation guarantee. We can use concentration inequalities to devise

bounds about the runtime of the algorithm in a similar manner to Theorem 3.

Proof of Theorem 9. General Instance. Suppose that we have the star network Sn with node 1
being in the center and nodes 2 through n− 1 being the peripheral nodes. Let b = 1, c = n · 1{1},
and p1i = 1 for i 6= 1. The bailouts are L = n · 1 and the total budget is Λ = n. The network
is hit with a point-mass shock X = c. We will (w.l.o.g.) focus on the (SoP) objective [It can be
shown for any linear objective given by a vector of coefficients v > 0 the same result holds]. The
unbounded objective has value 2n− 1 since bailing out the central node restores the network to its
initial state. Let g = 0. We have the following results:

• (GC) Solution. Subject to absolute equality (i.e. g = 0), it should hold that for the bailout
indicator variables z̄j that

∑
j 6=1 |z̄1(g) − z̄j(g)| = 0. Thus z̄j(g) = 0, therefore the objective

value is 0. That yields a PoF of 2n−1
0 =∞.

• (PGC) Solution. Let q = 1{1}. Again, similarly to the previous case, we get z̄j(g, q) = 0 for
all j. Thus the PoF is ∞.

• (SGC) Solution. We again get that
∑

(i,j)∈E aij |z̄i(g,A)−z̄j(g,A)| = 0 which yields z̄j(g,A) =
0 for all j ∈ [n]. Again, the PoF is ∞.

Proof of Theorem 10. We will prove the correctness of the Theorem for the (GC) metric since
the other metrics have exactly the same proof. Fix some g ≥ 0. The fractional PoF is equal
to f(p̃∗(1))/f(p̃∗(g)). Assume, for contradiction, that the PoF is unbounded. The following can
happen:

1. f(p̃∗(g)) 6= 0 and f(p̃∗(1)) is such that the limit of their ratio goes to infinity. This is a
contradiction since f can get values up to ‖f‖∞. Thus, we arrive at a contradiction.

2. f(p̃∗(g)) = 0. Since f is strictly increasing with f(0) = 0 then p̃∗(g) = 0. We will show that
p̃∗(g) = 0 if and only if X = c w.p. 1 and z̃∗(g) = 0. We remind here that there are no
isolated nodes (to the internal or the external sector) and hence p > 0. The reverse direction
is trivial since the fairness constraint is always satisfied (hence it does not affect the feasible
region) and the fixed point operator is simply Φ(p̃∗(g)) = p ∧ (AT p̃(g)), so Φ(0) = p ∧ 0 = 0,
i.e. p̃∗(g) = 0. For the reverse direction, since p > 0 the only way for p̃∗(g) to be 0 is (i)
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g = Λ = 0 which is impossible since by the definition of the problem Λ > 0, and (ii) the
relative liability non-homogeneous part is zero, i.e. (c − X) + L � z̃∗(g) = 0 (the fairness
constraint is trivially satisfied). Since c − X ≥ 0, L > 0 and z̃∗ ≥ 0, the only way for
the equation to hold is X = c with probability 1 and z̃∗(g) = 0, yielding a contradiction.
Therefore, f(p̃∗(g)) > 0.

Proof of Theorem 11.
• (SGC) Solution. Since g > 0 and A is a connected network (i.e. no isolated nodes) a positive

budget µ ∈ (0,Λ] is spent in total on bailouts. We let

B(µ) = {(p̃′(g,A), z̃′(g,A))T feasible (g,A)-unfair allocation : LT z̃′ = µ}.

Subsequently, we define the following partition of B(µ): Let B1(µ) = B(µ) ∩ {∃j ∈ [n] :
z̃j(g,A) 6= µ/(nLj)}, and B2(µ) = B(µ) ∩ {∀j ∈ [n] : z̃j(g,A) = µ/(nLj)}. We show that if
B2(µ) is non-empty then B1(µ) must be non-empty. Let z̃(g,A) ∈ B2(µ). Then since g > 0
for 0 < δij ≤ min{ µ

nLi
, µ
nLj

, gβminµ
βi+βj

} we choose two arbitrary nodes i and j such that the

former node’s bailout is increased by δij and the latter node’s bailout is decreased by δij ,
that is absolute equality is achieved via the optimal allocation and we are allowed to increase
up to g. The total budget constraint is not violated and the new bailout scheme belongs to
B1(µ). If the optimal bailout scheme belongs to B2(µ) perturb the bailouts of two nodes as
we described above to get a sub-optimal assignment (p̃′(g,A), z̃′(g,A))T ∈ B1(µ) since the
optimal assignment is also (0, A)-unfair. The altered assignment is a lower bound on the
original assignment per the objective. Below we bound the PoF for the (L-OBJ) objective.
We have:
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1

PoF(g,A)
=

∑
j∈[n] vj p̃

∗
j (g,A)∑

j∈[n] vj p̃
∗
j (1, A)

≥ 1

ζ
·
∑

j∈[n] p̃
′
j(g,A)∑

j∈[n] p̃
∗
j (1, A)

(Constrain to B1(µ))

=
1

ζ
·
∑

j∈D(g,A) p̃
′
j(g,A) +

∑
j∈R(g,A) p̃

′
j(g,A)∑

j∈D(1,A) p̃
∗
j (1, A) +

∑
j∈R(1,A) p̃

∗
j (1, A)

(Partition of [n])

≥ 1

ζ
·

∑
j∈D(g,A) p̃

′
j(g,A)∑

j∈D(1,A) p̃
∗
j (1, A) +

∑
j∈R(1,A) p̃

∗
j (1, A)

(Drop Summands)

≥ 1− βmax

ζ
·
∑

j∈D(g,A)(cj − xj + Lj z̃
′
j(g,A))∑

j∈[n](cj − xj + Lj z̃∗j (1, A))
(Lemmas 4 and 5)

≥ 1− βmax

ζ
·
∑

j∈D(g,A)(cj − xj + βjLj z̃
′
j(g,A))∑

j∈[n](cj − xj) + Λ
(Budget Constraint, βj < 1)

≥ 1− βmax

ζ
·
∑

j∈D(g,A)(cj − xj) + 1
2g

∑
(i,j)∈E aij |Liz̃′i(g,A)− Lj z̃′j(g,A)|∑

j∈[n](cj − xj) + Λ

(Gini Constraint)

≥ 1− βmax

2gζ
·
∑

(i,j)∈E aij |Liz̃′i(g,A)− Lj z̃′j(g,A)|
‖c‖1 + Λ

(0 ≤ c− x ≤ c)

≥ 1− βmax

2gζ(‖c‖1 + Λ)

√ ∑
(i,j)∈E

a2
ij(Liz̃

′
i(g,A)− Lj z̃′j(g,A))2 (‖x‖1 ≥ ‖x‖2)

≥ 1− βmax

2gζ(‖c‖1 + Λ)

√
θ̃′(g,A)TL(A�A)θ̃′(g,A). (θ̃′(g,A) = L� z̃′(g,A))

We do a change of variables ỹ′(g,A) = θ̃′(g,A) − µ
n1 6= 0 since θ′(g,A) ∈ B1(µ). Since 1 is

the eigenvector of the 0 eigenvalue we can center the aforementioned quadratic form to be
equal to

ỹ′(g,A)TL(A(2))ỹ′(g,A) =
ỹ′(g,A)TL(A(2))ỹ′(g,A)

‖ỹ′(g,A)‖22
· ‖ỹ′(g,A)‖22.

Moreover,

ỹ′(g,A)TL(A(2))ỹ′(g,A)

‖y′(g,A)‖22
· ‖ỹ′(g,A)‖22 ≥

(
min

1T y(g,A)=0

y(g,A)TL(A(2))y(g,A)

‖y(g,A)‖22

)
· ‖ỹ′(g,A)‖22.

Using the Courant-Fischer Theorem [Spi12] the above expression evaluates to λ2(L(A(2))) ·
‖ỹ′(g,A)‖22, where

‖ỹ′(g,A)‖22 =
∑
j∈[n]

(
Lj z̃

′
j

)2 − µ2

n
> 0.

For λ2(L(A(2))) we use the lower bound provided by Cheeger’s inequality, i.e.
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λ2(L(A(2))) ≥ φ2(A(2))

2 maxj∈[n]

∑
i∈[n] a

2
ji

≥ φ2(A(2))

2 maxj∈[n]

(∑
i∈[n] aji

)2 ≥
φ2(A(2))

2β2
max

,

where φ(A(2)) = min∅⊂S⊂[n]

∑
j∈S,i/∈S a

2
ji

min{∑j∈S
∑
i:i∼j a

2
ji,

∑
j∈[n]\S

∑
i:i∼j a

2
ji}

is the conductance of A(2).

Thus we can bound the PoF by

PoF(g,A) ≤
√

2gζ(‖c‖1 + Λ)βmax

(1− βmax)φ(A(2)) ·
√∑

j∈[n](Lj z̃
′
j)

2 − µ2/n
.

Note that the denominator is always non-zero since βmax < 1, φ(A(2)) > 0 and
∑

j∈[n](Lj z̃
′
j)

2−
µ2/n > 0 due to z̃′(g,A) ∈ B1(µ).

• (GC) Solution. The construction of the sets B(µ),B1(µ),B2(µ) is exactly the same as in the
previous case, as well as the derivation of the PoF bound. The only change that in place of
A(2) we put the complete graph Kn on [n]. Since λ2(L(Kn)) = n we do not need to employ
Cheeger’s inequality, and thus arrive at a bound of the form

PoFg ≤
2gζ(‖c‖1 + Λ)

√
n

(1− βmax)
√∑

j∈[n](Lj z̃
′
j)

2 − µ2/n
.

Note that there was a factor of 2n on the Gini Coefficient definition so the bound gets a 2
√
n

factor on the numerator. Again for a finite instance we have that PoFg <∞.

Proof of Theorem 12. We have that

SGC(z̃;A) =

∑
i,j aij |Liz̃i(g,A)− Lj z̃j(g,A)|

2
∑

j∈[n] βjLj z̃j(g,A)
=

1

2
ψ(L� z;A).

where ψ(x;A) =
∑
i,j aij |xi−xj |∑
j∈[n] βj |xj |

. In Appendix B.2, we prove that

φ(A) = min
x 6=0, median(x)=0

ψ(x;A).

Thus ψ(L�z;A)
2 ≥ φ(A)

2 . Therefore SGC(z̃;A) ≥ φ(A)
2 .

B Transformations

B.1 Transforming Weakly-Increasing Objectives to allow clearing vectors

In the case that the (GDBP) problem consists of a function f(p̄) which is increasing (i.e. not
necessarily strictly increasing), there is no guarantee that the solution that will be produced by the
optimization procedure will correspond to a clearing vector (still if the spectral radius of A is less
than 1 the fixed point operator yields a unique solution). For that reason we consider, similarly
to [AK19] the transformed objective, parametrized by ε > 0,

f̂(p̄) = f(p̄) +
ε(1− βmax)

2Λ
1T p̄.
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It is obvious that for any p̄ > 0 we have that f̂(p̄) > f(p̄) since the added term contributes
positively. Moreover f̂ is strictly increasing and therefore an optimal solution p̂ to f̂ subject to
the (GDBP) constraints is a clearing payment vector. Below we will show that if p̄∗ is an optimal
solution to f , and p̂∗ is an optimal solution to f̂ then f(p̂∗)− f(p̄∗) ≤ ε. First, from optimality we
have that

f̂(p̂∗)− f̂(p̄∗) ≥ 0.

Equivalently,

f(p̂∗) +
ε(1− βmax)

2Λ
1T p̂∗ − f(p̄∗)− ε(1− βmax)

2Λ
1T p̄∗ ≥ 0.

Equivalently,

f(p̂∗)− f(p̄∗) ≤ ε(1− βmax)

2Λ
‖p̂∗ − p̄∗‖1 ≤

ε(1− βmax)

2Λ(1− βmax)
‖LT ẑ∗ − LT z̄∗‖1 ≤ ε.

Where the inequalities follow from rearrangements, the triangle inequality, Lemma 3, and that
the maximum distance between any two assignments can be at most 2Λ. Thus the clearing payment
vector from solving the transformed objective yields an objective value which is ε-close to the desired
optimal value.

B.2 A Property of Conductance

To conclude the proof of Theorem 12 we give a relation between the conductance and Gini-related
Measures. For this subsection only, and for simplicity, we will assume a new notation from the rest
of the paper referring to an unweighted and undirected topology G(V = [n], E) with |V | = n. The
result we prove below is also of independent interest from the rest of the paper. The conductance
of G, φ(G), is given as

φ(G) = min
∅⊂S⊂V

e(S, S̄)

min{|S|, |S̄|}
= min
∅⊂S⊂V,|S|≤n/2

e(S, S̄)

|S|
,

where e(S, S̄) is the number of edges going from S to its complement S̄ = [n] \ S. More
specifically, we will show that

φ(G) = min
x1,...,xn

∑
(i,j)∈E |xi − xj |∑

i∈[n] |xi|
(COND)

subject to median(x1, . . . , xn) = 0

not all xi = 0.

For that reason, we define the function

ψ(x) =

∑
(i,j)∈E |xi − xj |∑

i∈[n] |xi|
.

Firstly, we will show that minx∈(COND) ψ(x) ≤ φ(G). Let S∗ be the set that achieves φ(G). We
let
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x∗i =

{
1

φ(G) i ∈ S∗

0 i /∈ S∗
.

Note that since |S∗| ≤ n/2 the median of x∗i is 0. Moreover, not all x∗i are 0. We have that

ψ(x∗) =

∑
(i,j)∈E |x∗i − x∗j |∑

i∈[n] |x∗i |
=

∑
(i,j)∈E,i∈S∗,j∈S̄∗

1
φ(G)

|S∗| 1
φ(G)

=
e(S∗, S̄∗)

|S∗|
= φ(G).

Thus we showed that minx∈(COND) ψ(x) ≤ φ(G). We will now show that minx∈(COND) ψ(x) ≥
φ(G). In this case, we seek to find x1, . . . xn such that ψ(x) is minimized and the xi’s have median
0. We define yi = max{xi, 0} and zi = min{xi, 0}. It is elementary to show that |xi| = |yi| + |zi|
and |xi − xj | = |yi − yj |+ |zi − zj |. So

ψ(x) =

∑
(i,j)∈E [|yi − yj |+ |zi − zj |]∑

i∈[n] [|yi|+ |zi|]
.

To show our claim, it suffices to show that ψ(y) ≥ φ(G) and ψ(z) ≥ φ(G). This is because
for every a, b, c, d, α ≥ 0 with a

c ≥ α and b
d ≥ α then a+b

c+d ≥ α. By symmetry, we will constrain
ourselves to proving ψ(y) ≥ φ(G), whereas for z the proof is identical. We let y1 = · · · = yn/2 = 0
and yi ≥ 0 for all i ≥ n/2. This guarantees that the median of yi is 0 and that yi ≥ 0 for all i ∈ [n].
For the numerator we have

y1 = · · · = yn/2 = 0

yi. . . yi+1 yi+2 . . . yj

C`, `− 1 ≥ n/2

∑
(i,j)∈E,i<j

(yj − yi) =
∑

(i,j)∈E,i<j

j∑
`=i+1

(y` − y`−1)

=
∑
`

(# of copies of the (`− 1, `) segment) · (y` − y`−1)

=
∑
`

(# of edges that cross over (`− 1, `)) · (y` − y`−1)

=
∑
`

(# edges in the cut C` partitioning [`− 1] from [n] \ [`− 1] )︸ ︷︷ ︸
|C`|

·(y` − y`−1).

A key observation is that |C`|
n−`+1 ≥ φ(G). Therefore the numerator satisfies

∑
`

|C`| · (y` − y`−1) ≥
∑
`

φ(G)(n− `+ 1)(y` − y`−1) ≥ φ(G) ·
∑
`

y` = φ(G) ·
∑
`

|y`|.
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Thus ψ(y) ≥ φ(G). We conclude that φ(G) = minx∈(COND) ψ(x). Theorem 12 is the weighted
version (with weights wij ≥ 0) of this identity where the proof is exactly the same, where we use

the function ψ(x;W ) =
∑

(i,j)∈E wij |xi−xj |∑
i∈[n] di|xi|

and di =
∑

j wij . Finally, note that if we constrain ψ in

the domain in which the denominator is at most σ′, for some σ′ > 0 then we modify an allocation
x with

∑
i∈[n] |xi| = σ > 0 to an allocation x′ = σ′

σ x and the proof will remain valid since ψ is

scale-invariant, that is ψ(x′) = ψ
(
σ′

σ x
)

= ψ(x).

C Datasets Addendum

German Banks Dataset [CWY16]. The dataset contains n = 22 German Banks, connected
with a liability matrix with m = 435 edges, with a mean outdegree d̄out = 19.8. The network
structure can be described by the ER network G(n = 22, p = 0.94). Below we provide Pareto fits
for the internal liabiliti-es distributions, a regression plot for external assets and external liabilities,
a plot of the financial network with equities (wealths) displayed with colors on a log-scale, and a
distribution plot between external assets and external liabilities with Pareto fits. Observe that the
relation between external assets and external liabilities is a linear function with R2 = 0.999. The
visualization of the dataset appears in Figure 14.
EBA Dataset [GY15]. The EBA dataset contains information about the external assets and
liabilities of each bank as well as the total internal assets of each bank, which by [GY15] are
assumed to be equal to the total internal liabilities of each bank. In Section 4, we have perturbed
the total internal assets by adding some noise, and rebalancing them so that their total sum is
invariant. The assets and liabilities can be approximated by exponential distributions. We report
the distributions and the corresponding fits in Figure 15. The external assets and liabilities are
linearly correlated with R = 0.997.
Venmo Dataset. The venmo dataset consists of n = 7, 178, 381 nodes and m = 7, 024, 837 edges
(transactions) with an average (total) degree per user of 1.9572. The dataset consists of directed
transactions from a sender node to a receiver node. There are no payment amounts data (for privacy
reasons). Figure 16 displays the degree distributions of the dataset and the corresponding power-
law fits. The indegree distribution law is y ∝ x−2.3 and the outdegree distribution law is y ∝ x−3.7

with corresponding Pearson coefficients −0.86 and −0.89 respectively. We have computed all the
weakly-connected components of the Venmo transaction network and kept 19 weakly-connected
components which contained more than 100 nodes. We generated fake transactions using Pareto
laws.
SafeGraph Data. We give the detailed steps we used and assumptions we relied on to build the
SafeGraph data. We first describe the two different kinds of nodes, that form a bipartite graph
where nodes of each kind lie in their corresponding set of the bipartition:

• POI nodes. We construct the POI nodes by setting a location on Earth and looking at the
kkNN-nearest CBGs that contain POIs according to the Haversine distance. We choose the
location (42.43969750363193, -76.49506530228598) and use kkNN = 3.

• CBG nodes. We use the Monthly Patterns data for the period between April and May 2020
to determine the CBGs that interact with the POIs in question. For each POI, we use the
column visitor home cbg to list the CBGs and the total number of visitors from each CBG
to each POI. These visitors correspond to the number of unique devices that interact with the
POI. Moreover, we assume that each distinct device represents a different person. For each
CBG node we use data from the US Census we also log demographic characteristics such as:
(i) race, (ii) average income, (iii) size of households, (iv) unemployment rates. Using these
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data for each CBG we calculate: (i) the probability of belonging to a racial minority group
(i.e. non-White), (ii) the average income, (iii) the average size of a household on this CBG,
(iv) the probability of someone in the CBG being unemployed.

The above network consists of 152 nodes (for our choice of parameters), but can be different if
e.g. the starting coordinates or kkNN are changed. We create the edges and the internal liabilities
pij as follows:

• We use the bucketed dwell times to determine the percentage of people that are working in
a business. More specifically, we consider a worker a device that has spent more than 240
min in the POI and we classify the person as a non-worker otherwise. Workers come from
CBGs and are paid wages whereas non-workers come from CBGs and have expenses on the
corresponding POI. For every CBG j let pworker

j be this percentage.
• For every CBG i that interacts with a POI j with nij people we add an edge (j, i) referring

to nworkers
ij = bnij × pworker

j c workers, and an edge (i, j) referring to nnon−workers
ij = nij −bnij ×

pworkers
j c non-worker nodes. We determine the weights of these edges (per unit) as follows:

for the (j, i) edge we take wage data by the US Economic Census and NAICS and create
a liability by the business equal to the monthly wage of an employee which we multiply by
nworkers
ij . For the (i, j) edge we use data from the Consumer Expenditure Survey conducted

by the US Economic Census and add a liability regarding nnon−workers
ij equal to the average

monthly expenditures due to the specific NAICS code of the business.
The number of workers for each POI j is nworkers

j =
∑

i is CBG n
workers
ij (and the number of non-

workers is defined respectively). Similarly we count the number of workers and number of non
workers for each CBG i. We estimate the total number of households in the CBG that are related
to interaction with the corresponding POIs16. We estimate the number of households as follows

nhouseholds
i =


nworkers
i

pemployed
i

+ nnon−workers
i

average size of household at CBG i

 .
The bailouts are determined as follows
• For each CBG i we use the average income of the CBG and the average size of the household

to calculate the value of a bailout as it would be imposed by the CARES act (see [act20]).
The bailout is multiplied by the estimated number of households calculated previously.

• For each POI j we have data from loans that were given on multiple businesses as parts of the
COVID-19 relief plan in the US and are available via SafeGraph. The loan value is normalized
to span a month and is also normalized by the true number of jobs reported in each business
and then is multiplied by the number of workers at POI j in the bipartite network. The
loan data also report the race of its owner (owners can also choose not to answer) so we can
determine if the business is a minority or a non-minority-owned business. To fill the missing
data we use the percentage of minority businesses as a real-valued score for the corresponding
business.

Finally, we determine the external assets and liabilities
• For each POI j we use the total assets earned annually from all establishments, normalized

them by month,divide by the total number of workers for the specific NAICS code that the
POI belongs, and multiply by the number of workers at the POI. Finally, from this amount
we subtract the revenue due to nodes within the network (i.e. inbound edges) and take the
positive part in case the result is negative. The external liabilities of the POI are determined

16Of course the total number of people and households for each CBG is reported by the US Census the dataset
would not be calibrated if we did not limit the transactions of each CBG with the corresponding POIs.
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in a similar way with the only change that the total weight of the outbound edges is subtracted
in the end. To ensure that A2 holds throughout the experiments (and, thus, we have a unique
equilibrium) we assert a minimum of $100 for the external liabilities. Such a number is smaller
than the order of most quantities and thus does not significantly affect the results.

• For each CBG i the process is similar where for external assets we use data regarding the
average income as reported by the US Census, following a similar procedure as in the POI
case, but now normalized with respect to the estimated number of households and the inbound
connections from the POIs. Regarding the average expenses of a household, we the national
US average of ∼$63, 000.

This completes the construction of the SafeGraph semi-artificial data experiment. It is impor-
tant to note that all values are “normalized” with respect to entities participating in the network.
This normalization process avoids scenaria like the following: there is a CBG where a small percent-
age of household heads are employed in the corresponding businesses so the weights of the network
(internal liabilities) would have different scale than the external assets and liabilities resulting in
diminishing network effects, namely a lot of liabilities are owned outside the network and hence the
values of βi are very small and thus the effect of the relative internal liability matrix A vanishes (i.e.
βmax = ‖AT ‖1 ≈ 0) and thus the clearing payments become approximately p̄ ≈ b∧ (c− x+L� z̄);
essentially eliminating network effects. In fact, without network effects, the problem is solvable
in O(n log n) time: we calculate p̄′j = bj ∧ (cj − xj + Lj) in O(n) time, we sort the values vjp

′
j in

decreasing order in O(n log n) time and then pick the first entries such that the budget constraint is
respected. The correctness of this argument relies on the use of an elementary algebraic argument.

D Data Ethics Statement

All data in this paper comes from publicly available datasets derived and used in prior research.
The financial networks from banks can be found in the public domain and their corresponding
publications. The Venmo network data are publicly available on GitHub, and do not contain
transaction amounts. The mobility data were obtained from a public SafeGraph dataset in which
privacy techniques have been applied by the data provider, and, thus, no human subjects are iden-
tifiable. Because all data consists of public, pre-existing datasets without identifiable individuals,
the current work is exempt from IRB review.
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(a) Internal liabilities distribution and Pareto fit (b) External assets and external liabilities regression

(c) Financial network plot with wealths on log-scale (d) External assets and liabilities distributions and
Pareto Fits

Figure 14: German Banks dataset statistics
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(a) Total Internal Assets distribution with Exponen-
tial fit

(b) External assets and external liabilities regression

(c) External assets and liabilities distributions with
Exponential fit

(d) Equity distribution and Exponential fit

Figure 15: EBA dataset statistics

51



(a) Indegree distribution (b) Outdegree distribution

Figure 16: Venmo dataset degree distributions with power-law fits.
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