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Abstract

We study the power of multiple choices in online stochastic matching. Despite a long line of
research, existing algorithms still only consider two choices of offline neighbors for each online
vertex because of the technical challenge in analyzing multiple choices. This paper introduces
two approaches for designing and analyzing algorithms that use multiple choices. For unweighted
and vertex-weighted matching, we adopt the online correlated selection (OCS) technique into the
stochastic setting, and improve the competitive ratios to 0.716, from 0.711 and 0.7 respectively.
For edge-weighted matching with free disposal, we propose the Top Half Sampling algorithm. We
directly characterize the progress of the whole matching instead of individual vertices, through
a differential inequality. This improves the competitive ratio to 0.706, breaking the 1 — é barrier
in this setting for the first time in the literature. Finally, for the harder edge-weighted problem
without free disposal, we prove that no algorithms can be 0.703 competitive, separating this
setting from the aforementioned three.
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1 Introduction

Optimization problems in real-life scenarios often need to consider the uncertainties of what will
happen in future. In the multibillion business of online advertising, for example, a platform receives
over time user queries, a.k.a., impressions, and selects advertisements to show immediately when
each impression arrives without accurate knowledge of what impressions will come later.

If the algorithm knows nothing about future impressions, this is modeled by the online bipartite
matching problem of Karp, Vazirani, and Vazirani [22] and its variants. Advertisers and impressions
are vertices on the two sides of a bipartite graph. Advertisers are known to the platform beforehand,
and therefore are called the offiine vertices. Impressions arrive over time and are the online vertices.
FEdges of the bipartite graph model which advertiser is interested in which impression, e.g., based
on the search keywords. When each online vertex arrives, the algorithm sees its incident edges and
irrevocably decides how to match it right away. Karp et al. [22] studied unweighted matching and
gave a 1 — % competitive Ranking algorithm. It means that the expected size of the online matching
is at least 1 — % times the maximum matching size in hindsight. They also proved it to be the best
possible under worst-case analysis.

Online advertising platforms, however, have a lot of data which provide information about future
impressions. Can we use the information to break the 1 — % barrier? Modeling the information as
a distribution from which each online impression is drawn, Feldman et al. [13] proposed the online
stochastic matching model and gave an affirmative answer to this question assuming integral arrival
rates of online vertices.! Their algorithm builds on an idea called the power of two choices, originally
from online load balancing [2, 27]. For each online vertex, the algorithm finds two candidate offline
neighbors based on the distribution of online vertices, independent of which offline vertices have
been matched; it then matches the online vertex to the first unmatched candidate if there is any. A
long line of subsequent research not only improved the competitive ratio, but also generalized the
results to vertex-weighted matching [5, 16, 19] and edge-weighted matching [5, 15], and to arbitrary
arrival rates [16, 19, 25]. Despite much progress, these improved algorithms are still under the above
framework of the power of two choices.

This paper asks two natural questions: (1) Why not ezamine multiple choices for each online
vertex? (2) Why not focus on unmatched neighbors when selecting candidates? To our knowledge,
previous algorithms did not make these obvious improvements mainly because of the difficulties in
the analysis. Existing analyses rely on fine-grained characterizations of the match probabilities of
offline vertices. On the one hand, restricting to two choices implies that each offline vertex can
only be matched by two means: as the first candidate, or as the second candidate when the first is
already matched. The analyses then consider the probabilities of the two cases separately. On the
other hand, selecting candidates independent of past matched events ensures that the match events
of different offline vertices are almost independent (e.g., [16, 19]). The independence substantially
simplifies the calculations of the offline vertices’ matched probabilities.

1.1 Owur Contributions

This paper proposes two approaches to overcome the above difficulties. The first approach adopts a
recent technique called online correlated selection (OCS) [4, 11, 14, 28] into the stochastic setting,
so that we can make adaptive matching decisions with only unmatched neighbors as candidates,
and can still analyze the matched probabilities of offline vertices. The second approach sidesteps
the characterization of individual offline vertices’ matched probabilities, and considers the online
algorithm’s overall progress directly. Both approaches lead to improved algorithms and competitive

!That is, the expected number of each type of online vertex realized in the bipartite graph is a positive integer.



Table 1: Summary of Results. We round down algorithmic results and round up hardness results,
to three decimal places. The results in this paper are on the right of the arrows in bold.

Algorithms Hardness
Unweighted 0.711 [16] — 0.716 (§4)  0.823 [25]
Vertex-weighted 0.700 [16] — 0.716 (§4) 0.823 [25]
Edge-weighted (Free Disposal) 0.632 [13] T — 0.706 (§3) 0.823 [25]
Edge-weighted 0.632 [13] 1 0.823 [25] — 0.703 (§5.1)

T Although Feldman et al. [13] only analyzed unweighted matching, they effectively showed that every edge is
matched with probability 1 — 1/e times the LP variable, which is sufficient for edge-weighted matching as well.

ratios in various settings of online stochastic matching. We next briefly introduce our algorithms
and techniques in the Poisson arrival model, in which online vertices of each type independently
follow a Poisson process with time horizon [0, 1]. This is asymptotically equivalent to the original
online stochastic matching model [16]. Table 1 gives a summary of our improved competitive ratios
for general arrival rates; see Subsection 1.2 for previous results that assumed integral arrival rates.

Poisson Online Correlated Selection. Like previous works, we rely on the optimal solution
of a linear program (LP) relaxation. For any online vertex type ¢ and offline vertex j, the LP gives
0 < z;; <1 as a reference of how likely a type ¢ online vertex should be match to j. Intuitively,
we may want to match a type i online vertex to each unmatched neighbor j with probability
proportional to x;;. Inspired by the multi-way semi-OCS of Gao et al. [14], we propose the Poisson
OCS which further adjusts the match probabilities based on the LP matched level x; = . xy;
of offline vertices j. If a type ¢ online vertex arrives at time ¢, Poisson OCS matches it to each
unmatched neighbor j with probability proportional to e'iz;;. The exponential weights come
from an informal invariant. If we match each type ¢ online vertex independently to a neighbor j
(matched or not) with probability z;;, the probability that an offline vertex j is still unmatched at
time t equals e7*%. Since Poisson OCS is better, this unmatched probability is at most e=*%i. The
expected mass of matching ¢ to j at time ¢ in Poisson OCS is therefore at most "% x;; - e~ = z;;.
Poisson Matching Linear Program Hierarchy. Our Poisson OCS analysis requires that the
LP does not match the online vertices close to deterministically. If every online vertex type 4 is fully
matched to a single offline neighbor, the competitive ratio is only 1— % Fortunately, existing LPs in
the literature satisfy this requirement. We first study the Natural LP and a corresponding Converse
Jensen Inequality of Huang and Shu [16], which already allow us to improve the competitive ratio
of vertex-weighted online stochastic matching from 0.7 to 0.707. Moreover, we introduce a Poisson
Matching LP Hierarchy that contains the Natural LP at its first level. We give a polynomial-time
separation oracle for the LP at any constant level, and thus show its computational tractability.
Finally, we prove a Converse Jensen Inequality for the second level Poisson Matching LP, and get
the following result for unweighted and vertex-weighted matching.

Informal Theorem 1. Poisson OCS with the second level Poisson Matching LP is a polynomial-
time, 0.716-competitive algorithm for unweighted and vertex-weighted online stochastic matching.

Top Half Sampling. We next turn to edge-weighted matching. First consider the free disposal
model which allows the algorithm to rematch a matched offline vertex to a heavier edge. In online



advertising, it means that we show an advertisement multiple times, but only charge the advertiser
for the most valuable impression. We design the Top Half Sampling algorithm. When a type i online
vertex comes, first consider the marginal weight of matching it to each offline neighbor j: if j is
currently matched to an edge with weight w, the marginal equals max{w;; —w, 0}. Next, we sort the
offline neighbors by descending order of the marginals, double the LP matched probability x;;, and
truncate the excessive probabilities if the total exceeds 1. For example, if there are three neighbors
sorted by the marginals and the z;;’s equal 0.4, 0.4, and 0.2, then the adjusted probabilities are
0.8, 0.2, and 0.0. That is, the algorithm focuses on the most valuable half of the neighbors. Finally,
match to an offline neighbor according to the adjusted probabilities.

Whole-match Analysis via Differential Inequality. Top Half Sampling biases towards some
of the offline vertices by definition. Therefore, some offline vertices are matched faster than what the
LP solution indicates, and the others are matched slower. This calls for an analysis that considers
the progress of the whole matching instead of individual offline vertices. Indeed, our analysis will
characterize the whole-match progress by a linear differential inequality. Let A(t) be the difference
between the LP optimal and the algorithm’s expected objective at any time ¢t. We will establish
coA(t) + 1 LA(t) + o %fl(t) < 0 for some positive coefficients ¢y, 1, co. Intuitively, it means that
the farther the algorithm’s objective is from the LP optimal (i.e., if A(t) is large), and the faster
the marginal match rate decreases (i.e., if di;gfl(t) is large), the larger the current match rate would
be (i.e., %fl(t) must be sufficiently negative). This breaks the 1 — 1 barrier in edge-weighted online

e
stochastic matching with free disposal for the first time in the literature for arbitrary arrival rates.

Informal Theorem 2. Top Half Sampling is a polynomial-time, 0.706-competitive algorithm for
edge-weighted online stochastic matching with free disposal.

On Multiple Choices. Informally, for each online vertex, previous algorithms based on the
power of two choices first sample two offline vertices according to the LP solution, oblivious to the
previous matching decisions. These algorithms then match the online vertex to the first unmatched
sampled offline vertex. The natural extension is to sample more than two offline vertices in the
first step. In the limit when we sample an infinite number of offline vertices, it becomes sampling
without replacement. Poisson OCS is a sampling without replacement with adjusted marginals.
Top Half Sampling is also a sampling without replacement with adjusted marginals for any online
type, unless the sum of LP variables corresponding to matched neighbors exceeds half the type’s
arrival rate. In this sense, our algorithms use the power of multiple choices.

Hardness Results. For the harder edge-weighted model without free disposal, we prove that no
algorithms can achieve the competitive ratios in the above positive results. This holds even if we
have unlimited computational power. Although this hardness does not rule out breaking 1 — %, it
separates the edge-weighted problem without free disposal from the other three settings.

Informal Theorem 3. No algorithm can be 0.703-competitive for edge-weighted online stochastic
matching without free disposal.

Finally, we prove that no algorithm can be more than 0.706 competitive compared to the LP
of Jaillet and Lu [19]. Thus, more expressive LPs such as the Natural LP and Poisson Matching
LPs are necessary for getting our improvements in unweighted and vertex-weighted matching.

Ttis 1 — ﬁ(% — 12—22) We incorrectly round it down to stress it is the same ratio as in Informal Theorem 2.



Organization. We will first present Top Half Sampling in Section 3 because of its simplicity,
followed by Poisson OCS in Section 4. These two sections are self-contained and therefore can be
read separately. Section 5 will prove the hardness results.

1.2 Other Related Work

The literature has obtained better competitive ratios when the online types have integral arrival
rates. The best known ratio for unweighted and vertex-weighted matching is 0.7299, and the best
result for the edge-weighted case is 0.705, due to Brubach, Sankararaman, Srinivasan, and Xu [5].
Therefore, our upper bound of 0.703 for edge-weighted matching with general arrival rates shows
that the general problem is strictly harder than the special case of integral arrival rates. Further,
Brubach et al. [5] and Haeupler et al. [15] partially employed three choices in their algorithms for
the special case of integral arrival rates.

The optimal Ranking algorithm of Karp et al. [22] for the worst-case model of online matching
was generalized to vertex-weighted matching by Aggarwal et al. [1]. Feldman et al. [12] noted that
no non-trivial competitive ratio is possible for edge-weighted online matching without free disposal.
They introduced the free disposal model and gave an optimal 1 — % competitive algorithm under a
large-market assumption. Mehta et al. [26] introduced another notable variant of online matching
called AdWords. They gave an optimal 1 — % competitive algorithm also assuming a large market.
These results were later simplified and unified under the online primal dual framework [6, 7, 8].
The aforementioned OCS technique led to the first algorithms that improve the % competitive ratio
of greedy in the general cases of edge-weighted matching [4, 11, 14, 28] and AdWords [18].

The literature has also studied models between the worst-case and stochastic models, notably
the unknown ITD model and the random arrival model. The former assumes that online vertices are
IID like online stochastic matching, but the algorithm does not know the distribution. The latter
considers worst-case bipartite graphs like the worst-case model, but assumes a random arrival order
of online vertices. These models allow us to break the 1 — % barrier in unweighted matching [21, 24]
and vertex-weighted matching [17, 20], to get a % competitive edge-weighted algorithm without free
disposal [23], and even to be 1 — € competitive in AdWords under a large-market assumption [9].

2 Preliminaries

Poisson Arrival Model. Consider a set I of online vertex types and a set J of offline vertices.
Each online type i arrives independently following a Poisson process with time horizon 0 <t <1
and arrival rate A;. Define Ag = >, A; for any subset S of online types. We refer to A = A7 as the
(expected) number of online vertices. Online vertices of type ¢ are adjacent to a subset J; of offline
vertices. We denote the set of edges as E = {(i,j) :i € I,j € J;},and let I; ={i € I : (i,j) € E}
be the set of online types adjacent to any offline vertex j. Each edge (i,7) has a positive weight
w;;. We want to maximize the expected total weight of the matched edges. The problem is vertez-
weighted if w;; = w; for all edges (i, j) in which case the objective becomes maximizing the expected
total weight of the matched offline vertices. It is unweighted if w;; = 1 for all edges (7,7) in which
case the objective is to maximize the expected cardinality of the matching.

(Original) Online Stochastic Matching Model. The model by Feldman et al. [13] considers a
fixed integral number of online vertices A. The online vertices arrive one by one, each independently
draws a type ¢ with probability % The rest is the same as the Poisson arrival model. Huang and
Shu [16] proved an asymptotic equivalence between the two models.



Online Algorithms. An online algorithm immediately and irrevocably decides how to match
each online vertex when it arrives. This paper considers the worst-case competitive analysis which
examines the ratio of an online algorithm’s expected objective to the expected optimal objective
in hindsight, i.e., that from always choosing the optimal matching based on the realized bipartite
graph. The competitive ratio of an online algorithm is the infimum of this ratio. We also say that
an online algorithm is I'-competitive if its competitive ratio is at least I".

The problem admits free disposal if each offline vertex can be matched multiple times, yet only
the heaviest edge matched to it contributes to the objective. This effectively allows the algorithm
to dispose earlier lighter edges for free. Note that free disposal is irrelevant in the vertex-weighted
and unweighted problems since all edges adjacent to an offline vertex have the same weight.

Natural Linear Program. Like previous works, our analyses compare the algorithms’ objectives
to the optimal value of a linear program (LP) relaxation of the online stochastic matching problem.
Our starting point is the Natural LP introduced by Huang and Shu [16] (see also Torrico et al. [29]
for a version for online stochastic matching with integral arrival rates), which is the tightest in the
literature thus far:

maxgz>0 Z WijTij st. Viel: Z Tij <\ R V] S J,VS - Ij : Z:Eij <1-— e_)‘s .
(i.j)eE Jjed; €S

Let OPT be the optimal LP objective. We abuse notation and let x;; also denote the optimal
solution of the natural LP (and of the tighter LPs that we will introduce in this paper). Further
artificially define x;; = 0 for any (i,j) ¢ E for notational simplicity. Finally, let p;; = gf\‘j which
may be interpreted as the probability that an online vertex of type i is matched to offline vertex j.

Theorem 1 (c.f., Huang and Shu [16]). The natural LP can be solved in polynomial time.

Theorem 2 (Converse Jensen Inequality, c.f., Huang and Shu [16]). For any convex f :[0,1] - R
such that f(0) =0, and any offline vertex j € J with x; =), z;;:

Sas()s [ e,

el

Denote function max{xz,0} as z*. Considering f(z) = (= %)Jr gives the next corollary.

Corollary 3. For any offline vertex j € J, D ,c; (:Eij — %)Jr < 1_312.

3 Edge-weighted Matching with Free Disposal

3.1 Top Half Sampling

Suppose that an online vertex of type i arrives at time 0 <t < 1. Let w;(t) denote the maximum
edge-weight matched to j right before time ¢. The marginal weight of edge (i, ) is:

def

wij(t) = (wij - wj(t))+

Further let >~;; be the total order over offline neighbors in descending order of the marginal
weights, breaking ties arbitrarily. Hence, if j # j' € J; and j >;; j' then w;;(t) > w;j(t). Naturally
J =i+ j' means that either j >;; j/ or j = j'.
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Figure 1: Illustration of how Top Half Sampling matches an online vertex of type ¢ arriving at ¢.

Finally, define 0, : [0, \;) — J; such that for any 6 € [0, );), 0;.(0) satisfies:

Z Tij <0 < Z Tij -

J€Jiiji104,4(0) J€Jiijmi104,4(0)

Ifo>>" jeJ; Tijs artificially define 0;,(f) = L as a dummy with zero marginal weight. Intuitively,
0i+(0) is the 6-th heaviest neighbor of online vertex type i at time ¢ where each edge occupies
xi; “slots”. The algorithm matches the online vertex to j = () for § sampled uniformly from
[0, %) See Figure 1 for an illustration.

We may interpret the 1 — % competitive Suggested Matching algorithm of Feldman et al. [13] as
sampling # uniformly from [0, \;), and defining o, by an arbitrary order of offline neighbors, not
necessarily the descending order of marginal weights. Our algorithm, by contrast, samples from
the top half of offline neighbors by the marginal weights. We therefore call it Top Half Sampling.

Top Half Sampling
Input at the beginning:

e Online types I, offline vertices J, edges E;

e Arrival rates (\i)ier, edge weights (wij) (i j)er;

e Fractional matching (zi;)(; j)ep that satisfies Corollary 3, e.g., the Natural LP solution.
When an online vertex of type i € I arrives at time 0 <t < 1:

e Sample 6 uniformly from |0, %),

e Match the online vertex to j = ;+(0).

\.

3.2 Analysis

Theorem 4. Top Half Sampling is I'-competitive for edge-weighted online stochastic matching with

free disposal where:

1 /1 In2
P=1-r——(5-——) > 0.7062.

Recall that OPT is the optimal LP objective. For any time ¢, let A(t) denote the objective of
the algorithm right before time ¢, and further define A(t) = OPT — A(t). Our main lemma is the
next differential inequality. We next prove Theorem 4 assuming the lemma’s correctness, deferring
the lemma’s proof to the end of section.



Lemma 5. For any 0 <t < 1:
d2

(2—1—2ln2)E/1(t)—|—(3+ln2)%E[l(t)+WEA(t)§0. (1)

The following boundary conditions follow from the definitions of A(t) and Top Half Sampling.
For completeness, Appendix A.1 includes the proof of Lemma 7.

Lemma 6. A(0) = OPT.
Lemma 7. ZEA(t =0) < —OPT.

Proof of Theorem /. By the differential inequality and boundary conditions in Lemmas 5, 6 and 7:

EA(1) 1 1 In2
S ( - ) )
OopT 1—1n2\2 €2

with equality achieved when for any 0 <t < 1:

EA(t) 1 ( 1 ln2)
Opt  1—-In2\(2e)t 2

For completeness, Appendix A.2 includes this standard analysis of differential inequality. Now
the theorem follows since the expected objective of Top Half Sampling is E A(1) = OpT — E A(1).
O

3.2.1 Proof of Lemma 5: Unweighted Case

It is instructive to first consider unweighted matching. The unweighted assumption is only used to
relate the differential inequality with our variables; all inequalities and lemmas about the variables
themselves continue to hold in the edge-weighted case. Generalizing to the edge-weighted case will
be relatively straightforward given these ingredients.

For any time ¢t and any edge (4, j), let x;;(t) = x4; if j is unmatched right before time ¢, and 0
otherwise. Let z;(t) = Y je; Tij (t) for any online vertex type i. Suppose that an online vertex of
type i arrives at time ¢. Consider function p(p) = min{2p, 1}. By definition, Top Half Sampling at
most doubles the LP match probability, and therefore matches this online vertex with probability
p(x‘)\—(f)) Since type 7 vertices arrive at rate );, they contribute \; p(x’)\—(f)) to the algorithm’s match

rate (i.e., — % A(t)). Further let y;;(t) be edge (i,)’s contribution. We have:
xX; t
> i) = AiP(%) : (2)
j€d; '

The definition of Top Half Sampling further implies:

)\ip(xi(t)) - )\ip<xi—(t) — x”_(t)) < vi;(t) < min {2 (t), \i } (3)

Ai Ai Ai
——
match rate of i  max match rate of (¢,5) for j/ #j  match rate of (i,j)  doubled LP match rate, capped by A;

We next prove the main lemma about function p.

Lemma 8. For any 0 < p; <1 and any p;; > 0 such that ZjeJi pij = pi:

p(pi) = pi > % > (p(pi) —p(pi — pij) — (2pij — 1)*) :

JE€J;



Proof. 1f p; < %, we have p(p) = 2p on both sides, and (2p;; — 1)* = 0 for all j. Both sides are p;.

Next suppose that p; > % The left-hand-side then equals 1 — p;.

If p;; > % for some j, for all other j" # j we have p; — p;j» > % and p(p;) = p(pi — piy) = 1.
Hence, the right-hand-side equals %(1 —2(p;i — pij) — (2pi; — 1)) =1 —p;.

Otherwise, the right-hand-side is Zj (1 —p(pi — p,-j)). Since 1 —p(p; — pij) is convex in p;j, it is
maximized when there are ji,j2 with p;;, = % and p;j, = p; — %, with maximum value 1 — p;. O

Proof of Eqn. (1). We shall prove it for any time ¢ even conditioned on the randomness before
time ¢ both in the Poisson arrivals and in the algorithm. The remaining argument omits ¢ in the
variables for notational simplicity. Since y;; is the match rate of edge (i, ), let y; = >, y;; be the
total match rate of offline vertex j. Next we write the three terms of the differential inequality by
our notations. The zeroth-order term satisfies:

121 § Zl‘l = Z l‘ij .
el (i,7)€EFE

It holds with equality at time 0. Further, the right-hand-side decreases by at most 1 when an offline
vertex is matched, and the left decreases by exactly 1. The first-order and second-order terms are:

d -
it = 2y

JjeJ
JjeJ ~— el —_——— N—_— ———
match rate of j current match rate of ¢  match rate of 7 after matching j

Writing A;; = (22 — \) 1 and A; = Zielj A;j, Equation (3) implies that:
y]§Zm1n{2x”,)\l}:2Zx,]—ZA”§2—A] . (4)
iEIj iGIj iGIj

We can therefore relax the second-order term as follows. This relaxation is superfluous in
unweighted matching but will be necessary in the edge-weighted case.

5_;14 => Uiy, (Aip(i—:) - M’(i—j - %) - Az’j) + D uid
jeJ jeJ

1€l
<300 X (M%) - an(E - 2) - a5+ Sty
; , Ai Ai N ;
jeJ i€l jeJ
Finally, Corollary 3 can be restated as for any j € J:
Aj § 1-In2. (5)

Replacing the three terms of differential inequality (1) by the above relaxations and rearranging
terms, it reduces to the following lemma.

Lemma 9. Suppose that nonnegative (zi5); jyers (Yij)ajyer and (Aj)jes satisfy Equations (2),
(3), and (5). Further suppose that z; = Zj xij < N, Yj = D Yij, and Ay = (245 — \i)T.% Then:

Z (Q—Aj) Z </\2p<%) —/\zp(%—%) —Aij> —I—Z Yj (Aj—l—l—ln 2) < (2+2 In 2) Z (yij—xij) .
jeJ i€l E ! ¢ jeJ (i,j)EE

3This lemma does not assume 5 ; Aij = Aj, an important flexibility that will be useful in the edge-weighted case.




Proof. Consider any (z;) that satisfies 3 zi; = 23 (yi; — @i5) for all i € I and:

(3,7)€EE

T r, x
/\z‘P()\—Z) —)\Zp<)\—2—)\—lj> — Ay < zij < iy - (6)
It exists because (i) by the first part of Eqn. (3), the lower bound of z;; is smaller than or equal to
the upper bound; (ii) by Lemma 8 and Eqn. (2) the lower bound sums to at most 23, (vij — i;);
and (iii) by the second part of Eqn. (3) the upper bound sums to at least 23, (y;; — ;).

It remains to prove that:

Z(2—Aj)Zij+Zyj(Aj—1+ln2) (1+1In2 ZZZU.

J

Rearrange terms and this becomes:

Z(l—an—Aj)Z(yij—Zij)207

7 7

which follows by Equations (5) and (6). O

3.2.2 Proof of Lemma 5: Edge-weighted Case

Like the unweighted case, we shall prove differential inequality (1) at any time ¢ conditioned on
any realization of randomness before time ¢ both in the Poisson arrivals and in the algorithm. We
will drop t from all variables except for the marginal weights for notational simplicity.

For any edge (i, j) and any weight-level w > 0, define z;;(w) = z;; if the marginal weight meets
the weight-level, i.e., w;;(t) > w, and z;;(w) = 0 otherwise. Let z;(w) = >, x;j(w). Recall that
y;; is the match rate of edge (7,7), i.e., the product of type i’s arrival rate \; and the probability
that Top Half Sampling would match a type i online vertex to j should it arrive at time ¢; and
yj = »_; Yij- For any weight-level w > 0 let y;;(w) = y;; if w;j(t) > w and y;j(w) = 0 otherwise.
Finally, let y;(w) = >, yij(w).

The zeroth-order term can be bounded by:

A< S wpu) = [ 2wyt
(3,7)€EFE (3,7)€EFE

The inequality holds with equality at time 0. Further, when an edge is matched the left decreases
by exactly the marginal weight, while the right decreases by at most the marginal weight.
The first-order term is:

d
d_ = Z yuwzy / Z yu

(i,5)eE (i,5)eE

Finally consider the second-order term. The match rate of edge (i,7) is ;5. If such an edge is
matched, the marginal weight of any edge (i, j) decreases from wy(t) to (wy ;(t) —ws;(t)) . Hence:

AT [ Corl) e (52




Recall that Aj; = (2 — )\i)+, Aj =3 Ay, and y; <2—Aj (i.e., Eqn. (4)). Further for any
weight-level w > 0 let A;j(w) = (2z;5(w) — )\,-)+ < Ajj. The definition of function p implies:

Mp(%zu)) — Ai]?(xi)(:)) - :E”)\(:U)) —Aij(w) =20 . (7)

We bound the second-order term in two parts. This corresponds to the superfluous relaxation
in the unweighted case, although it is necessary and more involved this time. The two parts are:

(ZZ]:Z/U Z/w’ i) o </\i/p(%;u)) - Azfp(ﬂfz')\(jv) B xi/;\flw)> - Ai/j(w)> dw
/ Zyw Z < P <%j,ﬂ)) - /\i’p<xi:\(;v) B xi//]\flw)> - Ai,j(w)>dw (Eqn. (7))

< /0 zj: (2—4)) Z (M/p(xli\(;u)) - )\z’p<$ll)\(ju) - :Elliz(,w)) - Az”j(w)> dw , (Eqn. (4))

i/

and

ZyZ]Z/ O Ayj(w)dw < Zy”Zw,j (Ayj(w) < Ayj)

(4,9) i/ (4,9)

= Zymwzy j = / Zyzy A dw .

(4.9)
Together we have that dt2A is at most:

[T (-8 X (nr(P52) (P - 2 — Aw) + sl )

i (4,9)

Now that we have written all three terms as integrals over weight-levels from 0 to oo, it suffices
to prove that for any weight-level w > 0 (rearranging terms):

3 (2-4y) Z (Ap(@) _ AZ.I,(%;ZU) B x&(w)) _ Aij(w)> + Zyj(w)(Aj —1+1n2)

< (2+2In2) Z (yij(w) - ﬂfij(w)) .
(4.4)

This follows by Lemma 9, as it is easy to verify that the variables satisfy the lemma’s conditions.

4 Vertex-weighted Matching

4.1 Poisson Online Correlated Selection

In vertex-weighted and unweighted matching, we only need to consider the probability of matching
each offline vertex. Our algorithm is an online rounding in the Poisson arrival model. It receives at
the beginning a fractional matching (z;)(; j)ep from some polytope, e.g., that of the Natural LP.
Then, when an online vertex of type ¢ arrives, the algorithm matches it to an unmatched neighbor j
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with positive x;;. For any offline vertex j that is matched to x; = )", z;; in the fractional matching,
our algorithm shall match j with probability at least I'z; by the end, where I' is the competitive
ratio for the stochastic matching problem and its value depends on the tightness of the polytope.

Our algorithm and its analysis are inspired by the online correlated selection (OCS) literature,
in particular, by the multi-way semi-OCS of Gao et al. [14]. Hence, we call it Poisson OCS.

Poisson Online Correlated Selection
Input at the beginning:

e Online types I, offline vertices J, edges E;

o Arrival rates (\;)ier;

e Fractional matching (2;)(; e such that Vi € I} z;; < A;, and Vj € J, 37, @5 < 1.
Preprocessing:

e Compute p;; = :C)\—’Z for any (i,j) € E, and z; = ), z;; for any j € J.

When an online vertex of type i € I arrives at time 0 <t < 1:

e Match it to an unmatched offline neighbor j with probability proportional to €7 p;;.

\.

4.2 Meta Analysis

For any offline vertex j and any 0 <t < 1, let Y}(¢) be the indicator of whether j stays unmatched
from time 0 to t. Further let Y;(¢t) = EY;(¢) be the probability that j stays unmatched from time
0 to t. We seek to upper bound Yj(l) for any j € J. More generally, for any subset 7' C .J of offline
vertices and any 0 < ¢ < 1, we will consider Yr(t) = [[,;c1 Y;(?), and Yr(t) = EYr(t).

The proof of the next lemma is essentially the same as the counterpart in Gao et al. [14]. We
include it nonetheless to be self-contained.

Lemma 10. For any subset T' C J of offline vertices and any time 0 <t < 1:

iYT(t) < —Yr(t) ) A > jer € pigYr(t)

(8)

dt S er € pig Vo (t) + X €3 pig V(1)
Proof. For any time 0 < t < 1, any sufficiently small ¢ > 0, any subset T" C J of offline vertices,
and conditioned on any realization of Y (t) = (Y (t)) ;. » we have:
o €7 piY5(t
E[Yr(t+e) |Y(t)] =Yr(t) <1 — e; i gii etwizinjEt; ) + O(€%) .
Multiplying the numerator and denominator by Yr(¢), and using that X? = X for X € {0,1}:
> jer € pijYr(t)

E[Yr(t+e) |Y(t)] =Yr(t) <1 — EZ Y
el

: , +0(é?) .
> jer €% pigYr(t) + 30 jer €% pig Y4 (1) > ()

This is concave (jointly) in Y7(t) and 34 '3 p; ;Y (t) (with its value defined as 0 when both
terms are 0). Next consider the expectation over the realization of Y (¢). By the Jensen Inequality:

_ _ Z ieT emi pinT(t)
Yr(t+e) < YT(t)<1 —ey N —— —— > +0(e?) .
; 2 jer € piY(t) + 3 57 €% piYr1(1)
Taking the limit with € going to 0 proves the lemma. U
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We can therefore upper bound Yr(t) for any subset T' C J and any time 0 < ¢ < 1 by a family of
functions satisfying differential inequality (8) in the opposite direction. The next lemma formalizes
this. We defer its proof to Appendix B.1.

Lemma 11. If a family of absolutely continuous functions pr : [0,1] — Rt for T C J satisfy:
pr(0) =1, and
d > jer € pigpr(t)

—pr(t) > —pp(t )\i - ; )
aPr® 0 2,: > jer €7 pigpr(t) + 3 e €% pigpr4(t) ©)

almost everywhere, then for any T C J and any 0 <t < 1:

Yr(t) < pr(t) -

Rest of the Section in a Nutshell. If the fractional matching is unrestricted (other than being
a fractional matching), we may have p;; = 1 or 0 for all (7, j), and Eqn. (9) for each offline vertex j
degenerates to %pj(t) > —p;(t)x;, giving only a trivial bound p;(t) = e~ (Subsection 4.5). Using
the constraints of the Natural LP and the Converse Jensen Inequality, we can already improve the
state-of-the-art competitive ratio for vertex-weighted matching from 0.7 to 0.707 (Subsection 4.6).
Further, we next introduce an LP hierarchy that generalizes the Natural LP (Subsection 4.3), and
give a Converse Jensen Inequality for the second level LP of this hierarchy (Subsection 4.4). Using
the second level LP we obtain our final competitive ratio 0.716 (Theorem 22, Subsection 4.7). We
leave further improvements using higher level LPs as a future research direction.

4.3 Poisson Matching Linear Program Hierarchy

Let Py (\) be the value of Poisson cumulative distribution function with arrival rate \ at k € Z*:

Lemma 12. For any k € Z' and any A > 0, %Pk()\) = Pr_1(A\) — Pi(N).
Its proof is basic calculus which we omit. For any ¢ > 1, the £-th level Poisson Matching LP is:

maximize E Wi T4

(i,))eE
subject to inj <N Viel
jeJ
DD w< Y. (1-Pa(dhs)) VI<m<LYSCINTCJ:|T|=m (10)
ieS jeT 1<k<m
xij > 0 V(i,j) € E

Artificially let the matching LP (i.e., to maximize ) wj;z;; in the matching polytope which
we will present as Eqn. (11)) be the 0-th level Poisson Matching LP. The matching constraints for
offline vertices, i.e., Y, x;; < 1, are subsumed by constraints (10) in the ¢-th level Poisson Matching
LPs for any £ > 1 with S = I,T = {j}. The Natural LP is the first level Poisson Matching LP.

The next lemmas show that the LPs in the hierarchy are indeed relaxations of online stochastic
matching, and are computationally tractable at the constant levels. The proofs are similar to the
counterparts for the Natural LP [16] so we defer them to Appendices B.2 and B.3.
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Lemma 13. For any online stochastic matching instance, the optimal objective of the instance is
at most the optimal objective of the £-th level Poisson Matching LP at any level £ > 0.

Lemma 14. For any £ > 0, the {-th level Poisson Matching LP is solvable in time polynomial in
|I| and |J|max{61},

4.4 Second Level Converse Jensen Inequality

A smooth function f : [0,1]? — R is diminishing returns (DR) submodular if its Hessian matrix
has no positive entries, i.e.:

Vi,j € [d],Yz €[0,1]Y:  8;;f(x) <0.

For any y,z € [0,1]¢, we write y V 2z = (max{yk,zk})ke[d} and y A z = (min{yk,zk})ke[n] for
the entry-wise maximum and minimum of two vectors.

Lemma 15 (Submodularity, c.f., Bian et al. [3]). Suppose that f :[0,1]? — R is a DR submodular
function. Then, for anyy,z € [0,1]%:

f)+f(2) > flyva)+flynz) .

For any vy, z € [0,1]¢ write y > z if y, > 2, for any k € [d]. The next lemma may be folklore, but
we cannot find a direct reference. We therefore include its proof in Appendix B.4 for completeness.

Lemma 16 (Jensen Inequality for DR Submodular Functions on Ordered Points). Suppose that
y: [0,1] — [0,1]? satisfies that for any 0 < u < ¢/ <1, y(u) < y(y'), and f:[0,1]* = R is a DR
submodular function. Then:

/01 Fly(w)du < f(/o1 y(u)du> :

A function f : [0,1]% — R is normalized if £(0,0,...,0) = 0.

Theorem 17 (Second Level Converse Jensen Inequality). Suppose that (zi;) j)er s in the polytope
of the second level Poisson Matching LP, and f : [0,1]> — R is a normalized and DR submodular
function. For any j1 # j2 € J, let A], A5 be the unique solution to:

zj, =1—PRy(A]) 5
2, = (2= Po(A3) — Pi(A3)) — (1 — Ro(min{A],A3})) -
Recall that p;j = %ﬂ for any (i,j) € E. We have:

X A5
[ nonas [ Cronoga i<
0 ¥
D Nif (P pigy + piga) = xS ;I
Z [ R0 PO+ [ RO RO >
0 >
The theorem follows by making a sequence of adjustments to (p;j, )icr and (pij, )ier subject to
the Poisson constraints for the singleton set {j;} and for set {j1, j2}, so that (psj, )ier and (pij, )ier
are closer to their values on the right-hand-side after each adjustment, and the weighted sum of

function values on the left weakly decreases. We defer the proof to Appendix B.5.

13



4.5 Zeroth Level Analysis: Matching Polytope

We start from the simplest instantiation of the meta analysis, which only assumes that the fractional
matching (z45)(; j)ep is from the matching polytope:

Viel:Y mij <X, Vie€J:Y m; <1, V(i,j)eE:my;>0. (11)
jed el
Lemma 18. Suppose that (z5) (i j)er is in the matching polytope. Then, the Poisson OCS ensures
that for any T C J and any 0 <t < 1:

Yr(t) < exp ( - thj) .
JET
Proof. Tt suffices to show that functions pr(t) = exp (—t Y jeT ;) for T C J satisfy Equation (9).
With these functions, and by > jpij <1, the right-hand side (omitting the negative sign) is:

> jer €7 pij > jer €7 pij
eXp<_tZ$j)Z)\ L5 0, ; >eXp<_tZ$J)Z)\ r(e®i —1)py; +1°

ier > jer €% pij + X gt Pij ier

Further:

Xjerepiy  (Cjer(e™ = Dpy)(L = 3 jer pij) +> pij =D pi
ZjeT(eth — 1)pij +1 Z]ET(G i 1)02] +1 i ij -

Hence, the right hand side is at most:
— exp < —tZ:Ej> Zx\inij = —exp < —tZ:Ej> Z:Ej .
jeT i jeT jeT jeT
which equals the left-hand-side O

JjeT JjeT

This implies that for any j € J, 1—Y;(1) > 1—e % > (1—1)z;. Hence, the Poisson OCS with
Matching LP is (1— %)-competitive for unweighted and vertex-weighted online stochastic matching.

4.6 First Level Analysis: Natural Polytope

Next, we further assume that (ﬂfij)(i,j)e g is in the polytope of the Natural LP. This polytope is a
subset of the matching polytope so Lemma 18 still holds. Using the Converse Jensen Inequality
(Theorem 2), we prove a stronger bound for singleton sets.

Theorem 19. Suppose that (xij)(; j)er is in the polytope of the Natural LP. Then, Poisson OCS
matches each offline vertex j with probability at least 0.707x; by the end, and therefore is 0.707
competitive for unweighed and vertex-weighted online stochastic matching.

Proof. We will use the zeroth level bounds for all subsets T" with at least two offline vertices, and
define p;(t) for individual offline vertices j by recursively:

pr(t) =exp<—tzwj>, YT C J,|T|>2;
JET
p;(0) =1, ViedJ;
d log (1 —; + ;- e:gt?) 4 ,
Pi(t) = p;i(t) —575; : vied. (12)
1= epj(t)
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We next verify for any offline vertex j that function p;(t) satisfies Eqn. (9). First we state a
lower bound of p;(t) to ensure non-negativity of the denominator. Appendix B.6 includes the proof.

Lemma 20. For any j € J and any 0 <t <1, p;(t) > e~ 2t

Next by pyj jn = e H@i+2) the right-hand-side of Eqn. (9) is (omitting the negative sign):

Pij Pij
p] (t) Z >\Z 672t1‘j] 2 p] (t) Z AZ 72tcv“]

e

i P+ S g Pt i Pt Tt)](l — pij)

672tacj
where Q = & <1

By the Converse Jensen Inequality (Theorem 2) with f(z) = 5 =

(Lemma 20), the right-hand-side of Eqn. (9) is at most:
—ln(l—wj) e—)\ log (1 — 1. _i_Qa:)
(t — d\ = p;(t J ]
p]()/(] 6_)‘—1—@‘(1—6_)‘) pj() 1_Q ’

which equals the left-hand-side of Eqn. (9) according to our recurrence (12).
Since the recurrence (12) is determined by x; but no other information about j, we instead
consider for any z € [0,1]:

.
++Q-(1—2)

10g(1—x+:1:-;;—§:;) 13)

p(0)=1; V0O<t<I, %pm(t) = pa(t)

672xt
l-%m

It remains to show that minge[o 1-p — (1) > 0.707. Calculating it numerically at x = 1 gives

1—p1(1) = 0.7075 > 0.707 as desired. We next prove that the ratio is defined by x = 1. Consider:

—2tx
d1—psy(t) (t)log(l—a:—kx._;z(t))
. = Dz =T
dt xT x(l — ;x(t) )
For any time 0 < ¢ < 1 and any 0 < z < 1, consider y = FPTN). Applying Lemma 20 and

log(1 — z) < —z to recurrence (13), we have %pw(t) < —p.(t)x and therefore p,(t) < e~ *t. This
further means that y > 1_677“ > 1—e~'. We have the next lemma, whose proof is in Appendix B.7.

Lemma 21. For any t € [0,1], any z € [0,1], and anyy > 1 —e™t:

log(l—z+z- ﬁ:m) log (ift)
(1 - ym) e—2xt = < (1 - y) 7@7% )
‘T(l B 1—y:c) 1— 1-y
with equality at x = 1.
—pz(t)

Hence, conditioned on any current value of L ———, it decreases the fastest when z = 1. O

“Define it to be —p;(t)x; at the boundary case when p;(t) = e™2%4",
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4.7 Second Level Analysis: Second Level Poisson Matching Polytope

Our final result for unweighted and vertex-weighted matching assumes that (xij)(i,j)e g lies in the
polytope of the second level Poisson Matching LP. Since it is a subset of the zeroth and first level
polytopes, results from the last two subsections still hold. Using the first and second level Converse
Jensen Inequality (Theorems 2 and 17), we next prove the main result of the section.

Theorem 22. Suppose that (v5)(; j)eE s in the polytope of the second level Poisson Matching LP.
Then, Poisson OCS matches each offline vertex j with probability at least 0.716 x; by the end, and
therefore is 0.716 competitive for unweighed and vertex-weighted online stochastic matching.

Proof. We will use the zeroth level bounds for all subsets 7" with at least three offline vertices:
pT(t):exp(—thj) , VT CJst. |T|>3.
JET

We next define a family of functions pr(t) for |T'| = 2 that satisfy Eqn. (9). The proofs of all
lemmas are deferred to the end of the subsection.

Lemma 23. Suppose that for any 1 > x1 > x9 > 0 and the corresponding A}, N5 satisfying:
T = 1-— PQ(X{) s
w2 = (2= Po(A3) — Pi(A3)) — (1 = Po(min{X}, A3}))
function dy, 4, : [0,1] — [0,1] satisfies that:
dm1,$2 (0) =1;
Al A

; Sarzo (Po(A), PL(X))dA + far22 (0, PL(N))dA if AT < AS
0 A;

—lay 2y (t)=-— a2 (t)- A3 et
/0 Fovien (Po(N), PL(N))dA + /A o (RO B(N) AN i X > X

dt

where (recall that z* = max{z,0}):

et(2m1+x2)du’c1,x2 (t)y+ et(m1+2m2)dﬂc17xz t)(z—y)
(120220 g (1) = 1) "y o (10202 gy (8) = 1) (2 =) + 1

thxz (y7 Z) =

Then, for any T = {j1,jo} C J where xj, > xj,, pr(t) = du;, x;, (t) satisfies Equation (9).

In other words, we use the second level Converse Jensen Inequality to get an improved bound
when T is a doubleton. To propagate the improvement to individual offline vertices, we consider
functions ¢, : [0,1] — [0, 1] for = € [0, 1] such that for any 2’ € [0, 1]:

e dy i (t) if x> 2]
4z(t) 2 , (14)
e dy H(t) ifr<al

This allows us have the same coefficients for all j ¢ T in the denominator in Eqn. (9) for
singleton T, as we will see in the proof of the next lemma.
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Lemma 24. Suppose that for any 0 < z < 1, function s, : [0,1] — [0, 1] satisfies:

d Sx(t) log (1 —x+x- 67:‘(15(15))

Esm(t) =

e tgu(t)
1 sa(t)

Then, for any j € J, p;j(t) = sy, (t) satisfies Equation (9).

152, >2950° (qx)ogxgl’ and (Sl‘)ogxgl that on the one hand
satisfy the conditions in Lemmas 23 and 24 and in Equation (14), and on the other hand ensure
that for any 0 < x < 1:

It remains to find functions (dy, )

1 —s5(1) > 0.716z . (15)

While we do not have the functions in closed forms, Appendix C explains how to numerically
verify it for any given 0 < z < 1 by an appropriate discretization of the functions. Further, once
we have verified it for a finite yet sufficiently dense subset of [0, 1] with ratios strictly better than
0.716, we also cover the other values of x in between. O

We next prove that the functions f;, », defined above satisfy the condition of the second level
Converse Jensen Inequality. This allows us to prove Lemma 23.

Lemma 25. For any 1 > x1 > 22 > 0, function fg, », is normalized and DR submodular.

Proof. 1t follows by the definition that f;, 4,(0,0) = 0. Next we prove DR submodularity. For ease
of presentation, let A = e/?*1+22)q, . (t) and B = e!®1222)q, . (t); we shall simply write f for
far,22- By 1 > x2 we have that A > B. The function then simplifies as:

Ay+B(z—y)
A-DFy+(B-1DF(z—y)+1

fly,2) =

IfA>B>1:

L 2(A— B)}(1 - 2)
O f(y2) = (A=B)y+(B-1)z+1) .

N o= 2(B—-1)(B+ (A - B)y)
O:f(y2) = ((A—B)y—i—(B—l)z—Fl)3 =0
B _(A—B)((A—B)y+Bz—|—3(1—z))
822f(y7z) - ((A—B)y+(B—1)Z+1)3 <0.

If A>1> B, ie., if 2’s coefficient in the denominator is 0, we have:

2((1-B)+ (A—-1)(1 - Bz))

Opfly,2) = — ((A—l)y—|—1)3 <0,
0yefnz) = — AU g
(A-1)y+1)
92f(y,2) = 0.
Finally if A, B < 1, f is linear and therefore is DR submodular. O
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Proof of Lemma 23. Up to renaming, we will assume without loss of generality that j; = 1 and
Jo = 2, for ease of notations. Applying the zeroth level bound pi 2 ;(t) = e~ t@rteates) for any
j # 1,2 to the denominator of Eqn. (9) with 7'= {1, 2}, and multiplying both the numerator and
denominator by e!(®1+72) it reduces to (recall that 3 jpij < 1)

Dpr(t) = —pr() YA

7

. e P2 po (t) piy + P12 po(t) pig
" etCnte2) pr(t) iy + et a2 pr () pig + (1 — pin — pia)

Since the coefficients of p;1, pi2 in the denominator are et(?¥1172) _ 1 < (H2%1+22) _ 1)+ and
etert2e2) 1 < (et#1+222) _ 1)+ it suffices to prove:

d

EPT(t) > —pr(t) Z Aifer s (Pits pit + pi) -

(2

which follows by the second level Converse Jensen Inequality and the recurrence of pr = dy; 4,. O

Next we show that our new bound for any doubleton T is indeed an improvement compared to
the first level analysis.

Lemma 26. For any 1 > x1 > 29 >0, and any 0 <t <1, dy, 4,(t) < e~ tz1taz)

Proof. Observe that dg, 4, (t) > e t@1772) implies Ldy, 4, (t) < —dyy 4, (t)(21 +22) according to its
recurrence, and that it holds with equality at ¢ = 0. The rest is a standard argument in analysis
which we omit. See, e.g., the proof of Lemma 11 in Appendix B.1 for a similar argument. O

By the definition of ¢, (t) in Equation (14), we have the following corollary.
Corollary 27. For any0<x <1 and 0 <t <1, q.(t) <e 2,
Lemma 28. For any 0 <z <1 and 0 <t <1, s.(t) > e @q.(t).

This is the counterpart of Lemma 20 from the first level analysis, except this time we have
q:(t) < e~ (Corollary 27) instead of exactly equal. We omit the almost verbatim proof.

Proof of Lemma 2/. The right-hand-side of the Eqn. (9) equals (omitting the negative sign):

€' pijp;(t) €' pijp;(t)
pi(t) D A . > pi(t) ) AN =
’ Z: 1€ pigpi () + X €77 pigpgi gy (8) T EZ: 1€ pip; (1) + Xyt Gy (Dt

et:vjpp(t)
> pi(t Ai 2= :

i

The lemma then follows by the first level Converse Jensen Inequality (with convexity ensured
by Lemma 28), and the recurrence for p;(t) = s, (t). O
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5 Hardness Results

In this section, OPT denotes the expected objective of the optimal matching for the realized bipartite
graph, and ALG denotes the expected objective of the online algorithm.

5.1 Hardness for Edge-weighted Matching without Free Disposal

In unweighted matching, vertex-weighted matching, and edge-weighted matching with free disposal,
it is without loss of generality to match every online vertex whenever possible. In edge-weighted
matching without free-disposal, however, we may want to leave an online vertex unmatched even
if it has an unmatched neighbor, so that the neighbor will be available for a possible heavier edge
later. This is another disadvantage of the online algorithm, because the offline optimal knows the
realization of online vertices and correctly decides whether to match the lighter edge. We combine
this with the hard instance of Manshadi et al. [25] to obtain a harder instance for edge-weighted
matching without free disposal, separating it from the other three settings.

Theorem 29. There is an instance of edge-weighted online stochastic matching model without free
disposal for which no algorithm has a competitive ratio better than 0.703.

Proof. The instance is online-vertex-weighted, which means that each online vertex type has a
positive weight w; and w;; = w; for all its adjacent edges (3, 7).

Consider |J| = n offline vertices for a sufficiently large n. There are four kinds of online types
I=nLUul,ulsUlI,. For ke {1,2,3,n}, I contains (Z) online types, each adjacent to a different
subset of k offline vertices. Following the instance of Manshadi et al. [25], consider m = %63_571
where ¢5 5 ~ 0.81 is a constant from Dietzfelbinger et al. [10], and let online types in Iy and I3
have unit weights and arrival rates m/ (Z) and m/ (g) respectively. Further, let € be an infinitesimal
constant, and let z be a constant to be determined. The unique online type in I, also has unit
weight, and arrives at rate n — 2m — ne.* Finally, let the online types in I; have weights £ and
arrival rates €. See Figure 2a for an illustrative picture.

On the one hand, offline optimal can match all online vertices with types in Is, I3, I, with high
probability [10, 25], when no online vertices have types in I;. On the other hand, offline optimal can
match each online vertex with type in I; (potentially making an online vertex with types in I, I3, I,
unmatched), and increases the objective by at least £ — 1~ Z. Hence, OPT = (1 + z)n — o(n).

Next consider any online algorithm. It is easier to analyze it under the original online stochastic
model; the result applies to the Poisson arrival model as well by the asymptotic equivalence. Since
the arrival rates sum to A = n, we next consider steps t = 1,2,...,n each of which has an online
vertex drawn from the distribution. For 1 < t < n, A(t) denotes the number of matched offline
vertices after step ¢; let A(0) = 0. Fixing any step 0 < ¢t < n and the value of A(t), consider step
t+ 1. For k = 2,3, with probability 7% the online vertex has type in I}, and conditioned on that
its neighbors are all matched with probability (A,(:)) /(})- Hence:

A(t) A(t)
A(t+1)§A(t)+1—@( 2 ) _m{ 3 )
(5) n(3)

Taking expectation on both sides and by the Jensen Inequality:

0 0
EA(t+1)§EA(t)+1—@&——(Eg ) (16)

We let it be n — 2m — ne instead of n — 2m so that the arrive rates sum to n, making the hard instance valid in
the original online stochastic matching model. It could be n — 2m if we only consider the Poisson arrival model.
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Let B(t) denote the total weight of matched online vertices with types in I; after time ¢, with
B(0) = 0. Fix any step 0 < ¢t < n and the value of A(t), and consider step ¢ + 1. With probability

¢ the online vertex has type in I;. Conditioned on that, matching it adds £ to B(t + 1), but with

probability 1 — AD the unique neighbor is already matched. Hence:

n

EB(t+1) < EB(t)—i—m(l— Ef”) .

(17)

By definition we have ALG < E A(n) + E B(n). It remains to bound E A(n) + E B(n) subject
to Equations (16) and (17). First, it is without loss of generality to assume that Eqn. (17) holds
with equality. We next prove that the maximum value can only be achieved when for all 0 < t < n,
either E A(t) = 0, or Eqn. (16) holds with equality. Suppose for contrary that for some ¢ we have
E A(t) > 0 but the left-hand-side of Eqn. (16) is strictly smaller than the right. We then decrease
E A(t) by a sufficiently small amount so that Eqn. (16) still holds, with the same value for E A(n).
By Eqn. (17) with equality, on the other hand, the value of E B(n) strictly increases.

Finally, to numerically bound the maximum of E A(n) + E B(n), we can enumerate 1 < k < n,
and for each k consider E A(t) = 0 for ¢ < k and for some value of 0 < E A(k) < 1 recursively
compute E A(t) for k£ <t < n by Eqn. (16) with equality. In fact, we further assume E A(k) = 0
which introduces an absolute error of at most 1 in the bound. For n = 10%, z = 0.94, the numerical
bound shows that % < 0.703, with the maximum value achieved when k ~ 2.07 x 10°. O

5.2 Hardness for the Jaillet-Lu Linear Program

Since Top Half Sampling only needs the inequality in Corollary 3, its competitive ratio still holds
if we use the LP of Jaillet and Lu [19] (instead of the Natural LP), which we restate below:

maximize g WijTij

(i.)€E

subject to Z TRY Viel
JEJ;
i€l
Z(Ql‘ij — >\z)+ <1—In2 Vj eJ
i€l
x5 >0 V(i,j) € E

In fact, our competitive ratio is the same as that of Jaillet and Lu [19] for unweighted matching,
which has been the state-of-the-art until a very recent improvement by Huang and Shu [16]. We
next show that this ratio is tight if we compare to the Jaillet-Lu LP. In this sense our analysis is
tight. It also indicates that more expressive LPs such as the Natural LP and the Poisson Matching
LPs are necessary for the better ratios in unweighted and vertex-weighted matching in Section 4.

Theorem 30. There is an instance of unweighted online stochastic matching for which no algorithm
gets % >1-— ﬁ(% — 12—22) ~ 0.706, where JL is the optimal value of the Jaillet-Lu LP.

Proof. We prove it with a small instance in the Poisson arrival model. By duplicating many copies
of the instance and the asymptotic equivalence of models, the theorem holds in the original online
stochastic matching model as well.
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instance of Manshadi et al. (2012)

(a) Edge-weighted without Free Disposal (b) Jaillet-Lu LP

Figure 2: Illustration of Hard Instances. The number on the left of each online type is the arrival
rate. On the left, the number inside a vertex is the vertex-weight. On the right, the letter inside a
vertex is its name.

Let I ={T,M, B}, J = {t,b}, where Tt stand for top, B, b stand for bottom, and M stands for
middle. Let E = {(T,t),(B,b),(M,t),(M,b)}. Online types T, B have arrival rates A\p = Ap = 1 —
In 2. Online type M has arrival rate Ay = 21n 2. The Jaillet-Lu LP optimal is 7y = xpp = 1 —1n 2,
Tyt = Ty = In 2, with objective JL = 2. See Figure 2b for an illustrative picture.

We claim that the optimal algorithm simply matches each online vertex whenever possible and
arbitrarily. For an online vertex of type T or B, or an online vertex of type M with only one
unmatched neighbor when it arrives, it is trivially true. For an online vertex of type M with both
neighbors unmatched, this is still true by symmetry. Consider an optimal algorithm that break ties
in favor of ¢t. For any ¢ € I, let n; be the number of online vertices of type i. Further let ¢y be the
type of the earliest online vertex. We have:

AL =2— Pr[t is unmatched] — Pr [b is unmatched]
=2— Pr[nT =ny = O] — (Pr[nB =ny = O] —l—Pr[nB =0,ny =1,ig = M]) .

By the Poisson arrival model:

PI‘[TlT =npy = O] = Pr[nB =ny = O] — e—(1+ln2) )
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Finally:

1
Pr[nB =0,ny =1,i9 = M] = ¢~ (17n2) (2In 2)6_21]“2 / e~ (1-In2)t gy

0
—_——
Pr[np=0] Prny=1]  Prlio=M|np=0,np=1]
_ —(1+In2) 2In2 (1_ 2) '
1—In2 e

Putting together gives:

Comparing ALG and JL proves the theorem. O
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Missing Proofs in Section 3

A.1 Proof of Lemma 7

The definition of 0;; ensures that w; 5, ,(4)(f) is non-increasing over 6, so we have:

d_ - 2 [Ni/?
%EA(t == 0) = — Z )\z . )\—/ wi,ai’o(g)dH
iel N tJ0

arrival rate of ¢ expected gain from an arrival of 4

A
<=3 [ it
icl /0
=2 D wywy
i€l jEJi
= —-OpPT.

A.2 Missing Analysis of Differential Inequality from Section 3

Recall that the differential inequality is:

2
d EA(t) <0,

(2+2ln2)EA(t)+(3+ln2)iEA(t)+W <

dt
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and the boundary conditions are:

A(0) = OpT iEA(t =0) < -OPT.

dt
Consider B(t) that satisfies the differential inequlaity and boundary conditions with equalities:

B(t) OpT <( 1 1112)

T 1-m2\(2e)f e

We seek to prove that EA(1) < B(1). In fact we will prove a stronger claim that EA(t) < B(t)
for all 0 <t < 1. Let C(t) = EA(t) — B(t). The claim is then C(¢) < 0 for all ¢.
The differential inequality and equality for EA(t) and B(t) and their boundary conditions imply:

d d?
— - <
(24+2In2)C(t)+ 3+ lnz)dt C(t)+ dtQC(t) <0,
and boundary conditions:
c) =0, %C(t:0)<0

Further consider D(t) = 2C(t) + £C(t). The differential inequality and boundary conditions
for C(t) implies a differential inequality for D(t):

(1+Wn2)D(t) + %D(t) <0,

and its boundary condition:
D(0) <0.

The differential inequality for D gives:

%(26)@@) — (2¢)! ((1 +In2)D(t) + %D(t)) <0.

Hence, for any t we have (2¢)!D(t) < D(0) < 0. Thus, D(t) < 0, or equivalently:

2C(t) + %C(t) <0.
Similarly, this means that:
d o 2t d
ZeO(H) = e (20() + a(J(lt)) <0,

and therefore e?*C(t) < C(0) < 0 for any t. This gives C(t) < 0 as desired.

B Missing Proofs in Section 4

B.1 Proof of Lemma 11

We shall prove the lemma by an induction on the size of T' in descending ord_er. The base case is
T = J. Recall that A =), \; is the total arrival rate. The conditions about Y (t) simplify to:

Y;0)=1, %Yj(t) < =Y (t)A .

25



which implies %CAtYJ(t) < 0 and therefore Y;(t) < e~
Similarly, the condition about p;(t) simplify to:

d
ps(0) =1, ap](t) > —py(t)A almost everywhere,
which implies %e“p 7(t) > 0 almost everywhere and therefore p(t) > e M.
Next for some n < |J| suppose that the inequality holds for any subset 7' C J with |T| =n+1
Consider any subset 7" C J with |T| = n. We first relax the differential inequality for Yr(t) by
bounding Y74 ;(t) using the inductive hypothesis:

9¥a(t) < () YA

' Yjer € piYr(t)
" er €% pigYr(t) + X jgr € pijpr(t)

)

The right-hand-side is decreasing in Y7 (t). Hence, almost everywhere we get that Y7 (t) > pr(t)
implies %YT(t) < %pT(t). Consider an auxiliary function g(t) = pr(t)—Yr(t) for t € [0,1]. We have
that g(0) = 0, and almost everywhere g(t) < 0 implies % g(t) > 0. Further by absolutely continuity
of pr and observing that Y7 () is also absolutely continuous (in fact, it is decreasing and A-Lipschitz
because it cannot decrease faster than the total arrival rate of online vertices), g is also absolutely
continuous. The inequality of the lemma is equivalent to g(t) > 0 for 0 < ¢t < 1. Suppose for
contrary that there is 0 <ty < 1 such that g(tp) < 0. Consider ¢; = sup{0 <t <tg: g(t) > 0}. We
have g(t1) =0, t; < tg, and g(t) < 0 for any t; < ¢t < tp. On the one hand, g(tg) —g(t1) = g(to) < 0.
On the other hand , g(to)—g(t1) = ['° ¢/(t)dt > 0 since g(t) < 0 implies ¢/ () > 0 almost everywhere

t1
for t1 <t < tg. We have a contradiction.

B.2 Proof of Lemma 13

For any (i,7) € E, let x;; be the probability that offline vertex j is matched to an online vertex of
type i in the optimal matching of the realized graph. By definition, the expected objective of the
optimal matching is:

Z WijTij -

(i,5)EE

It remains to prove that this is feasible for the ¢-th level Poisson Matching LP for any ¢ > 0.
Non-negativity holds trivially. We next verify the other constraints.

Matching Constraints (Online). For any online type i € I, ) ; %ij is the expected number of
matched online vertices of type ¢ in the optimal matching for the realized graph, which is upper
bounded by the expected number of online vertices of type 1, i.e.:

jeJ

Matching Constraints (Offline). This is relevant only at the zeroth level. For any offline
vertex j € J, Y. x;; is the probability that j is matched in the optimal matching for the realized
graph, and therefore cannot exceed one, i.e.:

Z:Eijgl.

iel
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Poisson Constraints (/-th Level). For any subset S C I of online types, any subset 7' C .J
of offline vertices such that |T'| = ¢, >°,.; >, ; %i; is the expected number of offline vertices in T
that are matched to some online vertices with types in S, in the optimal matching for the realized
graph. This is upper bounded by the expectation of the number of online vertices with types in S
capped by |T| = £. Recall that 1 — P;_1(Ag) is the probability of having at least k online vertices
with types S in the realized graph in the Poisson arrival model. The aforementioned expectation
can be written as Zizl (1 — Pr—1(As)). Therefore:

S ay <Z 1—Pi_1()s)) -

€S jeT

B.3 Proof of Lemma 14

The case of ¢ = 0 holds because the matching LP has at most |I||.J| variables and |I|+|.J| non-trivial
constraints.

Next consider any level £ > 1. The ¢-th level Poisson Matching LP has |I||J| variables, and |I]
matching constraints for online types. It remains to give a separation oracle for the exponentially
many Poisson constraints. For any 1 < m < /¢, and any of the (‘;,{bl) subsets T' C J with |T'| = m,
we will give a polynomial-time (in |I| and |J|) separation oracle for the Poisson constraints:

VS CI : ZZ$ZJ<Z 1—Pe1(Ns)) - (18)

€S jeJ

Then, combining these O(].J|?) separation oracles gives one for the (-th level Poisson Matching
LP with running time polynomial in |7 and |J|*.

Lemma 31. The Poisson constraints (18) are equivalent to that for any 0 < u; < X\;, i € I:

Z“ZZ%<Z(1—P1@ () (19)

el jedJ

Proof. On the one hand, the Poisson constraints (18) are special cases of the stated constraint in
this lemma, when p; € {0,\;}, ¢ € I. On the other hand, the left-hand-side is linear in p;, i € I, and
the right-hand-side is concave. Hence, the difference between the right and the left is minimized at
a vertex of the hyperrectangle x;c7[0, \;]. O

For any fixed value of ), p1;, we can maximize the left-hand-side of (19) by greedily assigning
masses in descending order of 1 Z jes Tij- Therefore, it suffices to check constraints (18) only for

the subsets S of first k elements in I by the descending order of + Z jegTij for 1<k < |I].

B.4 Proof of Lemma 16

We prove it by a hybrid argument. Let § = fo p)dp. For 0 < k < d, define y*) : [0,1] — [0,1]%
so that for any coordinate ¢ € [d]:

k ye(p) if € >k,
yé)(u)Z{ (k)

i, otherwise.
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By definition y© (1) = y(x), and 3@ (u) = 7 for any 0 < u < 1. It suffices to prove that for

any 1 < k <d:
1 1
/ F" D () dp < / F"(w))dp .
0 0

The lemma then follows by summing this inequality for 1 < k < d.

Next fix any 1 < k < d. By definition y*~ (1), y*) (1) differ only in the k-th coordinate. Let:

pt =iy () > gt

Then, for any 0 < u < p* the k-th coordinate of y(k_l)(,u) is less than or equal to g, the k-th
coordinate of y¥)(11); we also have that 4 (1) < y®)(p*). Similarly, for any p* < p < 1, the k-th
coordinate of y(k_l)(,u) is greater than or equal to g, the k-th coordinate of y*) (u); we also have
that ) (1) >y (u*). Combining this with the (anti-)monotonicity of dy,f, for any 0 < pu < 1:

(91— 0 0) (0 (4™ () = OS (4™ (1) ) 2 0.

Hence, by the diminishing returns of f we have:

1 1 1
k _ (k1) _ k e (k1)
| 6= [ 56000 = [ (£6H00) = £ 00) Y
1
> [ ot (y® ) (o — v () d

1
> O f (y ™ (1)) / (@ — v () du

B.5 Proof of Theorem 17

For ease of notations we shall write y; = p;;; and z; = p;;, + pij,. They satisfy:

1. (Poisson constraint for y) For any S C I:

> Ay <1-Ry(Xs) -
€S

2. (Poisson constraint for z) For any S C I:

> Xz <2 - Py(xs) — Pi(Xs) -
i€S

3. (Order constraint) For any i € I:

4. (Fized sum constraint)
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This proof does not need the Poisson constraint for pjo (i.e., z; — y;). We shall next perform a
sequence of transformations to the y;’s and z;’s such that ), f(y;, 2;) is non-increasing after each
transformation.

First, sort I in descending order of y;. We may further assume without loss of generality that
z;’s are also in descending order. Otherwise, suppose that y; > y;+1 but 2; < z;41. We can change
the value of z; in the first min{\;, \;;+1} portion of i to z;;+1, and change the value of z;;; in the
last min{A;, \j+1} portion of i + 1 to z;. By submodularity (Lemma 15), this weakly decreases the
value of >, f(vi, ).

Further, define A<; = >, -; Ay in the remaining argument for notational simplicity. We may
assume without loss of generality that there are indices i; and i such that A<;, = A} and A<;, = A},
This is because we can split any ¢ into two copies with the same y; and z; and whose arrival rates
sum to ;.

Next we prove the case of \] < A3, which implies i1 < 73. The other case of \] < A5 be proved
similarly.

We may further assume without loss of generality that both Poisson constraints are tight for
any ¢ < 11, i.e.:

S Muk=1-P ()‘Si) ;

k<i

Z )\kzk =2 — PO(/\SZ) — P1 ()‘Sl) .

k<i

Suppose not. Let 7 be the smallest index for which the above constraints are not tight. We

may increase the values of y; and z; to make them tight, while decreasing the values of y,; and z;
for 7 > 7 to maintain the fixed sum constraint. By the non-positivity of f’s Hessian entries, this
weakly decreases the value of >, A;y;. Then, for any i < iy, by the Jensen inequality (Lemma 16):

Nef(yinzi) > / F(Po(N), Py () dA

A<iz

Finally, the tightness of the Poisson constraints for ¢ < 41 implies y; = 0 for ¢ > ¢;. By a similar
argument, we may assume without loss of generality that the Poisson constraint for z is tight for
any i > i1. Then, for any i > i1, by the Jensen inequality (Lemma 16):

)\Si

Aif (Yis 2i) 2/ £(0,Pr(N)dA .

A<iz1

Putting together proves the inequality of the theorem.

B.6 Proof of Lemma 20

The lemma holds trivially if z; = 0. Next consider z; > 0. Since p;(0) = e~2%%i = 0, it suffices to
prove that for 0 < ¢ < 1:

d
7 logp;(t) > —2z; .

Suppose for contrary that {0 <t < 1: %logp;(t) < —2z,} is non-empty. Let ¢, be its infimum.
Then, we have % logp;(t) > —2x; for 0 <t < ty and therefore p;(t) > e 2%i for 0 < t < ty. Then,
by Eqn. (12) and log(1 — y) < —y for any y < 1, we get that for any 0 <t < ty:

d
77 108 pi(t) < —aj
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and thus:
p;(t) < e i
In particular, the above bound at t = tg implies that:
1
1— e 25%p;(tg) > 1—e "% > 1~ .
Putting into Eqn. (12), we get that:
log (1—(1—1)z;
og( ( e)x])>_ € zj .
1-1 T oe-1

d
7 log pj(t =to) >

Since p; is continuous which further implies the continuity of % log p;(t) by our recurrence (12),
the above inequality indicates that % log p;(t) > —2z; holds for ¢ € [ty,to + ) with a sufficiently
small €, contradicting the definition of .

B.7 Proof of Lemma 21
Let f(x) = log(1-z) g(z) =z(1 -

T 9

e 2wt

), the left-hand-side is then (1 — yz)f(g(z)). Consider:

T—yz
h(:E) _ £L'<1 o e—2xt—xlog(1—y)> < g(ﬂ;‘) ’

which follows by (1 —y)* > 1 — yz. It holds with equality holds when x = 0 and 1. It remains to
prove that (1 — yz)f(h(x)) achieves its maximum value at x = 1.
We next show that it is non-decreasing in x. The derivative is:

(1= ) F(()) = (1~ ) P ) (@) — (b)) (1)

where:
W (x) =1+ e 2rt—olos(l—y) (22t + zlog(l —y) — 1) .
f(h(z))

Fix any x,t. When y decreases, 1—yx increases, h'(x) increases, h(x) increases, Th(z)) increases.

Hence the derivative in Eqn. (21) is minimized when y = 1 — e™*. In this case h(z) = z(1 — e™*)
and h/(z) =1 — (1 — zt)e”*t. The non-negativity of derivative reduces to:

(= (1 — e_mt)) L
fal—em) = "¢

f(z)

By z(1 — e @) <1 — e * and the monotonicity of 75y it further reduces to:

< 1 _x> (1_(1_m)6_m)wg1.

(I—(1—e"2) (1—(1—at)e ™)

1—et f(1—e2t)
Next fix the product z = xt, let a(t) = 1—15% —r= 1—}5*’5 — Z. Its derivative is:
—t
Fon e z
« (t) == —m + t_2 .
Therefore:

cosht —1)

_ 2z(
et(1 —e 2/ (t) = 2 -1,
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which is increasing. Hence, o/(t) is at first negative and then non-negative in ¢ € [z, 1], including
always negative and always non-negative as special cases. This means that the maximum of a(t)
is either at t = z or at t = 1. It remains to verify:

< — —1>'(1—(1—z)e—2).f/(1i

1—e*

1 . fll—e*
—z)-(1—-(1- A2 <1
(1 _ 6_1 Z> ( ( Z)e ) f(l _ e_z —
If z> 0.8, f((ll : :)) < J;:((ll__ee 1)) = 1.14. Hence the

inequalities hold
If z < 0.8, Wehave%—lz

Expanding f((ll - Z)) it becomes:

1_i,1 — z. Hence, it suffices to verify the first inequality.

z

(1= (1-2)e) (e—— ¢ 1>§ez—1.

A eZ_

Multiplying both sides by z(e* — 1), and viewing it as a quadratic function of e* — 1 with
coefficients depending on z, the inequality follows by:

z
11—z

Vze[0,1]: e —1<

C Numerical Verification for the Second Level Analysis

This section explains how to numerically lower bound the probability that Poisson OCS matches an
offline vertex j by the end when its LP matched level is z; = x. In other words, we will numerically
compute an upper bound of s;(1).

Let Az, A¢ be sufficiently smaller constants such that z-, A_ are integers. We will write [0, 1]a
as the set of multiples of A between 0 and 1.

1. For any 2’ € [0,1]a,
(a) Let z1 = max{z,2’'} and x9 = min{z, 2'}, and compute A}, A} that satisfy:
1 =1-P(\),
= (2= R(\5) — Pi(X3)) — (1 — Po(min{A}, A3})) -

(b) For any time ¢ € [0,1] and any D € [0,1], define Alogd(D,t) as

AT A3
/ o, (Po()\),Pl ()\))d)\ —|—/ fD,t(O, P ()\))d)\ it A7 < A3
R 0 :
Alogd(D,t) = —

As Al
/0 fD7t(P0()\),P1()\))d)\+/ foi(Po(X), Po(N))dX if Xf > A3

*
2

where (recall that 2™ = max{z,0}):

et(2x1+m2)D Y+ et(x1+2x2)D (Z _ y)

fpuly, 2) = (et@arte2) D — 1)+ y+ (et@r+2e2)p — 1)+ (z—y)+1 |
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(c) For t € [0,1]a, recursively compute dy, 4,(t) by:
Ay, (0) =1,
Ay 2y (1) = diy 0y (1) - exp (A - Alog d(dyy 0, (8),1))
Ay o (t+ Ap) = diy 0y (8) - exp (A - Alog d(diy 0, (8), 1)) -

2. For any t € [0, 1]a,, compute:

/ A
et(m +Az)

q}(t) = min {C_tm7 max dmax{x,x’},min{m,m’}(t)} :

z'€[0,1] A,
3. For t € [0,1]a,, recursively compute $.(t) by:
5:(0) =1;
52(t) = 8,(t) exp (A¢ - Alog 8,(t)) ;
82(t + At) = 55(t) exp (As - Alog 5,(1)) ,

where:

log (1 —r+x- ei;i?f)(t))

. eftzéz (t) Y
1 S2(t)

log <1 —x+x- eﬁ;:‘gf)(t))

. eft:céx (t)
1 52(t)

Alog §,(t) =

Alog 5,(t) =

Lemma 32. For any 1>z > 9 >0 and t € [0,1]a,, duy 2y (t) > duy 2y (1)

Proof. We will prove it by induction in ¢ € [0, 1]a, by ascending order. The base case of ¢t = 0 holds
with equality because both sides equal 1. Suppose that for some ¢t < 1 we have dxl,xz( t) > dyy 20 (t).
Next consider the lemma at time ¢ + JAVS
First we have that d,, ,,(t) < day, 2, (t) by the monotonicity of fD,t(y, z) in D. It implies that
oy oy (E+ Dg) > dyy 2y (1) Tf further d, . xz( t) 2 dgy 2, (t+ A¢) We have proved the lemma for ¢ + Ay
Otherwise, we can verify that Alogd(dy, ., (t),t) > 4 og dy, 4, (t') for any t < ' < ¢+ Ay, s0
by the definition of (ixlw (t + Ay) it is greater than or equal to dy, 4, (t + Ay). O

Lemma 33. For any x € [0,1] and t € [0,1]a,, ¢=(t) > gz(t).

Proof. We first observe that for any ¢ € [0, 1], dg, ,(t) is non-increasing in both z; and x. Suppose
that ) > 21 and 25 > x2. By the recursion of dy, 2, and dys 41, day 2, (t) < dyy 4 (t) Would imply:

d d
adﬂﬁhxz (t) > Edl’i@'z (t) .

Hence, for any 2’ € [0,1]a, and any z” € [2/,2' + A,), and any time ¢ € [0, 1], we have:

é et(Z‘I+A;c)d

el dmax{x,x”},min{x,x”} (t) max{x,z’},min{x,z’} (t)

< et(xl+Az)dmax{x,x’},min{x,x’} (t) : (Lemma 32)

Combining it the trivial bound of ¢, (t) < e~ (Lemma 27), the lemma follows from the defini-
tion of ¢, (t). O
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Similar to Lemma 28, we have the following lemma which underlies the first-level converse
Jensen inequality, and the proof is omitted.

Lemma 34. For any 0 <z <1 and 0 <t <1, 5,(t) > e @G, (t).
Lemma 35. For any x € [0,1] and t € [0,1]a,, $2(t) > sa(t).

This is the same argument as Lemma 33 so we omit the proof.
One can now numerically verify that 1_579”(1) > 0.716 for any = € [0,1] when A, = A; = 1074,
e.g., using our implementation in Julia.
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https://github.com/h-zhiyi/poisson-ocs/blob/c15622fe8758dfab48762388b4c0e749419db048/numerical/level2_parallel.jl
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