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Abstract

We study the problem of list-decodable mean estimation, where an adversary can corrupt a
majority of the dataset. Specifically, we are given a set T of n points in Rd and a parameter
0 < α < 1

2
such that an α-fraction of the points in T are i.i.d. samples from a well-behaved

distribution D and the remaining (1−α)-fraction are arbitrary. The goal is to output a small list
of vectors, at least one of which is close to the mean of D. We develop new algorithms for list-
decodable mean estimation, achieving nearly-optimal statistical guarantees, with running time
O(n1+ǫ0d), for any fixed ǫ0 > 0. All prior algorithms for this problem had additional polynomial
factors in 1

α
. We leverage this result, together with additional techniques, to obtain the first

almost-linear time algorithms for clustering mixtures of k separated well-behaved distributions,
nearly-matching the statistical guarantees of spectral methods. Prior clustering algorithms
inherently relied on an application of k-PCA, thereby incurring runtimes of Ω(ndk). This marks
the first runtime improvement for this basic statistical problem in nearly two decades.

The starting point of our approach is a novel and simpler near-linear time robust mean
estimation algorithm in the α → 1 regime, based on a one-shot matrix multiplicative weights-
inspired potential decrease. We crucially leverage this new algorithmic framework in the context
of the iterative multi-filtering technique of [DKS18, DKK20a], providing a method to simulta-
neously cluster and downsample points using one-dimensional projections — thus, bypassing
the k-PCA subroutines required by prior algorithms.
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1 Introduction

We develop novel algorithms achieving almost-optimal runtimes for two closely related fundamental
problems in high-dimensional statistical estimation: clustering well-separated mixture models and
mean estimation in the list-decodable learning (“majority-outlier”) regime. Before we formally
state our contributions, we provide the necessary background and motivation for this work.

Clustering well-separated mixture models. Mixture models are a well-studied class of gen-
erative models used widely in practice. Given a family of distributions F , a mixture model M
with k components is specified by k distributions D1, . . . ,Dk ∈ F and nonnegative mixing weights
α1, . . . , αk summing to one, and its law is given by

∑
i∈[k] αiDi. That is, to draw a sample fromM,

we first choose i ∈ [k] with probability αi, and then draw a sample from Di. When the weights are
all equal to 1

k , we call the mixture uniform. Mixture models, especially Gaussian mixture models,
have been widely studied in statistics since pioneering work of Pearson in 1894 [Pea94], and more re-
cently, in theoretical computer science [Das99, AK05, VW04, AM05, KSV08, BV08, AS12, RV17a].

A canonical learning task for mixture models is the clustering problem. Namely, given independent
samples drawn from M, the goal is to approximately recover which samples came from which
component. To ensure that this inference task is information-theoretically possible, a common
assumption is that M is “well-separated” and “well-behaved”: for example, we may assume each
component Di is sufficiently concentrated (with sub-Gaussian tails or bounded moments), and that
component means have pairwise distance at least ∆, for sufficiently large ∆. The goal is then to
efficiently and accurately cluster samples from M with as small a separation as possible.

The prototypical example is the case of uniform mixtures of bounded-covariance Gaussians, i.e.
mixtures of the form M =

∑
i∈[k]

1
kN (µi,Σi), where each Σi is unknown and satisfies ‖Σi‖op ≤

σ2. Prior to the current work, the fastest known algorithm for this learning problem was due
to [AM05], building on [VW04]. Notably, [AM05] gave a polynomial-time clustering algorithm
when ∆ = Ω(σ

√
k). Interestingly, the algorithmic approach of [VW04, AM05] is surprisingly simple

and elegant: first, run k-PCA on the set of n samples in R
d to find a k-dimensional subspace (which

can be shown to approximately capture the span of the component means), and then perform a
distance-based clustering algorithm in this subspace. The runtime of this algorithm is dominated
by Ω̃(ndk) – the cost of (approximate) k-PCA.1 The idea of using k-PCA as a subroutine to solve
the clustering problem is very natural and has also been useful in practice. Indeed, using PCA as a
preprocessing step before applying further learning algorithms (such as clustering) is so ubiquitous
that it is commonly suggested by introductory textbooks on machine learning, see e.g. [Mur12].

However, in our setting, since the size of the description this problem is O(nd), the runtime of
k-PCA is off from linear time by a factor of roughly k. In many real-world settings, this factor of
k is quite significant. For instance, modern image datasets such as ImageNet [DDS+09] often have
hundreds or thousands of different classes and subclasses [STM20]. As a result, many clustering
tasks on these datasets often have k of the same order. The resulting overhead would cause many
tasks to be infeasible at scale on these datasets. Yet, despite considerable attention over the last
two decades,2 no faster algorithm has been developed for the clustering task. In particular, the
runtime of k-PCA has remained a bottleneck in this setting.

1Throughout the paper, when convenient, we hide polylogarithmic factors in the sample size and algorithm failure
probabilities with the Õ notation. We reserve the terminology “almost-linear” to mean linear up to subpolynomial
factors, and the terminology “nearly-linear” to mean linear up to polylogarithmic factors.

2We note that a recent line of work has developed sophisticated polynomial-time clustering algorithms under
smaller separation assumptions, see e.g. [DKS18, HL18, KSS18]. These algorithms leverage higher moments of the
distribution and consequently require significantly higher sample and computational complexity.
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The preceding discussion motivates the following natural question.

Question 1. Can we cluster mixtures of k “well-separated” structured distributions without the use
of k-PCA? More ambitiously, is there a clustering algorithm that runs in (almost)-linear time?

Prior to the current work, this question remained open even for uniform k-mixtures of identity
covariance Gaussians with pairwise mean separation as large as poly(k). In addition to its funda-
mental interest, a runtime improvement of this sort may have significant practical implications for
clustering at scale in real-world applications, see e.g. [Pat11, WK18], where spectral methods are
commonly used. As our main contribution, we resolve Question 1 for the general class of mixtures
of bounded-covariance distributions under information-theoretically near-optimal separation.

List-decodable mean estimation. In many statistical settings, including machine learning se-
curity [BNJT10, BNL12, SKL17, DKK+19b] and exploratory data analysis e.g. in biology [RPW+02,
LAT+08, PLJD10], datasets contain arbitrary — and even adversarially chosen — outliers. The
central question of the field of robust statistics is to design estimators tolerant to a small amount of
unconstrained contamination. Classical work in this field [Ans60, Tuk60, Hub64, Tuk75, HRRS86,
Hub04] developed robust estimators for many basic tasks, although with computational costs scaling
exponentially in the problem dimension. More recently, a line of work in computer science, starting
with [DKK+19a, LRV16], developed the first computationally-efficient learning algorithms (attain-
ing near-optimal error) for various estimation problems. Subsequently, there has been significant
progress in algorithmic robust statistics in a variety of settings (see [DK19] for a survey).

In many of these works, it is typically assumed that the fraction of corrupted points is less than
1
2 . Indeed, when more than half the points are corrupted, the problem is ill-posed: there is not
necessarily a uniquely-defined notion of “uncorrupted samples.” While outputting a single accurate
hypothesis in this regime is information-theoretically impossible, one may be able to compute a
small list of hypotheses with the guarantee that at least one of them is accurate. This relaxed
notion of estimation is known as list-decodable learning [BBV08, CSV17].

Definition 1 (List-decodable learning). Given a parameter 0 < α < 1
2 and a distribution family

F on R
d, a list-decodable learning algorithm takes as input α and a multiset T of n points such

that an unknown α fraction of T are independent samples from an unknown distribution D ∈ F ,
and no assumptions are made on the remaining samples. Given T and α, the goal is to output a
“small” list of hypotheses at least one of which is close to the target parameter of D.

Arguably the most fundamental problem in the list-decodable learning setting is mean estimation,
wherein the goal is to output a small list of hypotheses, one of which is close to the true mean. A
natural problem in its own right, list-decodable mean estimation generalizes the problem of learning
well-separated mixture models (as explained below) and can model important applications such
as crowdsourcing [SVC16, MV18] or semi-random community detection in stochastic block models
[CSV17]. Moreover, it is particularly useful in the context of semi-verified learning [CSV17, MV18],
where a learner can audit a small amount of trusted data. An important remark is that the parameter
α ∈ (0, 12) can be quite small in some of these applications and should not necessarily be thought of
as a constant. In addition to applications in clustering mixture models, a concrete example is the
crowdsourcing setting with many unreliable responders studied in [MV18], where the parameter α
is tiny, depending inversely-polynomially on other problem parameters such as the dimension.

The parameter α in the list-decodable mean estimation setting plays a very similar role to the
parameter 1

k in learning (uniform) mixture models. This is no coincidence: list-decodable mean
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estimation can be thought of as a natural robust generalization of clustering well-separated mix-
tures. Indeed, if we run a list-decodable mean estimation algorithm on a dataset drawn from a
uniform mixture of k sufficiently nice and well-separated distributions with α set to 1

k , the output
list must contain a candidate mean which is close to the mean of each component. This is because
from the perspective of the list-learning algorithm, each component could be the “true” unknown
distribution D, and thus the list must contain a hypothesis close to the mean of this “true” dis-
tribution. This small list of hypotheses can then typically be used to cluster the original dataset.
One conceptually important implication of this observation is that list-decodable mean estimation
algorithms also naturally lead to algorithms for clustering well-separated mixture models (even in
the presence of a small fraction of corrupted samples) — a reduction we formalize in this work.

The first polynomial-time algorithm for list-decodable mean estimation, when F is the family of
bounded-covariance distributions, was by [CSV17]. The [CSV17] algorithm was based on black-box
calls to semidefinite program solvers and had a large polynomial runtime. Since then, a sequence
of works [DKK20a, CMY20, DKK+20b] have obtained substantially improved runtimes for this
problem, while retaining the (near-optimal) statistical guarantees of [CSV17]. The algorithm by
[DKK+20b] runs in time Õ(ndα ) and achieves near-optimal error (within a polylogarithmic factor).

Interestingly, as in the case of clustering mixture models, the Ω̃(ndα ) runtime dependence of the
[DKK+20b] algorithm is also due to running a k-PCA subroutine — for k = Ω( 1

α) — to reduce
the problem to a k-dimensional subspace. In more detail, the algorithm of [DKK+20b] can be
viewed as a reduction from list-decodable mean estimation to polylogarithmically many calls to
k-PCA (for carefully chosen matrices). Thus, the cost of k-PCA appears as a runtime barrier in
state-of-the-art algorithms for list-decodable mean estimation as well. In regimes where α is small,
the Ω̃(ndα ) runtime is significantly sub-optimal in the input size. This leaves open whether the
extraneous linear dependence on α−1 is improvable, and brings us to our second main question.

Question 2. Can we perform list-decodable mean estimation with near-optimal statistical guaran-
tees in (almost)-linear time?

In this paper, we similarly resolve Question 2 for the class of bounded-covariance distributions.

1.1 Our results

We answer both Question 1 and Question 2 in the affirmative, up to subpolynomial factors. Perhaps
surprisingly, to resolve the longstanding open problem of clustering mixture models in almost-
linear time, we develop an almost-linear time algorithm for the (much more general) problem of
list-decodable mean estimation. To then solve the clustering problem, we develop a fast post-
processing technique that efficiently reduces the clustering task to list-decodable mean estimation.
In light of this development, we begin by presenting our list-decodable estimation result.

Theorem 3 (informal, see Theorem 6). For any fixed constant ǫ0 > 0, there is an algorithm
FastMultifilter with the following guarantee. Let D be a distribution over R

d with unknown mean
µ∗ and unknown covariance Σ with ‖Σ‖op ≤ σ2, and let α ∈ (0, 1). Given α and a multiset of

n = Ω( d
α) points on R

d such that an α-fraction are i.i.d. draws from D, FastMultifilter runs in time
O(n1+ǫ0d) and outputs a list L of O(α−1) hypotheses so that with high probability we have

min
µ̂∈L
‖µ̂− µ∗‖2 = O

(
σ log α−1

√
α

)
.

Notably, in the setting of Theorem 3, a sample complexity of Ω( d
α), error of Ω(σα− 1

2 ), and list size
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Ω(α−1) are all information-theoretically necessary [DKS18]. Hence, up to a log(α−1) factor in the
error, Theorem 3 achieves optimal statistical guarantees for this problem in almost-linear time.

Leveraging Theorem 3, and combining it with a new almost-linear time post-processing procedure of
the resulting list, we achieve our almost-linear runtime for clustering well-separated mixtures under
only a second moment bound assumption — even in the presence of a small fraction of outliers.
In more detail, our algorithm can tolerate a fraction of outliers proportional to the relative size of
the smallest true cluster. For brevity, in this introduction, we will state the natural special case
of our clustering result for uniform bounded-covariance mixtures without outliers. We also achieve
similar (indeed, slightly stronger) guarantees when the mixture components are sub-Gaussian or
have bounded fourth moments.

Theorem 4 (informal, see Corollaries 6, 8, 9). For any fixed constant ǫ0 > 0, there is an algorithm
with the following guarantee. Given a multiset of n = Ω(dk) i.i.d. samples from a uniform mixture
model M =

∑
i∈[k]

1
kDi, where each component Di has unknown mean µi, unknown covariance

matrix Σi with ‖Σi‖op ≤ σ2, and mini,i′∈[k],i 6=i′ ‖µi − µi′‖2 = Ω̃(
√
k)σ, the algorithm runs in time

O(n1+ǫ0 max(k, d)), and with high probability correctly clusters 99% of the points.

Some remarks are in order. First, we note that pairwise mean separation of Ω(
√
k σ) is information-

theoretically necessary for accurate clustering to be possible for bounded covariance components.
The algorithm establishing Theorem 4 nearly achieves the optimal separation. Secondly, and cru-
cially, our clustering algorithm runs in almost-linear time. Finally, as previously alluded to, our
clustering method is robust to outliers, and can handle mixtures with arbitrary weights, with
guarantees depending on the smallest weight (see Corollary 9 for a precise statement).

It is worth commenting on the max(k, d) term appearing in the running time of Theorem 4. Our
algorithm runs in almost-linear time as long as k ≤ d. For the extreme regime where k ≫ d, our
algorithm has running time O(n1+ǫ0k). In this parameter regime, it is plausible that Ω(nk) is a
runtime bottleneck for the following reason: even if we are given (exactly) the centers µi, i ∈ [k]
for free, Ω(nk) time seems to be required to simply assign each of the n points to its closest center.

Remark 1 (Prior work). The prior works [AM05, AS12] obtained polynomial-time clustering
algorithms with similar statistical guarantees as Theorem 4, under the (much stronger) assumption
that each component distribution Di has sub-Gaussian tails. For bounded covariance distributions,
these algorithms require the stronger mean separation of Ω(kσ) [Awa21]. On the other hand, the
clustering methods obtained in [CSV17] (as an application of their list-decodable mean estimator)
(i) require sub-Gaussian components, and (ii) partition the dataset into C · k for some constant
C > 2 — as opposed to k — clusters. In summary, prior work has not explicitly obtained even a
polynomial-time clustering algorithm in the bounded covariance setting with separation o(k)σ.

1.2 Technical overview

Here, we describe the techniques developed in this paper at a high level, and how they circumvent
several conceptual runtime barriers encountered by prior approaches to list-decodable mean estima-
tion and clustering mixture models. Our full proofs are quite technically challenging, and involve
several additional steps which we omit here for clarity of exposition. Throughout this section, we
assume that the “scale” of the problem is σ = 1 for simplicity (e.g. distribution covariances are
bounded by I).
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1.2.1 Prior approaches and their limitations

In this section, we briefly describe two recent fast algorithms for list-decodable mean estimation,
developed by [DKK20a] and [DKK+20b],3 focusing on tools used in their analyses and bottlenecks
in extending their techniques to obtain (almost)-linear runtimes.

Multifiltering. Filtering is one of the most popular techniques for robust estimation [DKK+19a,
DKK+17, Li18, Ste18, DK19]. In the minority-outlier setting, filtering is based on the idea of
designing certificates of corruption, which either ensure that a current estimate suffices, or can be
used to identify a set of points to filter on containing more outliers (corrupted points) than inliers
(clean points). Iterating this process terminates in polynomial time, because (roughly speaking) it
eventually removes all outliers.

In the context of list-decodable mean estimation, standard filtering guarantees are insufficient,
because we cannot afford to remove as many inliers as outliers. To overcome this difficulty, [DKS18]
introduced the “multifilter” in the context of Gaussian mean estimation, which was extended to
bounded covariance distributions in [DKK20a]. At a high level, a multifilter iterates through
a tree of candidate subsets, and looks for ways to either “cluster” a subset or “split” it into
multiple (overlapping) subsets.4 To ensure an efficient runtime, a multifilter maintains a potential
guaranteeing that the tree size does not blow up (i.e. there are never too many candidate subsets),
and carefully chooses to split or cluster based on subset sample statistics, thus ensuring that some
tree node always retains a large fraction of inliers. Previous multifilters chose to split or cluster
subsets based on one-dimensional projections along top eigenvectors of sample covariances, which
can be dominated by a single outlier. In the worst case, this leads to an iteration count scaling
polynomially with the dimension.

Filtering via matrix multiplicative weights. The approach taken by the fastest algorithms
for mean estimation in both majority-inlier [DHL19] and majority-outlier [DKK+20b] settings is
heavily motivated by filtering. In the majority-inlier case, every iteration of the filter is nearly-linear
time, so the only bottleneck to an overall fast runtime is the number of iterations. However, simple
hard instances show that only projecting onto the worst directions of empirical covariances may lead
to an Ω(d) runtime overhead. The main idea of [DHL19] was to choose scores capturing multiple
bad directions at a time, preventing this worst-case behavior. These scores were based on quadratic
forms with certain trace-one matrices derived from the matrix multiplicative weights (MMW) regret
minimization framework from semidefinite programming [WK06, AK07]. By using MMW regret
bounds, [DHL19] designs a filter that efficiently decreases the empirical covariance operator norm,
which is used as a potential to yield convergence in polylogarithmically many iterations.

In the majority-outlier setting, the story is somewhat murkier. To overcome complications of prior
list-decodable mean estimation algorithms (e.g. the multifilter), which interleaved “filtering” and
“clustering” steps, [DKK+20b] designed a “k-dimensional filter”, for k = Θ( 1

α), that they called
SIFT, decoupling the two goals. Specifically, SIFT uses scores based on k-dimensional projections to
hone in on a subspace outside of which the empirical mean is accurate. It then efficiently clusters in
just this subspace; combined with appropriate Ky Fan norm generalizations of MMW, the number
of iterations is then improved to polylogarithmic. However, this approach of decoupling filtering
and clustering appears to inherently use k-dimensional PCA as a subroutine, for k = Θ( 1

α), even
just to learn an “important” subspace a single time. Hence, this approach encounters a similar

3We focus on [DKK+20b] instead of [CMY20] in this technical exposition, as they both apply Ky Fan semidefinite
programming machinery to obtain fast runtimes, but the [DKK+20b] approach is more relevant to this paper.

4In [DKK20a], these subsets were replaced by weight functions, but the intuition is very similar in both cases.
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runtime bottleneck as prior algorithms for clustering mixture models [VW04, AM05].

Challenges in combining techniques. As mentioned, the approach of [DKK+20b] seems to
inherently run into a runtime barrier at Ω(ndα ) due to its reliance on k-PCA. This suggests that
to overcome this barrier, we need to develop a new algorithm which both (1) does not disentangle
filtering and clustering steps, and (2) relies on univariate projections. It is natural to then try to
merge the multifilter with a MMW-based potential to ensure rapid convergence.

Unfortunately, there are several obstacles towards combining these frameworks. A primary com-
plication is that the regret minimization approach of [DHL19] requires multiple consecutive rounds
before it can ensure an appropriate potential decreases. This is because of its reliance on MMW,
a “mirror descent” algorithm which typically does not provide monotone guarantees on iterates
(and hence requires multiple iterations to bound regret) [DISZ18]. It is unclear how to make these
arguments work within the multifilter framework, which interleaves two types of steps (splitting
and clustering) that may have incompatible guarantees across iterations.

Finally, even if it were possible to combine the multifilter with a MMW-based potential analysis,
there are still various difficulties towards obtaining an almost-linear runtime coming from the size of
our hypothesis tree. For example, making the decision to split or cluster at a node typically requires
Ω(nd) time (e.g. to compute scores), which we cannot afford to perform more than subpolynomially
often. This is problematic because our multifilter tree certainly contains Ω( 1

α ) nodes: in the uniform
mixture model case, our tree must contain hypotheses corresponding to every true cluster.

1.2.2 Our techniques

One-shot potential framework. In order to deal with the first of the two obstacles discussed
(the non-monotonicity of MMW regret guarantees), our starting point is a framework for fast robust
mean estimation (cf. Section 2.3), essentially matching the guarantees of [DHL19] with a more
transparent analysis. Crucially, our new framework comes with a “one-shot” potential function
that shows monotone progress at every iteration, making it more amenable to combination with a
multifilter (which needs to argue how potentials evolve between different types of steps).

In more detail, our new fast algorithm in the majority-inlier setting guarantees monotone progress

on the “Schatten-norm” potential Tr(Y2
t ), where Yt := M

log(d)
t and Mt =

∑
i∈T [wt]i(Xi−µt)(Xi−

µt)
⊤ is the weighted empirical covariance with respect to the current weight vector wt. We then

use Yt to sample carefully chosen Gaussian random vectors to locate outliers in multiple univari-
ate directions. By using the guarantees of Johnson-Lindenstrauss projections, we can use these
univariate filters to ensure the next (weighted) empirical covariance matrix satisfies

〈
Y2

t ,Mt+1

〉
≤ O(1)Tr(Y2

t ) . (1)

Combining (1) with a fact from [JLT20] shows that our potential decays geometrically, resulting in
rapid convergence. Fortunately, we can use the same potential in the multifilter context, as long
as we guarantee that (1) holds for every child of a node (whether a split or cluster step is used).
In particular, applying (1) repeatedly for any path in the multifilter tree implies that the depth
is polylog(d). It remains to bound the width of the tree (the computational cost per layer), while
maintaining the invariant that at least one node on every level preserves enough inliers.

Warmup: fast Gaussian multifilter via indicator weights. Recall that our other obstacle
towards an almost-linear runtime is that each of the Ω(α−1) nodes of our multifilter tree requires
Ω(nd) time to decide on a multifiltering step. Our strategy is to reduce the total number of nodes
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across each layer of the tree, so that the total cost of multifiltering on all of them is roughly
nd. We achieve this goal by ensuring that our multifilter always maintains nodes which specify
subsets of our original data (i.e. 0-1 weights rather than soft weights ∈ [0, 1]). Hence, each layer of
our new multifilter trades off the number of subsets with the cost of multifiltering on each subset.
Considering the two extreme layers is illustrative of this tradeoff: at the root, our algorithm performs
a single one-dimensional projection on the entire dataset; at the leaves, it performs O(α−1) one-
dimensional projections, each on a subset consisting of roughly an α-fraction of the original dataset.

As a warmup, we first show how to achieve this in the case where the ground-truth, D, is a bounded-
covariance Gaussian (see Section 3), so we can exploit strong concentration bounds. In particular,
we know that in any linear projection almost all of the inliers will lie in an interval of logarithmic
length. If almost all of our sample points in a subset are clustered within such an interval, we can
explicitly remove all samples outside of it. On the other hand, if our samples are spread out, we
can split them into two (unweighted) subsets with sufficient overlap to ensure that at least one of
the children subsets will contain almost all the inliers, as long as the parent did. We can in fact
apply such a partitioning strategy iteratively along each univariate projection, until each remaining
subset is contained in a short interval; this suffices to imply (1).

From Gaussians to bounded-covariance distributions. Substantially more technical care is
required in the bounded-covariance setting to achieve an almost-linear runtime without sacrificing
the error rate. Notably, we will no longer be able to guarantee that the subsets lie in short intervals,
due to weaker concentration properties. This also means that we cannot deterministically remove
points, making it more challenging to ensure the weight functions we keep are indicators.

We overcome these challenges in Section 4 through several new technical developments. We first
weaken the outcome guarantee of our recursive partitioning strategy, from ensuring each cluster
lies in a short interval, to requiring bounded variance, which we show suffices to advance on the
potential (1). Furthermore, we use a randomized dropout strategy in place of the “clustering” step
of the multifilter, and design fast quantile checks to ensure the “split” step can be conducted in
nearly-constant time. By carefully combining these subroutines, we can indeed ensure every child of
nodes in a layer satisfies (1), and that the total computational cost of splitting or clustering on the
entire layer is almost-linear. With our earlier depth bound, this yields our full runtime guarantee.

Reducing clustering to list-decodable learning. In Section 5, we demonstrate that several
mixture model clustering tasks enjoy benefits from the speedups afforded by our list-decodable
learning methods. In the following, assume we have a list L of size O(α−1) and L ⊇ {µ̂i}i∈[k] with

‖µ̂i − µi‖2 = Õ(
√
α−1) for all i ∈ [k], where µi is the mean of the mixture component Di.

For sub-Gaussian components, we build on a clustering algorithm of [DKS18] and improve it to
run in nearly-linear time via randomized distance comparisons. The main idea of the [DKS18]
algorithm is to exploit concentration, which implies that with high probability, all points drawn
from Di have a closest hypothesis in L at distance Õ(

√
α−1) from µi. By rounding every sample

to its nearest hypothesis, and assuming separation Ω̃(
√
α−1) between component means, we can

perform an efficient equivalence class partitioning which clusters the data. We observe that this
framework is tolerant to a small amount of poorly-behaved points or outliers and generalizes to
cluster components with bounded fourth moments.

For our most general application of clustering mixtures under only bounded component covariances,
as stated in Theorem 4, the same framework does not apply as a constant fraction of all points
may be misbehaved due to weak concentration. To address this, we develop a new postprocessing
technique, relying on the following observation: letting P be the projection onto the O(α−1)-
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dimensional subspace spanned by L, any sample hit by P will lie within distance O(
√
α−1) of its

corresponding cluster mean in the low-dimensional subspace with constant probability. We use
this observation to drop hypotheses which are too far away from the true means, and then an
appropriate equivalence relation suffices for clustering. The runtime bottleneck of this strategy is
the computation and application of P to our dataset, which can be quite expensive. We show that
by instead measuring distances in a O(log d)-dimensional subspace formed by random projections
within P, and clustering based on these estimates, we obtain similar clustering performance by
exploiting guarantees of Johnson-Lindenstrauss transforms.

1.3 Related work

Here we survey the most relevant prior work on learning mixture models and robust statistics.

Mixture models. The closest line of work to our results studies efficiently clustering mixture
models under mean-separation conditions, and in particular Gaussian mixtures [Das99, VW04,
AM05, DS07, AK05, KK10, AS12, RV17b, DKS18, HL18, KSS18, MVW17]. As mentioned previ-
ously, within the class of algorithms with runtime Õ(ndα ), [AM05] achieves the best known mean

separation condition (scaling as Θ(α− 1
2 ), where α is the minimum component weight) for cluster-

ing mixtures of Gaussians with bounded covariance. This separation condition is nearly-matched
(within a logarithmic factor) by our almost-linear time algorithm (Theorem 4), which in addition
is robust to outliers and generalizes to broader distribution families. We note that for the special
case where the covariances are all known to be exactly the identity, prior to [AM05], [VW04] gave a
similar algorithm attaining the same runtime of Õ(ndα ), under a weaker separation condition (scal-

ing as roughly α− 1
4 ). We are not aware of algorithms with this runtime and separation condition

for clustering Gaussian mixtures when the covariances are only spectrally bounded by the identity.

Subsequent work generalized the statistical setting studied in [AM05, AK05, KK10, AS12], by
improving on the separation condition using more sophisticated algorithmic tools, see, e.g. [DKS18,
HL18, KSS18, DK20]. More recent work developed efficient algorithms for clustering mixtures of
Gaussians, in the presence of a small constant fraction of outliers, under even weaker (algebraic)
separation conditions [BK20b, DHKK20, BDH+20]. Beyond clustering, stronger notions of learning
have been studied in this setting, including parameter estimation [MV10, BS15, HP15], proper
learning [FSO06, DK14, AJOS14, LS17, ABDH+18], and their robust analogues [Kan21, LM20,
BDJ+20]. All of the aforementioned algorithms are statistically and computationally intensive,
in particular have sample complexities and runtimes scaling super-polynomially with the number
of components. Finally, we acknowledge a related line of work studying learning in smoothed
settings [HK13, ABG+14, BCMV14, GHK15] and density estimation [DL12, CDSS14, ADLS17].
These latter results are orthogonal to the results of the current paper.

Robust statistics and list-decodable learning. Since the pioneering work from the statistics
community in the 1960s and 1970s [Ans60, Tuk60, Hub64, Tuk75], there has been a tremendous
amount of work on designing robust estimators, e.g. [HRRS86, Hub04]. However, as discussed
earlier, the estimators proposed in the statistics community are intractable to compute in high
dimensions. The first algorithmic progress on robust statistics in high dimensions came in two in-
dependent works from the theoretical computer science community [DKK+19a, LRV16]. Since then,
there has been an explosion of work in this area, resulting in computationally efficient estimators
for a range of increasingly complex tasks, including the aforementioned work on robust clustering,
amongst many others, e.g. [DKK+17, BDLS17, CDKS18, KKM18, DKS19, PSBR18, DKK+19b,
DKK+19c, TLM18]. For a more complete account, the reader is referred to [Li18, Ste18, DK19].
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RandDrop

Fixing SplitOrTailBound

GaussianSplitOrCluster SplitOrCluster

Gaussian1DPartition 1DPartition

GaussianPartition Partition

FastGaussianMultifilterBoundedDiameter FastMultifilterBoundedDiameter

FastGaussianMultifilter FastMultifilter

IteratePostProcess

ClusterUniformGMM ClusterRobustBFMM

ClusterRobustGMM ClusterRobustBCMM

Section 3

Section 4

Section 5

Figure 1: An illustration of the dependencies of the different algorithms of this paper together with
which section the algorithms are described in. The dashed arrow from FastMultifilter to Section 5
is meant to indicate that the algorithms of this section utilize FastMultifilter indirectly.
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We also highlight a line of work, relevant to our main result, which combines tools from robust statis-
tics with ideas from continuous optimization to achieve near-linear runtimes for high-dimensional
robust estimation tasks [CDG19, CDGW19, DHL19, LY20, JLT20]. Importantly, these algorithms
only work in the regime where the fraction of corrupted samples is small, i.e. when α→ 1.

The list-decodable learning setting we consider (i.e. when the trusted proportion of the data is
α < 1

2) was first considered in [BBV08, CSV17]. In particular, [CSV17] gave the first polynomial-
time algorithm with near-optimal statistical guarantees for the problem of list-decodable mean es-
timation under bounded covariance assumptions. Shortly thereafter, efficient list-decodable mean
estimators with near-optimal error guarantees were developed under stronger distributional as-
sumptions [DKS18, KSS18]. More recently, a line of work developed list-decodable learners for more
challenging tasks, including linear regression [RY20, KKK19] and subspace recovery [RY20, BK20a].
Similar techniques were also crucial in the recent development of robust clustering algorithms we
previously described.

The most directly related prior research to the current paper is the sequence of recent papers
developing faster algorithms for list-decodable mean estimation [CMY20, DKK20a, DKK+20b].
We note that the algorithms in [CMY20, DKK+20b] critically use projection of the data onto a
O( 1

α)-dimensional subspace, and therefore are bottlenecked by the cost of this projection, yielding

Ω(ndα ) runtimes. In the regime that α is a fixed constant, these works achieve runtimes which are
linear in n and d, by reinterpreting the problem of list-decodable mean estimation in a way which
is amenable to speedups via tools from continuous optimization (specifically, regret guarantees over
the “k-Fantopes”, which capture Ky Fan norms in hindsight). On the other hand, the multifilter
approach of [DKK20a] only uses one-dimensional projections. However, their algorithm and its
analysis does not have a direct interpretation as a continuous optimization method, using more
problem-specific potentials, which guarantee termination after n iterations.

In many ways, the algorithm we develop in this paper can be viewed as the synthesis of these two
approaches, by incorporating the ideas of [CMY20, DKK+20b] to find better univariate projections
for the multifilter of [DKK20a], and then designing a new potential function inspired by regret
analyses of matrix multiplicative weights to demonstrate rapid termination of our fast multifilter.

1.4 Organization

In Section 2, we define notation and recall tools from prior work. We also give a technical overview
of our one-shot potential approach to fast robust mean estimation. In Section 3, we give a fast
multifilter implementation in the Gaussian setting, as a simplified introducion to our techniques. In
Section 4, we give our full fast multifilter for bounded-covariance distributions, proving Theorem 3.
In Section 5, we give our applications to clustering mixture models, proving Theorem 4. See
Figure 1 for a pictorial depiction of the organization of the remainder of the paper.

2 Preliminaries

In Section 2.1, we define the notation used throughout this paper. Next, we recall some technical
tools (primarily from prior work) which we draw upon in Section 2.2. We conclude with a sketch
of our potential function approach to filtering in Section 2.3 by demonstrating how it works for
robust mean estimation in the minority-outlier regime, giving an alternative approach to obtaining
the runtimes of [DHL19]. This new approach bypasses an explicit matrix multiplicative weights
argument in favor of a one-step potential. We ultimately generalize this technique to the list-
decodable setting by interlacing it with clustering steps, inspired by the multifilter algorithm of
[DKS18, DKK20a].
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2.1 Notation

General notation. For mean µ ∈ R
d and positive semidefinite covariance matrix Σ ∈ R

d×d, we
let N (µ,Σ) be the standard multivariate Gaussian. For d ∈ N we let [d] := {j | j ∈ N, 1 ≤ j ≤ d}.
We refer to the ℓp norm of a vector argument by ‖·‖p, and overload this to mean the Schatten-p
norm of a symmetric matrix argument. The all-ones vector (when the dimension is clear from
context) is denoted 1. The (solid) probability simplex is denoted ∆n := {x ∈ R

n
≥0, ‖x‖1 ≤ 1}. We

refer to the ith coordinate of a vector v by [v]i.

Matrices. Matrices will be in boldface throughout, and when the dimension is clear from context
we let 0 and I be the zero and identity matrices. The set of d × d symmetric matrices is S

d and
the d × d positive semidefinite cone is S

d
≥0. We use the Loewner partial ordering � on S

d
≥0. The

largest eigenvalue, smallest eigenvalue, and trace of a matrix are given by λmax(·), λmin(·),Tr(·)
respectively. We use ‖·‖op to mean the (ℓ2-ℓ2) operator norm, which is the largest eigenvalue for

arguments in S
d
≥0. The inner product on A,B ∈ S

d is given by 〈A,B〉 := Tr(AB).

Distributions. We often associate a weight vector w ∈ ∆n with a set of points T ⊂ R
d with

|T | = n. Typically we denote this set by {Xi}i∈T , where we overload T to mean the indices as well
as the points. For any T ′ ⊆ T we let wT ′ ∈ ∆n be the vector which agrees with w on T ′ and is 0
elsewhere. The empirical mean and covariance matrix on any subset are denoted

µw(T ′) :=
∑

i∈T ′

wi∥∥w′
T

∥∥
1

Xi, Covw(T ′) :=
∑

i∈T ′

wi∥∥w′
T

∥∥
1

(
Xi − µw(T ′)

) (
Xi − µw(T ′)

)⊤
.

For convenience, we also define the unnormalized convariance matrix by

C̃ovw(T ′) :=
∑

i∈T ′

wi

(
Xi − µw(T ′)

) (
Xi − µw(T ′)

)⊤
.

We say distribution D with EX∼D[X] = µ∗ has sub-Gaussian parameter σ in all directions if

EX∼D[exp(s 〈X − µ∗, v〉)] ≤ exp(σ
2s2

2 ) for all unit vectors v. In Section 5 we use concentration
properties of sub-Gaussian random variables, which are well-known and can be found e.g. in the
reference [RH17].

List-decodable mean estimation. We state the model of list-decodable mean estimation we use
throughout the paper; the setting we consider is standard from the literature, and this description
is repurposed from [DKK+20b]. Fix a parameter 0 < α < 1

2 . Then a set T := {Xi}i∈T ⊂ R
d of size

|T | = n = Θ(dα−1) is given, containing a subset S ⊂ T such that the following assumption holds.

Assumption 1. There is a subset S ⊆ T ⊂ R
d of size αn = Θ(d), and a vector µ∗ ∈ R

d, such that

1

|S|
∑

i∈S
(Xi − µ∗)(Xi − µ∗)⊤ � I.

We remark that this assumption is motivated by the statistical model where there is an underlying
distribution D supported on R

d with mean µ∗ and covariance bounded by I, and the dataset T is
formed by αn independent draws from D combined with (1−α)n arbitrary points. Up to constants
in the “good” fraction α and the covariance bound, Proposition B.1 of [CSV17] guarantees As-
sumption 1 holds with inverse-exponential failure probability. We also note that Proposition 5.4(ii)
of [DKS18] shows that the information-theoretic optimal guarantee for list-decodable estimation in
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the setting of Assumption 1 is to return a list L of candidate means, where |L| = Θ(α−1), and

min
µ∈L
‖µ− µ∗‖2 = Θ

(
1√
α

)
(2)

This setup handles the more general case where the upper bound matrix in Assumption 1 is σ2I
for some positive parameter σ by rescaling the space appropriately, and the error guarantee (2)
becomes worse by a factor of σ. Because of this, we will set σ = 1 throughout for simplicity.

Finally, throughout Sections 3 and 4 we will make the explicit assumption that d ≥ α−1; for
the regime where this is not the case, Algorithm 14 of [DKK+20b] obtains optimal error rates in
time Õ(α−2) (and in fact, if we tolerate a list size of O(α−1 log 1

δ ) where δ ∈ (0, 1) is the failure

probability of the algorithm, obtains optimal error in time Õ(α−1)).

2.2 Technical tools

We will use a number of technical tools throughout this work which we list here for convenience.
The first few are standard facts about covariance matrices which follow directly from computation.

Fact 1 (Convexity of covariance). For any w ∈ ∆n associated with T ⊂ R
d,

µw(T )µw(T )⊤ �
∑

i∈T

wi

‖w‖1
XiX

⊤
i .

This implies that for any v ∈ R
d,

(µw(T )− v)(µw(T )− v)⊤ �
∑

i∈T

wi

‖w‖1
(Xi − v)(Xi − v)⊤.

Fact 2 (Effect of mean shift). For any w ∈ ∆n associated with T ⊂ R
d, and any v ∈ R

d,

∑

i∈T

wi

‖w‖1
(Xi − v)(Xi − v)⊤ = Covw(T ) + (µw(T )− v)(µw(T )− v)⊤ � Covw(T ).

Fact 3 (Alternate covariance characterization). For any w ∈ ∆n associated with T ⊂ R
d,

1

2 ‖w‖21


∑

i,j∈T
wiwj(Xi −Xj)(Xi −Xj)

⊤


 = Covw(T ).

Next, we need the notion of safe weight removal in the list-decodable setting, adapted from
[DKK+20b]. The idea behind safe weight removal is that repeatedly performing a downweight-
ing operation with respect to scores satisfying a certain condition results in weights which preserve
some invariant, which we call saturation. We define our notions of safety and saturation, and state
a key technical lemma which lets us reason about when saturation is preserved. In the following
discussion assume we are in the list-decodable mean estimation setting we defined in Section 2.1.

Definition 2 (γ-saturated weights). We call weights w ∈ ∆n γ-saturated, for some γ > 1, if
w ≤ 1

n1 entrywise, and

‖wS‖1 ≥ α ‖w‖
1
γ

1 .
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Definition 3 (γ-safe scores). We call scores {si}i∈T ∈ R
n
≥0 γ-safe with respect to w if w ∈ ∆n and

∑

i∈S

wi

‖wS‖1
si ≤

1

γ

∑

i∈T

wi

‖wT ‖1
si.

Roughly speaking, we require this alternative notion of safe scores in the majority-outlier regime
because there are less good points we can afford to throw away; see [DKK+20b] for additional
exposition. The key property connecting these two definitions is the following.

Lemma 1. Let w(0) ∈ ∆n be γ-saturated, and consider any algorithm of the form:

1. For 0 ≤ t < N :

(a) Let {s(t)i }i∈T be γ-safe with respect to w(t).

(b) Update for all i ∈ T :

w
(t+1)
i ←

(
1− s

(t)
i

s
(t)
max

)
w

(t)
i , where s(t)max := max

i∈T |w(t)
i 6=0

s
(t)
i .

Then, w(N) is also γ-saturated.

Proof. It suffices to prove this in the case N = 1 and then use induction. Define

δS :=
∑

i∈S

w
(0)
i − w

(1)
i∥∥∥w(0)

S

∥∥∥
1

, δT :=
∑

i∈T

w
(0)
i − w

(1)
i∥∥w(0)
∥∥
1

.

By using the assumption that s(0) is γ-safe, we conclude

δS =
1

s
(0)
max

∑

i∈S

w
(0)
i∥∥∥w(0)
S

∥∥∥
1

s
(0)
i ≤

1

γ
· 1

s
(0)
max

∑

i∈T

w
(0)
i∥∥w(0)
∥∥
1

s
(0)
i =

1

γ
δT .

Now, using γ-saturation of w(0) and 1− γ−1δ ≥ (1− δ)γ
−1

for all δ ∈ [0, 1] and γ > 1,

∥∥∥w(1)
S

∥∥∥
1

= (1− δS)
∥∥∥w(0)

S

∥∥∥
1
≥ (1− δT )γ

−1
∥∥∥w(0)

S

∥∥∥
1
≥ α

(
(1− δT )

∥∥∥w(0)
∥∥∥
1

)γ−1

= α
∥∥∥w(1)

∥∥∥
γ−1

1
.

Finally, we include a technical lemma proved in [CMY20, DKK+20b].

Lemma 2 (Lemma 2, [DKK+20b]). Let w ∈ ∆n have w ≤ 1
n1 entrywise, and ‖w‖1 ≥ α2. Then,

‖µw(T )− µ∗‖2 ≤
√

2 ‖Covw(T )‖op
‖w‖1
‖wS‖1

+
2

α
.

In light of the lower bound of [DKS18], Lemma 2 shows to learn the mean near-optimally in the
list-decodable setting, it suffices to ensure ‖wS‖1 = Ω(α) (i.e. we retain a constant fraction of the

“good” weight) and ‖Covw(T )‖op = Õ(1) (i.e. the weighted covariance of the dataset is bounded).
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2.3 Potential function approach to fast filtering

In this section, we outline an example of a potential function approach to fast filtering, an alternative
to filtering based on matrix multiplicative weights (MMW) used in recent literature [DHL19, LY20,
DKK+20b].5 This replacement is very useful in the list-decodable setting, as it greatly simplifies
the requirements of our fast multifilter which interlaces clustering and filtering steps.

The example problem we consider in this expository section is the minority-outlier regime for robust
mean estimation, when the “ground truth” distribution has covariance norm bounded by I. We
briefly describe the approach of [DHL19] for this problem, and explain how it can be replaced with
our new potential function framework. Throughout this section, fix some 0 < ǫ < 1

2 and assume
that amongst the dataset T ⊂ R

d of n points, there is a majority subset S ⊂ T of size |S| = (1−ǫ)n
with bounded empirical covariance: Cov 1

n
1

(S) � I.

The main algorithmic step in [DHL19] is an efficient subroutine for halving the operator norm of
the empirical covariance while filtering more weight from T \S than from S. It is well-known in the
literature that whenever the operator norm is O(1), the empirical mean is within O(

√
ǫ) in ℓ2 norm

from the ground truth mean (for an example of this derivation, see Lemma 3.2 of [DHL19]). Thus,
the key technical challenge is to provide a nearly-linear time implementation of this subroutine.
This was accomplished in [DHL19] using MMW-based regret guarantees, with “gain matrices”
given by covariances and iterative filtering based on MMW responses. The result was a procedure
which either terminates with a good mean estimate, or halves the covariance operator norm after
O(log d) rounds of filtering. The latter is an artifact of many regret minimization techniques, which
only guarantee progress after multiple rounds. It is natural to ask instead whether an alternative
one-shot potential decrease guarantee exists; we now describe such a guarantee.

One-shot potential decrease. Our algorithm will proceed in a number of iterations, where we
modify a weight vector in ∆n associated with T . We initialize w(0) ← 1

n1. In iteration t, we will

downweight w(t) ∈ ∆n to obtain a new vector w(t+1) as follows. Define the matrices

Mt := C̃ovw(t) (T ) =
∑

i∈T
w

(t)
i (Xi − µw(t)(T ))(Xi − µw(t)(T ))⊤, Yt := Mlog d

t .

The potential we will track is Φt := Tr(Y2
t ). In order to analyze Φt, we require two helper facts.

Fact 4 (Lemma 7, [JLT20]). Let A � B be matrices in S
d
≥0, and let p ∈ N. Then

Tr(Ap−1B) ≥ Tr(Bp).

Fact 5. For any γ ≥ 0 and A ∈ S
d
≥0,

γTr(A2 log d) ≤ Tr(A2 log d+1) + dγ2 log d+1.

Proof. This is immediate since each of the d eigenvalues of A2 log d is either at least γ2 log d or not,
and both of these cases are accounted for on the right hand side of the conclusion.

We now give the potential analysis. Our main goal will be ensuring that

〈
Y2

t ,Mt+1

〉
≤ 20Tr(Y2

t ). (3)

5MMW guarantees are also implicitly used in approaches based on packing SDPs, see e.g. [CDG19, CDGW19,
CMY20]. However, [DHL19, LY20, DKK+20b] use MMW guarantees in a non-black-box way to design filters.
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The specific constant in the above equation is not particularly important, but is used for illustration.
We now show how (3) implies a rapid potential decrease. Observe that

Φt+1 = Tr
(
M2 log d

t+1

)
≤ 1

40
Tr
(
M2 log d+1

t+1

)
+ d(40)2 log d

≤ 1

40
Tr
(
M2 log d

t Mt+1

)
+ d(40)2 log d

≤ 1

2
Tr(Y2

t ) + d(40)2 log d =
1

2
Φt + d(40)2 log d.

(4)

The first line used Fact 5 with γ = 40, the second used Fact 4 with A = Mt and B = Mt+1 (noting
that if w(t+1) ≤ w(t) entrywise, the unnormalized covariance matrices respect the Loewner order by
Fact 2), and the third line used the assumption (3). This implies that we decrease Φt by a constant

factor in every iteration, until it is roughly d(40)2 log d, at which point the definition Φt = Tr(M2 log d
t )

implies that ‖Mt‖op is bounded by a constant. By using a näıve filtering preprocessing step, we

can guarantee that Φ0 = dO(log d), and hence the process will terminate in O(log2 d) rounds.

Meeting the filter criterion (3). To complete the outline of this algorithm, we need to explain
how to satisfy (3) via downweighting, while ensuring that we remove more weight from T \ S than
S. To do so, we define scores

s
(t)
i := (Xi − µw(t)(T ))⊤M2 log d

t (Xi − µw(t)(T )) for all i ∈ T.

We remark that (randomized) constant-factor approximations can be computed to all s
(t)
i via

Johnson-Lindenstrauss projections in Õ(nd) time, but for this discussion we assume we exactly
know all scores. Then, by linearity of trace the condition (3) is implied by

∑

i∈T
w

(t+1)
i s

(t)
i ≤ 20Tr(Y2

t ), (5)

since Fact 2 implies that
〈
Y2

t ,Mt+1

〉
≤ ∑i∈T w

(t+1)
i s

(t)
i . Finally, we note that whenever (5) does

not hold, it must be primarily due to the effect of the outliers T \ S, because the covariance of S
is bounded. Hence, we can simply set

w
(t+1)
i =

(
1− s

(t)
i

s
(t)
max

)K

w
(t)
i ,

where K is the smallest natural number which passes the criterion (5). For any smaller K, it can
be shown that downweighting “one more time” preserves the invariant that more outlier mass is
removed, precisely because (5) has not been met. Finally, binary searching to find the smallest
value of K meeting (3) yields a complete algorithm running in Õ(nd) time (for further details on
the implementation of this binary search on K, see Theorem 2.4 of [DHL19]).

Generalizing to the majority-outlier regime. Our algorithms for the list-decodable setting
marry this potential function argument with a multifilter, which produces multiple candidate fil-
tered weight vectors on an input weight vector. We will instead show that for the tree of weight
vectors, where a node has children given by the candidates produced from the multifilter, at least
one child both halves the potential and performs only γ-safe weight removal, for some γ. After
polylogarithmic layers, we will return all empirical means of leaf nodes as our list of estimates. The
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child on the “safe branch” will then have a bounded potential and a γ-saturated weight vector,
which suffices to guarantee an accurate mean estimate.

There are a number of additional complications which arise in this extension, which we briefly
mention here as a preface to the following Sections 3 and 4. In order to process every layer of the
multifilter tree in almost-linear time, we need to ensure that the number of datapoints across all
the nodes, including repetitions, has not grown by more than a constant factor. The multifilter of
[DKK20a] gives a variant of this guarantee by tracking the sums of the squared ℓ1 norms of weights
associated with different nodes as a nonincreasing potential, i.e.

∑

i∈S

∥∥∥w(i)
∥∥∥
2

1
,

where S is the set of nodes and each w(i) is a current candidate weight function in S. This is not
sufficiently strong of a guarantee in our setting, since even points with very small weights need to be
factored into calculations and thus affect runtime. We modify this approach in two ways. First, we
replace the downweighting step with a randomly subsampled filter, which we show preserves various
safety conditions such as those in Lemma 1 with high probability. Next, we replace the squared
ℓ1 potential with one involving 1 + β powers, for some β ∈ (0, 1), which we prove is compatible
with the multifilter. Overall, our filter tree contains polylogarithmically many layers, each of which
accounts for sets with total cardinality O(n1+O(β)), giving us our final runtime.

3 Warmup: fast Gaussian multifilter

As a warmup to our later (stronger) developments in Section 4, we give a complete algorithm for
list-decodable mean estimation in the Gaussian case, i.e. where the “true” distribution D is drawn
from a Gaussian with covariance bounded by I. Conceptually, the types of statements Gaussian
concentration (rather than heavy-tailed concentration) allow us to make let us simplify several of
the technical difficulties alluded to at the end of Section 2.3, in particular the following.

1. Instead of a “covariance bound” statement such as (3) to use in our potential proof, we will
simply guarantee that the multifilter returns sets of points which lie in short intervals along a
number of random directions given by a Johnson-Lindenstrauss sketch.

2. Instead of a randomly subsampled filtering step to remove outliers without soft downweighting
(to preserve truly small subsets), it will be enough to deterministically set thresholds along
1-dimensional projections to safely remove the outliers.

3. The definition of the Gaussian multifilter (see Section 3.2) will be substantially simpler, since
we have more explicit tail bounds to check for outliers.

The strength of the error guarantees of the simpler algorithm in this section are somewhat weaker
than those of Section 4 even when specialized to the Gaussian case, but we include this section
as an introductory exposition of our techniques. We will use the stronger Gaussian concentration
assumption in this section, a tightening of Assumption 1.

Throughout this section, we will assume that α ∈ [1/d, 1/ logC d], for some constant C > 0. We
claim this is without loss of generality. Specifically, for α−1 sub-logarithmic in the dimension d,
the algorithm in the prior work by [DKK+20b] runs in nearly-linear time. On the other hand,
randomly sampling the dataset solves the list-decodable mean estimation problem near-optimally
in time Õ(α−1) (see Appendix A of [DKK+20b] for a proof).

We now formally define the regularity condition which we will use throughout this section.
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Assumption 2. There is a subset S ⊆ T ⊂ R
d of size αn = Θ(d·polylog(d)), and a vector µ∗ ∈ R

d,
such that for all unit vectors v ∈ R

d and thresholds t ∈ R≥0,

Pr
i∼unifS

[〈Xi − µ∗, v〉 > t] ≤ exp(−Ω(t2)) +
1

Ω
(
log3 d

) .

Here, the notation i ∼unif S means that i is a uniformly random sampled index from S.

This assumption is standard in the literature, and follows when the true distribution which S
is sampled from is Gaussian with identity-bounded covariance (see e.g. Definition A.4, Lemma
A.5 [DKK+17]). We remark that the sample complexity of Assumption 2 is worse than that
of Assumption 1 by a polylogarithmic factor. This lossiness is just to simplify exposition in this
warmup section, and indeed in the following Section 4 we give an algorithm which recovers stronger
guarantees than Theorem 5, this section’s main export, under only Assumption 1.

In Section 3.1, we first give our main subroutine, GaussianPartition, which takes a candidate set and
produces a number of children candidate sets which each satisfy a progress guarantee similar to (3).
The main difficulty will be in guaranteeing that the children sets are sufficiently small, and that if
the parent set was “good” (had large overlap with S), then at least one child set will as well. We
reduce GaussianPartition to a number of one-dimensional clustering steps, which we implement as
GaussianSplitOrCluster in Section 3.2. Finally, we use the guarantees of GaussianPartition within our
potential-based framework outlined in Section 2.3, giving our final algorithm FastGaussianMultifilter

in Section 3.3. Throughout, sets S and T are fixed and satisfy Assumptions 1 and 2.

3.1 Reducing GaussianPartition to GaussianSplitOrCluster

Our final algorithm creates a tree of candidate sets. Every node p in the tree is associated with a
subset Tp. In order to progress down the tree, at a given node p we form children {cℓ}ℓ∈[k] with
associated sets {Tcℓ}ℓ∈[k]; we call the procedure which produces the children node GaussianPartition,
and develop it in this section. There are three key properties of GaussianPartition which we need.

1. The sum of the cardinalities of {Tcℓ}ℓ∈[k] is not too large compared to |Tp|. This is to guarantee

that at each layer of the tree, we perform about the same amount of work, namely Õ(nd).
We formalize this with a parameter β ∈ (0, 1] throughout the rest of this section, and will
guarantee that every time GaussianPartition is called on a parent node p,

∑

ℓ∈[k]
|Tcℓ |1+β ≤ |Tp|1+β . (6)

2. If the parent vertex p has substantial overlap with S (at least 1
2 |S| points), then at least one

of the produced children continues to retain all but a small fraction of points in S.

3. Defining the matrices

Mp := C̃ov 1
n
1

(Tp) , Yp := Mlog d
p ,

Mcℓ := C̃ov 1
n
1

(Tcℓ) , Ycℓ := Mlog d
cℓ

for all ℓ ∈ [k],
(7)

every Mcℓ satisfies the bound

〈
Y2

p,Mcℓ

〉
≤ R2Tr

(
Y2

p

)
, (8)
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for some (polylogarithmic) value R we will specify. Note the similarity between this and (3);
this will be used in a potential analysis to bound progress on covariance operator norms.

We are now ready to state the algorithm GaussianPartition.

Algorithm 1 GaussianPartition(Tp, α, β, C,R)

1: Input: Tp ⊆ T , α ∈ (0, 12), β ∈ (0, 1], C,R ∈ R≥0 satisfying (for sufficiently large constants)

R = Ω

(
√

log (C) · log log
(
Cα−1

)

β

)
, C = Ω

(
log2 d

)
.

2: Output: With failure probability ≤ 1
d3

: subsets {Tcℓ}ℓ∈[k] of Tp, satisfying (6). Every child

satisfies (8) (using notation (7)). If |Tp ∩ S| ≥ (12 + 1
C )|S|, at least one child Tcℓ satisfies

|Tcℓ ∩ S| ≥ |Tp ∩ S| − 1

C
|S|. (9)

3: Sample Ndir = Θ(log d) vectors {uj}j∈[Ndir] ∈ R
d each with independent entries ±1. Following

notation (7), let vj ← Ypuj for all j ∈ [Ndir].
4: S0 ← Tp

5: for j ∈ [Ndir] do
6: Sj ← ∅
7: for T ′ ∈ Sj−1 do
8: T ← Gaussian1DPartition(T ′, α, vj , β, CNdir, R)
9: Sj ← Sj ∪ T

10: end for
11: end for
12: return SNdir

It heavily relies on a subroutine, Gaussian1DPartition(T ′, v) which takes a subset T ′ and a vector
v ∈ R

d, and produces children subsets of T ′ satisfying the first two conditions above, and also
guarantees that along the direction v, each child subset is contained in a relatively short interval.

Once again, Gaussian1DPartition heavily relies on a subroutine, GaussianSplitOrCluster, which we
implement in Section 3.2. It takes as input a set T ′′ and either produces one or two subsets of T ′′

as output. If it outputs one set, that set has length at most R ‖v‖2 in the direction v; otherwise,
Gaussian1DPartition simply recurses on the additional two sets. Crucially, GaussianSplitOrCluster

guarantees that if T ′′ has substantial overlap with S, then so does at least one child; moreover,
when GaussianSplitOrCluster returns two sets, they satisfy a size potential such as (10). We now
demonstrate correctness of GaussianPartition, assuming that Gaussian1DPartition is correct.

Lemma 3. The output of GaussianPartition satisfies the guarantees given in Line 2 of Algorithm 1,
assuming correctness of Gaussian1DPartition.

Proof. First, to demonstrate that the subsets satisfy (6), we observe that we can view GaussianPartition

as always maintaining a set of subsets, Sj (in the beginning, S0 = Tp). The set Sj is formed by calling
Gaussian1DPartition on elements of Sj−1, each of which satisfy (10), so inductively SNdir

= {Tcl}l∈[k]
will satisfy (6) with respect to S0 = Tp as desired.
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Algorithm 2 Gaussian1DPartition(T ′, α, v, β, C,R)

1: Input: T ′ ⊆ T , α ∈ (0, 12 ), v ∈ R
d, β ∈ (0, 1], C,R ∈ R≥0 satisfying (for sufficiently large

constants)

R = Ω

(
√

log (C) · log log
(
Cα−1

)

β

)
, C = Ω

(
log3 d

)
.

2: Output: Subsets {T ′′
ℓ }ℓ∈[k] ⊆ T ′, such that

∑

ℓ∈[k]

∣∣T ′′
ℓ

∣∣1+β ≤ |T ′|1+β . (10)

If |T ′ ∩ S| ≥ (12 + 1
C )|S|, at least one child T ′′

ℓ satisfies

∣∣T ′′
ℓ ∩ S

∣∣ ≥
∣∣T ′ ∩ S

∣∣− 1

C
|S|.

Every child has all values {〈v,Xi〉 | i ∈ T ′′
ℓ } contained in an interval of length R ‖v‖2.

3: Sin ← {T ′}, Sout ← ∅
4: while Sin 6= ∅ do
5: T ′′ ← the first element of Sin
6: Sin ← Sin \ T ′′

7: if GaussianSplitOrCluster(T ′′, α, β,R, 1
Cn) returns one set T

(0)
out then

8: Sout ← Sout ∪
{
T
(0)
out

}

9: else
10: T

(1)
out, T

(2)
out ← GaussianSplitOrCluster(T ′′, α, β,R, 1

Cn)

11: Sin ← Sin ∪
{
T
(1)
out, T

(2)
out

}

12: end if
13: end while

Next, by recursively using the guarantee of Gaussian1DPartition, every Tcl ∈ SNdir
will satisfy

all values {〈vj ,Xi〉 | i ∈ Tcl} are contained in an interval of length R ‖vj‖2 , for all j ∈ [Ndir].
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In other words, this set is short along all the directions {Ypuj = vj}j∈[Ndir]. This lets us conclude

〈
Y2

p,Mcl

〉
=

1

2n |Tcl |

〈
Y2

p,
∑

i,i′∈Tcl

(Xi −Xi′)(Xi −Xi′)
⊤
〉

=
1

2n |Tcl |
∑

i,i′∈Tcl

‖Yp(Xi −Xi′)‖22

≤ 1.4

2n |Tcl |Ndir

∑

i,i′∈Tcl

∑

j∈[Ndir]

〈Ypuj ,Xi −Xi′〉2

≤ 1.4

2n |Tcl |Ndir

∑

i,i′∈Tcl

∑

j∈[Ndir]

R2 ‖Ypuj‖22

≤ 1.4

2Ndir

∑

j∈[Ndir]

R2 ‖Ypuj‖22 ≤ R2Tr
(
Y2

p

)
,

with probability at least 1 − 1
2d3

. Here, we used Fact 3 in the first line and linearity of trace in
the second line. The third line used the Johnson-Lindenstrauss lemma of [Ach03] which says that
for any vector v, 1

Ndir

∑
j∈[Ndir]

〈uj, v〉2 ∈ [0.6, 1.4] ‖v‖22 for a sufficiently large Ndir = Θ(log(d))

with probability at least 1 − 1
2d6 , which we union bound over all |Tcl |2 ≤ n2 ≤ d4 pairs of points.

The fourth line used the radius guarantee of Gaussian1DPartition, and the fifth used |Tcl | ≤ n and
the Johnson-Lindenstrauss lemma guarantee that 1

Ndir

∑
j∈[Ndir]

‖Ypuj‖22 ∈ [0.6, 1.4]Tr(Y2
p) with

probability at least 1− 1
2d3

, which can be deduced by the guarantee of [Ach03] applied to the rows
of Yp. Union bounding over the two applications of [Ach03] yields the claim.

Finally, to demonstrate that at least one child satisfies (9), suppose p satisfies |Tp∩S| ≥ (12 + 1
C )|S|

(i.e. it has substantial overlap with S). Then by applying the guarantee of Gaussian1DPartition

inductively, every Sj will have at least one element T ′ satisfying |T ′ ∩ S| ≥ 1
2 |S|. Every call to

Gaussian1DPartition only removes 1
CNdir

|S| points in S, so overall only 1
C |S| points are removed.

3.2 Implementation of GaussianSplitOrCluster

In this section, we first state GaussianSplitOrCluster and analyze its correctness. We conclude with
a full runtime analysis of Gaussian1DPartition, using our GaussianSplitOrCluster implementation.

To analyze Algorithm 3 we first demonstrate that it always returns in at least one case. In particular,

we demonstrate that whenever the set T
(0)
out is not sufficiently short, then there will be a threshold

parameter k such that the induced sets in (11) satisfy the size bound (12).

Lemma 4. Suppose Algorithm 3 does not return on Line 6. Then, there exists a k ∈ Z in the
range −kmax ≤ k ≤ kmax such that Algorithm 3 is able to return on Line 10.

Proof. We instead prove that if there is no such k, then we will have a contradiction on the length

of the set T
(0)
out in the direction v. We first lower bound the length of the [12 , 1 − α∆

2 ] quantiles
of {Yi | i ∈ Tin} by 1

2R ‖v‖2; the lower bound for the [α∆2 , 12 ] quantiles will follow analogously.

Combining shows that if no threshold works, then the algorithm should have returned T
(0)
out.

For any threshold τ , define g(τ) ∈ [0, 1] to be the proportion of {Yi | i ∈ Tin} which are ≥ τ .
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Algorithm 3 GaussianSplitOrCluster(Tin, α, v, β,R,∆)

1: Input: Tin ⊆ T , α ∈ (0, 12), v ∈ R
d, β ∈ (0, 1], R ∈ R≥0, ∆ ∈ (0, 1)

2: Output: Either one subset T
(0)
out ⊂ Tin, or two subsets T

(1)
out, T

(2)
out ⊂ Tin. In the one subset case,

T
(0)
out has

{
〈v,Xi〉 | i ∈ T

(0)
out

}
contained in an interval of length R ‖v‖2. In the two subsets case,

they take the form, for some threshold value τ ∈ R and r := R
4kmax

, kmax = Θ
(
log log( 1

α∆
)

β

)

T
(1)
out := {Xi | 〈v,Xi〉 ≤ τ + r ‖v‖2}, T

(2)
out := {Xi | 〈v,Xi〉 ≥ τ − r ‖v‖2}, (11)

and satisfy ∣∣∣T (1)
out

∣∣∣
1+β

+
∣∣∣T (2)

out

∣∣∣
1+β

< |Tin|1+β . (12)

3: Yi ← 〈v,Xi〉 for all i ∈ Tin

4: T
(0)
out ← indices in the middle 1− α∆ quantiles of {Yi}i∈Tin

5: if
{
Yi | i ∈ T

(0)
out

}
is contained in an interval of length R ‖v‖2 then

6: return T
(0)
out

7: else
8: τmed ← med ({Yi | i ∈ Tin}), where med returns the median
9: τk ← τmed + 2kr ‖v‖2 for all integers −kmax ≤ k ≤ kmax

10: return T
(1)
out, T

(2)
out defined in (11) for any threshold τk inducing sets satisfying (12)

11: end if

Moreover, define for all 1 ≤ k ≤ kmax,

γk := g(τk − r ‖v‖2) = g(τmed + (2k − 1)r ‖v‖2),

and note that γ1 ≤ 1
2 by definition, since τmed was the median. Now, for each 1 ≤ k ≤ kmax, since

τk was not a valid threshold, the sets

T
(1)
k := {Xi | Yi ≤ τmed + (2k + 1)r ‖v‖2}, T

(2)
k := {Xi | Yi ≥ τmed + (2k − 1)r ‖v‖2}

do not satisfy the size bound (12). Normalizing both sides of (12) by |Tin|1+β and using the
definitions of {γk}, we obtain the following recursion:

(1− γk+1)
1+β + γ1+β

k =




∣∣∣T (1)
k

∣∣∣
|Tin|




1+β

+




∣∣∣T (2)
k

∣∣∣
|Tin|




1+β

≥ 1 =⇒ γk+1 ≤ γ1+β
k . (13)

To obtain the above implication, we used 1− (1− x)1+β > x1+β for all x, β ∈ [0, 1]. By repeatedly
applying the recursion (13), we have

γkmax ≤ γ
(1+β)(kmax−1)

1 ≤
(

1

2

)(1+β)(kmax−1)

≤ α∆

2
,

where we use the definition of kmax and γ1 ≤ 1
2 . Thus, the [12 , 1 − α∆

2 ] quantiles are contained
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between τmed and τmed + (2kmax − 1)r ‖v‖2 ≤ τmed + 1
2R ‖v‖2. By repeating this argument in the

range −kmax ≤ k ≤ −1, we obtain a contradiction (as Algorithm 3 should have returned T
(0)
out).

We next prove that if the input T ′ to Gaussian1DPartition has large overlap with S, then the
algorithm always returns some child T ′′ which removes at most 1

C |S| points from this overlap. This
proof uses the implementation of GaussianSplitOrCluster in a white-box way, as well as Assumption 2.

Lemma 5. Whenever Gaussian1DPartition is called on T ′ with |T ′ ∩ S| ≥
(
1
2 + 1

C

)
|S| with param-

eters R,C satisfying (for sufficiently large constants)

R = Ω

(√
log(C) · log log(Cd)

β

)
, C = Ω

(
log3 d

)
,

it produces some child T ′′ satisfying |T ′′ ∩ S| ≥ |T ′ ∩ S| − 1
C |S|.

Proof. We first discuss the structure of Gaussian1DPartition. We say a call to GaussianSplitOrCluster

is a “split step” if it produces two sets, and otherwise we call it a “cluster step.” Every output child
of Gaussian1DPartition is the result of a consecutive number of split steps, and then one cluster step.
Also, every split step replaces an interval with its intersections with two half-lines which overlap
by 2r ‖v‖2 = Ω(

√
log(C) ‖v‖2). Assume for simplicity that ‖v‖2 = 1 in this proof; analogous

arguments hold for all v by scaling everything appropriately. Finally, we recall that all calls to
GaussianSplitOrCluster in Gaussian1DPartition are with ∆ = 1

Cn .

Our key technical claim is that after any number of split steps forming a partition of the real line,
there is always some interval such that 〈v, µ∗〉 is r away from both endpoints (in this proof, we
allow intervals to have endpoints at ±∞). This is clearly true at the beginning, since the only
interval is (−∞,∞). Next, we induct and assume that on the current partition, after some number
of split steps, there is an interval [a, b] in the partition such that 〈v, µ∗〉 ∈ [a + r, b − r]. Consider
the intersection of this interval with any split step, parameterized by the half-lines (−∞, τ + r] and
[τ − r,∞) for some τ ∈ R. If 〈v, µ∗〉 ≥ τ , then one of the resulting intervals is

[max (a, τ − r) , b]

where we note that this interval is non-degenerate by assumption; τ ≤ 〈v, µ∗〉 ≤ b−r =⇒ τ−r ≤ b.
If the result of the max is [a, b], then the claim holds; otherwise, the interval is [τ − r, b] and the
claim holds by induction (〈v, µ∗〉 ≤ b − r) and the assumption 〈v, µ∗〉 ≥ τ . The other case when
〈v, µ∗〉 ≤ τ follows symmetrically by considering the interval [a,min(b, τ + r)].

Now, consider the partition of the real line which is induced by the eventual children outputted
by Gaussian1DPartition, right before the last cluster step is applied to them (in other words, this
partition is formed only by split steps). Using the above argument, there is some element of this
partition [a, b] so that 〈v, µ∗〉 ∈ [a+ r, b− r]. Applying Assumption 2 shows that if we consider the
effects of truncating the set {Yi | i ∈ S} at the endpoints of this interval, we remove at most a 1

2C
fraction of the points from S. Finally, the interval that is returned is the result of a cluster step
applied to this interval. This can only remove at most an α∆ ≤ α

2C fraction of the overall points,
which is at most 1

2C |S|. Combining these two bounds yields the claim.

Finally, we conclude with a runtime analysis of Gaussian1DPartition.
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Lemma 6. Let n′ := |T ′| for some T ′ ⊆ T . Gaussian1DPartition called on input T ′ with parameter
C can be implemented to run in time

O

(
n′d + (n′)1+β log n′ · log log(Cd)

β

)
.

Proof. We begin by forming all of the one-dimensional projections 〈v,Xi〉 for all i ∈ T ′, and sorting
these values. We also store the quantile of each point (i.e. the number of points larger than it).
The total cost of these operations is O(n′d + n′ log n′).

Next, given this total ordering, observe that the structure of Gaussian1DPartition means that every
set in Sin is a subinterval of T ′, since this is inductively preserved by calls to GaussianSplitOrCluster;
hence, we can represent every set implicitly by its endpoints. Moreover, given access to the initial
quantile information we can implement every call to GaussianSplitOrCluster in time O(kmax log n′) =

O(log n′ · log log(Cd)
β ), since the cost of checking the length of T

(0)
out is constant, and the cost of checking

each candidiate τk is dominated by determining the thresholds of the corresponding induced sets

T
(1)
out and T

(2)
out. These can be performed via binary searches in O(log n′) time.

It remains to bound the number of calls to GaussianSplitOrCluster throughout the execution of
Gaussian1DPartition. To this end, we bound the number of times GaussianSplitOrCluster can return
one set, and the number of times it can return two sets. Every time GaussianSplitOrCluster returns
one set, it adds it to Sout, and by using the guarantee (12) recursively, there can only ever be
(n′)1+β such sets. Similarly, every time it returns two sets it increases |Sin|+ |Sout| by one, but we
know at termination this is at most (n′)1+β , and this potential never decreases. Thus, the total
number of calls to GaussianSplitOrCluster is bounded by O((n′)1+β), as desired.

As an immediate corollary, we obtain a runtime bound on GaussianPartition.

Corollary 1. Let np := |Tp| for some Tp ⊆ T . GaussianPartition called on input Tp with parameter
C can be implemented to run in time

O

(
n1+β
p d log2(d) + n1+β

p log2(d) · log log(Cd))

β

)
.

Proof. First, consider the cost of computing all vectors Ypuj. It is straightforward to implement
matrix-vector multiplications through Mp in time O(npd), so this cost is O(npd log2(d)).

We next require a bound on the cost of Ndir = Θ(log d) consecutive calls to Gaussian1DPartition.
The cost of each is given by Lemma 6, and the result follows by summing this cost over all elements
of each Sj, which can be bounded since for all j ∈ [Ndir], the cardinalities of all sets contained in

Sj have 1 + β powers bounded by n1+β
p by repeatedly using the guarantee (10).

3.3 Full Gaussian algorithm

Finally, we are ready to give our full algorithm for list-decodable mean estimation under Assump-
tions 1 and 2. We begin by reducing the original problem to a number of subproblems of bounded
diameter (following [DKK+20b]), and then showing that for each of these subproblems, polyloga-
rithmic calls to GaussianPartition yield subsets of bounded covariance operator norm. We conclude
by recalling that a covariance operator norm bound suffices to yield guarantees on mean estimation.

We begin by stating the guarantees of NaiveCluster, used in Line 3 of FastGaussianMultifilter.

23



Algorithm 4 FastGaussianMultifilter(T, α)

1: Input: T ⊂ R
d, |T | = n satisfying Assumptions 1 and 2 with parameter α ∈ (0, 12)

2: Output: With failure probability ≤ 1
d : L with |L| = O( 1

α ) such that some µ̂ ∈ L satisfies

‖µ̂− µ∗‖2 = O

(
log(d) log log1.5(d)√

α

)
. (14)

3: {T ′
i}i∈[k] ← NaiveCluster(T )

4: αi ← |T |
|T ′

i |
α for all i ∈ [k]

5: return
⋃

i∈[k] FastGaussianMultifilterBoundedDiameter(T ′
i , αi)

Algorithm 5 FastGaussianMultifilterBoundedDiameter(T, α)

1: Input: T ⊂ R
d, |T | = n satisfying Assumptions 1 and 2 with parameter α ∈ (0, 12)

2: Output: With failure probability ≤ 1
d : Lout with |Lout| = O( 1

α) such that some µ̂ ∈ Lout

satisfies

‖µ̂− µ∗‖2 = O

(
log(d) log log1.5(d)√

α

)
.

3: L(0) ← {T}, Lout ← ∅
4: For sufficiently large constants,

R← Θ
(
log(d) log log1.5(d)

)
, C ← Θ(log2 d), D ← Θ(log2 d)

5: for ℓ ∈ [D] do
6: L(ℓ) ← ∅
7: for T ′ ∈ L(ℓ−1) do
8: Append all elements of GaussianPartition(T ′, α, 1

log d , C,R) to L(ℓ) with size at least αn
2

9: end for
10: end for
11: return List of empirical means of all sets in L(D)

Lemma 7 (Lemma 12, [DKK+20b]). There is a randomized algorithm, NaiveCluster, which takes
as input T ⊂ R

d satisfying Assumption 1 and partitions it into disjoint subsets {T ′
i}i∈[k] such that

with probability at least 1 − 1
d2
, all of S is contained in the same subset, and every subset has

diameter bounded by O(d12). The runtime of NaiveCluster is O(nd + n log n).

We next demonstrate that if the operator norm of the (unnormalized) covariance matrix of a set of
points T ′ is bounded, and T ′ has sufficient overlap with S, then its empirical mean is close to µ∗.

Lemma 8. For T ′ ⊂ T with empirical mean µ̂, if |T ′ ∩ S| ≥ 1
2 |S| and C̃ov 1

n1
(T ′) ≤ R2,

‖µ̂− µ∗‖2 = O

(
(1 + R) · 1√

α

)
.

Proof. Let w place weight 1
n on coordinates in T ′, and 0 on all other coordinates. Clearly this w
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satisfies the assumption of Lemma 2, since its ℓ1 norm is simply |T ′|
|T | ≥ 1

2α. The conclusion follows

by applying Lemma 2, where we use ‖w‖1 Covw(T ) = C̃ov 1
n1

(T ′), and the assumed bound.

We now give a full analysis of FastGaussianMultifilterBoundedDiameter.

Proposition 1. FastGaussianMultifilterBoundedDiameter meets its output specifications with prob-
ability at least 1− 1

d , within runtime

O
(
nd log4(d) + n log5(d) log log(d)

)
.

Proof. Throughout, we denote β := 1
log d . There are three main guarantees of the algorithm: that

the list size is O( 1
α ), that some list element satisfies (14), and that the runtime is as claimed.

We first bound the list size. We can view FastGaussianMultifilterBoundedDiameter as producing a
tree of subsets, of depth D. Each layer of the tree is composed by the sets in L(ℓ) where 0 ≤ ℓ ≤ D,
and L(0) is the root node. The children of each node are the results of calling GaussianPartition

on the associated subset. Moreover, by repeatedly using the guarantee (6) inductively, the total
cardinality of all sets at layer ℓ is bounded by n1+β = O(n). Since we only return means from sets
with size at least αn

2 on layer D, there can only be O( 1
α ) such sets.

Next, we bound error rate. Consider some leaf node, and its path to the root; call the sets associated
with these vertices T0, T1, . . . TD, where TD is the leaf node and T0 = T is the original set. Define
the potential function at each layer 0 ≤ ℓ ≤ D,

Φℓ := Tr
(
M2 log d

ℓ

)
, where Mℓ := C̃ov 1

n
1

(Tℓ) .

Note that every parent-child pair along this path satisfies the guarantee (8). We thus conclude that
for each 0 ≤ ℓ < D, we have the recurrence (analogously to (4))

Φℓ+1 = Tr
(
M2 log d

ℓ+1

)
≤ 1

2R2
Tr
(
M2 log d+1

ℓ+1

)
+ d(2R2)2 log d

≤ 1

2R2
Tr
(
M2 log d

ℓ Mℓ+1

)
+ d(2R2)2 log d

≤ 1

2
Tr
(
M2 log d

ℓ

)
+ d(2R2)2 log d =

1

2
Φℓ + d(2R2)2 log d.

The first line used Fact 5 with γ = 2R2, the second used Fact 4, and the third used the guarantee
(8). Thus, as long as at a layer ℓ we have

Φℓ > 4d(2R2)2 log d,

we have Φℓ+1 ≤ 3
4Φℓ, and so the potential is decreasing by at least a constant factor. The potential

Φ0 is bounded by dO(log d), because we assumed the input set has polynomially bounded diameter,
so within D = Ω(log2 d) layers, every node on layer D must have ΦD ≤ 4d(2R2)2 log d. This implies

that the operator norm of C̃ov 1
n
1

(T ′) for every node T ′ on layer D is O(R2).

We next show at least one node T ′ on every layer has |T ′∩S| ≥ 1
2 |S|. By inductively using (9) with

our chosen value of C, summing over the O(log2 d) layers guarantees that we only remove at most
1
2 |S| points from the intersection throughout the root-to-leaf path, for some path. We can now
apply Lemma 8 to guarantee (14). To obtain the high-probability bound, note that the number
of times we call GaussianPartition is bounded by O( 1

α log2 d), since at each layer we prune every
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node with less than αn
2 points; there can only be O( 1

α) surviving nodes per layer (since the total
cardinalities of the layer is bounded by n1+β = O(n)), and taking a union bound over all calls to
GaussianPartition shows the failure probability is at most 1

d .

Finally, we discuss runtime. We simply apply Corollary 1 to each layer, which bounds the runtime
of each layer by O(nd log(d)+n log3(d) log log(d)), since the sets on that layer satisfy (6) inductively.
Summing over all layers yields the desired runtime guarantee.

Theorem 5. FastGaussianMultifilter meets its output specifications with probability at least 1 − 1
d ,

within runtime
O
(
nd log4(d) + n log5(d) log log(d)

)
.

Proof. We apply Proposition 1 to the relevant call of FastGaussianMultifilterBoundedDiameter. Note
that all αi ≥ α, giving the error guarantee (14), and

∑

i∈[k]

1

αi
=

1

α
,

giving the list size guarantee. The runtime follows from
∑

i∈[k] |T ′
i | = |T |.

4 Fast bounded covariance multifilter

In this section, we give our algorithm for list-decodable mean estimation under only Assumption 1.
As before, we can assume without loss of generality that α ∈ [1/d, 1/ logC d], for some constant
C > 0. We begin by giving our main subroutine, Partition, in Section 4.1. The goal of Partition

will be to produce child subsets {cℓ}ℓ∈[k] of a given input set p, which each satisfy the potential
criterion in (8), reproduced here:

〈
Y2

p,Mcℓ

〉
≤ R2Tr

(
Y2

p

)
. (15)

Recall that in Section 3, the way we produced children satisfying condition (15) was by ensuring
that along logarithmically many random directions, each child cℓ lied entirely in short intervals.
We will satisfy this guarantee in this section by more directly working with the definition of (15),
which requires each child to have small variance along the random directions, a looser condition.

To bound the variance of the child subsets, in Section 4.2 we develop an algorithm, SplitOrCluster,
which is patterned off our earlier GaussianSplitOrCluster. It either certifies that the input set is
already “close” to having bounded variance in an input direction, or identifies a split point which
produces two subsets which are closer to having this property, while maintaining at least one
subset retains most points in S. In the first case (the “cluster” case), we develop a postprocessing
procedure Fixing in Section 4.4 which randomly filters points according to safe outlier scores (see
Definition 3) to make the remaining cluster have truly bounded variance. In the second case (the
“split” case), we develop a fast threshold checking procedure SplitOrTailBound in Section 4.3 which
identifies a valid split in polylogarithmic time, whenever one exists; here, we note the key difficulty
is that we can no longer use a fixed radius for splits, because Gaussian concentration does not hold.

We discuss runtimes of all of these algorithms in Section 4.5, and in particular give a runtime bound
on Partition. Finally, we use Partition to develop our full algorithm, FastMultifilter, which we analyze
in Section 4.6 through a potential argument similar to our analysis of FastGaussianMultifilter. A
post-processing step used in FastMultifilter is analyzed in Section 4.7.
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4.1 Reducing Partition to SplitOrCluster

The goal of this section is to develop Partition, the main subroutine of FastMultifilter. Partition

has very similar guarantees to the algorithm GaussianPartition developed in Section 3.1. It takes
as input a “parent set” Tp ⊆ T and produces a number of “children subsets” {Tcℓ}ℓ∈[k] such that
every child satisfies

〈
Y2

p,Mcℓ

〉
≤ R2Tr

(
Y2

p

)
, where we follow the definitions (7), reproduced here:

Mp := C̃ov 1
n
1

(Tp) , Yp := Mlog d
p ,

Mcℓ := C̃ov 1
n
1

(Tcℓ) , Ycℓ := Mlog d
cℓ

for all ℓ ∈ [k],
(16)

This will allow us to conduct a potential analysis to bound the depth of the multifilter tree in
Section 4.6. Moreover, we require two additional guarantees of Partition.

1. The first is the same as (6); namely, for some parameter β ∈ (0, 1], we have

∑

ℓ∈[k]
|Tcℓ |1+β ≤ |Tp|1+β . (17)

This will help us bound the total work done in each layer of the multifilter tree.

2. The second is ensures at least one child preserves most points in S, assuming that the parent
Tp has this property. To this end, the tools of Section 2.2 will vastly simplify the language
of this section. In particular, we will ensure that for γ = O(log( 1

α)), every filter step in this
entire section will be with respect to γ-safe weights in at least one branch. We then apply
Lemma 1 to conclude that some node at every level of the multifilter tree is γ-saturated.

For the remainder of Section 4, we will define

γ := 8 log

(
1

α

)
.

We demonstrate one important consequence of a set being γ-saturated.

Lemma 9. Suppose for a set T ′ ⊂ T , the weights w := 1
n1T

′ ∈ ∆n which place 1
n on coordinates

in T ′ and 0 otherwise are γ-saturated (cf. Definition 2). Then,

|T ′ ∩ S| ≥ αn

2
.

Proof. Recall that Definition 2 gives

‖w‖1 ≥ ‖wS‖1 ≥ α ‖w‖
1
γ

1 =⇒ ‖w‖1−
1
γ

1 ≥ α =⇒ ‖w‖1 ≥
3α

4
.

The first implication was by rearrangement, and the second used α
1

1+γ−1 ≥ α
1+ 2

γ ≥ 3α
4 . Next,

‖wS‖1 ≥ α ‖w‖
1
γ

1 ≥ α

(
3α

4

) 1
γ

≥ α

2
.

The conclusion follows since ‖wS‖1 counts the elements of T ′ ∩ S, normalized by 1
n .

Lemmas 1 and 9 imply that as long as we can guarantee that at every filtering step, at least one
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child was produced with respect to γ-safe scores, that child retains half the elements of S. We are
now ready to state the algorithm Partition, which heavily relies on a subroutine 1DPartition.

Algorithm 6 Partition(Tp, α, δ, β,R)

1: Input: Tp ⊂ T , α ∈ (0, 12), δ ∈ (0, 1), β ∈ (0, 1], R ∈ R≥0 satisfying (for a sufficiently large
constant)

R = Ω

(
max

(
1

β
·
√

γ log

(
1

αβ

)
,

√
γ log

(
log d

δ

)))
.

2: Output: With failure probability ≤ δ: subsets {Tcℓ}ℓ∈[k] of Tp, satisfying (17). Every child

satisfies (15) (using notation (16)). If w := 1
n1Tp is γ-saturated, then w′ := 1

n1Tcℓ
is γ-saturated

for at least one child Tcℓ .
3: Sample Ndir = Θ(log d

δ ) vectors {uj}j∈[Ndir] ∈ R
d each with independent entries ±1. Following

notation (16), let vj ← Ypuj for all j ∈ [Ndir].
4: S0 ← Tp

5: for j ∈ [Ndir] do
6: Sj ← ∅
7: for T ′ ∈ Sj−1 do
8: T ← 1DPartition(T ′, α, vj ,

δ
2Ndir

, β,R)
9: Sj ← Sj ∪ T

10: end for
11: end for
12: return SNdir

As in the Gaussian case, we develop an algorithm 1DPartition which in turn is based on a subrou-
tine SplitOrCluster, which we implement in Section 4.2. The algorithm 1DPartition takes an input
direction v and guarantees that along this direction, every child subset produced has small variance
(scaled by the length of v). 1DPartition is implemented by recursively calling SplitOrCluster, which
takes as input a set T ′′ and produces either one or two subsets, analogously to GaussianSplitOrCluster.

Lemma 10. The output of Partition satisfies the guarantees given in Line 2 of Algorithm 6, as-
suming correctness of 1DPartition.

Proof. We will follow the proof of Lemma 3. First, to demonstrate that the subsets satisfy (17),
inducting on the guarantee (18) of 1DPartition suffices. Similarly, γ-saturation of some child follows
from inducting on the corresponding guarantee of 1DPartition.

Finally, using the guarantee (19) of 1DPartition, every Tcℓ ∈ SNdir
satisfies

〈
vjv

⊤
j , C̃ov 1

n
1

(Tcℓ)
〉
≤ 1

2
R2 ‖vj‖22 , for all j ∈ [Ndir].
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Algorithm 7 1DPartition(T ′, α, v, δ, β,R)

1: Input: T ′ ⊂ T , α ∈ (0, 12), v ∈ R
d, δ ∈ (0, 1), β ∈ (0, 1], R ∈ R≥0 satisfying (for a sufficiently

large constant)

R = Ω

(
max

(
1

β
·
√

γ log

(
1

αβ

)
,

√
γ log

(
log d

δ

)))
.

2: Output: Subsets {T ′′
ℓ }ℓ∈[k] of T ′, such that

∑

ℓ∈[k]

∣∣T ′′
ℓ

∣∣1+β ≤ |T ′|1+β . (18)

Every child T ′′
ℓ for ℓ ∈ [k] has

〈
C̃ov 1

n
1

(T ′′
ℓ ), vv⊤

〉
≤ 1

2
R2 ‖v‖22 . (19)

If w = 1
n1T

′ is γ-saturated, then w′ = 1
n1T

′′
ℓ

is γ-saturated for at least one child T ′′
ℓ , with failure

probability ≤ δ.
3: Sin ← T ′, Sout ← ∅
4: while Sin 6= ∅ do
5: T ′′ ← the first element of Sin
6: Sin ← Sin \ {T ′′}
7: if SplitOrCluster(T ′′, α, v, δ, β,R) returns one set T

(0)
out then

8: Sout ← Sout ∪
{
T
(0)
out

}

9: else
10: T

(1)
out, T

(2)
out ← SplitOrCluster(T ′′, α, v, δ, β,R)

11: Sin ← Sin ∪
{
T
(1)
out, T

(2)
out

}

12: end if
13: end while
14: return Sout

In other words, the variance is small along all directions {Ypuj = vj}j∈[Ndir]. We conclude

〈
Y2

p,Mcl

〉
≤ 1.4

2n |Tcℓ|Ndir

∑

i,i′∈Tcl

∑

j∈[Ndir]

〈Ypuj ,Xi −Xi′〉2

=
1.4

Ndir

∑

j∈[Ndir]

〈
vjv

⊤
j , C̃ov 1

n
1

(Tcℓ)
〉

≤ 1.4

2Ndir

∑

j∈[Ndir]

R2 ‖vj‖22

=
1.4

2Ndir

∑

j∈[Ndir]

R2 ‖Ypuj‖22 ≤ R2Tr
(
Y2

p

)
,

with probability at least 1 − δ; the first two lines and the last line follow the proof of Lemma 3,
and we used the variance guarantee of 1DPartition in the third line. We remark that we make sure
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to take the number of directions Ndir to depend logarithmically on δ (as opposed to just d), so we
can apply the guarantees of [Ach03] with probability 1− δ

2 on the first and last lines.

Next, we state a correctness guarantee for 1DPartition, assuming correctness of its main subroutine,
SplitOrCluster. The guarantees of SplitOrCluster are summarized in Line 2 of Algorithm 8. The
salient features are that it takes a set Tin and either produces one set satisfying (19) determin-
istically, or two sets which each are strict subsets of Tin (and hence remove at least one point)
deterministically, and (18) is always maintained. In the two set case, if 1

n1Tin
is γ-saturated then so

is at least one output deterministically; in the one set case, the output is saturated with probability
at least 1− δ. We will use only these features to analyze 1DPartition in Lemma 11.

Lemma 11. The output of 1DPartition satisfies the guarantees given in Line 2 of Algorithm 7,
assuming correctness of SplitOrCluster.

Proof. Each run of Lines 4-13 results in either one set (which we call a “cluster step”) or two sets
(which we call a “split step”). We can view this process as a tree, where a leaf node corresponds
to the result of a cluster step, and every node on the leaf-to-node path corresponds to a split step.
Every time a split step occurs, it increases |Sin|+ |Sout| by one, so there are at most (n′)1+β calls
to SplitOrCluster where |T ′| = n′, and thus the algorithm terminates in finite time.

Next, if T ′ is not saturated, then there is no failure probability, since the conditions (18) and (19)
deterministically succeed. Otherwise, from the root of this partition tree, consider the root-to-leaf
path which at each node corresponding to a split step takes any child which corresponds to a
saturated child (one always exists because split steps deterministically succeed). The only failure
probability comes from the success of the leaf-parent to leaf cluster step, which fails with probability
δ. We can ignore all other bad events, because we only need to ensure one child is saturated.

4.2 Reducing SplitOrCluster to SplitOrTailBound and Fixing

In this section, we state and analyze SplitOrCluster, the main subroutine of 1DPartition.

SplitOrCluster uses two subroutines, Fixing and SplitOrTailBound, which are respectively used to
handle the one child and two children cases. Roughly speaking, Fixing takes as input a set Tin

which “almost” has bounded variance in the direction v, and slightly filters extreme outliers in a
way so that the result has truly bounded variance. On the other hand, SplitOrTailBound is used at

a candidate threshold τ to either check that it induces sets T
(1)
out, T

(2)
out satisfying (21) or satisfies a

certain tail bound. By stitching together tail bounds at a small number of quantiles, SplitOrCluster
guarantees that at least one of these quantiles was a valid threshold, else we would attain a con-
tradiction as Line 6 of SplitOrCluster would have passed. We state guarantees of SplitOrTailBound
and Fixing as Lemmas 12 and 13, and prove them in Sections 4.3 and 4.4 respectively. We then use
Lemmas 12 and 13 to prove Lemma 14, which demonstrates correctness of SplitOrCluster.

Lemma 12. There is an algorithm, SplitOrTailBound (Algorithm 9), which takes as input Tin ⊆ T ,
v ∈ R

d, β ∈ (0, 1], R ∈ R≥0, and τ0 ∈ R, and returns in one of two cases we call the “split”
case and the “tail bound” case. In the split case, it returns (τ, r) such that the induced sets (20)
satisfy (21), and if 1

n1Tin
is γ-saturated then one of the induced sets Tout has

1
n1Tout is γ-saturated.

Otherwise, for all t ∈ R define the upper and lower tail probabilities

ρ+(t) := Pr
i∼unifTin

[Yi ≥ t] , ρ−(t) := Pr
i∼unifTin

[Yi ≤ t] . (22)
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Algorithm 8 SplitOrCluster(Tin, α, v, δ, β,R)

1: Input: Tin ⊆ T , α ∈ (0, 12 ), v ∈ R
d, δ ∈ (0, 1), β ∈ (0, 1], R ∈ R≥0 satisfying (for a sufficiently

large constant)

R = Ω

(
max

(
1

β
·
√

γ log

(
1

αβ

)
,

√
γ log

(
log d

δ

)))
.

2: Output: Either one subset T
(0)
out ⊂ Tin, or two subsets T

(1)
out, T

(2)
out ⊂ Tin. In the one subset case,

T
(0)
out has

〈
C̃ov 1

n
1

(
T
(0)
out

)
, vv⊤

〉
≤ 1

2R
2 ‖v‖22. In the two subsets case, they take the form, for

some threshold value τ ∈ R and r ∈ R≥0

T
(1)
out := {Xi | 〈v,Xi〉 ≤ τ + r ‖v‖2}, T

(2)
out := {Xi | 〈v,Xi〉 ≥ τ − r ‖v‖2}, (20)

and satisfy ∣∣∣T (1)
out

∣∣∣
1+β

+
∣∣∣T (2)

out

∣∣∣
1+β

< |Tin|1+β ,

min


1−

∣∣∣T (1)
out

∣∣∣
|Tin|

, 1−

∣∣∣T (2)
out

∣∣∣
|Tin|


 ≥ 2γ

r2
.

(21)

In either case if 1
n1Tin

is γ-saturated then 1
n1Tout is γ-saturated for at least one child Tout, with

failure probability ≤ δ only in the case one set is returned (deterministically otherwise).
3: Yi ← 〈v,Xi〉 for all i ∈ Tin

4: τmed ← med ({Yi | i ∈ Tin}), where med returns the median
5: I ← [τmed − c, τmed + c] is the smallest interval containing the 1− α

4 quantiles of {Yi | i ∈ Tin}
for c ∈ R≥0 and 2I ← [τmed − 2c, τmed + 2c]

6: if
〈

C̃ov 1
n
1

(Tmid) , vv⊤
〉
≤ 1

8R
2 ‖v‖22 where Tmid := {Xi ∈ Tin | Yi ∈ 2I} then

7: return Fixing(Tin, α, v, δ,R)
8: else
9: Run both SplitOrTailBound

(
Tin, v, β, τmed ± 1

2k
·
√

2048‘
β2α
‖v‖2

)
for integers k with

0 ≤ k ≤ log2

(
2048

β2α

)

until one returns
(
T
(1)
out, T

(2)
out

)
satisfying (20), (21)

10: return T
(1)
out, T

(2)
out

11: end if

Then, in the tail bound case SplitOrTailBound certifies

ρ+(τ0) ≤
128γ

β2 |τ0 − τmed|2
‖v‖22 if τ0 ≥ τmed, and ρ−(τ0) ≤

128γ

β2|τ0 − τmed|2
‖v‖22 if τ0 ≤ τmed. (23)

Lemma 13. There is an algorithm, Fixing (Algorithm 11), which takes as input Tin ⊆ T , v ∈
R
d, and R ∈ R≥0 and produces Tout with the following guarantee with probability at least 1 −

δ. Define Tmid as in Line 5 of Algorithm 8. Then if 1
n1Tin

is γ-saturated, so is 1
n1Tout, and if〈

C̃ov 1
n
1

(Tmid), vv⊤
〉
≤ 1

8R
2 ‖v‖22, then

〈
C̃ov 1

n
1

(Tout), vv
⊤
〉
≤ 1

2R
2 ‖v‖22.
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Finally, we are ready to prove Lemma 14, the main export of this section.

Lemma 14. The output of SplitOrCluster satisfies the guarantees given in Line 2 of Algorithm 8.

Proof. If the check in Line 6 passes (the one subset case), correctness of SplitOrCluster follows
immediately from the guarantees of Fixing in Lemma 13. We now focus on the two subset case.

Assume throughout this proof that the {Yi}i∈Tmid
are ordered by distance to τmed, so |Y1− τmed| ≤

. . . ≤ |Ym− τmed|, where m := |Tmid|; we order the remaining elements i ∈ Tin \Tmid arbitrarily. We
also define τmed, Tmid, c, I, and 2I as in Lines 4-6 of SplitOrCluster. If Line 9 outputs a split for any
k, then by Lemma 12, (20), (21) are satisfied, and the saturation condition is met for one of the
children. It remains to show that some value of k will result in the split case of SplitOrTailBound.
We show this by contradiction; if all k resulted in SplitOrTailBound returning with a tail bound
guarantee, we prove Tmid would have passed Line 6. Assume for the remainder of the proof that
SplitOrTailBound failed to find a split for all k.

First, we bound the length of the interval 2I. Because SplitOrCluster failed to return a split for
k = 1, by combining the corresponding tail bounds (23),

Pr
i∼unifTin

[
|Yi − τmed| >

√
512

β2α
‖v‖2

]
≤ α

4
.

Thus, we conclude

2I ⊂ [τmed − C ‖v‖2 , τmed + C ‖v‖2] , for C :=

√
2048

β2α
.

We proceed to bound
〈

C̃ov 1
n
1

(Tmid), vv⊤
〉

to obtain our desired contradiction. Observe that

C̃ov 1
n
1

(Tmid) � Cov 1
n
1

(Tmid)

=
1

|Tmid|
∑

i∈Tmid

(
Xi − µ 1

n
1

(Tmid)
)(

Xi − µ 1
n
1

(Tmid)
)⊤

� 1

|Tmid|
∑

i∈Tmid

(
Xi − X̄

) (
Xi − X̄

)⊤
where

〈
v, X̄

〉
= τmed

=⇒
〈

C̃ov 1
n
1

(Tmid), vv⊤
〉
≤ 1

|Tmid|
∑

i∈Tmid

(Yi − τmed)2 .

(24)

Here, we used the definitions of C̃ov, Cov in the first two lines, and Fact 2 in the third. The last
follows by definition of {Yi}i∈Tin

and τmed. Define the random variable Z to be the realization of
|Yi − τmed| for i a uniform draw from Tmid, let Zi := |Yi − τmed|, and let G(t) = Pr[Z ≥ t] be the
inverse cumulative density function of Z. Notice that directly expanding implies that (where we
let m := |Tmid|, Z0 := 0, and recall we argued Zm ≤ C ‖v‖2 earlier)

E[Z2] =
∑

i∈[m]

(Z2
i − Z2

i−1)G(Yi) =

∫ Zm

0
2tG(t)dt ≤

∫ C‖v‖2

0
2tG(t)dt.

Define now K(t) for each ‖v‖2 ≤ t ≤ C ‖v‖2 to be the smallest k such that t(k) := C
2k
‖v‖2 ≤ t, so
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K(C ‖v‖2) = 0, K(t) = 1 for t ∈
[
C
2 ‖v‖2 , C ‖v‖2

)
, and so on. By construction, for all relevant t,

t(K(t)) ≤ t < 2t(K(t)).

Since G is decreasing in its argument, we can write

∫ C‖v‖2

0
2tG(t)dt ≤

∫ ‖v‖2

0
2tdt +

∫ C‖v‖2

‖v‖2
2tG

(
t(K(t))

)
dt ≤ ‖v‖22 +

∫ C‖v‖2

‖v‖2
2tG

(
t(K(t))

)
dt.

Now, for all 0 ≤ k ≤ log2( 80
β2α

), we recall that we assumed both calls to SplitOrTailBound with

thresholds τmed ± C
2k
‖v‖2 failed to produce a split, and hence certify a tail bound (23). Thus,

G
(
t(k)
)
≤ 512γ

β2
(
t(k)
)2 ‖v‖

2
2 ≤

2048γ

β2t2
‖v‖22 , for any t with K(t) = k.

Here, the first inequality used both tail bounds in (23) and accounted for the fact that the quan-
tizations ρ+, ρ− are defined over Tin, and G is defined over Tmid with |Tmid| ≥ 1

2 |Tin|; the second

inequality used that for any such t, t < 2t(k). Putting all these pieces together,

E[Z2] ≤ ‖v‖22 +

∫ C‖v‖2

‖v‖2

4096γ

β2t
‖v‖22 dt ≤ ‖v‖22 +

4096γ

β2
log(C) ‖v‖22 = O

(
γ

β2
· log

(
1

αβ

))
‖v‖22 .

Finally, recall (24) shows that
〈

C̃ov 1
n
1

(Tmid), vv⊤
〉
≤ E[Z2]. Thus, the set Tmid should have passed

the check in Line 6 under the assumed lower bound on R, yielding the desired contradiction.

4.3 Implementation of SplitOrTailBound

In this section, we prove Lemma 12 by providing SplitOrTailBound and giving its analysis.

Lemma 12. There is an algorithm, SplitOrTailBound (Algorithm 9), which takes as input Tin ⊆ T ,
v ∈ R

d, β ∈ (0, 1], R ∈ R≥0, and τ0 ∈ R, and returns in one of two cases we call the “split”
case and the “tail bound” case. In the split case, it returns (τ, r) such that the induced sets (20)
satisfy (21), and if 1

n1Tin
is γ-saturated then one of the induced sets Tout has

1
n1Tout is γ-saturated.

Otherwise, for all t ∈ R define the upper and lower tail probabilities

ρ+(t) := Pr
i∼unifTin

[Yi ≥ t] , ρ−(t) := Pr
i∼unifTin

[Yi ≤ t] . (22)

Then, in the tail bound case SplitOrTailBound certifies

ρ+(τ0) ≤
128γ

β2 |τ0 − τmed|2
‖v‖22 if τ0 ≥ τmed, and ρ−(τ0) ≤

128γ

β2|τ0 − τmed|2
‖v‖22 if τ0 ≤ τmed. (23)

Proof. This proof proceeds in two parts which we show separately. First, we demonstrate that if
τ0 ≥ τmed and none of the runs of Lines 9-17 in Algorithm 9 return with a valid split, then indeed
we can certify the tail bound (23) holds (and a similar guarantee holds for τ0 < τmed). Second, we
show whenever a split is returned and Tin is γ-saturated, then one of the output sets will be as well.

Correctness of tail bound. We consider the case τ0 ≥ τmed here, as the other case follows sym-
metrically. Let K + 1 be the first index such that τK+1 < τmed, so the algorithm checks all pairs
(τj − rj ‖v‖2 , rj) for 0 ≤ j ≤ K. Suppose that all such induced splits fail to satisfy (21). For all
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Algorithm 9 SplitOrTailBound(Tin, v, β, τ0)

1: Input: Tin ⊆ T , v ∈ R
d, β ∈ (0, 1], τ0 ∈ R

2: Output: Either outputs (τ, r) such that T
(1)
out := {Xi | 〈v,Xi〉 ≤ τ + r ‖v‖2}, T

(2)
out := {Xi |

〈v,Xi〉 ≥ τ − r ‖v‖2} satisfy

∣∣∣T (1)
out

∣∣∣
1+β

+
∣∣∣T (2)

out

∣∣∣
1+β

< |Tin|1+β , min


1−

∣∣∣T (1)
out

∣∣∣
|Tin|

, 1−

∣∣∣T (2)
out

∣∣∣
|Tin|


 ≥ 2γ

r2
,

or returns “Tail bound” guaranteeing that for τmed := med ({〈v,Xi〉 | i ∈ Tin}) (following (23))

ρ+(t) ≤ 128γ

β2 |τ0 − τmed|2
‖v‖22 if τ0 ≥ τmed, and ρ−(t) ≤ 128γ

β2|τ0 − τmed|2
‖v‖22 if τ0 ≤ τmed.

3: Yi ← 〈v,Xi〉 for all i ∈ Tin, τmed ← med({Yi | i ∈ Tin})
4: j ← 0
5: if τ0 > maxi∈Tin

Yi or τ0 < mini∈Tin
Yi then

6: return “Tail bound”
7: end if
8: if τ0 ≥ τmed then
9: while τj ≥ τmed do

10: gj ← ρ+(τj) and rj ←
√

2γ
gj

11: if T
(1)
out, T

(2)
out induced by (τj − rj ‖v‖2 , rj) satisfy (21) then

12: return (τj − rj ‖v‖2 , rj)
13: else
14: τj+1 ← τj − 2rj
15: end if
16: j ← j + 1
17: end while
18: else
19: while τj ≤ τmed do

20: ℓj ← ρ−(τj) and rj ←
√

2γ
ℓj

21: if T
(1)
out, T

(2)
out induced by (τj + rj ‖v‖2 , rj) satisfy (21) then

22: return (τj + rj ‖v‖2 , rj)
23: else
24: τj+1 ← τj + 2rj
25: end if
26: j ← j + 1
27: end while
28: end if
29: return “Tail bound”

0 ≤ j ≤ K, let T
(1)
j , T

(2)
j be the induced sets by the pair (τj − rj ‖v‖2 , rj). Then by construction

∣∣∣T (1)
j

∣∣∣
|Tin|

= 1− gj ,

∣∣∣T (2)
j

∣∣∣
|Tin|

= gj+1.
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For all 0 ≤ j ≤ K−1, recall (τj−rj ‖v‖2 , rj) did not pass the check (21), but the second expression
reads gj ≥ 2γ

r2j
(since gj ≤ 1

2 ≤ 1 − gj+1), which is true by construction. Thus the first check did

not pass and we conclude

g1+β
j+1 + (1− gj)

1+β > 1 =⇒ g1+β
j+1 > gj . (25)

By applying this inequality inductively with j = K − 1, and recalling gK ≤ 1
2 , we have

(
1

2

)(1+β)K

≥ g
(1+β)K

K > g0 =⇒ 2(1+β)K <
1

g0
=⇒ K = O

(
1

β
log log

(
1

g0

))
. (26)

Next, since τK+1 = τ0 − 2
∑

0≤j≤K rj ‖v‖2 < τmed, we have

τ0 − τmed < 2
K∑

j=0

rj ‖v‖2 =
√

8γ ‖v‖2
K∑

j=0

√
1

gj
<
√

8γ ‖v‖2
K∑

j=0

A
1

(1+β)j , for A :=

√
1

g0
.

where we used our earlier guarantee (25) inductively. By Lemma 15, we have the desired tail bound:

τ0 − τmed <
√

8γ ‖v‖2 ·
4A

β
≤
√

128

β

√
γ

g0
=⇒ ρ+(τ0) = g0 <

128γ

β2 |τ0 − τmed|2
‖v‖22 .

Correctness of split. Suppose that we find (τ, r) such that for

T
(1)
out := {Xi | 〈v,Xi〉 ≤ τ + r ‖v‖2}, T

(2)
out := {Xi | 〈v,Xi〉 ≥ τ − r ‖v‖2},

we have

min


1−

∣∣∣T (1)
out

∣∣∣
|Tin|

, 1−

∣∣∣T (2)
out

∣∣∣
|Tin|


 ≥ 2γ

r2
. (27)

We show that the downweighting 1
n1Tin

→ 1
n1T

(i)
out

is a weight removal with respect to γ-safe scores

for one of i = 1, 2. Let τ∗ := 〈v, µ∗〉 where µ∗ is the “true mean vector” in Assumption 1. Clearly,
either τ∗ ≥ τ or τ∗ ≤ τ ; suppose without loss of generality τ∗ ≥ τ as the other case follows

symmetrically. Define the scores {si}i∈Tin
to be 1 if i ∈ Tin \ T (2)

out and 0 otherwise; then the
downweighting 1

n1Tin
→ 1

n1T
(2)
out

is of the form in Lemma 1, with respect to these scores. Note that

1

γ

∑

i∈Tin

1

|Tin|
si =

1

γ


1−

∣∣∣T (2)
out

∣∣∣
|Tin|


 ≥ 2

r2

by the assumption (27). To apply Lemma 1, it remains to show that

∑

i∈S∩Tin

1

|S ∩ Tin|
si ≤

2

r2
. (28)

However, we can extend the definition of the scores {si}i∈S to include points in S \Tin, so that si is
the indicator function of 〈v,Xi〉 < τ − r ‖v‖2 for all i ∈ S, which is consistent with our definitions
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{si}i∈Tin
. Then by Chebyshev’s inequality and Assumption 1, using 〈v, µ∗〉 ≥ τ ,

∑

i∈S

1

|S|si ≤ Pr
i∼unifS

[
〈v,Xi − µ∗〉2 > r2 ‖v‖22

]
≤ 1

r2
. (29)

By Lemma 9, if Tin is γ-saturated then |S ∩ Tin| ≥ 1
2 |S|; combining with (29) yields (28).

Lemma 15. Let A >
√

2, β ∈ (0, 1], and let K be such that A
1

(1+β)K >
√

2. Then, we have

K∑

j=0

A
1

(1+β)j ≤ 4A

β
.

Proof. Define f(x) = A
1

(1+β)x for any 0 ≤ x ≤ K, and note this is a decreasing function in x.
Thus, since by direct computation the antiderivative of ABx

is 1
logBEi(Bx log(A)) where Ei is the

exponential integral,

K∑

j=0

A
1

(1+β)j ≤ A +

∫ K

0
f(x)dx = A +

1

log(1 + β)

(
Ei (logA)− Ei

(
logA

(1 + β)K

))

≤ A +
2

β
(Ei (logA) + 1) .

In the last line, we used log(1 + β) ≥ β
2 for β ∈ (0, 1], logA

(1+β)K
> log(

√
2) by assumption, and Ei is

increasing with Ei(log(
√

2)) > −1. The conclusion follows from Ei(logA)+1 ≤ 3
2A for A >

√
2.

4.4 Fixing a cluster via fast filtering

In this section, we prove Lemma 13 by providing Fixing and giving its analysis. Before stating the
algorithm, we provide a helper result which analyzes the effect of a “randomized dropout scheme”
with respect to safe scores, and shows with high probability it is still safe.

Algorithm 10 RandDrop(T ′, δrd, s)

1: Input: T ′ ⊆ T , δrd ∈ (0, 1), 4γ-safe scores {si}i∈T ′ with respect to w := 1
n1T

′ such that
smax := maxi∈T ′ si ≤ 24|T ′ ∩ S|, and

∑

i∈T ′

1

|T ′|si ≥ 288γ log

(
2

δrd

)
. (30)

2: Output: With failure probability ≤ δrd, outputs T ′′ ⊆ T ′ such that if w is γ-saturated, then
1
n1T

′′ is γ-saturated.
3: T ′′ ← ∅
4: for i ∈ T ′ do
5: T ′′ ← T ′′ ∪ {Xi} with probability 1− si

smax

6: end for
7: return T ′′

In other words, RandDrop removes points from T ′ with probability proportional to their score.
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Lemma 16. The output of RandDrop satisfies the guarantees given in Line 2 of Algorithm 10.

Proof. For all i ∈ T ′, let Zi be the random variable defined as

Zi =

{
1 with probability si

smax

0 with probability 1− si
smax

.

Note that the number of points removed from T ′ and T ′ ∩ S are respectively
∑

i∈T ′ Zi and∑
i∈T ′∩S Zi. We now obtain high-probability bounds on both of these totals.

First, we lower bound
∑

i∈T ′ Zi. Observe that E
[∑

i∈T ′ Zi

]
=
∑

i∈T ′
si

smax
, and each Zi is Bernoulli.

Thus we can apply a Chernoff bound to obtain

Pr

[
∑

i∈T ′

Zi <
1

2

∑

i∈T ′

si
smax

]
≤ exp

(
−1

8

∑

i∈T ′

si
smax

)
≤ δrd

2
,

where we used smax ≤ 24|T ′| and the assumed lower bound (30) to conclude

∑

i∈T ′

si
smax

≥
∑

i∈T ′

si
24|T ′| ≥ 8 log

(
2

δrd

)
.

Next, we upper bound
∑

i∈T ′∩S Zi. We claim with failure probability at most δrd
2 ,

∑

i∈T ′∩S
Zi ≤

1

2γ

|T ′ ∩ S|
|T ′|

∑

i∈T ′

si
smax

. (31)

Define µ :=
∑

i∈T ′∩S
si

smax
to be the expectation of the left hand side of (31), and set

∆ :=
1

µ

(
1

2γ

|T ′ ∩ S|
|T ′|

∑

i∈T ′

si
smax

)
− 1

so that (1 + ∆)µ is the right hand side of (31). Recall that we assumed that {si}i∈T were 4γ-safe;
rearranging this definition (cf. Definition 3) yields

µ ≤ 1

4γ
· |T

′ ∩ S|
|T ′|

∑

i∈T ′

si
smax

=⇒ ∆µ =
1

2γ

|T ′ ∩ S|
|T ′|

∑

i∈T ′

si
smax

− µ ≥ 1

4γ
· |T

′ ∩ S|
|T ′|

∑

i∈T ′

si
smax

.

However, since |T ′∩S|
smax

≥ 1
24 by assumption, we use (30) and the above equation to conclude

∆µ ≥ 3 log

(
2

δrd

)
.

Finally, a Chernoff bound shows the failure probability of (31) is at most exp
(
−∆µ

3

)
≤ δrd

2 , as

desired. Thus with probability at least 1− δrd,

∑

i∈T ′∩S

1

|T ′ ∩ S|Zi ≤
1

γ

∑

i∈T ′

1

|T ′|Zi.
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Now observe that the {Zi}i∈T ′ meet the definition of γ-safe scores (Definition 3). Thus, Lemma 1
applies with weights 1

n1T
′ and 1

n1T
′′ and we obtain the conclusion.

We are now ready to state the algorithm Fixing and prove its guarantees in Lemma 13.

Algorithm 11 Fixing(Tin, α, v, δ,R)

1: Input: Tin ⊆ T , α ∈ (0, 12), v ∈ R
d, δ ∈ (0, 1), R ∈ R≥0 satisfying (for a sufficiently large

constant)

R = Ω

(√
γ log

(
log d

δ

))
,

such that for Tmid defined in Algorithm 8,
〈

C̃ov 1
n
1

(Tmid), vv⊤
〉
≤ 1

8R
2 ‖v‖22

2: Output: Outputs Tout ⊂ Tin with

〈
C̃ov 1

n
1

(Tout), vv
⊤
〉
≤ 1

2
R2 ‖v‖22 .

If 1
n1Tin

is γ-saturated, so is 1
n1Tout , with failure probability ≤ δ.

3: if
〈

C̃ov 1
n
1

(Tin), vv⊤
〉
≤ 1

2R
2 ‖v‖22 then

4: return Tin

5: end if
6: Yi ← 〈v,Xi〉 for all i ∈ Tin, τmed ← med ({Yi | i ∈ Tin})
7: I ← [τmed − c, τmed + c] is the smallest interval containing the 1− α

4 quantiles of {Yi | i ∈ Tin}
for c ∈ R≥0 and 2I ← [τmed − 2c, τmed + 2c]

8: Define scores {si}i∈Tin
by

si ←





0 Yi ∈ I

(Yi − (τmed − c))2 Yi ≤ τmed − c

(Yi − (τmed + c))2 Yi ≥ τmed + c

9: δrd ← δ
Ω(log d·log d

δ )
for a sufficiently large constant

10: Tout ← Tin \ {Xi | si ≥ 12 ‖v‖22 |S|}
11: while

〈
C̃ov 1

n
1

(Tout), vv
⊤
〉
> 1

2R
2 ‖v‖22 do

12: Tout ← RandDrop(Tout, δrd,
s

‖v‖22
)

13: end while
14: return Tout

Lemma 13. There is an algorithm, Fixing (Algorithm 11), which takes as input Tin ⊆ T , v ∈
R
d, and R ∈ R≥0 and produces Tout with the following guarantee with probability at least 1 −

δ. Define Tmid as in Line 5 of Algorithm 8. Then if 1
n1Tin

is γ-saturated, so is 1
n1Tout, and if〈

C̃ov 1
n
1

(Tmid), vv⊤
〉
≤ 1

8R
2 ‖v‖22, then

〈
C̃ov 1

n
1

(Tout), vv
⊤
〉
≤ 1

2R
2 ‖v‖22.
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Proof. This proof proceeds in three parts. First, we show that whenever the average score is small:

1

|Tout|
∑

i∈Tout

si ≤ 288γ log

(
2

δrd

)
‖v‖22 ,

then the check in Line 11 will fail and the algorithm will terminate. Next, we show calls to RandDrop

meet its input criteria so its conclusion holds inductively (correctness of Line 10 is also handled
here). Finally, we show that Fixing fails with probability at most δ. Assume throughout that 1

n1Tin

is γ-saturated; else there is nothing to prove. We also use the following notation throughout:

Varv
(
T ′) :=

1

|T ′|
∑

i∈T ′

(
Yi − µv

(
T ′))2 , where µv

(
T ′) :=

〈
v, µ 1

n
1

(
T ′)〉 , for all T ′ ⊆ T. (32)

Small average score implies termination. We show that whenever the average score is small:
1

|Tout|
∑

i∈Tout
si ≤ 288γ log

(
2
δrd

)
‖v‖22, we terminate since this implies

〈
C̃ov 1

n
1

(Tout), vv
⊤
〉
≤ 1

2
R2 ‖v‖22 .

To show this, we first prove

si >
1

16
(Yi − µ2I)2 for all i ∈ Tout, Yi 6∈ 2I,

where µ2I :=
1

|Tin ∩ {i | Yi ∈ 2I}|
∑

i∈Tout∩{i|Yi∈2I}
Yi.

(33)

In other words, µ2I is the mean of points in 2I. To see this, if Yi = τmed − 2c−∆ for ∆ > 0,

si = (c + ∆)2 , (Yi − µ2I)2 ≤ (4c + ∆)2 < 16si.

The case when Yi = τmed + 2c + ∆ is handled similarly, which covers all Yi 6∈ 2I. Then, following
notation (32),

Varv(Tout) =
∑

i∈Tout

1

|Tout|
(Yi − µv(Tout))

2 ≤
∑

i∈Tout

1

|Tout|
(Yi − µ2I)2

=
∑

i∈Tout∩{i|Yi∈2I}

1

|Tout|
(Yi − µ2I)2 +

∑

i∈Tout∩{i|Yi /∈2I}

1

|Tout|
(Yi − µ2I)2

≤
∑

i∈Tout∩{i|Yi∈2I}

1

|Tout|
(Yi − µ2I)2 + 16

∑

i∈Tout

1

|Tout|
si

≤
∑

i∈Tout∩{i|Yi∈2I}

1

|Tout|
(Yi − µ2I)2 + O

(
γ log

(
1

δrd

))
‖v‖22 .

Here, the first line used Fact 2, the third used (33) and that all scores are nonnegative, and the
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last used our assumption on the average score in Tout. Thus,

〈
C̃ov 1

n
1

(Tout) , vv
⊤
〉

=
∑

i∈Tout

1

n
(Yi − µv(Tout))

2

≤
∑

i∈Tout∩{i|Yi∈2I}

1

n
(Yi − µ2I)2 + O

(
γ log

(
1

δrd

))
‖v‖22

=
〈

C̃ov 1
n
1

(Tout ∩ {i | Yi ∈ 2I}) , vv⊤
〉

+ O

(
γ log

(
1

δrd

))
‖v‖22

≤ 1

8
R2 ‖v‖22 + O

(
γ log

(
1

δrd

))
‖v‖22 ≤

1

2
R2 ‖v‖22 .

In the second line we used n ≥ |Tout| to handle the second term, the third line used the definition

of C̃ov, and the fourth line used the assumed bound on
〈

C̃ov 1
n
1

(Tmid), vv⊤
〉

, and

C̃ov 1
n
1

(Tout ∩ {i | Yi ∈ 2I}) � C̃ov 1
n
1

(Tmid)

since Tout∩{i | Yi ∈ 2I} ⊆ Tmid and Fact 2 implies that dropping terms from the covariance formula
and shifting to the mean only decreases Loewner order. The last line used the lower bound on R.

Correctness of calls to RandDrop. We first bound the average score in Tin ∩ S at the beginning of
the algorithm. Let Varv(Tin ∩ S) denote the variance of Tin ∩ S in the direction v following (32).
We claim that the mean of Tin ∩ S lies close to I: in particular,

µ 1
n
1

(Tin ∩ S) ∈
[
τmed − c−

√
2Varv (Tin ∩ S), τmed + c +

√
2Varv (Tin ∩ S)

]
. (34)

If this were not the case, we would have a contradiction:

Varv (Tin ∩ S) ≥ 1

|Tin ∩ S|
∑

i∈Tin∩S|Yi∈I
(Yi − µv (Tin ∩ S))2

>
|Tin ∩ S ∩ {i | Yi ∈ I}|

|Tin ∩ S| (2Varv (Tin ∩ S)) ≥ Varv (Tin ∩ S) .

The second inequality used that every summand is at least 2Varv (Tin ∩ S) if (34) does not hold,
and the last used that I contains a 1− α

4 proportion of the points in Tin, and by Lemma 9 Tin ∩ S
contains at least α

2 of the points in Tin. Now using (34) and the definition of the scores,

∑

i∈Tin∩S

1

|Tin ∩ S|si ≤
∑

i∈Tin∩S

1

|Tin ∩ S|
(
|Yi − µv (Tin ∩ S)|+

√
2Varv (Tin ∩ S)

)2

≤ 6Varv (Tin ∩ S) ≤ 12 ‖v‖22 .
(35)

In the last line, we used that Tin ∩ S contains at least half the points in S by Lemma 9, so
Assumption 1 applies with a normalizing factor at most twice as large. This shows that Line 10 of
Algorithm 11 preserves saturation, since it can only remove points in Tin \S (if any point in Tin∪S
had a score larger than 12|S| ‖v‖22, it would violate (35)). This also shows that if at any point in
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running Algorithm 11 we have a γ-saturated subset Tout ⊂ Tin, then

∑

i∈Tout∩S

1

|Tout ∩ S|si ≤ 24 ‖v‖22 . (36)

This is because compared to (35), we can at most double the normalizing factor by Lemma 9, and
all scores are nonnegative. By combining with the first part of this proof, whenever Line 11 passes,

1

|Tout|
∑

i∈Tout

si > 288γ log

(
2

δrd

)
‖v‖22 , (37)

and hence the scores are 4γ-safe as required by RandDrop. The second requirement of RandDrop is
that smax ≤ 24|Tout ∩ S| ‖v‖22, which is taken care of by Line 10 as |S| ≤ 2|Tout ∩ S| by Lemma 9.
Finally, Line 11 implies (37) by the first part of this proof, which is the third condition of RandDrop.

Bounding failure probability. We bound the failure probability in two steps. First, we show with
probability at least 1− δ

2 , there are at most (for a suitable constant)

N := O

(
log d · log

d

δ

)

calls to RandDrop. Then, we union bound to show that all these calls to RandDrop pass with
probability at least 1− δ

2 . Combining gives the overall failure probability to Fixing.

To see the bound on N , observe that after Line 10, the largest score is at most O(‖v‖22 d), and the
algorithm ends when the largest score is at most a constant (since then (37) clearly fails, at which
point we terminate on Line 11 by the first part of this proof). Thus, the largest score can only halve
at most O(log d) times. However, observing the implementation of RandDrop, any point with score
at least half the largest is dropped with probability at least 1

2 , and hence after O(log d
δ ) rounds, the

largest score will halve with probability at least 1− δ
Ω(log d) . Union bounding over all the phases of

halving the max score implies after N loops the algorithm terminates with probability 1− δ
2 .

Since there are at most N calls to RandDrop, it suffices to set δrd = δ
2N to check that all calls to

RandDrop pass with probability 1− δ
2 . If all calls pass, we have the desired conclusion.

4.5 Runtime analysis

We now give a runtime bound for 1DPartition, and use it to obtain a similar bound on Partition.

Lemma 17. Let n′ := |T ′|, where T ′ is the input to 1DPartition. Then 1DPartition can be imple-
mented to run in time

O

(
n′d + (n′)1+β

(
1

β
log log d · log

(
1

αβ

)
+ log d log

d

δ

))
.

Proof. We begin by computing all the points Yi := 〈v,Xi〉 for i ∈ T ′ and sorting them, and store
all quantiles (i.e. the number of points less than any given Yi), which takes time O(n′d + n′ log n′).

Next, we bound the cost of running Fixing on an input Tin of size nin. Given access to quantile
information, and since Fixing is only ever called on a set which is formed after applying some number
of splits to the original dataset T ′, it is straightforward to implement Lines 3-10 in time O(nin).
Moreover, each loop in Lines 11-13 costs O(nin) time, and by the proof of Lemma 13, there are at
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most O(log d log d
δ ) loops. Thus overall the runtime of Fixing is

O

(
nin log d log

d

δ

)
.

We now consider the cost of running SplitOrTailBound with a given threshold τ0. If τ0 does not
lie in the interval of {Yi}i∈Tin

, then the runtime is O(1). Otherwise, consider the case τ0 ≥ τmed

(note τmed can be computed in constant time given quantile information). Since at least one point
is larger than τ0, g0 ≥ 1

n , and hence (26) shows the number of threshold checks is bounded by
O( 1

β log log d). Each threshold check takes constant time (we just need to compute the cardinalities

of the induced T
(1)
out, T

(2)
out) and computing the next gj and rj takes constant time given quantile

information, so the cost of SplitOrTailBound is

O

(
1

β
log log d

)
.

Correspondingly, the cost of each run of Lines 8-11 of SplitOrCluster is bounded by

O

(
1

β
log log d · log

(
1

αβ

))
.

Now, consider the structure of 1DPartition. Lemma 11 shows that there are at most (n′)1+β split
steps total, so the total cost of all split steps (which run Lines 8-11 of SplitOrCluster) is

O

(
(n′)1+β

β
log log d · log

(
1

αβ

))
.

Finally, consider all nodes in the 1DPartition which are parents of leaves. The sums of cardinalities
of all such nodes is bounded by (n′)1+β, so the cost of running Fixing on all these nodes is

O

(
(n′)1+β log d log

d

δ

)
.

As an immediate corollary, we obtain a runtime bound on Partition.

Corollary 2. Let np := |Tp| for some Tp ⊆ T . Partition called on input Tp with parameter C can
be implemented to run in time

O

(
n1+β
p d log d log

d

δ
+ n1+β

p

(
1

β
log log d · log

(
1

αβ

)
log

d

δ
+ log d log2 d

δ

))
.

Proof. The proof is identical to Corollary 1, where we use Lemma 17 to bound the cost over all
elements of each Sj, and there are Ndir = Θ(log d

δ ) calls to 1DPartition.

4.6 Full bounded covariance algorithm

Finally, we give our full algorithm for list-decodable mean estimation under Assumption 1. As
in Section 3.3, we will reduce to the bounded diameter case via the algorithm NaiveCluster (cf.
Lemma 7); we reproduce its guarantees for arbitrary failure probabilities as NaiveClusterPlus.
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Lemma 18 (Lemma 12, [DKK+20b]). There is a randomized algorithm, NaiveClusterPlus(T, δ),
which takes as input T ⊂ R

d satisfying Assumption 1 and partitions it into disjoint subsets {T ′
i}i∈[k]

such that with probability at least 1− δ, all of S is contained in the same subset, and every subset
has diameter bounded by O(d

8

δ2
). The runtime of NaiveClusterPlus is O(nd + n log n).

We also require a post-processing procedure to reduce the list size, which we call IteratePostProcess.
We state its guarantees in Lemma 19, and defer the description and analysis to Section 4.7.

Lemma 19. There is an algorithm, IteratePostProcess (Algorithm 14), which takes as input T
satisfying Assumption 1 and a list L ⊂ R

d of length m ≤ n such that

min
µ̂∈L
‖µ̂− µ∗‖2 ≤ ∆, ∆ = Ω

(
1√
α

)

and returns with probability at least 1−δ a subset L′ ⊂ L of size O( 1
α ) such that minµ̂∈L′ ‖µ̂− µ∗‖2 =

O(∆), within runtime

O

((
(m + n)d + αm2n

)
log

d

δ

)
.

Algorithm 12 FastMultifilter(T, α, δ, β)

1: Input: T ⊂ R
d, |T | = n satisfying Assumption 1 with parameter α ∈ (0, 12), δ ∈ (0, 1),

β ∈ (0, 1]
2: Output: With failure probability ≤ δ: L with |L| = O( 1

α) such that some µ̂ ∈ L satisfies

‖µ̂− µ∗‖2 = O



√

log
(
1
α

)

α
·max

(
1

β

√
log

(
1

αβ

)
,
√

log log d

)
 . (38)

3: δouter ← 1
2

4: Nruns ← ⌈2 log 2
δ ⌉

5: L← ∅
6: for j ∈ [Nruns] do
7: {T ′

i}i∈[k] ← NaiveClusterPlus(T, δouter3 )

8: αi ← |T |
|T ′

i |
α for all i ∈ [k]

9: L← L ∪ IteratePostProcess
(
T,
⋃

i∈[k] FastMultifilterBoundedDiameter(T ′
i , αi,

δouter
3 , β), δouter3

)

10: end for
11: return IteratePostProcess

(
T,L, δ2

)

Proposition 2. FastMultifilterBoundedDiameter meets its output specifications with probability at
least 1− δ, within runtime

O

(
n1+βd log2 d log2 d

δ
+ n1+β

(
1

β
log log d · log

(
1

αβ

)
log d log2 d

δ
+ log2 d log3 d

δ

))
.

Proof. The proof of the error rate is identical to that in Proposition 1, where the initial potential
Φ0 is bounded by (dδ )O(log d) via Lemma 18, which implies the operator norm of C̃ov 1

n
1

(T ′) for every

node T ′ on layer D is O(R2), and inductively at least one such node has |T ′ ∩ S| ≥ 1
2 |S| by virtue
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Algorithm 13 FastMultifilterBoundedDiameter(T, α, δ, β)

1: Input: T ⊂ R
d, |T | = n satisfying Assumption 1 with parameter α ∈ (0, 12), δ ∈ (0, 1),

β ∈ (0, 1]

2: Output: With failure probability ≤ δ: Lout with |Lout| = O(n
β

α ) such that some µ̂ ∈ Lout

satisfies

‖µ̂− µ∗‖2 = O



√

log
(
1
α

)

α
·max

(
1

β

√
log

(
1

αβ

)
,

√
log

(
log d

δ

))
 .

3: L(0) ← {T}, Lout ← ∅
4: For sufficiently large constants,

R← Θ

(
max

(
1

β
·
√

log

(
1

α

)
log

(
1

αβ

)
,

√
log

(
1

α

)
log

(
d

δ

)))
, D ← Θ

(
log d log

d

δ

)

5: for ℓ ∈ [D] do
6: L(ℓ) ← ∅
7: for T ′ ∈ L(ℓ−1) do
8: Append all elements of Partition(T ′, α, δ

n1+βD
, β,R) to L(ℓ)

9: end for
10: end for
11: return List of empirical means of all sets in L(D) with size at least αn

2

of being γ-saturated and applying Lemma 9. The failure probability follows since Partition is called
at most n1+βD times, as there are at most n1+β elements of each L(ℓ). Finally, the list size follows
since Lemma 9 implies every leaf node contains αn

2 , but the total size across leaves is at most n1+β.

Finally, to obtain the runtime bound we can sum the guarantee of Corollary 2 across each of the
D layers, and use the potential to bound the sum of all n1+β

p across the layer.

We are now ready to state our main claim on list-decodable mean estimation. For simplicity, we
state the result for β ≥ 1

log d , as otherwise there are no runtime or statistical gains asymptotically.

Theorem 6. For 1
log d ≤ β ≤ 1, and logΩ(1)(d) ≤ α−1 ≤ d, FastMultifilter returns a list of size

O( 1
α) such that

min
µ̂∈L
‖µ̂− µ∗‖2 = O

(
1

β
· log

(
1
α

)

α

)
,

with probability at least 1− δ, within runtime

O

(
n1+2βd log4 d log

1

δ
+ nd log2 1

δ
log

d

δ

)
.

Proof. We first analyze Lines 6-10 of FastMultifilter. We claim that each of the Nruns times these
lines run, there is a ≥ 1

2 probability that some µ̂ will be added to L satisfying (38), within runtime

O

(
n1+2βd log4 d + n1+β

(
1

β
log log d · log

(
1

αβ

)
log3 d + log5 d

))
= O

(
n1+2βd log4 d

)
.
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To see this, we apply Proposition 2 to the relevant call of FastMultifilterBoundedDiameter. The
correctness follows identically to the proof of Theorem 5, except that the size of the list of candidate
means

⋃
i∈[k] FastMultifilterBoundedDiameter(T ′

i , αi,
δouter

3 , β) is m = O(n
β

α ). By Lemma 19, after
applying IteratePostProcess the error rate is not affected by more than a constant, and the list size
is O( 1

α ). The runtime of this last step is dominated by O(αm2n log d) = O(n1+2βd log d).

Next, this implies that after all runs of Lines 6-10 have finished running (with independent internal
randomness), there is a ≥ 1 − δ

2 probability that L contains an element µ̂ satisfying (38). At this

point, the size of the list is m = O( log δ
−1

α ), so Line 11 takes time O(nd log2 1
δ log d

δ ) by Lemma 19.

This theorem, combined with the previously discussed fact that we can assume that α ∈ [1/d, 1/ logΩ(1) d],
gives our desired conclusion.

4.7 Cleaning up the list

In this section, we provide the subroutine IteratePostProcess used in FastMultifilter, and prove
Lemma 19, which shows correctness of this subroutine. At a high level, IteratePostProcess first
finds a greedy cover of the input list L at distance O(∆). Then, while the greedy cover has size at
least 4k for k := ⌈ 1α⌉, it iteratively prunes away 2k out of 4k hypotheses by testing that there are
enough datapoints closest to retained hypotheses; otherwise, it returns the greedy cover.

Algorithm 14 IteratePostProcess(T, α, L, δ,∆)

1: Input: T ⊂ R
d, |T | = n satisfying Assumption 1 with parameter α ∈ (0, 12), δ ∈ (0, 1), L with

|L| = m ≤ n such that

min
µ̂∈L
‖µ̂− µ∗‖2 ≤ ∆, ∆ = Ω

(
1√
α

)
.

2: Output: With failure probability ≤ δ: L′ ⊂ L with |L′| = O( 1
α ) such that

min
µ̂∈L′
‖µ̂− µ∗‖2 = O(∆).

3: G ∈ R
d×c ← entrywise ± 1√

c
uniformly at random, for c = Θ(log d

δ ) (Johnson-Lindenstrauss

matrix [Ach03])
4: k ← ⌈ 1α⌉
5: L′ ← maximal subset of L such that ∀µ̂ 6= µ̂′ ∈ L′,

∥∥G⊤(µ̂− µ̂′)
∥∥
2
≥ 5∆

6: while |L′| ≥ 4k do
7: Lhead ← first 4k elements of L′

8: Lprune ← elements of Lhead which are nearest neighbors of < αn
2 elements of T , where

µ̂ ∈ Lhead is the nearest neighbor of Xi ∈ T if
∥∥G⊤(µ̂−Xi)

∥∥
2

is minimal amongst Lhead

9: L← L \ Lprune

10: L′ ← maximal subset of L such that ∀µ̂ 6= µ̂′ ∈ L′,
∥∥G⊤(µ̂− µ̂′)

∥∥
2
≥ 5∆

11: end while
12: return L′

Lemma 19. There is an algorithm, IteratePostProcess (Algorithm 14), which takes as input T
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satisfying Assumption 1 and a list L ⊂ R
d of length m ≤ n such that

min
µ̂∈L
‖µ̂− µ∗‖2 ≤ ∆, ∆ = Ω

(
1√
α

)

and returns with probability at least 1−δ a subset L′ ⊂ L of size O( 1
α ) such that minµ̂∈L′ ‖µ̂− µ∗‖2 =

O(∆), within runtime

O

((
(m + n)d + αm2n

)
log

d

δ

)
.

Proof. We first prove correctness, and then prove the runtime bound.

Correctness. By the Johnson-Lindenstrauss lemma as analyzed in [Ach03], with probability at least
1− δ every pair of points in L∪T ∪ {µ∗} has their distance preserved to a 1.1 multiplicative factor
under multiplication by G⊤. Condition on this event for the remainder of the proof.

Let µ̄ be the element of the input L which is guaranteed to be within distance ∆ of µ∗. We will
first show that µ̄ is never removed from L by the loop in Lines 6-11. If µ̄ is not a part of Lhead in
a given loop, clearly this is true, so suppose µ̄ ∈ Lhead, and let µ̂ be some other element in Lhead

with
∥∥G⊤(µ̄ − µ̂)

∥∥
2
≥ 5∆; by definition of Lhead as a subset of L′, all such µ̂ satisfy this. Our goal

will be to show that at least half of the points in S have nearest neighbor µ̄; to do so, it suffices
to show that

∥∥G⊤(Xi − µ̂))
∥∥
2
≥
∥∥G⊤(Xi − µ̄))

∥∥
2

with probability at most 1
8k over i ∼ S for each

µ̂ 6= µ̄, so the < 4k other hypotheses in Lhead can only remove αn
2 of the points in S from having

nearest neighbor µ̄, and hence µ̄ will not be pruned.

We now show the key claim: that for all µ̂ 6= µ̄ ∈ Lhead,

Pr
i∼unifS

[∥∥∥G⊤ (Xi − µ̂)
∥∥∥
2
≤
∥∥∥G⊤ (Xi − µ̄)

∥∥∥
2

]
≤ 1

8k
.

Observe that by the triangle inequality, for any i ∈ S satisfying the event above,

2
∥∥∥G⊤ (Xi − µ̄)

∥∥∥
2
≥
∥∥∥G⊤ (Xi − µ̄)

∥∥∥
2

+
∥∥∥G⊤ (Xi − µ̂)

∥∥∥
2

≥
∥∥∥G⊤ (µ̂− µ̄)

∥∥∥
2
≥ 5∆

=⇒ ‖Xi − µ∗‖2 ≥ ‖Xi − µ̄‖2 − ‖µ̄− µ∗‖2 ≥ ∆.

Here we used ‖Xi − µ̄‖2 ≥ 1
1.1

∥∥G⊤(Xi − µ̄)
∥∥
2
≥ 2∆, and ‖µ̄− µ∗‖2 ≤ ∆ by assumption. By

Chebyshev’s inequality and Assumption 1, we conclude for sufficiently large ∆ = Ω( 1√
α

),

Pr
i∼unifS

[∥∥∥G⊤ (Xi − µ̂)
∥∥∥
2
≤
∥∥∥G⊤ (Xi − µ̄)

∥∥∥
2

]
≤ Pr

i∼unifS
[‖µ̄− µ∗‖2 ≥ ∆] ≤ 1

8k
.

Finally, we have shown that when the algorithm exits on Line 12, L′ is a maximal separated subset
of a pruned list L containing µ̄. If µ̄ ∈ L′, the guarantee is immediate; otherwise, there must have
been some other µ̂ ∈ L′ with

∥∥G⊤(µ̂ − µ̄)
∥∥
2
≤ 5∆, else µ̄ would have been added. For this µ̂,

‖µ̂− µ∗‖2 ≤ 1.1
∥∥∥G⊤(µ̂ − µ∗)

∥∥∥
2
≤ 1.1

∥∥∥G⊤(µ̂ − µ̄)
∥∥∥
2

+ 1.1
∥∥∥G⊤(µ̄− µ∗)

∥∥∥
2

= O(∆).

The list size bound follows from Line 6, as the returned L′ has at most 4k elements.

Runtime. First, the cost of computing all projections G⊤X for X ∈ L∪T is O((m+n)d log d
δ ). Next,
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Lines 6-11 can only be looped over at most O(αm) times, since every loop removes 2k elements
from L which originally has size m. It remains to argue about the complexity of each loop.

The cost of computing a maximal subset in Lines 5 and 10 is O(m2 log d
δ ), since distance comparisons

under multiplication by G take O(log d
δ ) and it suffices to greedily loop over the list. Similarly,

the cost of computing nearest neighbors of all elements in T in Line 8 is O(mn log d
δ ), which is the

dominant term. Combining these components yields the claim.

4.8 (Slightly) improving the error rate

We give a brief discussion of how it is possible to shave a
√

logα−1 factor from the error guarantees
of Theorem 6, bringing it to within a

√
logα−1 factor from optimal when β is a constant. At a

high level, this extraneous factor is due to our insistence that all weight removals be γ-safe, for
some γ = Θ(logα−1). This causes the thresholds required for termination of our subroutines (e.g.
for SplitOrCluster to enter the Fixing stage) to be inflated by roughly a γ factor.

We can remove this factor by using 2-safe scores instead of Θ(logα−1)-safe scores, an idea introduced
by [DKK+20b] to obtain improved estimation rates over the multifilter of [DKK20a]. The idea is
to restart the algorithm in phases, where each phase corresponds to the total maintained weight
being stable up to a factor of 2 (in our case, this means subset sizes are stable up to factors of 2).

We now summarize the changes to our algorithm. We will run the “outer loop” subroutine
FastMultifilterBoundedDiameter (which can be viewed as constructing a multifilter tree) up until
a depth of O(log2 d log 1

α) is reached, in batches of O(log2 d) each corresponding to a stable phase.
Each batch will either meet the relevant termination condition (bounded covariance, such that e.g.
(19) is trivially satisfied), or make progress by entering the next phase via safe weight removals.

Correspondingly, the condition (15) required to make improvements on the potential will be scaled
differently, according to the size of the relevant set Tp at some node p. In particular, suppose we
are in a phase when 1

2n
′ < |Tp| ≤ n′. Then we will aim to guarantee

〈
Y2

p,Mcℓ

〉
≤ R2

√
n′

n
Tr(Y2

p),

where R has the same value as in FastMultifilterBoundedDiameter up to removing a
√

logα−1. This

allows us to terminate when the operator norm of some (unnormalized) C̃ov matrix is O(R2
√

n′

n ),

at which point Lemma 2 concludes a distance of

O



√
R2

√
n

n′ ·
n′

|Tp ∩ S|


 = O

(
R ·

4
√
n′n√
|Tp ∩ S|

)
= O

(
R√
α

)
,

where we use that 2-saturation of Tp implies
|Tp∩S|

n ≥ α
√

n′

2n (cf. Lemma 1, [DKK+20b]).

Because of the complications this type of argument introduces, e.g. every one of our subroutines
needs an extra exit condition (when the maintained subset enters the next phase), we omit a formal
treatment in this paper. However, we remark that to remove the entire log α−1 factor from our error
likely requires new ideas. This is because both branches of our key subroutine SplitOrCluster, namely
SplitOrTailBound and Fixing, require this overhead. The former is because integrating variance tail
bounds decaying as t · 1

t2 out to O(α) quantiles (cf. Lemma 14) introduces a gap of log( 1
α ). The

latter is because we employ randomize dropout to maintain subsets (rather than weights); our
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dropout method requires a threshold of roughly log log d (cf. Lemma 16) to obtain high-probability
guarantees after union bounding polylog(d) times. For α−1 = logΩ(1) d, this is again a log( 1

α ) gap.

5 Clustering mixture models

We define a mixture model to be a mixture
∑

i∈[k] αiDi where {αi}i∈[k] ∈ R
k
≥0,

∑
i∈[k] αi = 1, and

all Di are supported on R
d. In Sections 5.1 and 5.2 we handle the case where all distributions are

sub-Gaussians: Di has mean µi, and sub-Gaussian parameter ≤ 1 in all directions (cf. Section 2.1).
We begin with the uncorrupted, uniform mixture case as a warmup in Section 5.1, and show how
our method tolerates non-uniformity and adversarial outliers in Section 5.2. We then give a simple
extension of our algorithm to handle mixtures where each component has bounded fourth moment
in Section 5.3, and finally tackle the case of bounded-covariance mixture models in Section 5.4.

Broadly, all of our clustering algorithms follow the same design framework. We first demonstrate
using concentration and existence of a good hypothesis (the list-decodable learning guarantee), that
the “nearest hypothesis” to every non-adversarial point is close to the true mean. We next prune
our hypotheses down by only keeping those with a substantial number of nearby points; by arguing
that the number of adversarial points (or points that appear adversarial due to anti-concentration)
is small, no large “coalition” of bad points can be formed, and hence all kept hypotheses are
near a true mean. Finally, assuming enough separation between true means, we can define a
partition of the points based on their nearest hypotheses. In Section 5.4, we will use a more direct
clustering process in the subspace spanned by candidates, combined with fast projected distance
approximations, in order to obtain a tighter separation guarantee.

Throughout, we will frequently use that by Chernoff, the sum of any Bernoulli random variables
whose expectation is Ω(d) will deviate from its expectation by at most any multiplicative constant
with probability at least 1− exp(−Ω(d)). For example, for a dataset of size n = Ω(dk) drawn from
a uniform mixture

∑
i∈[k]

1
kDi, each component Di will contribute between 0.99n

k and 1.01n
k points

with probability at least 1− k exp(−Ω(d)), or more simply 1− exp(−Ω(d)) for k = O(d).

5.1 Clustering uniform (sub-)Gaussian mixture models

We first consider the simple setting where all αi = 1
k and all Di has mean µi and sub-Gaussian

parameter ≤ 1 in all directions. We assume access to a list-decoding algorithm A which returns a
list L of length O(k), such that for each i ∈ [k], L contains µ̂i such that ‖µ̂i − µi‖2 ≤ ∆, for some
∆ = Ω(

√
k) (in particular, FastMultifilter suffices for A). Finally, we assume access to a dataset

X = {Xj}j∈[n] of size n = Θ(dk) drawn from the mixture model independently of A, where we say
that each Xj is “associated with” an index i ∈ [k] (designating the component it is drawn from).
We will now demonstrate how to cluster a dataset using calls to A, assuming a sufficiently large
separation between the means of any two mixture components.

We begin with the following observation.

Lemma 20. Consider some Xj ∈ X associated with i ∈ [k]. With probability at least 1 −
exp(−Ω(∆2))), for every pair µ̂, µ̂′ ∈ L, µ̂ 6= µ̂′ letting vµ̂µ̂′ be the unit vector in the direction
µ̂− µ̂′, 〈

vµ̂µ̂′ ,Xj

〉
<
〈
vµ̂µ̂′ , µi

〉
+ ∆.

Proof. This is a standard application of sub-Gaussian concentration (on the one-dimensional distri-
bution N (〈vµ̂µ̂′ , µi〉, 〈Σi, vµ̂µ̂′v⊤µ̂µ̂′〉)), where we union bound across O(k2) pairs of elements in L. We

simplify by using ∆ = Ω(
√
k), so the exponential term dominates the k2 union bound overhead.
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Algorithm 15 ClusterUniformGMM(X, L,∆, k, δ)

1: Input: X = {Xj}j∈[n] ∼
∑

i∈[k]
1
kDi where Di has mean µi and sub-Gaussian parameter ≤ 1

in all directions, and n = Θ(dk), L of size O(k) containing (for all i ∈ [k]) µ̂i ∈ L with
‖µ̂i − µi‖2 ≤ ∆ for ∆ = Ω(

√
k), δ ∈ (0, 1)

2: G ∈ R
d×c ← entrywise ± 1√

c
uniformly at random, for c = Θ(log n

δ ) (Johnson-Lindenstrauss

matrix [Ach03])
3: Let m : [n]→ L map each Xj to the element µ̂ ∈ L minimizing

∥∥G⊤(Xj − µ̂)
∥∥
2

4: Define an equivalence relation ∼ on X by Xi ∼ Xj iff
∥∥G⊤(m(i) −m(j))

∥∥
2
≤ 18∆; if this is

not an equivalence relation, then return any labeling
5: return Labeling of X associated with ∼

Next, we give our key structural lemma regarding the map m.

Lemma 21. Following notation of Algorithm 15, with probability at least 1− δ − n exp(−Ω(∆2)),
every Xj associated with i ∈ [k] satisfies ‖m(j)− µi‖2 ≤ 7∆.

Proof. With probability at least 1− δ, all pairwise distances between X∪L and itself are preserved
by multiplication through G⊤ up to a 1 ± 0.1 factor [Ach03] (which we will call the “Johnson-
Lindenstrauss guarantee” henceforth); condition on this event for the remainder of the proof. Sup-
pose for contradiction that ‖m(j) − µi‖2 > 7∆, and let µ̂i ∈ L denote any (fixed) hypothesis which
is promised to satisfy ‖µ̂i − µi‖2 ≤ ∆.6 By the triangle inequality, ‖m(j) − µ̂i‖2 > 6∆. Then
letting v be the unit vector in the direction of m(j)− µ̂i,

〈v, µi〉 ≤ 〈v, µ̂i〉+ ∆, 〈v,m(j)〉 > 〈v, µ̂i〉+ 6∆

=⇒ 〈v, µi〉 < 〈v,m(j)〉 − 5∆.

Next,
∥∥G⊤(Xj −m(j))

∥∥
2
≤
∥∥G⊤(Xj − µ̂i)

∥∥
2

implies ‖Xj −m(j)‖2 ≤ 2 ‖Xj − µ̂i‖2 by the Johnson-

Lindenstrauss guarantee, or 〈v,Xj〉 ≥
〈
v, 2µ̂i+m(j)

3

〉
. Combining with the above displayed equation,

〈v,Xj〉 ≥
2

3
〈v, µ̂i〉+

1

3
〈v,m(j)〉 > 〈v, µi〉+ ∆.

Applying Lemma 20 and union bounding over all j ∈ [n] concludes the proof.

This implies that with high probability, Algorithm 15 (given a list L meeting its prerequisites)
succeeds in correctly labelling all data points, assuming Ω(∆) separation between component means.

Lemma 22. Suppose every pair i, i′ ∈ [k], i 6= i′′ satisfies ‖µi − µi′‖2 > 34∆. Then with probability
at least 1−δ−n exp(−Ω(∆2)), Algorithm 15 (assuming its preconditions) outputs a correct clustering
of all points (up to label permutation).

Proof. Assume the result of Lemma 21 and that multiplication through G⊤ preserves all pairwise
distances between X ∪ L and itself up to a 1± 0.1 factor throughout this proof.

We first prove that for any two Xj , Xj′ associated to the same i ∈ [k], Line 4 of Algorithm 15
sets Xj ∼ Xj′ . To see this, Lemma 21 and the triangle inequality give ‖m(j)−m(j′)‖2 ≤ 14∆, so
this will pass Line 4 by the Johnson-Lindenstrauss guarantee. Next, suppose Xj is associated with

6In the case multiple such hypotheses exist, any satisfactory (but fixed) {µ̂i}i∈[k] ⊆ L will do.
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i ∈ [k] and Xj′ is associated with i′ ∈ [k] with i 6= i′, and suppose for contradiction Xj ∼ Xj′ . By
the Johnson-Lindenstrauss guarantee, ‖m(j)−m(j′)‖2 ≤ 20∆, which yields by Lemma 21 and the
triangle inequality that ‖µi − µi′‖2 ≤ 34∆, contradicting the separation assumption.

We conclude with the following guarantee on ClusterUniformGMM.

Corollary 3. Suppose every pair i, i′ ∈ [k], i 6= i′ satisfies ‖µi − µi′‖2 = Ω(
√
k log k) for an appro-

priate constant. There is an algorithm drawing n = Θ(dk) samples from the mixture
∑

i∈[k]
1
kDi

where Di has mean µi and sub-Gaussian parameter ≤ 1 in all directions, and returns a correct
clustering of all points (up to label permutation) with probability at least

1− δ − n exp
(
−Ω

(
k log2 k

))
− k exp(−Ω(d)).

The algorithm runs in time, for any fixed ǫ0 > 0,

O
(
n1+ǫ0d log4 n log4

n

δ
+ k2 log4 n

δ
+ nk log

n

δ

)
.

Proof. We begin by stating the algorithm. We take 1
10 of the dataset and run FastMultifilter7 on

it to produce L satisfying the prerequisites of Algorithm 15, and then cluster the remaining 9
10 of

the dataset using L via ClusterUniformGMM; then, we take a disjoint 1
10 and cluster the remaining

9
10 using ClusterUniformGMM. We then match labels based on which clusters overlap on at least 1

2
of their points between these two runs. The runtime follows from Theorem 5, and the runtime of
ClusterUniformGMM, which is clearly O(nk log n

δ ) since Line 3 dominates, as Line 4 can be greedily
implemented using distance comparisons between only L once the map m has been formed.

Next, for correctness, Theorem 6 and Proposition B.1 of [CSV17] (which says Assumption 1 is met
for both FastMultifilter runs with probability ≥ 1 − exp(Ω(d))) imply both runs of FastMultifilter

correctly return lists satisfying the precondition of Algorithm 15; here we note that the dataset
partition ensures independence of lists used and datasets clustered. Then, Lemma 22 implies both
clusterings are completely correct on 9

10 of the data. The conclusion follows from standard binomial
concentration, which implies that the 8

10 of the data which was held-out contains at least 1
2 the points

associated with each i ∈ [k] in the overall dataset, with probability at least 1− exp(−Ω(d)).

We remark that for n which grows super-exponentially in k (such that the failure probability
guarantee of Corollary 3 becomes vacuous), it is straightforward to obtain an appropriate high-
probability guarantee for clustering all points by assuming that the minimum pairwise cluster
separation scales as

√
log n. A similar remark also applies to Corollary 6.

5.2 Robustly clustering (sub-)Gaussian mixture models

In this section, we generalize Corollary 3 to non-uniform corrupted mixture models. In particular,
we consider an adversarially corrupted mixture model

M = (1− ǫ)
∑

i∈[k]
αiDi + ǫDadv, (39)

7If α−1 = logo(1) d, we instead run Algorithm 8 of [DKK+20b] to obtain the desired error guarantee, which fits
within the runtime budget by Theorem 4 of [DKK+20b]. Similarly, if α−1 = Ω(d), we instead run Algorithm 14 of
[DKK+20b] which fits within the runtime budget by Proposition 9 of that paper.
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where for all i ∈ [k], Di has mean µi and sub-Gaussian parameter ≤ 1 in all directions. Moreover,
for some fixed known α, we assume all αi ≥ α and ǫ ≤ α

4 . By definition of α, note that we must
have α = O( 1k ). In this section, we assume our list-decoding subroutine A returns a list of size
O(α−1), and guarantees estimation error ∆. We now state our algorithm.

Algorithm 16 ClusterRobustGMM(X, L,∆, k, δ, α)

1: Input: X = {Xj}j∈[n] ∼ (1 − ǫ)
∑

i∈[k] αiDi + ǫDadv where Di has mean µi and sub-Gaussian

parameter ≤ 1 in all directions, all αi ≥ α, ǫ ≤ α
4 , and n = Θ( d

α), L of size O(α−1) containing

(for all i ∈ [k]) µ̂i ∈ L with ‖µ̂i − µi‖2 ≤ ∆ for ∆ = Ω(
√
α−1), δ ∈ (0, 1)

2: G ∈ R
d×c ← entrywise ± 1√

c
uniformly at random, for c = Θ(log n

δ ) (Johnson-Lindenstrauss

matrix [Ach03])
3: Let m : [n]→ L map each Xj to the element µ̂ ∈ L minimizing

∥∥G⊤(Xj − µ̂)
∥∥
2

4: Sµ̂ ← {j ∈ [n] | m(j) = µ̂} for all µ̂ ∈ L, Bµ̂ ←
⋃

µ̂′∈L|‖G⊤(µ̂−µ̂′)‖
2
≤16∆ Sµ̂′

5: L′ ← {µ̂ ∈ L | |Bµ̂| ≥ 0.9αn}
6: Define an equivalence relation ∼ on X′ by Xi ∼ Xj iff

∥∥G⊤(m(i) −m(j))
∥∥
2
≤ 55∆, for

X′ := {Xi ∈ X | m(i) ∈ L′}; if this is not an equivalence relation, then return any labeling
7: return Labeling of X′ associated with ∼, along with X \X′ as “unlabeled”

We again refer to Xj as associated with some i ∈ [k] if it is a draw from Di, and as “adversarial”
if it is drawn from Dadv. We begin with the following consequences of Lemma 21.

Corollary 4. With probability at least 1− δ−n exp(−Ω(∆2))−k exp(−Ω(d)), both of the following
events hold. For all i ∈ [k], every µ̂ ∈ L with ‖µ̂− µi‖2 ≤ 7∆ is in L′. Moreover, every µ̂ ∈ L′ has
‖µ̂− µi‖2 ≤ 25∆ for some i ∈ [k].

Proof. By standard binomial concentration, for every i ∈ [k], the set of j ∈ [n] associated with i
has size at least 0.9αn with probability 1 − k exp(−Ω(d)). Condition on this event, all pairwise
distances between X ∪ L and itself being preserved up to 1 ± 0.1 by multiplication through G⊤,
and the conclusion of Lemma 20 for the remainder of this proof.

We begin with the first claim: let ‖µ̂− µi‖2 ≤ 7∆. For every Xj associated with i, Lemma 21 shows
‖m(j) − µi‖2 ≤ 7∆, implying by the Johnson-Lindenstrauss guarantee and triangle inequality,∥∥G⊤(m(j)− µ̂)

∥∥
2
≤ 16∆. Hence Xj counts towards Bµ̂, which then captures all points associated

with i, so µ̂ ∈ L′. For the second claim, suppose ‖µ̂− µi‖2 > 25∆; then, no µ̂′ ∈ L with ‖µ̂′ − µi‖2 ≤
7∆ will count towards Bµ̂, since such µ̂′ has

∥∥G⊤(µ̂ − µ̂′)
∥∥
2
> 16∆. By Lemma 21, the only

points that can contribute to Bµ̂ are then the ones drawn from Dadv, which by standard binomial
concentration will be less than 0.6αn with probability 1− exp(−Ω(d)), and hence µ̂ 6∈ L′.

The following conclusion then follows immediately in the vein of Lemma 22.

Corollary 5. Suppose every pair i, i′ ∈ [k], i 6= i′ satisfies ‖µi − µi′‖2 > 55∆. Then with probability
at least 1− δ − n exp(−Ω(∆2))− k exp(−Ω(d)), Algorithm 16 (assuming its preconditions) outputs
a correct clustering of all points associated with some component i ∈ [k] (up to label permutation).

Proof. The proof is identical to Lemma 22, where we note for each µ̂ ∈ L′, there is a unique i ∈ [k]
promised by Corollary 4 where ‖µ̂− µi‖2 ≤ 25∆ (by our separation assumption). Thus, ∼ defines
an equivalence relation, since every µ̂ ∈ L′ is mapped to the unique equivalence class associated
with µ̂i. This successfully recovers the true clusters, since every point Xj associated with some
i ∈ [k] will be in X′ by Corollary 4 and Lemma 21, and thus it will be classified correctly by ∼.
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Finally, we give a complete guarantee on ClusterRobustGMM.

Corollary 6. Suppose every pair i, i′ ∈ [k], i 6= i′ satisfies ‖µi − µi′‖2 = Ω(
√
α−1 log α−1) for

an appropriate constant. There is an algorithm drawing n = Θ( d
α ) samples from the mixture

(1− ǫ)
∑

i∈[k] αiDi + ǫDadv where Di has mean µi and sub-Gaussian parameter ≤ 1 in all directions,
and returns a correct clustering of all points drawn from some Di (up to label permutation) with
probability at least

1− δ − n exp
(
−Ω

(
α−1 log2 α−1

))
− k exp (−Ω(d)) .

The algorithm runs in time, for any fixed ǫ0 > 0,

O

(
n1+ǫ0d log4 n log4

n

δ
+

1

α2
log4

n

δ
+

n

α
log

n

δ

)
.

Proof. The proof is the same as Corollary 3, where we note that the mislabeled points from Dadv

can only affect the overlapping labels between the two runs by at most a 1.1ǫ ≤ 1.1
4 α fraction, a

minority compared to the number of correct labels (due to the true mixture), which in both runs
will contribute at least 4

5αi of the points assigned by ∼ to the true clustering. Hence, between runs
the clusters assigned by ∼ to the points drawn from Di will overlap on at least half their points,
and we can use this agreement to correctly label all points not drawn from Dadv (where throughout,
we conditioned on all high-probability events in Corollary 3’s proof holding).

5.3 Mixture models with bounded fourth moments

In this section, we consider non-uniform corrupted mixture models under a weaker distributional
assumption based on bounded fourth moments. We will no longer be able to correctly cluster all
(non-adversarial) points, but will instead guarantee that amongst non-adversarial points, at least
a 1 − o(α) fraction are correctly classified. Concretely, we consider the adversarially corrupted
mixture model (39), where for all i ∈ [k], and some constant C = O(1),

EX∼Di

[
〈v,X − µi〉4

]
≤ C for all v ∈ R

d, ‖v‖2 = 1. (40)

We remark that this fourth-moment bound also implies the covariance is bounded by O(1)I for all
components, by Jensen’s inequality. We again assume that all αi ≥ α, and ǫ ≤ α

4 . Our algorithm
for this setting will be exactly the same as ClusterRobustGMM, but for convenience we restate it
under the new distributional assumptions. We also assume ∆ = ω(

√
α−1) for notational simplicity.

Our analysis of ClusterRobustBFMM follows from the following key observation: define Xj ∈ X
as “adversarial” if it is drawn from Dadv, and say it is “pseudo-adversarial” if it is drawn from
some component i ∈ [k], but satisfies ‖m(j) − µi‖2 > 7∆. Then, by the bounded fourth moment
assumption (40), there are few pseudo-adversarial points, made rigorous as follows.

Lemma 23. With probability at least 1− δ− exp(−Ω(d)), the number of pseudo-adversarial points
in X is o(αn).

Proof. We first bound the probability that some Xj ∼ Di will be pseudo-adversarial. By the
proof of Lemma 21, if Xj were pseudo-adversarial, it must be the case that in the direction v
corresponding to m(j) − µ̂i, 〈v,Xj〉 > 〈v, µi〉+ ∆. However, by (40) and Markov,

Pr
X∼Di

[
〈v,X − µi〉4 ≥ ∆4

]
≤ C

∆4
= o

(
α2
)
.
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Algorithm 17 ClusterRobustBFMM(X, L,∆, k, δ, α)

1: Input: X = {Xj}j∈[n] ∼ (1 − ǫ)
∑

i∈[k] αiDi + ǫDadv where Di has mean µi and satisfies (40),

all αi ≥ α, ǫ ≤ α
4 , and n = Θ( d

α ), L of size O(α−1) containing (for all i ∈ [k]) µ̂i ∈ L with

‖µ̂i − µi‖2 ≤ ∆ for ∆ = ω(
√
α−1), δ ∈ (0, 1)

2: G ∈ R
d×c ← entrywise ± 1√

c
uniformly at random, for c = Θ(log n

δ ) (Johnson-Lindenstrauss

matrix [Ach03])
3: Let m : [n]→ L map each Xj to the element µ̂ ∈ L minimizing

∥∥G⊤(Xj − µ̂)
∥∥
2

4: Sµ̂ ← {j ∈ [n] | m(j) = µ̂} for all µ̂ ∈ L, Bµ̂ ←
⋃

µ̂′∈L|‖G⊤(µ̂−µ̂′)‖
2
≤15∆ Sµ̂′

5: L′ ← {µ̂ ∈ L | |Bµ̂| ≥ 0.9αn}
6: Define an equivalence relation ∼ on X′ by Xi ∼ Xj iff

∥∥G⊤(m(i) −m(j))
∥∥
2
≤ 55∆, for

X′ := {Xi ∈ X | m(i) ∈ L′}; if this is not an equivalence relation, then return any labeling
7: return Labeling of X′ associated with ∼, along with X \X′ as “unlabeled”

Union bounding over all possible directions v (one for each of the O(α−1) elements of L other than
µ̂i), this implies the chance that X drawn from any Di is pseudo-adversarial is o(α). Hence, the
expected number of pseudo-adversarial points in our entire dataset is o(αn), and the conclusion
follows by applying standard binomial concentration.

Now, Corollary 4 holds for ClusterRobustBFMM simply by lumping together the pseudo-adversarial
points and the adversarial points in its proof (in particular, no hypothesis more than 25∆ away from
a true mean can capture any points in the dataset other than adversarial and pseudo-adversarial
ones). We now state analogs of Corollaries 5 and 6.

Corollary 7. Suppose every pair i, i′ ∈ [k], i 6= i′ satisfies ‖µi − µi′‖2 > 55∆. Then with probability
at least 1− δ − n exp(−Ω(∆2))− k exp(−Ω(d)), Algorithm 17 (assuming its preconditions) outputs
a correct clustering of a 1− o(α) proportion of points associated with some component i ∈ [k] (up
to label permutation).

Proof. The proof is identical to Corollary 5, where we only guarantee correctly labeling points which
are not pseudo-adversarial; ∼ will correctly cluster all such points by separation and Corollary 4.

Corollary 8. Suppose every pair i, i′ ∈ [k], i 6= i′ satisfies ‖µi − µi′‖2 = Ω(
√
α−1 log α−1) for

an appropriate constant. There is an algorithm drawing n = Θ( d
α ) samples from the mixture

(1−ǫ)
∑

i∈[k] αiDi+ǫDadv where Di has mean µi and satisfies the bounded fourth moment condition
(40), and returns a correct clustering of a 1 − o(α) fraction of all points drawn from some Di (up
to label permutation) with probability at least

1− δ − k exp (−Ω(d)) .

The algorithm runs in time, for any fixed ǫ0 > 0,

O

(
n1+ǫ0d log4 n log4

n

δ
+

1

α2
log4

n

δ
+

n

α
log

n

δ

)
.

Proof. The proof is identical to Corollary 6, using Corollary 7 instead of Corollary 5, and using
that the pseudo-adversarial points will not substantially affect cluster overlap guarantees.
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5.4 Bounded-covariance mixture models

In this section, we finally handle the case of non-uniform corrupted mixture models under only a
bounded-covariance assumption; in particular, we study (39) where every component Di for i ∈ [k]
has covariance bounded by I. We again assume that all αi ≥ α, and ǫ ≤ α

4 .

Algorithm 18 ClusterRobustBCMM(X, L,∆, k, δ, α)

1: Input: X = {Xj}j∈[n] ∼ (1− ǫ)
∑

i∈[k] αiDi + ǫDadv where Di has mean µi and has covariance

bounded by I, all αi ≥ α, ǫ ≤ α
4 , and n = Θ( d

α), L of size O(α−1) containing (for all i ∈ [k])

µ̂i ∈ L with ‖µ̂i − µi‖2 ≤ ∆ for ∆ = Ω(
√
α−1 log α−1), δ ∈ (0, 1)

2: G ∈ R
d×c ← entrywise ± 1√

c
uniformly at random, for c = Θ(log n

δ ) (Johnson-Lindenstrauss

matrix [Ach03])
3: P ← L⊤(LL⊤)−1L (i.e. projection matrix onto the subspace spanned by L) where L ∈

R
O(α−1)×d is the vertical concatenation of L

4: X̃j ← G⊤PXj for all j ∈ [n], µ̃i ← G⊤µ̂i for all µ̂i ∈ L

5: L̃←
{
µ̂i ∈ L

∣∣∣ |S(µ̂i)| ≥ αn
2

}
, where S(µ̂i) :=

{
Xj ∈ X

∣∣∣
∥∥∥X̃j − µ̃i

∥∥∥
2
≤ 2.5∆

}

6: Define an equivalence relation ∼ on L̃ by µ̂i ∼ µ̂j iff ‖µ̃i − µ̃j‖2 ≤ 20∆; if this is not an
equivalence relation, then return any labeling

7: return Labeling of X where X̃j and X̃j′ have the same label iff X̃j ∈ S(µ̂i) and X̃j′ ∈ S(µ̂i′)
for µ̂i ∼ µ̂i′

We briefly describe Algorithm 18. Line 3 forms the projection matrix onto the span of L. Line
5 “prunes” the set L to a set L̃ where we only keep candidates with enough data points close by
(in the subspace spanned by L). Line 6 then appropriately partitions the candidates, and Line 7
partitions the dataset based on the candidate partition. In the following proof we use Pµ̂ = µ̂ for
all µ̂ ∈ L, and that all µi have a point in the subspace projected to by P at most ∆ away.

Lemma 24. With probability at least 1 − δ − k exp(−Ω(d)), if ∆ = Ω(
√
α−1 log α−1), and every

pair i, i′ ∈ [k], i 6= i′ satisfies ‖µi − µi′‖2 > 20∆, Algorithm 18 returns a correct clustering of a
1− o(1) fraction of all pointns drawn from some Di. The algorithm runs in time

O

(
n ·
(
d +

1

α

)
· log

n

δ

)
.

Proof. Throughout this proof, condition on the event that distances between PX∪L are preserved
up to 1 ± 0.1 by multiplication through G⊤ and that there are at most αn

3 adversarial points; we
will union bound this conditioning with an event of probability 1− k exp(−Ω(d)).

We first claim that any µ̂ ∈ L satisfying ‖µ̂− µi‖2 ≤ ∆ for some i ∈ [k] is contained in L̃,
with probability at least 1 − exp(−Ω(d)): call this claim †. To see †, with probability at least
1− exp(−Ω(d)), a 9

10 fraction of Xj ∈ X sampled from Di satisfy ‖P(Xj − µi)‖2 ≤ ∆. This follows

since Chebyshev’s inequality, ∆ = ω(
√
α−1), and P projecting onto a O(α−1)-dimensional subspace

imply the probability ‖P(Xj − µi)‖2 ≤ ∆ is o(1). By triangle inequality and P � I, for such Xj ,

‖P(Xj − µ̂)‖2 ≤ ‖P(Xj − µi)‖2 + ‖P(µ̂ − µi)‖2 ≤ ∆ + ‖µ̂− µi‖2 ≤ 2∆.

Since G⊤ preserves distances to a 1.1 factor, this implies
∥∥∥X̃j − µ̃

∥∥∥
2
≤ 2.5∆ as desired.
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We next claim that any µ̂ ∈ L satisfying ‖µ̂− µi‖2 > 7∆ for all i ∈ [k] will not be contained in

L̃, with probability at least 1 − exp(−Ω(d)). To see this, we claim S(µ̂) can only contain an o(α)
fraction of the points drawn from Di; summing over all Di, and adding in all ≤ αn

3 adversarial
points, shows |S(µ̂)| < αn

2 . This latter claim follows by first observing that for Xj ∈ S(µ̂),

‖P(Xj − µi)‖2 ≥ ‖µi − µ̂‖2 − ‖µi −Pµi‖2 − ‖P(Xj − µ̂)‖2
> 7∆−∆− 3∆ = 3∆ ≥ ‖P(Xj − µ̂)‖2 .

The first inequality used that Pµ̂ = µ̂, and the triangle inequality twice. In the second inequality,
we used ‖µi −Pµi‖2 ≤ ∆ since the subspace projected to by P contains a point at most ∆ away
from µi, and ‖P(Xj − µ̂)‖2 ≤ 3∆ by the assumption on G and Xj ∈ S(µ̂). This implies that the
projection of Xj is closer to Pµ̂ = µ̂ than Pµi. Letting D′

i be the projection of Di by P, X ∼ D′
i

is closer to µ̂ than Pµi with probability at most 1
Ω(∆2)

= o(α) by arguments in Lemma 21 and

Chebyshev. Hence, the probability that Xj ∈ S(µ̂) is o(α), as desired.

Now, under the success of all above conditioning events, by the minimum separation assumption
of 20∆, each surviving µ̂ ∈ L̃ has a unique µi such that ‖µ̂− µi‖2 ≤ 7∆, and each designated µ̂i

with ‖µ̂i − µi‖2 ≤ ∆ survives. Hence, the equivalence partition succeeds and captures all µ̂ ∈ L̃ at

distance at most 7∆ from a µi. Moreover, for every pair µ̂, µ̂′ ∈ L̃ such that ‖µ̂− µi‖2 ≤ 7∆ and
‖µ̂′ − µi′‖2 ≤ 7∆ for some i 6= i′,

X ∈ S(µ̂) ∩ S(µ̂′) =⇒
∥∥µ̂− µ̂′∥∥

2
≤ 6∆.

Since the minimum separation between µi and µi′ is 20∆, this is a contradiction by the triangle
inequality. So, no sets S(µ̂) and S(µ̂′) intersect, where the hypotheses are close to different means.
Thus the labeling in Line 7 is well-defined. It remains to show that if Xj ∼ Di, we will have
Xj ∈ S(µ̂i) with probability 1− o(1) (and hence a 1− o(1) fraction of points is labeled correctly).
This was in fact shown earlier, when we proved the claim †.
Finally, it is clear that all operations can be performed in the desired runtime: G⊤P can be
computed explicitly in time O(d2α−1 +d2 log n

δ ) = O(nd+d2 log n
δ ) via näıve matrix multiplication,

and all projection and distance computations (multiplying all points and hypotheses by G⊤P,
computing all S(µ̂), and checking all pairwise distances in Line 6) take time O(n·(d+ 1

α )·log n
δ ).

Corollary 9. Suppose every pair i, i′ ∈ [k], i 6= i′ satisfies ‖µi − µi′‖2 = Ω(
√
α−1 log α−1) for

an appropriate constant. There is an algorithm drawing n = Θ( d
α ) samples from the mixture

(1 − ǫ)
∑

i∈[k] αiDi + ǫDadv where Di has mean µi and covariance bounded by I, and returns a
correct clustering of a 1 − ǫ1 fraction of all points drawn from some Di (up to label permutation)
for any fixed ǫ1 > 0, with probability at least

1− δ − k exp(−Ω(d)).

The algorithm runs in time, for any fixed ǫ0 > 0,

O

(
n1+ǫ0d log4 n log4

n

δ
+

1

α2
log4

n

δ
+

n

α
log

n

δ

)
.

Proof. Since the goal is to correctly label a 1− ǫ1 fraction of all points, we can use a ǫ1
2 fraction of

our dataset as holdout for learning an independent list L. We then use this list to cluster a 1− ǫ1
2

fraction of the remaining points via Lemma 24.
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