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In this supplementary materials document we provide the results for all the experiments carried
out in this work. In Section A we provide additional details on the benchmarks and methods used.
Section B summarises the performance of each method based on model (XGB, MLP or GP) with
respect to a given benchmark and scalariser, as well as for problem dimensionality and number of
objectives. Section C shows the computational timing per problem dimensionality for the WFG and
DTLZ benchmarks. Finally, in Section D we provide convergence plots in terms of hypervolume
and IGD+ for all test problems.

A EXPERIMENTAL SET UP
In the following sections we give the reference and ideal points for all three benchmarks used, as
well as the number of weight vectors used for the augmented Tchebycheff scalarisation method.

A.1 Benchmark details
Reference points and ideal points were used normalise objective values before the hypervolume
and IGD+ indicators were calculated. This ensures that objectives are weighted equally in both
measures. The 𝑖-th element of a given vector of solutions f = {𝑓 1, . . . , 𝑓 𝑀 } is normalised by
calculating 𝑓 𝑖 = (𝑓 𝑖 − 𝑞𝑖 )/(𝑟 𝑖 − 𝑞𝑖 ), where q = {𝑞1, . . . , 𝑞𝑀 } and r = {𝑟 1, . . . , 𝑟𝑀 } are the ideal
and reference points respectively for a given problem. The 𝑖-th element of q and r was found by
optimising the 𝑖-th objective of the corresponding test problem with CMA-ES [3], either minimising
it for q or maximising for r. For completeness, we include the ideal and reference points used for
all test problems evaluated in this work. Note that, for conciseness, in the following tables we
use a python-like vector-building notation to denote vectors, e.g. [10] ∗𝑀 is a vector of length
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𝑀 containing with each element containing the value 10, and [10] ∗ (𝑀 − 1) + [20] is another
𝑀-length vector with its last value being 20 and its𝑀 − 1 other values being 10.

Problem ID(s) 𝑑 Reference Point Ideal Point
1 2 [120] ∗𝑀 [0] ∗𝑀

5 [450] ∗𝑀 [0] ∗𝑀
10 [1000] ∗𝑀 [0] ∗𝑀

2, 4, 5 2 [2] ∗𝑀 [0] ∗𝑀
5 [2] ∗𝑀 [0] ∗𝑀
10 [4] ∗𝑀 [0] ∗𝑀

3 2 [250] ∗𝑀 [0] ∗𝑀
5 [1000] ∗𝑀 [0] ∗𝑀
10 [2000] ∗𝑀 [0] ∗𝑀

6 2 [2.5] ∗𝑀 [0] ∗𝑀
5 [5] ∗𝑀 [0] ∗𝑀
10 [10] ∗𝑀 [0] ∗𝑀

7 2 [1.5] ∗ (𝑀 − 1) + [23] See below
5 [1.5] ∗ (𝑀 − 1) + [60] See below
10 [1.5] ∗ (𝑀 − 1) + [110] See below

Table 1. DTLZ [2] reference and ideal points for a given dimensionality 𝑑 and number of objectives𝑀 .

𝑀 Ideal point
2 [0, 2.307]
3 [0, 0, 2.614]
5 [0, 0, 0, 0, 3.228]
10 [0, 0, 0, 0, 0, 0, 0, 0, 0, 4.763]

Table 2. Ideal points for the DTLZ [2] test problem number 7 for a given number of objectives and 𝑑 ≤ 10.

𝑀 Reference Point Ideal Point
2 [3, 5] [0, 0]
3 [3, 5, 7] [0, 0, 0]
5 [3, 5, 7, 9, 11] [0, 0, 0, 0, 0]
10 [3, 5, 7, 9, 11, 13, 15, 17, 19, 21] [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]

Table 3. WFG [4] reference and ideal points for a given number of objectives𝑀 and 𝑑 ∈ {6, 8, 10, 20, 50, 100}.
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Problem (𝑑,𝑀) Reference Point Ideal Point
RE2-4-1 (4, 2) [2995, 0.051] [1237, 0.002]
RE2-2-4 (2, 2) [6005, 45] [60.5, 0]
RE3-3-1 (3, 3) [817, 8250000, 19360000] [0, 0.3, 0]
RE3-4-2 (4, 3) [334, 17600, 425100000] [0.01, 0.0004, 0]
RE3-5-4 (5, 3) [1705, 11.8, 0.27] [−0.73, 1.13, 0]
RE3-4-7 (4, 3) [1.01, 1.25, 1.1] [0, 0,−0.44]
RE4-7-1 (7, 4) [43, 4.5, 13.1, 14.2] [15.5, 3.5, 10.6, 0]
RE4-6-2 (6, 4) [0, 20100, 31100, 15.4] [−2757, 3962, 1947, 0]
RE6-3-1 (3, 6) [83100, 1351, 2854000, 16028000, 358000, 99800] [63840, 30, 285346, 183749, 7.2, 0]
RE9-7-1 (7, 9) [42.7, 1.6, 350, 1.1, 1.57, 1.75, 1.25, 1.3, 1.06] [15.5, 0, 0, 0.09, 0.36, 0.52, 0.73, 0.61, 0.66]

Table 4. Real-world benchmark [5] reference and ideal points.

A.2 Augmented Tchebycheff Scalarisation
We used 𝜌 = 0.05 in the scalariser’s calculations. The weight vectors for the scalarisation were
calculated via the Riesz’ s-Energy method [1]. The following table details the number of weight
vectors used for a given number of objectives𝑀 .

Number of objectives 2 3 4 5 6 7 8 9 10
Number of weight vectors 100 105 120 126 132 112 156 90 275

Table 5. Number of weight vectors used for a given number of objectives.

A.3 Gaussian Process Priors
A zero-mean GP was used for BO, alongside an ARD Matérn kernel with 𝜈 = 5/2:

𝜅𝑀𝑎𝑡𝑒𝑟𝑛 (x, x′ | 𝜽 ) =𝜎2𝑜
21−𝜈
Γ(𝜈)

(√
2𝜈𝑟

)𝜈
𝐾𝜈

(√
2𝜈𝑟

)
, (1)

where 𝐾𝜈 is a modified Bessel function and 𝑟 2 =
∑𝑑

𝑖=1 (𝑥𝑖 − 𝑥 ′𝑖 )2/𝜔2
𝑖 is the squared distance between

x and x′ scaled by the length-scales 𝜔𝑖 . We place uniform priors on the kernel’s hyperparameters
𝜽 = {𝜔1, . . . , 𝜔𝑑 , 𝜎𝑜 }. Given that the locations with which the GPs are trained on are rescaled
to the unit hypercube and that its target function values are standardised, we define them to be
𝜔 ∼ U(10−4,

√
𝑑) and 𝜎𝑜 ∼ U(10−4, 10) respectively. This allows for interactions to occur on a

sensible length-scale, i.e. the largest distance in [0, 1]𝑑 is
√
𝑑 , and a plausible output-scale, i.e. not

too large given the standardised target function.
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B OVERALL SUMMARY OF PERFORMANCE FOR ALL PROBLEM SETS

Hypervolume IGD+
Benchmark XGB MLP GP XGB MLP GP

H
YP

I

DTLZ 36 4 29 40 1 28
WFG 37 0 36 36 1 34
RW 4 0 6 5 0 6

WFG (HD) 10 7 18 10 9 18

D
om

Ra
nk DTLZ 21 11 37 30 5 36

WFG 36 0 45 40 1 35
RW 1 1 8 2 1 8

WFG (HD) 5 15 17 7 16 10

PH
C

DTLZ 36 12 22 41 8 22
WFG 39 0 36 38 0 35
RW 7 0 5 9 0 3

WFG (HD) 18 6 7 17 5 6

AT

DTLZ 13 8 43 27 2 42
WFG 1 0 63 4 2 62
RW 2 0 8 2 0 8

WFG (HD) 0 4 23 0 8 23
Table 6. Performance summary of MBORE (MLP and XGB) and BO (GP) for a given scalarisation method
(HYPI, DomRank, PHC and AT), on each benchmark. Table values correspond to the number of times each
model was the best or statistically equivalent to the best method for a given benchmark and scalarisation
method. Note how the mono-surrogate-based BO (GP) performs the best across all problems for AT scalariser,
whereas MBORE with XGB does for PHC.
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Fig. 1. Performance summary for the sets of benchmark problems evaluated: (left column) hypervolume
(right column) IGD+. Bar heights correspond to the proportion of times that a method is best or statistically
equivalent to the best method the benchmark’s problems.
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B.1 Performance Summary based on dimensionality/objectives: DTLZ
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Fig. 2. Performance summary for the DTLZ test problems based on the number of objectives a problem has:
(upper) hypervolume (lower) IGD+. Bar heights correspond to the proportion of times that a method is best
or statistically equivalent to the best method the benchmark’s problems.
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Fig. 3. Performance summary for the DTLZ test problems based on the problem’s dimensionality: (upper)
hypervolume (lower) IGD+. Bar heights correspond to the proportion of times that a method is best or
statistically equivalent to the best method the benchmark’s problems.
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B.2 Performance Summary based on dimensionality/objectives: WFG
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Fig. 4. Performance summary for the WFG test problems based on the number of objectives a problem has:
(upper) hypervolume (lower) IGD+. Bar heights correspond to the proportion of times that a method is best
or statistically equivalent to the best method the benchmark’s problems.
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Fig. 5. Performance summary for the WFG test problems based on the problem’s dimensionality: (upper)
hypervolume (lower) IGD+. Bar heights correspond to the proportion of times that a method is best or
statistically equivalent to the best method the benchmark’s problems.

9



GECCO ’22, July 9–13, 2022, Boston, MA, USA George De Ath, Tinkle Chugh, and Alma A. M. Rahat

B.3 Performance Summary based on dimensionality/objectives: WFG
(high-dimensional)
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Fig. 6. Performance summary for the high-dimensional WFG test problems based on the number of objectives
a problem has: (upper) hypervolume (lower) IGD+. Bar heights correspond to the proportion of times that a
method is best or statistically equivalent to the best method the benchmark’s problems.
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Fig. 7. Performance summary for the high-dimensional WFG test problems based on the problem’s dimen-
sionality: (upper) hypervolume (lower) IGD+. Bar heights correspond to the proportion of times that a method
is best or statistically equivalent to the best method the benchmark’s problems.
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C COMPUTATIONAL TIMING FOR DTLZ ANDWFG
The following plots show the computation time for each problem dimensionality across the DTLZ
(𝑑 ∈ {2, 5, 10}) and WFG (𝑑 ∈ {6, 8, 10, 20, 50, 100}) benchmarks. Note that the timings of the real-
world problems are not included because they are not configurable, i.e. only one dimensionality
can be used per problem.
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Fig. 8. Computation time taken per iteration on the DTLZ and WFG benchmark problems. The median
computation time over all scalarisers and problems is shown as the solid lines, with their corresponding
interquartile ranges shaded.
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D CONVERGENCE PLOTS
D.1 DTLZ Convergence Plots
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Fig. 9. Hypervolume (upper) and IGD+ (lower) convergence plots for DTLZ1 and DTLZ2.
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Fig. 10. Hypervolume (upper) and IGD+ (lower) convergence plots for DTLZ3 and DTLZ4.
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Fig. 11. Hypervolume (upper) and IGD+ (lower) convergence plots for DTLZ5 and DTLZ6.
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Fig. 12. Hypervolume (upper) and IGD+ (lower) convergence plots for DTLZ7.
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D.2 WFG Convergence Plots
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Fig. 13. Hypervolume (upper) and IGD+ (lower) convergence plots for WFG1 and WFG2.
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Fig. 14. Hypervolume (upper) and IGD+ (lower) convergence plots for WFG3 and WFG4.
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Fig. 15. Hypervolume (upper) and IGD+ (lower) convergence plots for WFG5 and WFG6.
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Fig. 16. Hypervolume (upper) and IGD+ (lower) convergence plots for WFG7 and WFG8.

20



MBORE: Multi-objective BO by Density-Ratio Estimation GECCO ’22, July 9–13, 2022, Boston, MA, USA

0 50 100 150 200 250 300

0.400

0.425

0.450

0.475

0.500

0.525

HV: WFG9 (3 = 6, " = 2)

XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.400

0.450

0.500

0.550

0.600

0.650

HV: WFG9 (3 = 6, " = 3)

XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.350

0.400

0.450

0.500

HV: WFG9 (3 = 8, " = 2)

XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.350

0.400

0.450

0.500

0.550

0.600

0.650
HV: WFG9 (3 = 8, " = 3)

XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.350

0.400

0.450

0.500

HV: WFG9 (3 = 10, " = 2)

XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.350

0.400

0.450

0.500

0.550

0.600

HV: WFG9 (3 = 10, " = 3)

XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.400

0.450

0.500

0.550

0.600

0.650

0.700

HV: WFG9 (3 = 10, " = 5)

XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.020

0.040

0.060

0.080

0.100

IGD+: WFG9 (3 = 6, " = 2)
XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.025

0.050

0.075

0.100

0.125

0.150

0.175
IGD+: WFG9 (3 = 6, " = 3)
XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.020

0.040

0.060

0.080

0.100

0.120

0.140

IGD+: WFG9 (3 = 8, " = 2)
XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.050

0.100

0.150

0.200

IGD+: WFG9 (3 = 8, " = 3)
XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.040

0.060

0.080

0.100

0.120

0.140

0.160

IGD+: WFG9 (3 = 10, " = 2)
XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.075

0.100

0.125

0.150

0.175

0.200

0.225

IGD+: WFG9 (3 = 10, " = 3)
XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

0 50 100 150 200 250 300

0.150

0.200

0.250

0.300

IGD+: WFG9 (3 = 10, " = 5)
XGB + HYPI
MLP + HYPI
GP + HYPI

XGB + DR
MLP + DR
GP + DR

XGB + PHC
MLP + PHC
GP + PHC

XGB + AT
MLP + AT
GP + AT

Fig. 17. Hypervolume (upper) and IGD+ (lower) convergence plots for WFG9.
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D.3 Real-world Convergence Plots
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Fig. 18. Hypervolume (upper) and IGD+ (lower) convergence plots the Real-world benchmark.
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D.4 WFG (high-dimensional) Convergence Plots
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Fig. 19. Hypervolume (upper) and IGD+ (lower) convergence plots for the high-dimensional WFG1, WFG2
and WFG3 problems.
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Fig. 20. Hypervolume (upper) and IGD+ (lower) convergence plots for the high-dimensional WFG4, WFG5
and WFG6 problems.
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Fig. 21. Hypervolume (upper) and IGD+ (lower) convergence plots for the high-dimensional WFG7, WFG8
and WFG9 problems.
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