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Abstract

Among Judea Pearl’s many contributions to causality and statistics, the graphical d-separation crite-
rion, and the do-calculus stand out. In this paper we show that d-separation provides direct insight
into an earlier causal model originally described in terms of potential outcomes and event trees.
In turn, the resulting synthesis leads to a simplification of the do-calculus that clarifies and sepa-
rates the underlying concepts, and a simple counterfactual formulation of a complete identification
algorithm in causal models with hidden variables.
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1. Introduction

For the last three decades Judea Pearl has been a leading advocate for the adoption of causal models
throughout the sciences. Pearl (1995) introduced causal models based on non-parametric structural
equation models (NPSEMs).! NPSEMs encode direct causal relations between variables. More
precisely each variable V' is modeled as a function of its direct causes and an error term €v/; this is
the “structural equation” for V'; see Table 2. These causal relationships can be represented naturally
by the directed arrows on a directed acyclic graph (DAG) in which there is an edge X — V if
X is present in the structural equation for V. The resulting graph is often called a causal DAG
or diagram. However, further probabilistic assumptions are required to link the NPSEM to the
distribution of the data.

Pearl has often considered a submodel of an NPSEM, hereafter referred to as the NPSEM-IE,
which assumes the independence of error terms. NPSEM-IEs typically include both observed and

1. See also (Pearl, 2005, p.69). More recently Pearl has used the term (Structural) Causal Model (SCM) to refer to
NPSEMs; see (Pearl, 2009, p.203, Def. 7.1.1). However, (S)CM is sometimes also used to denote NPSEMs in
which, in addition, the error terms are assumed to be independent either explicitly, see (Pearl, 2009, p.44, Def. 2.2.2)
(Forré and Mooij, 2019), or implicitly see (Lee et al., 202C). For this reason, we prefer to use Pearl’s earlier termi-

nology.
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hidden variables.? Thus although these models assume that errors are independent they still allow
a modeler to postulate non-causal dependence between observed variables X and Y by including a
hidden variable X <— H — Y (instead of allowing errors € x and €y to be dependent).

Under the NPSEM-IE the distribution over the factual (i.e. hidden plus observed) variables
factorizes according to the causal DAG. This allows one to reason about conditional independence
in the distribution for the factual variables via d-separation relations on the causal graph. Based on
this insight, Pearl developed an influential reasoning system called the do-calculus which allows
complex derivations to be made linking causal and observed quantities by appealing to d-separation
in graphs derived from the causal DAG.

Causal graphs plus d-separation turn a difficult mathematical problem into a simple one of
graph topology. The use of causal DAGs, as championed by Pearl, has revolutionized causal reason-
ing in many fields, including fields such as epidemiology and sociology, precisely because causal
reasoning based on DAGs and d-separation is so “user-friendly.” That is, individuals lacking the
necessary mathematical background to understand probabilistic inference based on solely on an
NPSEM-IE have been given a tool with which they can solve subtle problems in causal inference.
In fact, even the mathematically sophisticated find causal reasoning with graphs to be much easier
than algebraically manipulating the underlying structural equations. As Pearl emphasizes this is
largely because causal DAGs faithfully represent the way humans, including scientists and mathe-
maticians, encode causal relations.

The use of DAGs to encode causal relationships dates back to the work of the geneticist Se-
wall Wright Wright (1921) in the 1920s, who used a special case of the NPSEM associated with
linear structural equations, and Gaussian errors for pedigree analysis among other applications in
biology. These ideas were further developed and applied by Wright, Haavelmo, the Cowles Com-
mission, Strotz & Wold, Fisher (Wright, 1921; Haavelma, 1943; Simon, 1953; Strotz and Wold,
1960; Fisher, 1969, 1970).

In statistics, (non-graphical) causal inference models have a long history also dating back to
the 1920s (Neyman, 1923; Rubin, 1974; Robins, 1986). These models are based on counterfactual
variables (potential outcomes) that encode the value the variable would have if, possibly contrary
to fact, a particular treatment had been given. Causal contrasts in these models compare the distri-
butions of potential outcomes under two or more treatments.

In general, these counterfactual models considered treatments or exposures at a single point
in time. Extending the framework introduced by Neyman to allow for treatment at multiple time-
points, Robins introduced causally interpretable structured tree graph (CISTG) models. These
counterfactuals models, which were represented using event tree graphs, extended the point treat-
ment model of Neyman (1923) to longitudinal studies with time-varying treatments, direct and
indirect effects and feedback of one cause on another.

Pearl has noted that a NPSEM (even without assumptions on the distribution of the errors)
implies the existence of potential outcomes and thus an NPSEM model also allows reasoning about
counterfactuals; see (Halpern and Pearl, 2001, 2005). Indeed, Robins and Richardson have shown
that in fact a particular finest CISTG model (“as detailed as the data”) is mathematically isomorphic
to an NPSEM model in the sense that any such CISTG model can be written as an (acyclic) NPSEM
model and vice-versa. A finest CISTG “as detailed as the data” is a counterfactual causal model in
which all the underlying variables can be intervened on — an assumption that Pearl has sometimes
also adopted.® Other versions of CISTG models, unlike the NPSEM, assume that only a subset

2. Causal DAG models with unobserved variables are also referred to as “semi-Markovian” by (Pearl, 2009, p.69 and
p.76).

3. See (Galles and Pearl, 1998), Definitions 2 and 3 and footnote 2, also (Pearl, 2009) Definitions 7.1.2 and 7.1.3.
However, in more recent work, Pearl (2018, 2019) has made a further distinction between hypothetical interventions
and a concept of causation based on variables that “listen to others.” Pearl continues to assume that for every variable
there are counterfactuals associated with applying the do operator to that variable. However, the model resulting
from applying the do operator and removing structural equations need no longer correspond to an actual intervention.



of the variables can be thought of as treatments with associated counterfactuals; thus interventions
and causal effects are only defined for this subset. Henceforth, unless stated otherwise, the term
“CISTG model” will be used to denote a “finest CISTG model as detailed as the data.”

Since counterfactual variables are not directly observed, assumptions are needed to link coun-
terfactuals and their distributions to those of the factual data. A necessary assumption is consis-
tency, which states that for a unit their observed outcome (Y") and their potential outcome (Y (a))
had a particular treatment a been assigned, will coincide, if in reality the treatment they received
(A) is a. However, since both counterfactuals are not directly observed for any individual — the
fundamental problem of causal inference — distributions of causal effects are not identified without
additional assumptions, beyond consistency.

These assumptions typically take the form of Markov (conditional independence) assumptions
that link the distribution of the factual data to that of the counterfactuals, as further discussed below.
The simplest example is a randomized clinical trial which assigns treatment via the flip of a coin,
and thus treatment is independent of the potential outcomes, so for all a, A1 Y (a). Together,
consistency and Markov assumptions allow population level causal contrasts to be identified from
observed data. In contrast, individual level effects are not typically identifiable.

Under the NPSEM-IE model, the additional Markov assumptions follow from the assumption
that the errors in the structural equation for each variable (hidden or observed) are independent of
the errors in the structural equations for the other variables.

Robins (1986) similarly added independence assumptions to the CISTG model. Robins re-
ferred to the version of this model in which all variables can be intervened on as the “finest fully
randomized CISTG model as detailed as the data,” which we henceforth refer to as the “FFRCISTG
model,” unless stated otherwise. Interestingly, the NPSEM-IE implies many more counterfactual
independence assumptions than does the corresponding FFRCISTG model. In fact, if we consider
complete graphs on p binary variables then the difference between the number of assumptions
implied by the NPSEM-IE and the FFRCISTG model grows at a doubly exponential rate.

The NPSEM-IE allows the identification of certain causal effects — the pure and total direct
and indirect effects and more generally path specific effects’ — by making use of additional inde-
pendence assumptions that cannot be confirmed, even in principle, by any experiment conducted
using the variables represented on the graph. In contrast under the less restrictive FFRCISTG
model all counterfactual independence assumptions are in principle experimentally testable,® the
pure and total direct effects are not identifiable (from the variables on the graph). However, ordi-
nary intervention distributions of the type that arise in Pearl’s do-calculus are identifiable under the
FFRCISTG model.

Many statisticians and econometricians exclusively use counterfactuals (without graphs) when
carrying out causal data analyses. Pearl has developed purely graphical criteria to reason about
confounding and many other causal questions. Since graphical criteria, such as Pearl’s do-calculus,
make no reference to counterfactuals, they can appear confusing to those unused to causal graphs.
Indeed only factual variables typically appear on Pearl’s causal diagrams so any connection be-
tween Pearl’s graphical criteria and the statistician’s counterfactual criteria appear at first glance
to be obscure. This is true even though Pearl and others have shown mathematically that the two
approaches to evaluation of confounding are effectively logically equivalent.

This leaves open the question as to whether there are predictions made by these removals and, if so, how can they be
validated.

4. With three binary variables, the difference in the dimension of the two models is 94, with four it is 32,423
(Richardson and Robins, 2013).

5. See (Robins et al., 2021) for more detail on these effects.

6. This assumes that it is possible to observe the natural value of a variable and then intervene on it an instant later; see
discussion in Section 2 .



In this paper, we will describe an approach that unifies the graphical and counterfactual ap-
proaches to causality, via a graph known as a Single-World Intervention Graph (SWIG).” The
SWIG is defined by the counterfactual independencies implied by the FFRCISTG model. The
nodes on a SWIG correspond to the counterfactual random variables present in these indepen-
dences. Furthermore, Pearl’s d-separation criterion can be applied to the SWIG to read off coun-
terfactual independences implied by the FFRCISTG model. In fact, we will show that SWIGs lead
directly to a simpler reformulation of the do-calculus in terms of potential outcomes that allows a
considerable simplification of Rule 3. This reformulated calculus, that we term the potential out-
come calculus or po-calculus is also strictly stronger than Pearl’s in that it may be used to infer
equalities that are not expressible in terms of the do(-) operator. We use the po-calculus to derive
a new simple formulation of an extended version of the ID algorithm for identification of causal
queries in the presence of hidden variables. The extended algorithm identifies joint distributions
over sets of counterfactual outcomes, where some outcomes are the “natural” values that treatment
variables would take were they not intervened on.

2. Graphs, Non-Parametric Structural Equation Models (NPSEMs) And The g-/do
Operator

Fix aset of indices V' = {1,..., K} under a total ordering <, define the sets pre; = {1,...,i—1}.
For each index ¢ € V, associate a random variable X; with state space X;; the ordering here could
be given by temporal ordering but need not be.! Given A C V, we will denote subsets of random
variables indexed by A as X4 € X4 = Xi cA X,;. For notational conciseness we will sometimes
use index sets to denote random variables themselves, using V' and A to denote Xy and X4,
respectively, and similarly using lower case a to denote 4 € X 4. Similarly, by extension, we will
also use V4 to denote X 4 and V; to denote X;.

We assume the existence of all one-step-ahead potential outcome (also called counterfactual)
random variables of the form Vi(:cpai), where pa; is a fixed subset of pre;, and x5, is any element
in Xpa, .2 The variable Vi(:vpai) denotes the value of V; had the set V},,, of direct causes of V; been
set, possibly contrary to fact, to values pa,. The existence of a total ordering < on indices and
the fact that pa; C pre; precludes the existence of cyclic causation. That is, we consider causal
models that are recursive. V;(x,,) may be conceptualized as the output of a structural equation
fi: (a:pai ,€i) — x;, a function representing a causal mechanism that maps values of Tpa,, as well
as the value of a variable ¢;, to values of V;. Specifically, we may define the error term ¢; to be the
vector comprised of the set of random variables {Vi(2pa,) | Zpa, € Xpa,} and f; to be such that

fi(xpawei) = (Ei)w})ai = V;(xpai,)'

7. The approach taken here is inspired by, but distinct from, earlier approaches to combining graphs and counterfactuals
such as Pearl’s Twin-Network approach (Balke and Pearl, 1994), (Shpitser and Pearl, 2008), (Pearl, 2009, Section

7.1.4).

However, the d-separation criterion on twin-networks is not complete, as there are deterministic relationships
that are present — but not represented graphically — among the variables in a twin-network. Consequently, it is possible
for there to be a d-connecting path and yet the corresponding conditional independence holds for all distributions in
the model; see the Appendix for a simple example. In contrast, d-separation is complete for a SWIG. However, it
should be noted that twin-networks are addressing a harder problem than SWIGs since their goal is to determine all

independencies implied by an NPSEM-IE model including “cross-world” independencies.

Finally, we note that twin-network graphs have not typically used (minimal) labelings, which turn out to be

important in some applications; see Section 2.3.

8. If some variables do not affect variables later in time then many non-temporal orders may be used; see (Robins, 198€,

Chapter 11) and later.

9. pa here is short for “parent,” which will be motivated later when we subsequently build a connection to directed

graphs.



We define non-parametric structural equation causal models (NPSEMs) as sets of densities
over the set of random variables

V= {Vi(apa,) | i €V, 2pa, € Xpa, }-

Note that V includes variables V; which have no parents, and which are thus factual. For simplicity
of presentation, we assume X; is always finite, and thus ignore the measure-theoretic complications
that arise with defining densities over sets of random variables in the case where some state spaces
Xpa, are infinite.

Given a set of one-step-ahead potential outcomes V, for any A C V and ¢ € V, the potential
outcome V;(a), the response of V; had variables in V4 been set to a € X 4, is the one step ahead
counterfactual V;(pa,) € Vif V4 = Vpa,» and is otherwise defined via recursive substitution:

Vi(a) = Vi(apa,, Vpaa(a)) . (1)

In words, this states that V;(a) is the potential outcome where variables in both pa; and A are
set to their corresponding values in a, and all elements of pa; not in A are set to whatever values
their recursively defined counterfactual versions would have had had V4 been set to a. This is
well-defined because of of the requirement that pa; C pre,.

Equivalently, V;(a) is the random variable induced by a modified set of structural equations:
specifically the set of functions f; for V; such that A Npa; # () are replaced by modified functions
fi+ (Tpa, \a,€5) + z; that are obtained from f; : (zpa,, ;) = x; by always evaluating pa; NA
at the corresponding values in a.

We will extend our notational shorthand by using index sets to denote sets of potential outcomes
themselves. Thus, for B C V, we let B(a) denote the set of potential outcomes Vg (a). We denote
by V* the set of all variables derived by (1) from V for all possible choices of the set A (together
with the set V itself).!°

While the potential outcome and the structural equation formalisms both yield the same causal
model, there are some differences regarding the way in which the frameworks are typically pre-
sented. Specifically, regarding which “objects” are taken as primitive and which are derived.

The counterfactual formalism here starts with one-step-ahead counterfactuals that intervene on
every parent (direct cause) of every variable, and constructs all other counterfactuals by means of
recursive substitution. Recursive substitution implies, in particular, that A(a) = A. This accords
with the substantive claim that it is possible to first learn the “natural” value a variable A would
take on, and then an instant later intervene setting it to a specific value a, resulting in all subsequent
variables V; behaving as counterfactual variables V;(a).

On the other hand, the structural equation formalism typically starts with a set of unaltered
structural equations which yields the observed data distribution (via substitution). Counterfactual
distributions representing an intervention that sets elements in A to a are generated by replacing
structural equations corresponding to elements in A by degenerate functions that yield constants in
a (Strotz and Wold, 1960; Pearl, 2009). The resulting modified equation system thus represents the
set of variables (including A) after the action of setting A to the value a. Consequently, there are
two subtle, but important notational (not conceptual) distinctions:

* Under the standard presentation of structural equation models, used by Pearl, the meaning of a variable
suchas A, Y or L, is dependent on the set of equations in which it appears. For example in Table 2, Y
in the left (unmodified) display corresponds to the natural value; in the middle display Y corresponds
to the value after intervening on @ or Y (a) in counterfactual notation; in the right display Y denotes
the value after intervening on A and L, or Y (a, ). In contrast, in the potential outcome framework,
variables that are affected by an intervention take on a new name.

10. The set V* corresponds to Robins’ Finest Causally Interpreted Structured Tree Graph as Detailed as the Data. See
Appendix C in (Richardson and Robins, 2013).



FFRCISTG/SWIG Potential Outcome Model Robins (1986); Richardson and Robins (2013)

One-Step Ahead Passive Experimental
Counterfactuals Observation Intervention on A
Graph: @ @ G
Variables: L L L
A(l) = A = A(L) = A = A(L)
Y (a,l) Y = Y(AL) Y(a) = Y(a,L)
Interpretation: Counterfactuals Observed System; Prior to interven-
when A and L are tion: L and A; after
intervened on; intervention: Y (a).
Meaning of A: (A does not appear) Natural value of A; Natural value of A

(observed prior to
intervention on A).

Single World No Confounding Assumption: for each pair a,l: L 1L A(l) 1L Y (a,l)

Table 1: Graphical causal models based on the SWIG/FFRCISTG counterfactual framework. Note that the meaning of a variable, such as A
or Y does not depend on the graph in which it appears; compare to Table 2. The SWIG no confounding assumption is less restrictive
than the assumption of independent errors.



Non-Parametric Structural Equation Model with Independent Errors (NPSEM-IE) Strotz and Wold (1960); Pearl (2009)

Passive Experimental Experimental
Observation Intervention on A Intervention on A and L

Graph: e (LD\

O >0

Variables: L = fr(er) L = fr(er) L =
A = falL,en) = A = a = A = a
Y - fY(A7L7EY) Y - fY(A7L7EY) Y - fY(A7L7€Y)
Interpretation: Observed system; Variables in system L and A after each
in which A is set to is intervened on; Y
a; after both interven-
tions.
Meaning of A: Natural value of A; Value of A after in- Value of A after in-
tervention on A; tervention on A (and
L).

Independent Errors No Confounding Assumption: c; 1l €4 1l ey

Relationships to Counterfactuals:
Error terms: er, =L eqa ={A() foralll}; ey ={Y(a,l)foralll,a}
Structural equations: L=frer) A() = fa(l,ea) Y(a,l) = fy(a,l,ey)

Table 2: Structural equation models and their relationship to counterfactuals. Note that the meaning of a variable such as A or Y is context
specific, it depends on the graph in which it appears. This NPSEM is a strict sub-model of the SWIG given in Table 1. This is
(solely) because the SWIG no confounding assumption is less restrictive than the assumption of independent errors.



* Second, in the standard presentation, the variable “A” in the modified set of equations represents the
variable after it has been intervened on. Thus for Pearl, do(A = a) implies that A = a, a property he
terms “effectiveness.’!!

In this paper we will follow the notation conventions that are used in the potential outcome
framework, but we stress that formally, non-parametric structural equations (NPSEMs) and one-
step ahead counterfactuals are equivalent conceptually.'? See the Variables rows in Tables 1 and 2
to see the correspondence between sets of one-step ahead counterfactuals and systems of structural
equations; see (Pearl, 1995; Imbens, 2014) for further discussion of the representation of structural
equations via potential outcomes.

Given a set A C V, the distribution on V' \ A resulting from setting A to a by interventions
has been denoted in (Robins, 1986) by p(V \ A|g = a), and subsequently as p(V \ A| do(a))
(Pearl, 2009). The potential outcome view also allows us to consider distributions p(V (a)) for any
A C V. Insuch a distribution, variables in A occur both as random and intervened on versions. We
later consider identification theory for distributions of this sort, where the set of treatment variables
and outcome variables may intersect.

Recursive substitution in NPSEMs provides a link between observed variables and potential
outcomes. In particular, it implies the consistency property: for any disjoint A,B C V, i €
VN(AUB),a € X4,be Xp,

Vi (a) = bimplies V;(a,b) = Vi(a). ?2)

See (Robins, 1986, 1987) and, for a proof using notation similar to this paper, (Richardson and Robins,
2013; Malinsky et al., 2019). Consistency is often phrased in a simpler form where A = (), yielding
the identity V;(b) = V; if Vg = b.

Equation (1) also implies the causal irrelevance property, namely that every V;(a) can be
written as a function of a unique minimally causally relevant subset of a, as follows. (See Robins
(1986); Richardson and Robins (2013) and, for a formulation similar to that used here, Malinsky et al.
(2019).) Given V* derived from V via (1), let V;(a) € V*, and let A* be the maximal subset of A
such that for every j € A*, there exists a sequence w, . . ., Wy, that does not intersect A, where
J € pay,, w; € pa,, ., fori=1,...m —1,and wy, € pa,;. Then, Vi(a) = V;(a").

As an example, given the indices {1, 2,3}, under the ordering 1 < 2 < 3, if pa, = {1},
and pa; = {2}, we have one step ahead potential outcomes V1, Va(v1), Va(v2), for any values
v1,v2. We can define other counterfactuals via (1), for example V3(v;) = V5(Va(v1)). Consis-
tency implies statements of the form V3 = v; = Vo = Vi (vy), while causal irrelevance implies
V3 (v, v1) = V3(v2).

Both consistency and causal irrelevance hold in any NPSEM, in the sense that these properties
are implied by the existence of a total order on variables we wish to consider, the existence of
one step ahead counterfactuals, and (1). While useful, these properties on their own fail to capture
many of the hypotheses that arise in causal inference problems (either by design or assumption).
These additional constraints correspond to conditional independence restrictions concerning the er-
ror terms in non-parametric structural equations. Although causal models are well-defined without
reference to graphs, much conceptual clarity may be gained by viewing them graphically. Thus,
before describing causal models in detail, we introduce graphs and graphical models.

11. If we were to use A(a) to designate the value taken by a variable A after an intervention on A, then we could express
this as A(a) = a. However, as noted, we use A(a) to designate the value taken by a variable A immediately prior to
the intervention.

12. However, as described below, structural equation models are often used under an additional (strong) assumption of
independent errors. Since this is a stronger assumption than typically used in the potential outcome framework, we
use the acronyms NPSEM and NPSEM-IE to distinguish whether this additional assumption is being made.



Figure 1: (a) A DAG representing a simple NPSEM. (b) A simple causal DAG G, with a treatment

A, an outcome Y, a vector C' of baseline variables, and a mediator M. (c) A SWIG G(a)

derived from (a) corresponding to the world where A is intervened on to value a.

2.1 Graphical Models

Statistical and causal models can be associated with graphs, where vertices represent variables,
and edges represent (potential) statistical or causal relationships. Formally, random variables are
indexed by vertices. However, when we depict graphs we will display them with the random
variables as vertices.

We will consider graphs with either directed edges only (—), or mixed graphs with both di-
rected and bidirected (++) edges. Bidirected edges naturally arise as a way to represent (classes
of) DAGs with latent variables; see Section 4.1 below. In all cases we will require the absence of
directed cycles, meaning that whenever the graph contains a path of the form V; — - .- — V}, the
edge V; — V; cannot exist. Directed graphs with this property are called directed acyclic graphs
(DAGs), and mixed graphs with this property are called Acyclic Directed Mixed Graphs (ADMGs).
We will refer to graphs by G(V'), where V is the set of random variables indexed by {1, ..., K}.
We will write G in place of G(V') when the vertex set is clear. We will use the following standard
definitions for sets of vertices in a graph:

paig ={j|V; - ViinG} (parents of V;)
anig ={j|V;—» - = V,inG,orV; =V} (ancestors of V;)
def ={j|V;j + -+ ViinG,orV; = Vi} (descendants of V;)
disy ={j|V; - ViinG,orV; =V} (the district of V;)
mby ={j|V; & - & V;inGJU

{(j|V; =0 - < V;inG} (the Markov blanket of V;)."?

3

We will generally drop the superscript G if the relevant graph is obvious. By definition, anig N def N disf =

{V;i}. We define these relations on sets disjunctively. For example an% =Uvea anig.
Given a DAG G(V), a statistical DAG model (also called a Bayesian network) associated with
G(V) is a set of distributions that factorize (equivalently are Markov) with respect to G(V):

K
p(V) =] p(Vi|V,ue).
1=1

“

13. Other authors often define the Markov blanket for a variable to be the minimal set M that makes V; m-separated

from V' \ ({Vi} U M). Our definition corresponds to the minimal set M such that V; is m-separated from its non-

descendants.



2.2

Given a distribution p(V') that factorizes relative to a DAG G(V'), conditional independence
relations that are implied in p(V') by (4) can be derived using the well-known d-separation criterion
Pearl (1988). More precisely, if p(V') is Markov relative to G(V'), then the following global Markov
property holds: for any disjoint X, Y, Z (where Z may be empty)

(XALaY | Z)g) = (XLY|Z)y0).

Here (X 1L4Y | Z)g(v) denotes that X is d-separated from Y™ given Z in G(V'); (X LY | Z),(v)
indicates that X is independent of Y given Z in p(V).

The global Markov property given by d-separation allows reasoning about conditional inde-
pendence restrictions implied by the statistical DAG model using qualitative, visual reasoning on
paths in the graph.

Causal Models Associated With DAGs

NPSEMs may be associated with directed graphs as well, by associating vertices with indices, and
edges with relations given by pa,,i € {1,...,k}. Specifically, given a (recursive) non-parametric
structural equation model defined on V given the sets {pa; |i € {1,...,k}}, we construct a causal
diagram, a directed acyclic graph (DAG) G(V') with a vertex for every V;, i € {1,...,k}, and a
directed edge from V; to V; if j € pa,. In other words, G(V') is defined by the NPSEM by letting
paf = pa, for every i. As an example, the NPSEM defined on the indices {1, 2, 3} described in
the previous section corresponds to the DAG in Figure 1 (a). See the Graph rows of Tables 1 and 2
for graphs corresponding to one-step ahead counterfactuals and structural equations.

Substantive knowledge may motivate additional independence assumptions relating to the set
of one-step ahead counterfactuals V. As we will show below, such assumptions may also allow
causal effects to be identified even when hidden variables are present. Below we introduce two sets
of such assumptions

NON-PARAMETRIC STRUCTURAL EQUATIONS WITH INDEPENDENT ERRORS

A non-parametric structural equation model with independent errors, or NPSEM-IE, is the set of
distributions such that the K different sets of one-step ahead variables satisfy:

{1} 1L {Vg(a:pa2) | Zpa, € .'fp%} RIREENIN {VK(:rpaK) | Zpa, € %paK}

so that they are mutually independent of one another. Phrased in terms of structural equations
fi: (a:paj ,€;) — x; for each V;, the NPSEM-IE states that the joint distribution of the disturbance

terms factorizes into a product of marginals: p(eq, ..., ex) = Hfil p(€;).

NPSEMs with independent errors arise naturally as putative data-generating processes for a
closed system. For example, if we are simulating every variable in a model then, it is natural to
do this in a step-wise process by specifying a set of structural equations. The equations provide
recipes for generating a value for each variable in turn, given the previous values that have already
been simulated plus an independently simulated error term.'* See Table 2 for an example.

However, from an empiricist point of view the assumption of independent errors may be re-
garded as stronger than necessary. In particular, this assumption permits the identification of causal
contrasts that are not subject to experimental verification even in principle:'® see the discussion
in the companion paper (Robins et al., 2021, Section 1). At the same time, many causal contrasts
of interest, including all intervention distributions, may be identified under a much smaller set of
assumptions.

5)

14. Note that an NPSEM-IE may also contain unobserved variables, so that they include models described by Pearl as

semi-Markovian (Pearl, 2009).

15. Specifically, even if it were possible to carry out a randomized experiment manipulating any subset of the variables
in the system, we could not directly observe certain counterfactual contrasts that are identified via an NPSEM-IE.
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A LESS RESTRICTIVE MODEL: NON-PARAMETRIC STRUCTURAL EQUATIONS WITH SINGLE
WORLD (FFRCISTG) INDEPENDENCES

The above observations motivate an alternative approach based on the finest fully randomized
causally interpretable structured tree graph (as detailed as the data), or, FFRCISTG model of
Robins Robins (1986).

The FFRCISTG model is ontologically liberal, but epistemologically conservative. Specifi-
cally, all the counterfactual queries that may be formulated within the scope of a non-parametric
structural equation model, are still well-defined under this alternative, but, in contrast to the NPSEM-
IE, only those contrasts that could in principle be experimentally verified by experiments on the
variables in the system are identified.

A non-parametric structural equation model with FFRCISTG independences is the set of coun-
terfactual distributions satisfying

For each xy € Xvy,we have Vi 1L Va(xpa,) AL -+ AL Vi (@pa,. ); 6)

see (Robins and Richardson, 2010). Thus for each zy € Xy there is a set of K random variables
(the K one-step ahead counterfactuals associated with xy-) and the variables within each such set
are assumed to be mutually independent. As V] is first in the ordering, it has no parents.

The FFRCISTG assumptions could be empirically verified in a set of randomized experiments,
one for each xy, under which we intervene on every variable in turn, setting V; to the value z;,
but just before doing so, we are able to observe the random variable V;(xp,, ), resulting from our
earlier interventions. (Here it is assumed that because we intervene to set V; to x; an instant after
it is measured, the value V;(zp,,) does not causally influence any subsequent variable.) Note the
counterfactual random variables in (6) all refer to a specific set of values xy, which thus correspond
to a single counterfactual “world”.

Note that (5) imposes all restrictions in (6), and in general exponentially many more.'® Thus
the FFRCISTG is less restrictive than the NPSEM-IE model, in other words, the NPSEM-IE is a
strict submodel of the FFRCISTG.

As an example, the NPSEM associated with Figure 1 (b) is defined using one step ahead coun-
terfactuals C, A(c), M(c,a), and Y (c,a, m), for every value set ¢,a, m. Then the FFRCISTG
model restrictions for this NPSEM imply that

For each set of values ¢,a,m, C1LA(c)LLM(a,c) LY (c,a,m), @)
while the NPSEM-IE restrictions for the NPSEM state that
For each set of values c,c’, ¢’ a,a’, C UL A(c)lLM(a,c) 1LY (" a’,m). (8)

The restrictions in Equation (7) are a strict subset of the restrictions in Equation (8) which are
themselves a subset of the restrictions defining the NPSEM-IE.

Interventional distributions of the form p(V'(a)), for A C V in both of the above models may be
represented in graphical form by a simple splitting operation on DAGs. The graphs resulting from
this operation will be called Single World Intervention Graphs (SWIGs) (Richardson and Robins,
2013) for reasons that will be described below.

2.3 Single World Intervention Graphs (SWIGs)

SWIGs were introduced in (Richardson and Robins, 2013) as graphical representations of potential
outcome distributions that help unify the graphical and potential outcome formalisms. Given a

16. In fact, in the case where all variables are binary, the fraction of experimentally untestable constraints implied by the
NPSEM-IE rises at a doubly exponential rate in the number of variables. See (Richardson and Robins, 2013, Section
5) and Footnote 4.
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set A of variables and an assignment a to those variables, a SWIG G(V (a)) may be constructed
from G(V') by splitting all vertices in A into a random half and a fixed half, with the random
half inheriting all edges with an incoming arrowhead and the fixed half inheriting all outgoing
directed edges. Then, all random vertices V; are re-labelled as V;(a) or equivalently (due to causal
irrelevance) as V; (aang ), where an? consists of the fixed vertices that are ancestors of V; in the split
graph; the latter labelling is referred to as the minimal labelling of the SWIG. By using minimal
labelling the SWIG encodes the property of causal irrelevance, so that, for example, if Y () appears
inG(x,z) then Y (z, z) = Y (z).

Fixed nodes are enclosed by a double line. For an example of a SWIG representing the joint
density p(Y (a), M (a),C(a), A(a)) = p(Y(a), M(a),C, A), under the FFRCISTG model (and
thus under an NPSEM-IE) associated with the DAG of Figure 1 (b) see Figure 1 (c). If the vertex
set V' is assumed or obvious, we will denote G(V (a)) by G(a), just as G(V) is denoted by G.

Thus a SWIG G(V (a)) is a DAG with vertex set V' (a) U a; the vertices in V' (a) correspond to
random variables, while vertices in a are fixed, taking a specific value.

In a SWIG, every treatment variable has two versions: a fixed version representing the inter-
vention on that treatment, and a random version (which corresponds to measuring the treatment
variable just before the intervention took place). This feature of SWIGs allows them to directly
express, using d-separation, independence restrictions linking observed versions of treatments, and
counterfactual variables representing responses after treatments have been set.

Restrictions of this type, which generalize the well known conditional ignorability restriction'’
will be used later to reformulate the second rule of the do-calculus, using the language of SWIGs
and potential outcomes.

113

Pearl’s “mutilated graphs,” which are an alternative graphical representation of interventional
distributions, only contain the fixed versions of treatments. This makes it difficult to express restric-
tions such as conditional ignorability. Instead, the do-calculus uses a variant of the mutilated graph
where certain outgoing edges are also removed. An additional difficulty with this variant, though it
is formally correct, is that vertices on it are not labelled as counterfactual random variables.

Tables 2 and 1 illustrate, via simple examples, how SWIGs and mutilated graphs differ.
The edges among random variables on the SWIG encode the factorization of the joint distribu-

tion p(V (a)). More precisely, the FFRCISTG model (and thus the NPSEM-IE) imply that for any
A CV,and a € X 4, the distribution p(V (a)) factorizes with respect to G(V (a)). In other words,

K

p(V(a) = [[p(Vi@) | Viapa(@)- ©

=1

Fixed nodes do not occur in the conditioning sets for the terms in (9) and thus the presence or
absence of edges (a; — V;(a;)) from fixed nodes to random nodes in G(V (a)) are not reflected
in this expression (9). However, the fact that a random node is not a descendant of a fixed node
does encode information about causal irrelevance. Specifically, if there is no directed path from the
fixed node a; to V;(a) then V;(a) = Vi(a4\(;}), hence under minimal labeling a; will not appear
in the label for the vertex Vi(aan+) in G(V(a))."® Thus, as noted earlier, by causal irrelevance,
Vi(a) = Vi(aan: ), where an} consists of the fixed vertices that are ancestors of V;(a) in G(V (a)).

17. Specifically, Y (a) LA | C, for some set of baseline covariates C.

18. In the Appendix we briefly consider using the SWIG to make inferences about weaker causal models, including
the agnostic causal model, and models in which the absence of a directed edge corresponds to the absence of a
population-level direct effect. In the latter models, the equality V;(a) = V;(a N anj) would no longer hold, and
minimal labelings are constructed using a (possibly strict) edge super-graph of the graph used for the factorization
(9); see (Richardson and Robins, 2013, Section 7).
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Thus (9) may be expressed as:

p(V(a)) = ﬁp(Vi(aan;) {V_}‘(aan;), forj € pai\A}) )
i=1

More generally, paths commencing with a fixed node but on which every other node is random
also encode information about functional dependence. A path 7 in a SWIG G(a) is said to be
Markov relevant if at most one endpoint is a fixed vertex, and every non-endpoint is random. A
Markov relevant path 7 in G(a) is d-connecting given Vz(a) if every collider on 7 is an ancestor of
a vertex in Vz(a) and every non-collider on 7 is not in Vz(a).

It follows directly from (9) that if Vx (a) is d-separated from Vy-(a) given Vz(a) in G(a) then
Vx (a)1LVy (a) | Vz(a) in p(V (a)), so that d-separation relations among random variables encode
conditional independence. In addition, the absence of any d-connecting path in G(V'(a)) between a
fixed node a; and a set of random vertices V- (a), given a (possibly empty) set of random variables
Vz(a), encodes that p(Vy (a) | Vz(a)) does not depend on the value of a;. Thus we allow d-
separation statements of the form (a;1LgVy (a) | Vz(a))g(v(a))."® More generally, given three
disjoint subsets Y, X, Z C V, where Z may be empty, and a set A’ C A, then

(W (a)lLaVx(a),aar | Vz(a))g(v(a)) (10)

if in the SWIG G(V (a)) there is no path d-connecting a random vertex V;(a) with i € X or a
fixed vertex a; with j € A’ to a random vertex in V;(a) with j € Y given Vz(a). Note that, by
definition, fixed vertices may only arise on one side of a d-separation statement (10). Conversely, a
possibly d-connecting path may only contain at most one fixed node in which case it is an endpoint
vertex (thus, as in Richardson and Robins (2013), fixed nodes never arise as non-endpoint vertices
on d-connecting paths).

Results for DAG models with fixed nodes Richardson et al. (2017) imply the following:

Proposition 1 (SWIG global Markov property)
Under the FFRCISTG for G, for every set A, disjoint sets of random vertices Vx (a), Vy (a), Vz(a) and a set
of fixed nodes a 51, where A’ C A,

if (Vy(a)lLaVx(a), aa | Vz(a))g(v(a)) then, for some f(-),
p(Vy(a) = vy |Vz(a) =vz,Vx(a) = vx) = p(Vy(a) = vy | Vz(a) = vz) (11)
= f(vy,vz,axa).

Example 1 Consider the global Markov property associated with the SWIG G(a) in Figure 2(b), corre-
sponding to the FFRCISTG model shown in Figure 2 (a). Since a is d-separated from Y (a) given M (a) in
G(a),

p(Y(a) =y [ M(a) =m) = f(y,m). (12)

Hence this distribution is not a function of a, even though M (a) and Y (a) are minimally labeled, so
M(a) # M(d') and Y(a) # Y(d') for a # o'. In addition, it is well known that in the FFRCISTG
model corresponding to Figure 2 (a),

p(Y(a) =y M(a) =m) = ply|m,a)p(a’),

which is not equal to p(y | m) under the given model. Hence, the function f(vy,vz,aa\ a+) is not necessarily
equal to the conditional distribution p(Vy (aa\a’) | Vz(aa\ar))-

19. This represents an extension of the notion of d-separation in Richardson and Robins (2013). Our extension here
consists only in allowing fixed vertices to appear in at most one side of a d-separation statement (not the conditioning
set). The semantics for these extended d-separation statements are given in (11) below.
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Remark 1 Since, by construction, all edges in G(V (a)) are directed out of a;, in the case where Z is the
empty set, there is a d-connecting path between a; and V;(a) if and only if a; is an ancestor of Vi(a) in
G(V(a)); as noted above, this is automatically reflected with the minimal labeling of the vertices.

In (12) we see an example where p(Y (a) | M(a)) does not depend on a, even though Y (a)
and M (a) are minimally labeled. One might wonder whether it is possible to have the converse
situation whereby a conditional distribution does depend on a fixed vertex that is not present in any
minimal label. The next Proposition shows that this cannot arise:

Proposition 2 [n a minimally labeled SWIG G(a), if a fixed vertex a; is d-connected to V; (%n ) given
{Vi, (aaﬂil )5+ Vi, (@an: )} then either i € an? or i € anj,_for some s.

In words, if a fixed vertex is d-connected by a path to a random vertex given some conditioning
set, then the fixed vertex either appears in the minimal label for the other endpoint, or a vertex in the
conditioning set. This follows since if there is a d-connecting path on which a; is an endpoint then,
since a; only has children in G(a), the path is directed out of a;. The conclusion then follows since
if the path contains no colliders then V; (aan;) is a descendant of a;; if the path contains a collider
then a; is an ancestor of that collider, which, by definition of d-connection is itself an ancestor of a
vertex in Vi, (@an; )-

2.4 Factorization associated with the SWIG global Markov property

As noted above, the factorization (9) corresponds solely to the induced subgraph of G(a) on the ran-
dom vertices. We now derive the factorization corresponding to the SWIG global Markov property.
Consider a single term in (9):

p(Vi(a) = vi| Vpapa(a) = vpa\a)

(Vz(a Upa\a) = Vi | Voa\ (@ Vpa\a) = Vpa,\a)

(a,v ai\A) = ;)
((Gpa, N4, Upa,\a) = Vi) (13)
(

sz apa NA, Upa \A) =Y | Vpa ﬁA(apa NA, Upa \A) - apa NA,

Vpai\A (ap‘% NA; Upai\A) - vpai\A)

= p(V; = | Vpai nNA = apai NA; Vpai\A = Upai\A)' (14’)
Here the first equality follows from consistency; the second follows from (9) for G(a, Upa,\ ). The
third equality follows from causal irrelevance since if we intervene on all the parents of V; then no

other variables have a causal effect on V;. The fourth line follows from (9) for G(apa, na, Upa,\ A)-
The fifth line again follows from consistency. Thus we have:

Proposition 3 Under the FFRCISTG models associated with a graph G we have the following identification
formula:

=
<
=
|
=
[
=

p(‘/; (a) =V | Vpai\A (a) = ’Upai\A) (15)

N
Il
-

p(Ui | apai NA, ’Upai\A)- (16)

o

N
Il
-

Thus p(V (a)) is identified if all of the conditional distributions in Equation (16) are identified.*"

20. This may not hold in the absence of positivity; see (Robins et al., 2021, Section 3) for further discussion.
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Now consider a DAG G*(V U A*) containing disjoint sets of vertices V and A*, with the
same set of edges as in G(a) under the natural correspondence: V; < V;(a) and A} < a;. Then
(16) corresponds syntactically to the (subset of) terms in the DAG factorization for G* associated
with the variables in V. This then establishes the SWIG global Markov property via results on
conditional graphs (Richardson et al., 2017).2!

The modified factorization (16) is known as the extended g-formula (Richardson and Robins,
2013; Robins et al., 2004). Like the original factorization (4), Equation (16) has a term for every
V; € V not merely for every V; € V' \ A.?? An alternative proof of the extended g-formula is given
in (Richardson and Robins, 2013).

The following Proposition follows directly from Equation (16) and is included here because a
generalization of this result, Proposition 5 below, plays an important role in the identification of
causal effects in DAGs with hidden variables.

Proposition 4 If G is a DAG with SWIG G(a) then for all ¢, € X

p(V(a, cx) = v)

p(Vk (a) = vy ‘ Vpaf(a) (a) = Vpad(® )

=p(Voi(a) = v—k, Vi(a) = ck) x :
p(Vk((I) = Ck ‘ Viagt (@) = v g )

where V_i, = {V1,...,Vik_1,Vit1,.-., Vk}, provided the conditional probability in the denominator is
positive.

2.5 SWIG representation of the defining FFRCISTG assumptions

Consider the special case in which A = V; in the resulting graph G(V (v)) every variable (in V')
has been split and thus no pair of random variables are joined by an edge. The factorization (9)
then becomes:

V(o) =v) = [T pViv*) = vi) = [T p(Viltpa,) = v:). (17)
i=1 i=1
and thus for a fixed v* € Xy the one-step ahead counterfactuals V; (v;al), RN VK(v;aK) are

independent. Note that (17) holding for all v* € Xy is equivalent to (6) and thus defines the
FFRCISTG model.

3. The Potential Outcomes Calculus And Identification

Pearl presented the three rules of do-calculus as an inference system for deriving identification
results for causal inference problems. The do-calculus is stated as three identities involving (con-
ditional) interventional distributions, with preconditions given by d-separation (or m-separation)
statements on graphs derived from the causal diagram G(V/).

21. For the sole purpose of establishing the SWIG global Markov property it is sufficient to show that p(Vi(a) =
Vi | Voajna(a) = vpa;\a) is not a function of the fixed nodes that are not in pa;, that is aa\pa,. This is estab-
lished by (13). Under the FFRCISTG, p(V;(apa, nA, Upa;\4)) exists even if p(apa, na, Vpa;\4) = 0.

22. This is because the extended g-formula includes the value a variable takes on just before it is intervened upon and set
to a constant a;.
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Figure 2: (a) A hidden variable causal model. (b) A SWIG corresponding to an intervention that
sets A to a in the causal model represented by (a). (c) A SWIG corresponding to an
intervention that sets A to a and M to m. (d) A latent projection of the DAG in (a). (e)
A latent projection of the SWIG in (b). (f) A latent projection of the SWIG in (b) onto an
ancestral set of vertices A, M (a) and a.

Here we reformulate and extend these three rules as a “potential outcomes calculus” or “po-
calculus” for short. The rules are as follows:

L: p(Y(2)|Z(2),W () =p(Y ()W (z)) if (Y (2) LLZ(2)[W (2))g (a),
2: p(Y (2,2)|W (2,2)) =p(Y (2)[W (2),Z () = 2) if (Y (2,2) L Z(2,2)[W(2,2))g(z.2),

3: p(Y (2,2)) =p(Y (2)) if (Y(2,2)1L2)g(a,2),

where G(z) and G(z, z) are SWIGs describing interventions on X and X U Z. The sets Z, Y and
W are assumed to be disjoint; X may overlap with the other sets, but if ZN X # () then we require
Txnz = Zxnz, SO that the assignments are consistent.

Rule 1 can be viewed as the part of the SWIG global Markov property pertaining to random
(rather than fixed) variables.

Rule 2 can be viewed as a kind of generalized conditional ignorability rule which follows
from Rule 1 and recursive substitution. Specifically by recursive substitution or minimal labelling
Z(x,z) = Z(x); further,

p(Y (2, 2) [W(x, 2)) = p(Y (2, 2) [W(x, 2), Z(z) = 2)
=p(Y () [W(z), Z(z) = 2)

here the first equality follows by the given d-separation and Rule 1, while the second follows from
consistency (or recursive substitution) since Y'(x,z) = Y (z) and W (x, z) = W (x) given that
Z(x) = 2.

Rule 3 expresses the property of causal irrelevance that interventions only affect descendants:
Note that the Rule 3 condition (Y (x, 2) 1L2)g(s, ) is, by definition, equivalent to the fixed vertex (or
vertices) z not being an ancestor of any vertex in Y (z, z) in the SWIG G(z, z) where the vertices
in X and Z have been split.

Further, if a variable Y (x) appears in the SWIG G(z, z) (with minimal labeling), then there
is no directed path from any fixed vertex in z to Y (z), and Y (z) = Y (x,2).?> Thus the min-
imal labeling of the SWIG implicitly encodes all applications of Rule 3, in the sense that if the

23. Thus under the counterfactual model, as defined by one-step ahead counterfactuals, V;(apa, ) and recursive substitu-
tion (1), we have a stronger implication than Rule 3: if (Y (z, 2) 1L.2)g(s,») then Y (x, z) = Y'(x). Notwithstanding
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(minimally labeled) vertex Y (z) is present in the SWIG then for any set Z, disjoint from X,
p(Y (@) = p(Y (2, 2)).

As we have shown here, the po-calculus directly follows from the SWIG global Markov prop-
erty, which is implied by both the FFRCISTG model (and thus the NPSEM-IE), consistency, and
causal irrelevance, where the latter two hold for any NPSEM.

Rule 3, as stated here,* simply states that interventions only affect descendants and thus is
simpler than Rule 3 in the original formulation of the do-calculus. It is proved in (Malinsky et al.,
2019) that this reformulated Rule 3, in conjunction with the other two rules, is equivalent to Pearl’s
do-calculus, in the sense that the three rules stated here imply the original three rules. The rules
stated here are more general in that we allow X to overlap with Y, Z and W, which is not possible
within the framework and notation of the original do-calculus. As a consequence, as we will show
below, there are additional identification results that follow from the po-calculus, but not the do-
calculus. However, if we restrict the po-calculus rules to the case where X does not overlap with
Y and Z then they are equivalent to the do-calculus.

It may also be noted that the po-calculus is formulated using a uniform type of graph, the
SWIG, for displaying the preconditions for each rule.?

Remark 2 We note that there are other types of equality between distributions that do not correspond to a
single application of the po-calculus rules. For instance, in Example 1, it follows that

p(Y(a)|M(a)) = p(Y(a')|M(a")) fora,a’ € Xa. (18)

This holds even though Y (a) and M (a) depend on a and p(Y (a) | M (a)) # p(Y | M). This is a form of
independence.* Such constraints are captured by the full global Markov property for SWIGs: notice that a
is d-separated from Y (a) given M (a) in the SWIG shown in Figure 2(b). However, the equality in (18) may
be derived from three applications of the po-calculus (or the do-calculus) rules.

4. Identification In Hidden Variable Causal Models

If some variables in an NPSEM are unobserved, identification becomes more complicated, and
some interventional distributions become non-identified. Identification theory in NPSEMs associ-
ated with G(V' U H), where H are hidden variables is often described in terms of a special acyclic
directed mixed graph (ADMG) G(V') obtained from G(V U H) via the latent projection opera-
tion (Verma and Pearl, 1990). Any two distinct hidden variable DAGs G1(V U Hy), G2(V U Ha)
that share the latent projection G(V') = G1(V) = Go(V') also share all equality constraints on the
observed marginal distribution (Evans, 2018), as well as non-parametric identification theory, in
the sense that effects are identified in G; if and only if they are identified in Go, and by the same
functional (Richardson et al., 2017).

In cases where p(V'(a)) is identified, the functional is a kind of modified factorization associ-
ated with nested Markov models of ADMGs (Richardson et al., 2017).

4.1 Latent Projection ADMGs

Given a DAG G(V U H), where V are observed and H are hidden variables, a latent projection
G(V) is the following ADMG with a vertex set V. An edge A — B exists in G(V) if there exists

this, we formulate Rule 3 in terms of the equality of distributions because we wish these rules to be logically equiva-
lent to the original do-calculus and also apply to weaker causal models; see Footnote 18 and Section 6.2.

24. Rule 3 in this paper is called Rule 3* by Malinsky et al. (2019).

25. Whereas the original do-calculus involves three different constructions: G, Gk, and Gz

26. Formally we may think of P(Y (a) | M (a)) as forming a kernel ¢(y | m, a), which is a set of conditional distributions
indexed by a. The constraint is then an independence in this kernel; (Richardson et al., 2017).
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a directed path from A to B in G(V U H) with all intermediate vertices in H. Similarly, an edge
A < B exists in G(V) if there exists a path without consecutive edges — o < from A to B
with the first edge on the path of the form A <, the last edge on the path of the form — B, and
all intermediate vertices on the path in /. Latent projections of hidden variable DAGs may be
viewed as graphical versions of marginal distributions, in the following sense. Just as conditional
independences may be read off a DAG using d-separation, they may be read from an ADMG via
the natural extension of d-separation to ADMGs which is called m-separation Richardson (2003).

If p(V U H) factorizes with respect to G(V U H), then for any disjoint subsets A, B, C' of
V., if A is m-separated from B given C, then A is independent of B conditionally on C in the
marginal distribution p(V'). Since latent projections define an infinite class of hidden variable
DAGs that share identification theory, identification algorithms are typically defined directly on
latent projections for simplicity.

Given A C V in a hidden variable DAG G(V U H), we can construct the latent projection
of the SWIG G(V (a) U H(a)) directly from the ADMG G(V'), we denote the resulting ADMG
(with fixed nodes) by G(V'(a)). We can extend d-separation on SWIGs constructed from DAGs to
m-separation on SWIGs constructed from ADMGs, and define the SWIG global Markov property
on SWIG ADMGs analogously to the SWIG global Markov property on SWIG DAGs. Similarly,
we can restate po-calculus rules using m-separation on SWIG ADMGs.

As an example, the latent projection of the hidden variable DAG in Figure 2 (a) is shown in
Figure 2 (d), while the latent projection of the SWIG in Figure 2 (b) is shown in Figure 2 (e).

All vertex relations defined in (3) translate without change to any SWIG G(V (a)), except
by convention disy " (), mpI V(@) g(V(a)
words, they are subsets of V' (a).

We will describe a complete identification algorithm in hidden variable DAG models for all
distributions of the form p(Y (a)), where Y may potentially intersect A. The original formulation of
the problem in (Tian and Pearl, 2002; Shpitser and Pearl, 2006a; Richardson et al., 2017) assumed
Y N A = (), and yielded the ID algorithm.

We call our version of the algorithm the extended ID algorithm, by analogy with the extended
g-formula (16). The extended ID algorithm will be formulated using SWIGs defined on latent
projection ADMGs of the underlying hidden variable DAG. The algorithm will take advantage
of the fact that under certain assumptions given by the causal model, a single splitting operation
that defines a counterfactual distribution in a SWIG can be phrased in terms of the observed data
distribution. This insight can be applied inductively to obtain results of multiple splitting operations
as functionals of the observed data distribution.

The extended ID algorithm expresses the functional for p(Y (a)) as a counterfactual factor-
ization in a certain SWIG ADMG, where terms of the factorization correspond to districts in the
SWIG. It then aims to identify each term by finding a sequence of splitting operations, possibly
interleaved with marginalization operations. Perhaps surprisingly, this always suffices to obtain
identification whenever identification is possible.

, and pre may only contain random vertices, in other

4.2 The Identified Splitting Operation In A SWIG

A general identification algorithm for interventional distributions in hidden variable DAG models
involves, as an essential step, expressing the counterfactual distribution p(V (a, cx)) as a function
of another counterfactual distributions p(V (a)), where one fewer variable (V};) has been intervened
on, using restrictions in G(V'(a)). Specifically, we have the following generalization of Proposition
4:

Proposition 5 Given an ADMG G(V') with SWIG G(V (a)), if Vi.(a) is not split, so k ¢ A, and Vi,(a) is such
that there is no other random vertex that is both a descendant of Vi,(a) and in the same district as Vi, (a) then
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(a) (b)

Figure 3: (a) A graph where p(Y1(a)) and p(Ya(a)) are identified, but Proposition 5 may not be

applied. (b) A SWIG showing a splitting operation that is not identified according to

Proposition 5.

forall c,, € X

p(Via,ex) = v)

p(Vk(G) = Uk ’ Vg (a) = Ui p V@) )

=p(V_i(a) = v_g, Vi(a) = cx) x ,
P(Vk(a) = ¢k | Vipavo (a) = Ui )

where V_, = {V1,..., Vi1, Vikr1, - . ., Vic }, provided the conditional probability in the denominator is

positive.

In words, this Proposition states that if Vj(a) satisfies the graphical condition in G(V (a)) then
p(V(a, cx)), the joint distribution over all variables (including A and V};) resulting from intervening
to set A to @ and Vj, to ¢, may be obtained from p(V(a)) by evaluating at Vi (a) = ¢ and
multiplying by a ratio of conditional densities for V}(a).

The graphical condition may be interpreted as requiring that in the world where we have already
intervened on A, there is no sequence of variables between V, and any of its causal descendants
such that there is an unmeasured confounder between each pair.

There exist counterfactual distributions which are identified, but where the above Proposition
does not directly apply to the observed data distribution. For example, in the graph in Figure 3
(@), p(Y1(a)) = p(Y1 | a), and p(Ya(a)) = p(Y2). Nevertheless, the preconditions to applying
Proposition 5 do not apply to the original graph, meaning that the distribution represented by the
SWIG in Figure 3 (b) is not equal to the functional of the observed data distribution described in
the Proposition. In fact, the joint distribution associated with this SWIG is not identified at all, as
was shown in Tian and Pearl (2002). Nevertheless, identification of p(Y2(a)) and p(Y1(a)) may be
obtained by the identification algorithm we describe below.

In the next section we will apply the Proposition iteratively, in conjunction with marginaliza-
tion steps, in order to obtain a complete algorithm for identifying a margin p(Y (a)).

Proof: Fix an ordering <’ on vertex indices such that <’ is topological in G(V(a)) and such that no
element in the district of V};(a) occurs later in the ordering than V4 (a). Such a topological ordering
exists because, by hypothesis, no vertex in the district of V4 (a) is a descendant of Vi (a). For any
index 7, define pre} to be the set of predecessor indices according to <’.
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p(V(a,cr) =v)

= H p a Ck =Y | pre/, (a7 Ck) = Upre;) X p(Vk(a, Ck) = Vg | valre;C (au ck) = ’Upregc)
1€prck
X H p(Vj(a, cx) = vj | Vprer (@, k) = Uprer)
jg{k}Upre;

H p(Vi(a) = vi| Vire! (a) = Upre;) x p(Vi(a) = vy | Vore, (a) = Upre;)

i€prej,
X H p(Vj(a, cx) = vj | Vrer (@, k) = Uprer)
j¢{k}Upre;

= H p(Vi(a) = vi| Vre! (a) = vprcg) x p(Vi(a) = vy | Vore!, (a) = ’Uprc;c)

i€prej,
x T p(Vi(a) = 05| Vores \ (13 (@) = prer, Vi) = 1)
J¢{k}Upre;

= H p(Vi(a) = vi | Vore! (a) = Upreg) x p(Vi(a) = ci | Vore, (a) = Upre;)

i€prej,
x T p(Vi(a) = 0| Vores \ (13 (@) = pres, Via) = )
J¢{k}Upre;

x p(Vi(a) = v | Vore, (a) = Upre;)/p(vk (a) = ck | Vore, (a) = Upreﬁc)
= p(Vok(a) = v, Vi(a) = cx)
x p(Vi(a) = v | Vore, (a) = Upre;)/p(vk (a) = ck | Vore, (a) = Upreﬁc)

p(Vk(a) = vy ‘ Vipso (@) = v, ave )

= p(Vor(a) = vk, Vi(a) = cx) '
p(Vk(a) = Ck ‘ Vinbgve (a) = Upp Ve )

Here the first identity is via the chain rule of probability applied to p(V (a,cx)) using the order-
ing <’, the second by Rule 3 (causal irrelevance) applied to elements indexed by {k} U pre}, in
G(V(a,cg)), the third by Rule 2 (generalized ignorability) applied to every term in the second
product in G(V (a, cx)), and the assumption on <’ that all elements of dng( @) are in Vire (@),
the fourth by multiplying and dividing by p(Vi(a) = ci | Vipre, (@) = vpmk) the fifth by the chain

. . . .. GV(a)
rule, the sixth by Rule 1 (m-separation) applied to G(V (a)) and the definition of mb k(v( ), O

4.3 The Extended ID Algorithm

There are SWIGs G(V (a)) for which, for some variable Vi (a) we are not able to apply Proposition
5, but where it may be applied to a SWIG G(Y (a)), where Y (a) is an ancestral subset of V' (a) in
G(V(a)). Here aset Y of vertices in a (SWIG) ADMG G* is said to be ancestral if V; € Y implies
anig* cY.

Marginal distributions p(Y (a)) obtained from p(V(a)) that correspond to ancestral sets in
G(V(a)) have the nice property that a latent projection G(Y (a)) is always equal to an induced
subgraph (G(V'(a)))y (a) of a SWIG G(V (a)), with G(Y (a)) having strictly fewer vertices and
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edges than G(V (a)) if Y(a) C V(a). For example, given the SWIG in Figure 1 (e), the latent
projection onto the ancestral subset A, M (a) and a yields the SWIG shown in Figure 1 (f). We
describe the precise way in which splitting and ancestral margin operations are used to obtain
identification below.

Specifically, complete non-parametric identification for intervention distributions associated
with the FFRCISTG model may be obtained from: (i) the district factorization in the appropriate
SWIG, (ii) the identified splitting operation described in the previous section, and (iii) marginaliza-
tion steps that lead to marginal distributions corresponding to ancestral sets of vertices in SWIGs.
All of these steps may be justified via the po-calculus.

For any (possibly intersecting) subsets Y, A of V in a latent projection G(V') representing a
causal DAG G(V U H), define Y*(a) to be the random ancestors of Y (a) in G(V (a)). Clearly, if
p(Y*(a)) is identified, then we may recover p(Y (a)) since:

P(Y(a)=y)= > p(W(a)=y,Vyy(a)=u). (19)

UEXy *\y

Though less obvious, extensions of results in (Shpitser and Pearl, 2006a) imply that the converse
also holds, so that if p(Y (a)) is identified (for all parameter values) then p(Y*(a)) is identified.
Consequently, in the foregoing we will assume that Y () is an ancestral set of (random) vertices in
g(V(a))-

If p(Y(a)) is identified then this may be obtained by breaking this joint distribution into

districts in G(Y (a)). For each such district D(a), define the set of strict (random) parents as

a) gY@
paspys) = pag ) \(D(a)Ua).

First, we show that p(Y (a) = y) can be factorized into a set of terms of the form p(D(a, V)G @) ),
D(a)

as follows.
p(Y(a) = vy)

= H p(‘/z (a) =y | VYﬂprci (CL) == vYﬂprci) (20)
i€y

= H H p(‘/l (CL) =V ‘ VYﬁprci (a) = vYﬁprci)
DED(GV@)) i€D

= H H p(Vi(a, Upas%(Y(a))) = v; | Vbrpre, (a, UpaS%Y(a») = UDnpre,)
DED(GV@)) i€D

= H P(VD(G, Upas%”@)) = 'UD) : (21)
DeD(GY ()

Here the first two lines follow by the chain rule of probability, term grouping, and the fact that in
any ADMG, including a SWIG ADMG, the set of districts partitions the set of random vertices.
The third equality follows because of the following:

p(‘/z (CL) =V | VYﬂprci (a) == 'UYﬂprci)

:dmw:w

m

1% bg(y(a)) A pre, (a) = ’UmbiG(Y(a)) N Prei) (22)

= vi | VDrpre, (@) = UDrpre, Voas®@ A pre, (a) = Upasd@ prci)

p(Vila
p( (a b; ) | VDﬁpre (a,b;) = UDﬂprei)
p( g(Y(a»

Vbrpre, (a, Upas%(y(a») = UDﬁprei) (23)
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where b; = v ave ., and D = disl-g(y@). Here the first equality follows from Rule 1;%’ the
D i

second follows from the definition of the Markov blanket of V;(a) in G(Y (a)); the third follows
from Rule 2 since V;(a, b;) is m-separated from B;(a,b;) = VpaSgDma» - (a,b;) in G(a, b;); the
fourth is an application of Rule 3 since vertices in Vpas%(y@) \ pre, are ordered after V; and hence are
not ancestors of V; in G, and thus also in G(a, b;).

Next, we consider whether each term of the form p(Vp(a,v___gvw )) is identified from p(V)

by inductively applying the identified splitting operation in ProSosiDtion 5 to every element V; in
AU (V' \ D) in a sequence such that the precondition of Proposition 5 is satisfied at every step,
and marginalizing V;(a) at every step whenever V; ¢ D. (Hence V; will be split unless V; €
D\ A) p(Y(a)) is identified if for every district D € D(G(Y (a))), the corresponding term

p(Vp(a, U 9@ )) is identified in this way. In fact, the above method of identification is sufficient
D

and necessary for identification of p(Y (a)). See the Appendix for details.

For the special case where Y N A = () the resulting identified functionals were first described
as an algorithm in Tian and Pearl (2002), and proven to be complete in Huang and Valtorta (2006);
Shpitser and Pear] (2006a). In both versions of the algorithm, the identifiable terms corresponding
to districts D(a) in G(Y (a)) form parts of the nested Markov factorization of an ADMG, and the
algorithm may thus be viewed as giving a modified nested factorization of an ADMG, just as the
extended g-formula is a modified DAG factorization. For more details, see Richardson et al. (2017).

4.4 Identification Of Conditional Interventional Distributions

Targets of inference in causal inference are often functions of conditional counterfactual distribu-
tions p(Y (a)|Z(a)) rather than marginal distributions p(Y (a)). Such targets arise, for instance,
when effects within certain subgroups are of interest, or when investigating relationships between
primary and secondary outcomes. A straightforward modification of the above algorithm yields
identification in such settings.

Fix Y, Z, A where Y, Z are disjoint, but may both intersect A. Fix the largest subset W C Z,
with Z/ = Z \ W, such that Z'(a, z’) is m-separated from Y (a, z’) given W (a, z’) in G(V (a, 2')).
Then, by rule 2, p(Y(a) | W(a),Z'(a) = 2') = p(Y(a,z") | W (a,2")). Next, let A’ be a max-
imal subset of Z N A such that A’(a,2") LY (a,2") | {W(a,z’) : W € Z\ (Z' U A")}. Then
p(Y(a)| Z(a)) is identified if p(Y (a, z"), {W(a,2’) : W € Z\ (Z’ U A")}) is identified. In fact,
we have:

p(Y(a,2'),{W(a,z") : WeZ\(Z'UA)})

p(Y(a)| Z(a)) = p({W(a,2"): W e Z\ (Z'UA"}) PV

As we show in the Appendix, this condition is also necessary since if p(Y (a, 2’), {W(a,2’) : W €
Z\ (Z' U A")}) is not identified, p(Y (a) | Z(a)) is also not identified.

4.5 Representing context specific independence using SWIGs

We now discuss an extension of SWIGs due to Dahabreh et al. (2019) and Sarvet et al. (2020) that
demonstrates that SWIGs have greater expressive power than standard causal DAGs because of
their ability to represent interventional context specific conditional independence.

Consider the causal DAG shown in Figure 5(a) where A, M, Y are observed and U, R, S
are unobserved. The latent projection is given in Figure 5(a*). The SWIG resulting from a joint
intervention setting A to a and M to m is shown in Figure 5(b); the latent projection of this SWIG

27. Note that the Markov blanket of ¢ in the subgraph of G(Y (a)) restricted to predecessors of i is, in general, a strict
subset of the predecessors of 4 in the Markov blanket of 7 in G(Y (a)). Consequently, the conditioning set is in the
terms of (22) may not be minimal.
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Figure 4: A simple DAG containing a treatment A, an intermediate M/ and a response Y.

is shown in Figure 5(b*). The distribution of Y (a, m) is not identified owing to the presence of the
edges M — Y <> M (also called a bow arc).

However, suppose that, additional context specific subject matter knowledge?® implies that the
following counterfactual independences hold:

UL R(a=0,m); UUM(a=1).

As a consequence, the edges U — R(0,m) in G(0,m) and U — M(1) in G(1,m) may be
removed, leading to the SWIGs shown in Figure 5(c) and (d), with corresponding latent projections
shown in Figure 5(c*) and (d*).

Applying d-separation to the latent projections in Figure 5(c*) and (d*) we see that*’

Y(a,m)LM(a),A fora=0,1. (24)

Consequently,
P(Y|A=a,M =m) = P(Y(a,m)), 25)

so that the joint effect of A and M on Y is identified for both ¢ = 0 and a = 1.

Given solely the DAG in Figure 5 (a), with the latent projection in Figure 5 (a*), the equality
(25) would not be expected since it does not follow from existing methods such as the do-calculus,
the ID algorithm or the back-door criterion Pearl (2009), though see the recent work Tikka et al.
(2019). However, (25) has a structural explanation in terms of the SWIGs corresponding to different
treatment values of A.

In particular, the context-specific SWIG independences U 1L R(0,m) | A, M (0) and U 1L M (1) |
A, coupled with consistency, imply, respectively, the context specific independences U ILR | A =0
and ULLM | A = 1 on the factual distribution. These independences cannot be read off from the
standard causal DAG shown in Figure 5 (a). This is because the absence of the U — M edge when
Aissetto 1 and the U — Y path when A is set to 0 are not represented in this DAG.

Since, in addition to (24), we also have M (a) LL A fora = 0, 1, it follows that the distribution of
the counterfactuals { A, M (a), Y (a, m) for all a, m} obeys the FFRCISTG model associated with
the graph shown in Figure 4 in which there are no bi-directed edges. However, interestingly, the
distribution of these counterfactuals does not obey the NPSEM-IE associated with Figure 4, though
the distribution does obey the NPSEM-IE (hence also the FFRCISTG) associated with Figure 5
(a*)'30

5. Conclusion

We wholeheartedly applaud Judea Pearl for his development and advocacy of graphical approaches
to causal modeling. His approach represents a fundamental advance leading to many new insights

28. See the ivermectin study described in the companion paper (Robins et al., 2021).

29. Recall that when testing d-separation in SWIGs, fixed nodes such as a = 0 in Figure 5(c*) and a = 1 in Figure 5(d*)
always block paths on which they occur as non-endpoint vertices.

30. See (Robins et al., 2021, Section 2.6).
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(d) (d*)

Figure 5: (a) A DAG G representing two studies of river blindness, described in (Robins et al., 2021,
Section 2.6). (b) The SWIG G(a, m) resulting from G; (c) and (d) show SWIGs G(a =
0,m) and G(a = 1,m) that incorporate additional context specific causal information.
(a*), (b*), (c*), (d*) show the corresponding latent projections.
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and methods, including complete identification theory for causal queries of all types, and extensions
of d-separation to complex questions in causal modeling and missing data.
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6. Appendix

6.1 Incompleteness of d-separation in Twin Networks due to deterministic relations.

Twin networks (Balke and Pearl, 1994) are an alternative way to combine graphs and counterfac-
tuals which allow some of the counterfactual independence relations implied by the NPSEM-IE
to be read off via d-separation; see also (Shpitser and Pearl, 2008), (Pearl, 2009, Section 7.1.4).
However, d-separation is not complete for Twin Networks (Richardson and Robins, 2013) since, as
a consequence of consistency, certain variables in a twin network may be deterministically related.
Consequently, it is possible for there to be a d-connecting path in a Twin Network and yet the
corresponding conditional independence holds for all distributions in the model.

To see a simple example, consider the DAG shown in Figure 6(a), with the Twin Network
and SWIG associated with intervening to set Z to z, shown in (b) and (c) respectively. Note that
A and Y (z) are d-connected given X in the twin-network by two different d-connecting paths,!
However, in spite of this A 1L Y'(z) | X under the associated NPSEM-IE because X (z) = X, and
A and Y (z) are d-separated given X (z) in the twin-network. The SWIG G(z) shown in Figure
6(c) makes manifest that A is d-separated from Y (z) given X, hence A 1L Y(z) | X under the
FFRCISTG, hence also under the NPSEM-IE.

In addition, it may also be inferred from the SWIG that A(z) 1LY (2) | X; AL Y (2) | X(2)
and A(z) L Y(z) | X(z) hold under the FFRCISTG (and hence also the NPSEM-IE). This is
because it follows from causal irrelevance that, given a SWIG G(a), if a label a; is present on some
random node (equivalently if the SWIG contains a fixed node a;), then a; may always be added to
the label of any random node on which it is not already present. Consequently we are free to add
z to the label for X and A in G(z), from which these independences follow. Note that in the Twin
Network, although A and A(z) are d-separated from Y (z) given X (2), the path A(z) — X (z) —
Y (2) d-connects A(z) and Y'(z) given X, hence we cannot read off A(z) Ll Y (z) | X from the
Twin Network.

Shpitser and Pearl (2008) provide an algorithm for merging nodes in a Twin Network, under
a particular instantiation of the variables. This algorithm is conjectured to be complete for check-
ing equality of the probability of counterfactual events. A conditional independence statement
corresponds to a (potentially exponential) set of equalities between probabilities of events. Thus,
if the conjecture holds, then the algorithm of Shpitser and Pearl (2008) provides a way to check
counterfactual conditional independence implied by an NPSEM-IE. Though this approach is more
involved, as noted earlier, in footnote 7, it addresses a harder problem than SWIGs since it is de-
termining all independencies implied by an NPSEM-IE model which also includes “cross-world”
independencies.

6.2 Weaker causal models to which the po-calculus also applies

In Section 3, we chose to express rule 3 of the po-calculus on the distribution level: p(Y (z, z)) =
p(Y (z)), although the equality holds on the individual level: Y (z,z) = Y (z) under the FFR-
CISTG, see also footnotes 18 and 23. We chose to do so for several reasons. First, this form is
closer in spirit to Pearl’s original formulation of the do-calculus.

Second, the weaker equality is expressible in the language of interventions, say via the do op-
erator: p(Y | do(z,z)) = p(Y | do(x)). This allows us to apply this rule, and other rules of
po-calculus to causal models that are not counterfactual, but which allow discussion of interven-
tional distributions, such as the agnostic causal model of Spirtes et al. (2001) which is defined by
the relationship between the observed data distribution and interventional distributions given by the
extended g-formula (16) re-expressed via the do operator. Indeed, the FFRCISTG and the NPSEM-
IE imply all distribution-level interventional statements that hold under the agnostic causal model,

31. Precisely: A+ Us — A(z) > X(2) > Y(2)and A - X + Ux — X(z) — Y (2).
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and these are the only statements that are relevant for the purposes of identification of interventional
quantities expressible by the do operator. Note that the distribution level equality has a graphical
representation via population SWIGs in which missing edges correspond to the absence of popula-
tion level direct effects, whereas the individual level counterfactuals are not necessarily the same.
See also (Richardson and Robins, 2013, Section 7).

6.3 Completeness Proofs

Here we describe a number of completeness results referred to in the main body of the paper. Before
doing so, we state necessary preliminaries. Given an acyclic directed mixed graph (ADMG) G(V')
and a set S C V, an induced subgraph G(V)¢ is defined to be a graph containing vertices .S, and
all edges in G(V') between elements in S.

Given an acyclic directed mixed graph (ADMG) G(V'), we define a set W C V to be fixable
if W =0, or W = {W;,Wa,...} and there exists a set of ADMGs Go(V), G1(V \ {W1}),
gg(V \ {Wl, WQ}), Ce Qk(V \ W), such that

* Go(V) =G(V).

» Foreveryi=0,...,k—1, W,y hasno element V; € V' \ {Wy, ..., W;, W, 1} with a directed path
from W, to V; and a path consisting exclusively of bidirected edges from W, to Vj in G;.

e Forevery i = 1,...,k, G;(V \ {Wh,...,W;}) is obtained from G; (V' \ {W1,...,W;_1}) by
removing W; and all edges adjacent to IV/;.

If W C V is fixable, the set S = V' \ W is said to be reachable. A set S reachable in G(V) is

said to be intrinsic if the vertices in G(V')g form a bidirected connected set. Note the relationship

between reachable sets and the precondition for Proposition 5.
We have the following result.

Theorem 1 Fix possibly intersecting sets Y, A such that Y (a) is ancestral in the SWIG G(V (a)). Then

p(Y(a) =vy) = H P(VD(G,UpaS%Ma») = 'UD) ;
DeD(GY ()

and p(Y (a)) is not identified if there exists D € D(GY(a))) such that no inductive sequence of applications of
Proposition 5 exists where every element V; € AU (V' \ D) is split such that the precondition of Proposition
5 is satisfied at every step, and V;(a) is marginalized from the resulting SWIG whenever V; & D.

Proof: Assume such a set D exists. Assume D is not a reachable set in G(V'). Then the results
in Richardson et al. (2017) imply that there exists a hedge for p(Y (a)) and that p(Y (a)) is not
identified Shpitser and Pear] (2006a).

Assume D is a reachable set, but some element A; € D cannot be split by applying Proposition

5. This implies there exists a set of vertices Wy, ..., Wy in D that are bidirected connected, and
Wy, is a child of A; in G(V'). Since W7, ..., Wy, being elements of D, are in the set of ancestors
of Y in G(V(a)), the sets {A;}, and {A4;, W1,..., Wy} form a hedge for p(Y (a)), so p(Y(a)) is
not identifiable. O

Theorem 2 Fix subsets Y, Z, A of V, in some ADMG G(V), where Y, Z are disjoint, but may both intersect
A. Fix the largest subset W C Z, with Z' = Z \ W, such that Z'(a, z') is m-separated from'Y (a, 2") given
W(a,z') in G(V(a,z")), and let A’ be a maximal subset of Z N A such that A'(a, z') is m-separated from
Y(a,z2') given {W(a,2") : W e Z\(Z'UA")}. Then p(Y (a) | Z(a)) is identified if p(Y (a, z"), {W(a, ') :
W e Z\ (Z' U A")}) is identified. If identification holds, we have:

p(Y(a,2"),{W(a,z") : W e Z\(Z'UA)})

p(Y(a)| Z(a)) = p({W(a,2"): W e Z\ (Z'UA"}) PV——
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Proof: If the stated assumptions hold, and p(Y (a, 2), {W (a, 2’) : W € Z\(Z'UA’)}) is identified,
the conclusion follows by definition of conditioning.

Assume p(Y (a, 2'),{W(a,2') : W € Z\ (Z' U A")}) is not identified. It suffices to consider
the case where p({W(a,2’) : W € Z \ (Z' U A")}) is not identified. The proof then follow the
proof structure for analogous results in Shpitser and Pearl (2006b); Malinsky et al. (2019), with the
fact that A N'Y is potentially not an empty set not influencing the structure of the proof.

Non-identification of p({W (a,2’) : W € Z\ (Z' U A")}) implies the existence of a hedge,
and the preconditions of the theorem imply the existence of an m-connecting (given W) path from
an element in W in the hedge to some element in Y. Non-identification is established by induction
on the structure of this path. Specifically, fix an element L on the path such that the inductive
hypothesis that p(L(a, z")|W’(a, 2")) is not identified holds, where W is the subset of W involved
in the hedge, or in the m-connecting path from the hedge to L. Thus, there exist two elements
of the causal model that disagree on this distribution, but agree on the observed data distribution.
The induction then establishes that the distribution p(L'(a, z")|W" (a, 2")), where L’ is the next
element on the m-connecting path, and W are all elements of W that are either in the hedge, or
witness m-connection of the path from the hedge to L', is also not identified. This is established by
extending existing two elements with an appropriate distribution that yields a one to one mapping
from distributions p(L(a, z’)|W'(a, 2")) to distributions p(L'(a, 2')|W"(a, 2')). O
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