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Abstract

We investigate the algebraic reasoning of quantum programs
inspired by the success of classical program analysis based
on Kleene algebra. One prominent example of such is the fa-
mous Kleene Algebra with Tests (KAT), which has furnished
both theoretical insights and practical tools. The succinctness
of algebraic reasoning would be especially desirable for scal-
able analysis of quantum programs, given the involvement
of exponential-size matrices in most of the existing methods.
A few key features of KAT including the idempotent law
and the nice properties of classical tests, however, fail to
hold in the context of quantum programs due to their unique
quantum features, especially in branching. We propose Non-
idempotent Kleene Algebra (NKA) as a natural alternative
and identify complete and sound semantic models for NKA
as well as their quantum interpretations. In light of appli-
cations of KAT, we demonstrate algebraic proofs in NKA
of quantum compiler optimization and the normal form of
quantum while-programs. Moreover, we extend NKA with
Tests (i.e., NKAT), where tests model quantum predicates
following effect algebra, and illustrate how to encode propo-
sitional quantum Hoare logic as NKAT theorems.

CCS Concepts: « Theory of computation — Algebraic
language theory; Equational logic and rewriting.

Keywords: non-idempotent Kleene algebra, compiler opti-
mization, normal form theorem, quantum Hoare logic.
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1 Introduction
1.1 Background and Motivation

Kleene algebra (KA) [35] that establishes the equivalence
of regular expressions and finite automata is an important
connection built between programming languages and ab-
stract machines with a wide range of applications. One very
successful extension of KA, called Kleene algebra with tests
(KAT), was introduced by Kozen [37] that combines KA with
Boolean algebra (BA) to model the fundamental constructs
arising in programs: sequencing, branching, iteration, etc.
More importantly, the equational theory of KAT, which can
be finitely axiomatized [41], allows algebraic reasoning about
corresponding classical programs.

The mathematical elegance and succinctness of algebraic
reasoning with KAT have furnished deep theoretical insights
as well as practical tools. A lot of topics can be investigated
with KAT including, e.g., program transformations [4], com-
piler optimization [40], Hoare logic [38], and so on. An im-
portant recent application of KAT is NetKAT [3] that reasons
about the packet-forwarding behavior of software-defined
networks, with both a solid theoretical foundation [25] and
scalable practical performance [3]. An efficient fragment
of KAT, called Guarded KAT (GKAT), has also been iden-
tified [59] to model typical imperative programs with an
almost linear time equational theory. In contrast, KAT’s equa-
tional theory is PSPACE-complete [17].

Quantum computation has been a topic of significant re-
cent interest. With breakthroughs in experimental quantum
computing and the introduction of many quantum program-
ming languages such as Quipper [30], Scaffold [1], QWIRE
[50], Microsoft’s Q# [62], IBM’s Qiskit [2], Google’s Cirq
[28], Rigetti’s Forest [52], there is an imperative need for the
analysis and verification of quantum programs.

Indeed, program analysis and verification have been a
central topic ever since the seminal work on quantum pro-
gramming languages [29, 49, 53, 54, 57]. There have been
many attempts of developing Hoare-like logic [32] for veri-
fication of quantum programs [5, 13, 15, 22, 33, 67]. In par-
ticular, D’Hondt and Panangaden [18] proposed the notions
of quantum predicate and weakest precondition. Ying [67]
established the quantum Hoare logic with (relative) complete-
ness for reasoning about a quantum extension of the while-
language with many subsequent developments [45, 70, 73].
We refer curious readers to surveys [27, 56, 69] for details.
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Quantum while-programs have similar (yet semantically
different) fundamental constructs (e.g., sequencing, branch-
ing, iterations) like classical ones, which gives rise to a nat-
ural question of the possibility of using KA/KAT to alge-
braically reason about quantum programs. Existing methods
for quantum program analysis and verification usually in-
volve exponential-size matrices in terms of the system size,
which hence significantly limits the scalability. In contrast,
a succinct KA-based algebraic reasoning, if possible, would
greatly increase the scalability of such analyses for quantum
programs due to its mathematical succinctness.

1.2 Research Challenges and Solutions

Let us first revisit KAT-based algebraic reasoning and high-
light the challenges in extending the framework to the quan-
tum setting. We assume a few self-explanatory quantum
notations with detailed quantum preliminaries in Section 3.1.

KAT-based Reasoning. A typical reasoning framework
based on KAT, similarly for NetKAT and GKAT, will establish
that KAT models the targeted computation by showing

tkar e = f & Vint, Kint(e) = Kine (f), (1.2.1)

where Ky is an interpretation mapping from expressions to
a language (or semantic) model of the desired computation.
In reasoning about while programs, one encodes them as
KAT expressions as in Propositional Dynamic Logic [23]:

p:q:=pq (1.2.2)
if b then p else q := bp + bg (1.2.3)
while b do p done := (bp)*b, (1.2.4)

where b is a classical guard/test and b is its Boolean negation.

Intuitively, if one can derive the equivalence of encodings
of two classical programs in KAT, then through the sound-
ness direction (=), one can also establish the equivalence
between the semantics of the original programs by applying
an appropriate interpretation.

Quantum Branching. One critical difference between quan-
tum and classical programs lies in the branching statement.
The quantum branching statement,

case M[q] —' P; end, (1.2.5)

refers to a probabilistic procedure to execute branch P; de-
pending on the outcome of quantum measurement M on
quantum variable g (of which the state is denoted by a den-
sity operator p). Consider the two-branching case (i=0,1),
and let M = {M,, M;} be the quantum measurement op-
erators. Measurement M will collapse p to the state py =
Mong Jtr(M ng ) with probability py = tr(Mp ng ), and
the state p; = MlpMj/tr(MlpMI) with probability p; =
tr(M; pM;r ) respectively (here tr(-) is the matrix trace). After
the measurement M, the program will execute P; on state p;
with probability p; (i =0, 1).
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There are two important differences between quantum
and classical branching. The first is that quantum branching
allows probabilistic choices over different branches. Even
though random choices also appear in probabilistic programs,
the probabilistic choices in quantum branching are due to
quantum mechanics (i.e., measurements). In particular, their
distributions are determined by the underlying quantum
states and the corresponding quantum measurements, and
hence implicit in the syntax of quantum programs, whereas
specific probabilities are usually explicitly encoded in the syn-
tax of probabilistic programs. Moreover, different quantum
measurements do not necessarily commute with each other,
which could hence lead to more complex probability distri-
butions in quantum branching than ones allowed in classical
probability theory and hence probabilistic programs.

The second difference lies in the different roles played by
classical guards and quantum measurements in branching.
Note that classical guards serve two functionalities simulta-
neously: (1) first, their values are used to choose the branches
before the control; (2) second, they can also be deemed as
property tests (i.e. logical propositions) on the state of the
program after the control but before executing each branch.
These two points might be so natural that one tends to forget
that they are based on an assumption that observing the guard
won’t change the state of the program, which is also naturally
held classically. The classical guards, when deemed as tests
in KAT, enjoy further the Boolean algebraic properties so
that they can be conveniently manipulated.

This natural assumption, however, fails to hold in quan-
tum branching since quantum measurements will change
underlying states in the branching statement. This is mathe-
matically evident as we see p is collapsed to either py or p;
for different branches. Therefore, it is conceivable that quan-
tum branching (and hence quantum programs) should refer
to a different semantic model and quantum measurements
should be deemed different from the tests in KAT.

Issues with directly adopting KAT/KA. Aforementioned
differences make it hard to directly work with KAT/KA for
quantum programs. First, there is a well-known issue when
combining non-determinism, which is native to KAT, with
probabilistic choices [47, 64], the latter of which is however
essential in quantum branching. A similar issue also showed
up in the probabilistic extension of NetKAT [24], which does
not satisfy all the KAT rules, especially the idempotent law.
One might wonder about the possibility of using GKAT [59],
which is designed to mitigate this issue by restricting KAT
with guarded structures. Unfortunately, the classical guarded
structure modeled in GKAT is semantically different from
quantum branching, which makes it hard to connect GKAT
with appropriate quantum models.

Solution with NKA and NKAT. Our strategy is to work
with the variant of KA without the idempotent law, namely,
the non-idempotent Kleene algebra (NKA). This change will



Algebraic Reasoning of Quantum Programs via Non-idempotent Kleene Algebra (Extended Version)

help model the probabilistic nature of quantum programs
in a natural way, however, at the cost of losing properties
implied by the idempotent law. Fortunately, thanks to the
existing research on NKA [21, 44], many properties of KA are
recovered in NKA for its applications to quantum programs.

Since there is no single "test" in quantum programs that
can serve two purposes like classical guards, we simply sep-
arate the treatments for them. The branching functionality
of quantum measurements can hence be expressed in NKA
by treating them as normal program statements. Precisely,
any quantum two-branching can be encoded as

Mmopo + mMip1, (1.2.6)

where mg; are encodings of measurements and p,,; are
encodings of programs in each branch. Comparing with the
classical encoding (1.2.3), mo/; no longer enjoy the Boolean
algebraic properties and should be treated separately.

It turns out that many classical applications of KAT such
as compiler optimization [40] and the proof of the normal
form of while-programs [37] can be implemented in NKA
for quantum programs with branching functionality only.

However, one needs to extend NKA to recover other appli-
cations of KAT which makes essential use of the proposition
functionality of tests. A prominent example in KAT is its ap-
plication to propositional Hoare logic [38]. Indeed, a typical
Hoare triple {b}p{c} asserts that whenever b holds before
the execution of the program p, then if and when p halts, c
will hold of the output state, where b, ¢ are both tests in KAT
leveraging their proposition functionality.

A similar triple {A}P{B} is also used in quantum Hoare
logic [67], where P is the quantum program and A, B become
quantum predicates [18]. To encode quantum Hoare logic,
we extend NKA with the "test", denoted NKAT, which mim-
ics the behavior of quantum predicates following the effect
algebra [26]. With quantum predicates, we develop a more
delicate description of measurements in quantum branching,
called partitions, which allow us to reason about the relation-
ship among quantum branches caused by the same quantum
measurement, e.g., the my and m; branches in (1.2.6).

Quantum Path Model. One of our main technical contri-
butions is the identification of the so-called quantum path
model, a complete and sound semantic model for NKA. Namely,

Fnka e = & Vint, Qine(e) = Qine(f), (1.2.7)

where Qi is an interpretation mapping from NKA expres-
sions to quantum path actions, which can be deemed as
quantum evolution in the path integral formulation of quan-
tum mechanics. Qjnt will connect the NKA encoding of any
quantum program P with its denotational semantics [[P]. !
The key motivation of the quantum path model is to ad-
dress the infinity issue in NKA. For an intuitive understand-
ing, one can deem any KA or NKA expression as a collection

ISince we relate NKA to quantum models which imply the probabilistic
feature inherently, there is no need to explicitly add probability to NKA.
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of potentially infinitely many traces, where "infinitely many"
is caused by * operations. In the case of KA, by the idempo-
tent law, every single trace is either in or out of the collection.
However, in the case of NKA, each trace is associated with a
weight, which by itself could be infinite. To distinguish be-
tween nonequivalent NKA expressions, one needs to build a
semantic model that can characterize a collection of weighted
traces with potentially infinite weights. We also require the
quantum nature of this semantic model for connection with
the denotational semantics of quantum programs.

The path integral formulation becomes very natural in this
regard: it formulates quantum evolution as the accumulative
effect of a collection of evolutions on individual trajecto-
ries. Our quantum path model basically characterizes the
accumulative quantum evolution over a collection of poten-
tially infinite evolutions over individual traces. By identify-
ing quantum path actions representing quantum predicates
and quantum measurements in the quantum path model, a
soundness theorem is proved for NKAT as well.

Quantum-Classical differences as exhibited in NKA and
NKAT. The quantum-classical difference is not explicit in
the syntax of NKA, as there is no special symbol for quan-
tum measurements. This is also reflected in the proof of the
completeness of NKA where an interpretation of essentially
classical probabilistic processes is constructed (Remark 4.1).

However, the difference becomes explicit in NKAT: the two
functionalities of the quantum guards are characterized sep-
arately by effects and partitions, in contrast with the classical
guards in KAT. The general noncommutativity of quantum
measurements in NKAT demonstrates its quantumness and
distinguishes itself from any classical model.

1.3 Contributions

To our best knowledge, we contribute the first investigation
of Kleene-like algebraic reasoning of quantum programs and
demonstrate its feasibility. We introduce the non-idempotent
Kleene algebra (NKA) and existing results on the semantic
model of NKA in Section 2. Our contributions include:

e We illustrate the quantum path model and its relation
with normal quantum superoperators in Section 3.

e We prove that the NKA axioms are sound and complete
with respect to the quantum path model, given encodings
of quantum programs in NKA and an appropriate inter-
pretation of NKA to the quantum path model in Section 4.

o We demonstrate several applications of NKA for quantum
programs, including: (1) the verification of optimization in
quantum compilers (Section 5); (2) an algebraic equational
proof of the quantum counterpart of the classic B6hm-
Jacopini theorem [11] (Section 6).

o We extend NKA with the effect algebra to obtain the Non-
idempotent Kleene Algebra with Tests (NKAT), which
is proven sound for the quantum path model. We also
encode the entire propositional quantum Hoare logic as
NKAT theorems in light of Kozen [38] (Section 7).
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Non-idempotent Kleene algebra | R Compiler op timizations rules
Secti ? Section 5
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Lemma 3.8

Figure 1. The structure and main results of this paper.

Main Theorem. Our main theorem presented below for-
mally guarantees that quantum program equivalences are
implied if we can algebraically derive the corresponding
NKA theorems. This approach is similar to deriving classical
program equivalence via KAT.

Theorem 1.1. Given two quantum programs P, Q and sub-
program pairs {(P;, Q;)} where [ P;]] = [Q:], if Horn theorem

FNKA (/\l Enc(P;) = EnC(Q,-)) — Enc(P) = Enc(Q)

is derivable, then we have [P]| = [ Q] . Here Enc is the encod-
ing of quantum program in a similar manner of (1.2.2)(1.2.4).

We display the essential concepts leading to this theorem
in Figure 1, illustrating how our efforts in later sections
connect to it, and its applications and extensions.

Related Works. It is worthwhile comparing quantum al-
gebraic reasoning based on NKA with other techniques on
quantum program analysis, e.g., quantum Hoare logic [67].
As we see, classical algebraic reasoning is extremely good
at certain tasks (e.g, equational proofs). However, since it
abstracts away a lot of semantic information, it cannot tell
about detailed specifications on the state of programs, which
can otherwise be reasoned by Hoare logic [32].

Our quantum algebraic reasoning inherits the advantages
and disadvantages of its classical counterpart. It allows ele-
gant applications in Section 5 & 6, which is very hard (e.g.,
involving exponential-size matrices) to solve with the quan-
tum Hoare logic [67] or its relational variants [6, 63]. How-
ever, it cannot replace quantum Hoare logic to reason about,
e.g., specifications on the state of quantum programs either.

A recent result of quantum abstract interpretation [72]
contributes to another promising approach to verifying quan-
tum assertions with succinct proofs, although its applicability
and technique are incomparable to ours.

There are many other verification tools developed for
quantum programs. Hietala et al. [31] built VOQC, an infras-
tructure for quantum circuits in Coq with numerous verified
programs and compiler optimization rules. Another theory
for equational reasoning of quantum circuits is introduced
in [60]. They serve as good complements of our framework
when loops are absent.

Future Directions. One interesting question is the automa-
tion related to NKA, e.g., through co-algebra and bi-simulation
techniques, in light of [12, 39, 58, 59]. This could lead to effi-
cient symbolic algorithms for algebraic reasoning of quan-
tum programs in light of [51]. Kiefer et al. [34] proposed
an algorithm checking Q—weighted automata equivalences,
which works for NKA when no infinity presents.

Another direction is to include quantum-specific rules to
NKA to ease the expression of practical quantum applica-
tions. For example, one may embed unitary superoperators
into NKA as a group to encode their reversibility.

Given the promising applications of KAT in network pro-
gramming (e.g., NetKAT [24]), an exciting opportunity is to
investigate the possibility of a quantum version of NetKAT
in the software-defined model of the emerging quantum
internet (e.g., [14, 42]) based on our work.

2 Non-idempotent Kleene Algebra

In this section, we introduce the theory of a Kleene algebraic
system without the idempotent law, which is called non-
idempotent Kleene algebra (NKA).

We inherit Kozen’s axiomatization for Kleene algebra (KA)
in [36] with several weakenings.

Definition 2.1. A non-idempotent Kleene algebra (NKA) is a
7-tuple (K, +, -, %, <,0, 1), where + and - are binary operations,
* is a unary operation, and < is a binary relation. It satisfies
the axioms in Figure 3.

The most essential weakening is the deletion of the idem-
potent law. The partial order in KA cannot directly fit in
the scenario when the idempotent law is absent. We hence
generalize the KA partial order to any partial order that is
preserved by + and -. Therefore, * also preserves this partial
order. Moreover, we did not include the symmetric fixed
point inequality 1+ p*p < p* because it is derivable by other
axioms, both in KA and in NKA [21].

Definition 2.2. For an alphabet 3, an expression over % is
inductively defined by:
ex=0]|1]ale +e|er-er]el, (2.0.1)

where a € 3. We denote all the expressions over £ by Exps..
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1+pp* =1+p*p=p" (fixed-point)
psq—op <q
1+p(gp)°q = (pg)”

(pe)*p = p(qp)”

(monotone-star)

(product-star) 0<p

(a) Commonly used theorems of NKA

(p+q)" =@ "9"p" =p"(gp*)" (denesting)
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(pp)" (1+p)=p° (unrolling)
pg=qp —> p'q=qp’

pq=rp — pq°- =r"p (star-rewrite)

(sliding)
(swap-star)

(positivity)

(b) Several theorems of NKA for applications

Figure 2. Derivable formulae in NKA.

A Horn formula ¢ is defined as the form (/\;e; < f;) —
e < f. One may also substitute equation for inequality in ¢
sincce=f o e< fAf<e.

We write Fnga ¢ if ¢ is derivable in NKA with equational
logic. Any derivable formula in NKA is a theorem of NKA.

Apparently, every theorem in NKA is derivable in KA,
since the partial order in KA is monotone. The reverse direc-
tion is not true in general. Indeed, the idempotent law, for
example, is nowhere derivable from the NKA axioms. It is
thus natural to ask what important theorems in KA are still
derivable in NKA. We provide affirmative answers to many
of them in the following. (Proofs in Appendix C.1.)

Lemma 2.3. The following formulae are derivable in NKA.

Axioms of KA Axioms of NKA

SEMIRING LAwsS:

p+(g+r)=(p+q +r;

SEMIRING Laws

p+(g+r)=(p+q +r;

p+tq=q+p; p+q=q+p;
p+0=7p; p+0=7p;
p(gr) = (pq)r; p(qr) = (pg)r;
1p =pl=p; 1p=pl=p;
0p =p0=0; 0p =p0 =0;

p(q+71) =pq+pr;
(p+q)r =pr+gqr;

p(q+71) =pq+pr;
(p+qr=pr+gqr;
p+p=0p;

PArTIAL ORDER LAWS
p=p;

pP=qhqp—op=gq;
pP<qgANq=<r—op<r,;

ParTIAL ORDER LAWS

p=qeoptq=gq;

PSgATr<s—op+r=<q+s;
p<qAr<s—pr=<gqgs;

STAR LAws

1+pp" <p
g+pr<r—-pg<rn;

STAR LAWS
L+pp" <p"
q+pr<r—-p'q<r;

g+rp <r—gp* <r; g+rp<r—qp  <r;

Figure 3. Axioms of KA and NKA. Axioms marked in blue
(red) only present in NKA (KA).

1. The formulae in Figure 2a due to [21].
2. The formulae in Figure 2b.

It is known that NKA also has a natural semantic model,
called rational power series, which is a special class of for-
mal power series over N = N U {co}. We present a brief
introduction to them in Appendix A for interested readers.

Remark 2.1 (Complexity related to NKA). Bloom and Esik
[10] have proposed an algorithm to determine the equivalence
of two rational power series, so the equational theory of NKA
is decidable. Meanwhile, a subset 1K = {1"p : p € K}
satisfies the Kleene algebra axioms, and the equational theory
of KA is PSPACE-complete [61], thus equational theory of NKA
is also PSPACE-hard. However, by linking formal power series
to weighted finite automata, Eilenberg [20] shows that it is
undecidable whether a given inequality e < f holds in NKA.

3 Quantum Path Model

To address the infinity issue, we introduce a generalization
of quantum superoperators in this section, named quantum
path model, a sound model of NKA. We include detailed
quantum preliminaries in Section 3.1, introduce extended
positive operators as a generalization of quantum states in
Section 3.2, define the quantum path model as an analog of
the path integral in quantum mechanics in Section 3.3, and
embed quantum superoperators in the quantum path model
in Section 3.4. We recommend that first-time readers skip
technical construction details in this section.

3.1 Quantum Preliminaries

We review basic notations from quantum information that
are used in this paper. Curious readers should refer to [48, 65]
for more details.

An n-dimensional Hilbert space H is essentially the space
C" of complex vectors. We use Dirac’s notation, [/), to de-
note a complex vector in C". The inner product of |¢/) and |¢)
is denoted by (/|¢), which is the product of the Hermitian
conjugate of |¢/), denoted by (y|, and the vector |¢).

Linear operators between n-dimensional Hilbert spaces
are represented by n X n matrices. For example, the zero
operator O¢s and the identity operator I4 can be identified by
the zero matrix and the identity matrix on H. The Hermitian
conjugate of operator A is denoted by A'. Operator A is
positive semidefinite if for all vectors |/) € H, (Y|Aly) = 0.
The set of positive semidefinite operators over H is denoted
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by PO(H). This gives rise to the Léwner order C among
operators: A C B & B — A is positive semidefinite.

A density operator p is a positive semidefinite operator
p = 2 pil¥iXyi| where X, p; = 1,p; > 0. A special case
p = [¢X¢| is conventionally denoted as |¢/). A positive semi-
definite operator p on H is a partial density operator if
tr(p) < 1, where tr(p) is the matrix trace of p. The set of
partial density operators is denoted by D (H).

The evolution of a quantum system can be characterized
by a completely-positive and trace-non-increasing linear su-
peroperator &2, which is a mapping from D (H) to D(H’)
for Hilbert spaces H, H’. We denote the set of such super-
operators by QC(H, H’). The special case when H’ = H
is denoted by QC(H).

For two superoperators &;, &, € QC(H), the composition
is defined as (&1 0 E;) (p) = E2(E1(p)). If there exists & and
& € QC(H) satisfying E(p) = 3; Ei(p) for every p €
PO(H), then we define & as }; ;. For every superoperator
& € QC(H,H’), by [43] there exists a set of Kraus operators
{Ex} such that E(p) = X2k EkaZ for any input p € D(H).
The Schrédinger-Heisenberg dual of a superoperator E(p) =
Sk ExpEy is &' (p) = Ly ELpEr.

A quantum measurement on a system over Hilbert space
H can be described by a set of linear operators {M,, }, where
>om M;ran = Ig. The measurement outcome m is observed
with probability p,, = tr(M,y, pM:n) for each m, which will
collapse the pre-measure state p to M,,(p) = MmpMj,,/pm.
A quantum measurement is projective if MiM; = M; if i = j
and O¢y otherwise. Namely, all M; are projective operators
orthogonal to each other.

3.2 Extended Positive Operators

The set PO(H) does not contain any infinity. We need to
incorporate different infinities into it to distinguish different
path sets which may lead to different divergent summations.

Definition 3.1. A series of PO (H) is a countable multiset of

PO(H), and can be written as \+;; pi, where I is a countable

index set. Symbol \#);c; enumerates every element p; in the

multiset. The set of series of PO(H) is denoted by S(H).
The union of countably many series is denoted by:

E-Jiel (@je]i ’0’7) - H(i,j):iel,je],- Pij-

Note WWier Wy, pij € S(H) since the index set is countable.

A binary relation < over S(H) is defined by: \&);c; pi S

Wjey 0 if and only if for every € > 0 and finite I’ C I, there
exists a finite J' C ], such that

i C €ly +Z i
Zie]’pl = € jeJ’ 9j

2 A superoperator & is positive if it maps from D (H) to D (H’) for Hilbert
spaces H, H'. 1t is completely-positive if for any Hilbert space A, the super-
operator & ® I# is positive. It is trace-non-increasing if for any initial state
p € D(H), the final state E(p) € D(H’) satisfies tr(E(p)) < tr(p).

(3.2.1)

(3.2.2)
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We induce another binary relation ~ from < on S(H) by:

oo = Wosler nldo <l

iel JjeJ iel JjeJ JjeJ iel

Symbol |#;¢; is employed to distinguish the series from
the normal summation }};.; over PO(H). We will build
connections between these two notions so that [4);c; can
readily help us in the analysis of convergence, and more.

We represent a finite series by enumerating its elements.
Like a series with one element O¢;, we denote it by {|Ogfl}.

The definition of < aims at a generalization to the Léwner
order in S () that distinguishes the different infinities while
preserving relations like {|Ix|} < ;50 %Iq{, whose corre-
spondence in PO (H) holds.

Lemma 3.2. < is a preorder, so ~ is an equivalence relation.

The proof of this lemma along with several basic facts
about S(H) is in Appendix C.2.

Definition 3.3. We define the extended positive operators
PO(H) = S(H)/~ as the set of equivalence classes of ~.

Let the equivalence class including \+;c; pi be

[Lﬂiel pi] = {Hje] O'j‘ Lﬂje] oj ~ L—ijie[ ,Di}, (3.2.3)
where on the right hand side is a set of series.

A partial order < over POo(H) is induced from the pre-
order < over S(H) by:

[Hielpi] = [Hie] Uj] e 4, pis @jq aj. (3.2.4)

We define countable summation over POo(H) from the
union in S(H) by

Zie[ [Lﬂje]i pij] - [Lﬂiel Lﬂje],— pij] :
The summation defined above is independent of the choices
of lt);¢;, pij because of Lemma C.1.(i).
We slightly abuse notation, writing [ p] to represent [{ p[}]
for p € PO(H). A frequently used case of (3.2.5) is to write
the equivalence class of a series as

[Lﬂiel pi] - Zie[ Lpil

where we can intuitively deem the countable summation
over PO (H) as a generalized summation over PO(H).
For example, we have ;. [%LH] = [Zi>0 %I(H] = [Iy]
according to Lemma C.1.(iii).

(3.2.5)

(3.2.6)

Remark 3.1. PO(H) is embedded in PO (H) by p —
[p] as finite positive operators. Besides these, PO (H) con-
tains distinguishable divergent summations unattainable by
PO(H): g, 3120110011 is different from 3.1.[11)(1[], and
lessthan ;o [I1,]. These divergent summations are leveraged
to depict the domain and the range of our extended quantum
superoperators.
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3.3 Quantum Actions

We are now ready to introduce quantum actions, a generaliza-
tion of superoperators in the quantum path model, inspired
by the path integral formulation of quantum mechanics.

Definition 3.4. A quantum action, or action for simplicity,
over PO (H) is a mapping from POs(H) to PO (H).

A quantum action A is linear if for series 3 ¢, [pij] ,

A (Ziel Zje]i [Pij]) = Zie]ﬂ (Zje]i [,Dij]) . (331)

A quantum action A is monotone if for any two series

Zier Lpil £ 2jes [O'j],

A (Zie[ [p"]) <A (Zje] [Gj])'

We denote the set of linear and monotone quantum actions
over POs(H) by P(H) as the set of quantum path actions.

The zero action O¢ maps everything to [Og], and the
identity action is denoted by 1.

(33.2)

A physical interpretation of quantum path actions in P ()
is the collection of quantum evolution along a single or many
possible trajectories of the underlying system. Thus, one can
readily define the composition and the sum of quantum path
actions, as the concatenation and the union of trajectories.

Definition 3.5. We define the operations in P (H) by:

(z; ﬂi) (Z; [Pj]) = Z; A (Z; [pi] | (33.3)
(A A) (Zje] [Pj]) = A, (ﬂl (Zje] [Pj])), (3.3.4)
A=) A (3.3.5)

Here A' = I3, A, A; - -+ ; A where A repeats i times.
Additionally, we define A; o Az = Ay; Aj.
A point-wise partial order < in P(H) is induced point-
wisely: Ay < A, if and only if

VZieI Lpil. Ay (Ziel [’Di]) < A, (Zie[ [pi]) - (3.3.6)

Our main result is that $ (H) with the above partial order
and operations satisfies the axioms of NKA. The proof is
postponed to Appendix C.3. Since infinite summations are
well-defined over quantum path actions, any NKA deriva-
tion safely induces a derivation over quantum path actions
without worrying about the infinity issue.

Theorem 3.6. The NKA axioms are sound for the quantum
path model, defined by (P(H),+, ;,*, =<, Oqy, Ig7). Here + is

the ); operation restricted on two operands.

3.4 Embedding of QC(H) in P(H)

We mentioned the intuition that quantum path actions are
generalizations of quantum superoperators in the quantum
path model. We now make it precise by building an embed-
ding from quantum superoperators to quantum path actions
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(and hence the quantum path model), which allows us to
prove superoperator equations via NKA theorems.

Definition 3.7. Path lifting is a mapping from & € QC(H)
to a quantum path action (E)1: Yic; [pil = Sicr [E(p)] .

(&)1 is well-defined (it does not depend on the choices of
>icrlpi]) because of Lemma C.1.(v).

The path lifting embeds QC (H) in P (H) by the following
lemma, whose proof is routine and in Appendix C.4.

Lemma 3.8. The path lifting has the following properties:
(i) (&)1 € P(H), for & € QC(H).
(ii) &1 = & & (&) = (&), for &1, 8, € QC(H).
(iii) operations o and Y,; (when defined) in QC(H) are pre-
served by path lifting as ; and }; operations in P (H).

4 Quantum Interpretation and Quantum
Programs
In this section, we link expressions, quantum path actions

and quantum programs by quantum interpretation (Sec-
tion 4.1) and encoding (Section 4.2).

4.1 Quantum Interpretation

We endow equations in NKA with quantum interpretations.

Definition 4.1. A quantum interpretation setting over an
alphabet 3 is a pairint = (H, eval) where

1. ‘H is a finite dimensional Hilbert space.
2. eval : ¥ — QC(H) is a function to interpret symbols.

The quantum interpretation Qi W.r.t. a quantum interpre-
tation setting int is a mapping from Exps. to P (H) where

Qint(0) = O, Qint(e + f) = Qint(e) + Qine (1),
Qint(1) = Iy, Qint(e - f) = Qint(€); Qune (f),
Qint () = (eval(a))', Qint(e”) = Qine(e)".

Herea € %, and (eval(a))' is the path lifting of eval(a).

Theorem 4.2. The axioms of NKA are sound and complete
w.r.t. the quantum interpretation. That is, for any e, f € Exps,

Fnka €= f 0 ©  Vint, Qine(e) = Qine(f). (4.1.1)

The soundness comes directly from Theorem 3.6. The com-
pleteness proof makes use of formal power series and is post-
poned to Appendix C.5. This result indicates that equations
of NKA are all possible tautologies when atomic symbols
are interpreted as any (lifted) quantum superoperator. These
equations and interpretations do not necessarily correspond
to quantum programs, so further exploitation of algebraic
structures specifically for quantum programs is possible.

Remark 4.1. The completeness proof constructs interpreta-
tions with probabilistic processes only. It suggests that quantum
processes have similar algebraic behaviors to probabilistic pro-
cesses when probabilities are implicit (abstracted inside atomic
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operations). This is valid when measurements are not distin-
guished from other processes. We will discuss additional axioms
for quantum measurements in Section 7.

Most of the derived rules in our applications rely on ex-
ternal hypotheses aside from the NKA axioms. A formula
with inequalities as hypotheses is called a Horn clause. We
present the relation of the Horn theorems of NKA and quan-
tum interpretations by the following theorem.

Corollary 4.3. For expressions {e;}?,, {fi}, C Expy, and
e f € Expy, if
n
FNKA (/\ei Sﬁ) Heﬁf,
i=1

andint = (H, eval) satisfies Qin(e;) < Qine(fi) for1 <i < n,
then Qint(e) < Qint(f).

(4.1.2)

Note that the inequalities above can be replaced by equa-
tions, using the factthatp =g < p < qgA g < p.

Proof. The proof comes from Theorem 3.6 similarly. Along
the derivation of e < f, we apply the NKA axioms and
premises e; < f; for 1 < i < n. The soundness of e < f
comes from the soundness of NKA axioms, proved in The-
orem 3.6, and the soundness of each premises, provided by
the assumption Qin(€;) < Qint(f;) for each e; < f;. O

4.2 Encoding of Quantum Programs

The syntax of a quantum while program, also called a pro-
gram for simplicity, P is defined as follows. *

P := skip | abort | g:=|0) | g:=Ul[q] | P;; P> |

case M|[q] 4 P; end | while M[gq] = 1 do P; done.

The denotational semantics of P is a quantum superoper-
ator, denoted by [[P]. Ying [68] proves that:

[skipl (o) = . |case M[g] 5 Pr end] = 3 Mio [P1],
[abort] (p) = Oz, [q:=10)] (p) = Z 10)4 (il pli)g O],

[Pi:P] = [P o [P.]. [7:=Ulgl] (p) = UpUy,
[while M[q] = 1 do P done] = Z((Ml o [P]N™ o My),

n>0

3The skip statement does nothing and terminates. The abort statement
announces that the program fails, and halts the program without any
result. Statement g := |0) resets the register g to |0), and q := U|[q]
applies a unitary operation on register set g. These four statements’ de-
notational semantics are called elementary superoperators. Note that
there is no assignment statement due to the quantum no-cloning theo-
rem [66]. The loop while M[q] = 1 do P; done executes repeatedly. Each
time it measures g by M. If the measurement result is 1, it executes P,
and then starts over. Otherwise, it terminates. When there are only two
branches, we define syntax sugar if M[q] = 1 then P; else P, as an al-
ternative to case M|[q] —! P; end. Moreover, if P, = skip, we write
if M[q] = 1 then P;.

Yuxiang Peng, Mingsheng Ying, and Xiaodi Wu

where for a quantum measurement {M; };c;, M; is defined
by Mi(p) = MipMiT. Both o and };; are operations over
quantum superoperators.

We formally define how to encode a quantum program as
an expression, and how to recover the denotational semantics
of a quantum program from an expression.

Definition 4.4. An encoder setting is a mapping E from a
finite subset of QC(H) to X, that assigns a unique symbol
in X to the elementary superoperators (qubit resetting, uni-
tary application, and measurement branches) in the target
programs.

The encoder Enc of a program to Exps. with respect to an
encoder setting E is defined inductively by:

Enc(skip) = 1; Enc(q := [0)) = E([[q := |0)]);
Enc(abort) = 0; Enc(q =Ul[q]) = E([q = Ulql]):
Enc(P;; P;) = Enc(P;) - Enc(P,);

Enc(case M[q] 4 P; end) = Z E(M;) - Enc(P;);

Enc(while M[g]=1do P done) = (E(M;)-Enc(P))"-E(M,),
where X; in (4.2.1) is an abbreviation of expression summation.

Theorem 4.5. For any quantum program P and encoder set-
ting E, let int = (H,E™1), where E™! maps back the unique
symbol for an elementary superoperator. Then

Qint (Enc(P)) = ([P])'.

A full proof by induction on P is in Appendix C.6.

Note that in real applications, we usually define the en-
coder setting E jointly for multiple programs {P;} for tech-
nical convenience and easy comparison.

(4.2.1)

Now we have all the ingredients for Theorem 1.1.

Proof of Theorem 1.1. We have constructed the quantum path
model and proved it a sound model of NKA in Theorem 3.6,
leading to the soundness of Horn theorems by Corollary 4.3.
We also show an embedding of quantum superoperators into
quantum path actions in Lemma 3.8.(ii), so Horn theorems
are interpreted as quantum superoperator equivalences. For
each quantum program, we encode it with a symbolic expres-
sion whose interpretation corresponds to its denotational
semantics, according to Theorem 4.5. Hence, if the NKA
equivalence of quantum programs’ encoding is derivable, the
equivalence of their denotational semantics is induced. O

In the next sections, we show applications of Theorem 1.1.

5 Validation of Quantum Compiler
Optimizing Rules

We demonstrate a few quantum compiler optimizing rules

and their validation in NKA, in light of a similar application

of KAT [40]. Note that many classical compiler optimizing

rules do not hold or make sense in the quantum setting. We
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have carefully selected those rules with reasonable quantum
counterparts, as well as quantum-specific rules found in real
quantum applications.

The validation of quantum program equivalence via NKA
consists of three steps: (1) program encoding: encode the
programs as expressions over an alphabet; (2) condition for-
mulation: identify necessary hypotheses and construct a
formula that encodes hypotheses and target equation; (3)
NKA derivation: derive the formula with the NKA axioms.

5.1 Loop Unrolling

Consider programs UNROLLING1 and UNROLLING? in Figure 4
with a program P and a projective measurement M.

Program Encoding: We encode the two programs by expres-
sions Enc(UNROLLING1) = (mgp)*m; and Enc(UNROLLING2) =
(mop(mop+m1-1))*my. The encoder setting is inferred easily.

Condition Formulation: Because M is a projective measure-
ment, M; o M; = M; and M; o My = Og can be encoded
by mym; = my and mymy = 0. Their equivalence can be
verified by the following formula:

FNKA Mimp =mqy Amimy =0 —

(mop)*my = (mop(mop + my - 1)) m;. (5.1.1)

NKA Derivation: This formula can be derived in NKA by:
(mop(mop +my - 1))*7’)’11
= (mopmop + mopmy)“m
= (mopmop)* (mopmi (mopmop)*)*my

= (mopmop)” (mopmy (1 + mopmop(mopmop)*))*m;
(fixed-point)

(distributive-law)

(denesting)

= (mopmop)” (mopmy)*“my (mimg = 0)

= (mopmop)™ (1 + mopmy (1 + mopmy (mopmy)™))my

(fixed-point)
= (mopmop)” (1 + mopmy)m (mymg = 0)
= (mopmop)™ (1 + mep)my (mym; = my, distributive-law)
= (mop)*my. (unrolling)

By Theorem 1.1, we have [UNROLLING1] = [UNROLLING2]).

5.2 Loop Boundary

This rule is quantum-specific because it makes use of the re-
versible property of quantum operations. Consider programs
BouNDARY1 and BoUNDARY?2 in Figure 4, where P is an ar-
bitrary program. Here the unitary U acting on g does not
affect the measurement on qubit w. In other words, quantum
measurement M, and M; commute with U.

Program Encoding: We encode these program by expressions
Enc(BounDpaRrY1) = (moupu~')*m; and Enc(BOUNDARY2) =
u(mop)*miu~!, where the encoder setting E can be inferred.
Condition Formulation: The reversibility property UU ™! =
U™'U = I can be encoded by uu~! = u~'u = 1 (at the level of
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UNROLLING1 = UNROLLING2 =
while M[q] =0 do while M[q] =0 do
P P; if M[q] = 0 then P
done. done.
BounDpARY1 = BounDpARY2 =
while M[w] = 0do q =Ulql;
q:="Ulql; while M[w] = 0 do
P; P;
q=U"[q] done;
done. q:=U"q].

Figure 4. Two pairs of equivalent programs with conditions.

quantum superoperators). Besides, the commutativity prop-
erty of measurement and U is encoded as umy = mou and
um; = miu. Then the formula we need to derive is

1

FNKA wl=ulu=1 Aumy = mou A umy = mu —

(moupu™)*my = u(mop)*myu". (5.2.1)

NKA Derivation: The derivation of this formula in NKA is
(moupu™)*my

= (umopu™')*m;y (umgy = mou)

= (1 +u(mopu™"u)* mopu~")m; (product-star)

=u(mop)*myu". (u™'u = 1, fixed-point)

Then [BounpARY1] = [BounpARrY2] by Theorem 1.1.

Due to space limitations, we showcase in Appendix B the
use of the Loop Boundary rule to optimize, as observed in
[16], one leading quantum Hamiltonian simulation algorithm
called quantum signal processing (QSP) [46], as well as its
algebraic verification.

6 Normal Form of Quantum Programs

Here we use NKA to prove a quantum counterpart of the
classic Bohm-Jacopini theorem [11], namely, a normal form
of quantum while programs consisting of only a single loop.
The normal form of classical programs depends on the folk
operation, which copies the value of a variable to a new
variable. However, in quantum programs, the no-cloning
theorem prevents us from directly copying unknown states.
Our approach is to store every measurement result in an aug-
mented classical space and depends on the classical variables
to manipulate the control flow of the program. We note a
quantum version of the Bohm-Jacopini theorem was recently
shown in [71], however, using a completely different and
non-algebraic approach.

Let us illustrate our idea with a simple example below
first. To unify the two while loops of ORIGINAL into one, we
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redesign the control flow as in CONSTRUCTED with a fresh
classical guard variable g € {0, 1, 2}.
CONSTRUCTED =

g:=11)
while Meas[g] > 0 do

ORIGINAL =
while M; [p] = 1 do P; done;
while M;[p] = 1 do P, done;

g :=|0). if Meas[g] > 1 then
if M;[p] = 1 then P; else g := |0)
else
if M;[p] = 1 then P, else g := |2)
done.

Here Meas|[g] is the computational basis measurement on
variable g. When g is classical, Meas[g] returns the value
of g, and does not modify g. The variable g is used to store
the measurement results and decide which branch the pro-
gram executes in the next round. We prove [[OriGiNaL] =
[ConsTRUCTED]| via NKA, using the outline in Section 5.

Program Encoding: We encode g := |i) as ¢', and Meas[g] > i
as g-; and g<;. Then the two programs are encoded as

El’lC(ORIGINAL) = (m11p1)*mlo(mglpg)*mzogo,

Enc(CONSTRUCTED) = ¢' (¢50(g>1(ma1p2 + m20g”)
+g<1(miipy + mig))) g<o.
Condition Formulation: Since g is fresh, operations on g com-
mutes with the quantum measurements M;, M, and subpro-
grams Py, P,. This is encoded as g'mjx = mjrg’, g'p; = pjg'.
Two consecutive assignment on g will make the first one be
overwritten, which is encoded as g'g’ = g’. On top of these,
g'g-;=¢'ifi > jand g'g-; = 0ifi < j.Similarly, g'g<; = ¢’
ifi < jandg'g<; =0ifi> j.
NKA derivation: To simplify the proof, let
X = g-0g>1(ma1p2 + mzogo), Y = gs09<1(mupr + m1ogz)-

Then Enc(CoNSTRUCTED) is equivalent to g'(X + Y)*g.
We simplify g'X* first.

9'X" = g'(1+g>0951(ma0g’ + ma1p2)X*)  (fixed-point)
=g, (distributive-law)
F*X* = g% (g=0g>1Mm21p2) " (g>09>1M209"

(14 g>09>1m21p2(g>09>1m21P2)"))"
(denesting, fixed-point

= (ma1p2)"g*(9>09>1m209°)" (star-rewrite
= (ma1p2)"g* (1 + g>09>1m209°)
= (mzlpz)*(gz + m2090)~
Consider g* (X +Y)* = g X*(YX*)* = g (YX*)*, and then
g (YX*)* = g'(g=09<1muip1X*)*

- (9>09<1 mlogQX* (g>0931m11P1X*)*)*
(denesting)

)
)
(fixed-point)
)

(distributive-law
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= (m1p1)*g' (g>0g<imiomiy; (g° + mzog°)

“(1+(gs0g<1mup1X*)(g>og<1miip1X*)"))
(star-rewrite, fixed-point)

= (my1p1)*mig(ma1p2)*(9° + maog®).
Insert the above equation into g* (X + Y)*g.

gl(X +Y)'g<0 = (mllpl)*ml()(mmpz)*(gz + mzogo)gso
= (mnpl)*mm(m21P2)*m2090-

This is exactly Enc(CoNSTRUCTED) = Enc(ORIGINAL).
Theorem 1.1 gives [ConsTRUCTED] = [OrIGINAL] . Hence
the two loops have been merged into one, with an additional
classical space which is restored to 0 at the end.

We employ a similar idea to arbitrary programs by induc-
tion. Note that our above example corresponds to the case
S1; Sy in induction. And our analysis above, which results in
an equivalent program with one while-loop and additional
classical space, constitutes a proof in that case. The more
complicated cases are proved similarly, whose details are in
Appendix C.7.

Theorem 6.1. For any quantum while program P over Hilbert
space H, there are a classical space C and a quantum while
program

Py; while M do P; done; p¢ := |0) (6.0.1)

equivalent to P; pc = |0) over H ® C, where Py, P; are
while-free, pc := |0) resets the classical variables in C to |0).

7 Non-idempotent Kleene Algebra with
Tests

As we stated before, NKA is not specifically designed for
quantum programs: the measurements are treated as normal
processes. Further characterization of measurements will
grant finer algebraic structure. KAT introduces tests into KA,
relying on the ability to simultaneously represent branching
and predicates by Boolean algebra. However, for quantum
programs, there is a gap between branching and predicates,
which requires us to treat predicates and branching sepa-
rately. We introduce effect algebra as a subalgebra of NKA
to tackle quantum predicates in Section 7.1. As for branch-
ing, quantum measurements are abstracted as algebraic rules
based on predicates. These lead to non-idempotent Kleene al-
gebra with tests (NKAT) in Section 7.2. As an application, we
show how propositional quantum Hoare logic is subsumed
into algebraic rules of NKAT in Section 7.3 and Section 7.4.

7.1 Effect Algebra

The notion of quantum predicates was defined in [18] as an
operator A € PO(H) satisfying ||A|| < 1, and its negation
A = I — A. In the quantum foundations literature, quantum
predicates are also called effects. Their algebraic properties
have been extensively studied as effect algebras.
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Definition 7.1 ([26]). An effect algebra (EA) is a 4-tuple
(L, ®,0,e), where0,e € L, and ® : L x L — L is a partial
binary operation satisfying the following properties: for any
abce L,
1. ifa®b is defined then b ® a is defined and a®b = b® a;
2. ifa®b and (a ® b) & c are defined, then b ® ¢ and
a® (bdc) aredefinedand (a®b) ®c=a® (b dc);
3. ifa® e is defined, then a = 0;
4. for every a € L there exists a unique a € L such that
ada=ce;
5. foreveryae L,0®a=a.

The fourth rule of the effect algebra defines a unary oper-
ator, the negation over £, denoted by a for a € L.

An effect algebra is easily embedded in NKA by viewing
@ as a restricted + of NKA. Then we need to identify the
correspondence of predicates in the quantum path model.

Definition 7.2. For a predicate A, a constant superoperator

Ca € QC(H) for A € PO(H) is defined by
Ca(p) = tr[p]A.

We let Ppred(H) = {(Ca)T : A € PO(H), ||A|| < 1} be the
subset of P(H) containing the lifted constant superoperator.

A partial binary addition & over Ppreq(H) inherits from
the addition in P (H), defined by:

(7.1.1)

CoT+(Cp)T (Ca)T+(Co)T = (CpT,
undefined

otherwise.

€)@ (Cp)' = {

Lemma 7.3. (Pprea(H), ®, O, (CI,H)T) forms an effect al-
gebra. Specifically, the negation of it satisfies (Ca)T = (Cp)T.

The proof is straightforward and in Appendix C.8.

7.2 Non-idempotent Kleene Algebras with Tests

We can characterize quantum measurements with the help
of predicates, for which we propose partitions algebraically.

Definition 7.4. AnNKAT is a many-sorted algebra (K, L, N,
+, %, <,0,1,e) such that
1 (K, + % <,0,1) is an NKA;
2. L is a subset of K, and (L, ®, 0, e) is an effect algebra,
where @ is the restriction of + w.r.t. top element e and
partial order <; that is, for any a,b € L

a+b <e,

a+b
a®b= (7.2.1)
undefined otherwise;

3. N is a set of tuples (m;);e, where I are finite index sets
and m; € K, satisfying:
a. each entry in the tuples satisfies m; L C L; that is, for
ac€ L, macL.
b. for each tuple, };c; mie = e.

The tuples in N are called partitions.
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We use L to characterize quantum predicates, and N to
characterize branching in quantum programs. For a quan-
tum measurement {M;};¢s, its dual superoperators trans-
form quantum predicates to quantum predicates: & J'VI,- A) =
MI.TAML-. This is captured by m; L C L. Besides, general

quantum measurements satisfies >;¢; Ml.T M; = I, which is
captured by Y;c; m;e = e, since e represents predicate Iy. ¢

Definition 7.5. The set of quantum measurements lifted as
quantum path actions in the dual sense is Ppyeas(H) =
{(MDT) s Milp) = Mip], Saey MM = .

Then we augment the quantum path model in the NKAT
framework, supporting quantum predicates (Ppreq(H)) and
quantum measurements (Ppreas (H)).

Theorem 7.6. The NKAT axioms are sound for the algebra
(P(?’(), PPred((]_{), PMeas (7—()5 +> O, *, 5, O’]‘{’ ]:H’ (CI(H>T)

Note we have substituted the right composition opera-
tion o for the left composition operation ; in P (H). This
is mainly because our interpretation now uses dual super-
operators. The verification of each axiom is standard. The
detailed proofs are included in Appendix C.8.

Several useful rules are derivable in NKAT, and their proofs
are in Appendix C.9.

Lemma 7.7. The following formulae are derivable in NKAT.
Here I is a finite index set, a, b, a; are elements of the effect
subalgebra, (m;);e; is a partition.

1.0<a<e;

4 a<b—-b<u

5. Xiel MiGi = X je1 Mid;.

3. 5 =aq;
(negation-reverse)
(partition-transform)

2. at+a=c¢e;

7.3 Encoding of Quantum Hoare Triples

A natural usage of classical predicates is reasoning via Hoare
triples. With an algebraic representation of quantum predi-
cates and programs, we can encode quantum Hoare triples
as algebraic formulae. A quantum Hoare triple is a judgment
of the form {A}P{B} where A, B are quantum predicates and
P is a quantum program. It refers to partial correctness [68],
denoted by [=par {A}P{B}, if for all input p € D(H) there

1S

tr(4p) < tr(BIP] (p) +tr(p) ~tr ([P] (p)).  (7:3.1)

4Qur characterization of measurements matches positive-operator-valued
measurements (POVM), the most general quantum measurements. We can
further classify structures inside AV to depict specific classes of quantum
measurements. For example, projection-valued measurements (PVM) can be
modeled as tuples (m;);e; where m;mj; = m; if i = j, otherwise m;m; = 0.

Furthermore, a set of projective and pair-wise commutative measure-
ment superoperators, defined by C(H) = {& € QC(H) : E(p) =
DpDY, D is diagonal, D> = D}, represents the measurement superoper-
ators in probabilistic programs. A Boolean algebra can be observed from
it. It would be an interesting future direction to investigate the algebraic
relation between NKAT and this Boolean algebra.
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(AxUT) {U'AU}§:=U[q] {A} (AxIn) {Z |i>q<0|A|0>q<i|} q:=0) {A}

AC A’ {A}P{B'} B'CB

(Ax.Sk) {A} skip {A} (R.OR) PG
(Ax.Ab)  {Ip} abort {Og}  (RIF) {Ai}Pi{B} for all i
{2 M;(Ai)}case M- P; end{B}
- Mt +
(RSC) {A}P{B} {B}P{C} (RLP) {B}P{C} C= My (A) + M| (B)

{A}P1; P,{C} {C}while M = 1 do P done{A}

Figure 5. A proof system for partial correctness of quantum
programs. Propositional quantum Hoare logic includes the
rules marked red in this figure (the lower six rules).

Then partial correctness 4 {A}P{B} can be encoded as
an inequality pz < a, where p is the encoding of program P,
and effect algebra elements a, b are the encoding of constant
superoperators C4 and Cg. This encoding can be interpreted
by a dual interpretation Q;Lm. 5 By setting any non-zero in-
put for Qllt (pb) < Q;t(ﬁ) and Lemma 3.8.(ii), it turns to
[P]" (I - B) C I- A, which is equivalent to [=pa {A}P{B}.

7.4 Propositional Quantum Hoare Logic

An important feature of KAT is that KAT subsumes the de-
ductive system of propositional Hoare logic, which contains
the rules directly related to the control flow of classical while
programs but not the rule for assignments [38]. As a coun-
terpart, quantum Hoare logic is an important tool in the
verification and analysis of quantum programs. A sound and
(relatively) complete proof system for partial correctness of
quantum while programs presented in Figure 5 is discussed
in [67]. We aim to subsume in NKAT a fragment of quantum
Hoare logic, called propositional quantum Hoare logic.

Due to the no-cloning of quantum information, the role
of assignment is played by initialization and unitary trans-
formation together in quantum programming. In quantum
Hoare logic, the rule (Ax.In) and (Ax.UT) for them include
atomic transformations, which cannot be captured by alge-
braic methods. As such, propositional quantum Hoare logic
will treat these rules as atomic propositions and work with
the following program syntax

P == p | skip | abort | P;;P; |
case M[q] 4 P; end | while M[q] = 1 do P; done.

Therefore, the deductive system of propositional quantum
Hoare logic consists of the rules marked red in Figure 5. Its
relative completeness and soundness can be proved similarly
to the original quantum Hoare logic [67] as a routine exercise.

SA dual inter{?retation Q;m _is defined similar to Qjnt except for Q;“ (e-f) =
Q (e) ¢ Q (f) and Qim(a) = (eval(a)")T. It describes the dual su-

int int
peroperators lifted to P (H). Properties of Qjn; like Theorem 4.2, Corol-
lary 4.3 hold for the dual interpretation similarly. Analogous of Theorem 4.5,

Q! (Enc(P)) = ([[P]]T)T, holds as well.

int

Yuxiang Peng, Mingsheng Ying, and Xiaodi Wu

By the discussions in Section 7.3, the partial correctness of
quantum Hoare triples can be encoded in NKAT. For a quan-
tum measurement {M;};c; we have an additional normal-
ization rule }}; M:Mi = I, which is encoded as }}; m;e = e.
Then the encoding of these rules is

(Ax.Sk): la<a,

(Ax.Ab): 00 <1,

(ROR): a<da Apb'<a Ab <b—pb<a

(RIF) : (/\ie[pig < a_i) = (Siermipi)b < X, mya;,
(RSC): pib<aApc<b— pipc<a

(RLP):  pmoa+mib < b — (myp)*mod < moa+ myb.

Here I is a finite index set, p, p; € K, elementsa, b,c,a’,b’, a; €
L, and (m;);es are partitions.

Theorem 7.8. With partitions (m;);ey, the formulae above
are derivable in NKAT.
Proof.
1. (Ax.Sk): 1a = a.
2. (Ax.Ab): 00 = 0 < 1 by positivity.
3. (R.OR): By negation-reverse, we have @’ < aand b <
b.Sopb < pb’ <@ <a.
4. (RIF): Applying partition-transform, (3;¢; ml-pi)g =
Ziermipib < Y miai = Y mia;.
5. (R.SC): p1(p2c) < p1b < a. _
6. (R.LP): By partition-transform, moa + m;b = mpa+mb.
With pmoa + mib < b, we have

mya + mipmoa + mb < moa + mb = mya + myb.

Then (mp)*moa < moa + m1b is concluded by apply-
ingg+pr<r—pq<r.

]

It is clear that the NKAT subsumes the encoding of propo-
sitional quantum Hoare logic.
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Appendix

A From NKA to Formal and Rational
Power Series

Researches on formal power series date back to [55], and see
also some recent references [9, 19].

Formal power series generalize formal languages by weigh-
ing strings with the extended natural number N.

Definition A.1. The extended set of natural numbers is
N = NU{oo}, where co is an added top element. The calculation
in this semiring follows the correspondences in N, and:
0-c0=00-0=0, 0" =1;

0+ 00 = o0,

VnEN\{O}: n+oco=00, n-oo=oc0-n=o00, n'=o0.

A countable summation Y;; n; forn; € N is defined to be
oo if there exists an iy € I such that n;, = oo, or if there exists
infinitely many non-zero n;’s. In other cases, it degenerates to
a finite summation and the definition follows naturally.

The partial order in N extends the natural partial order in
N byVn EN,n < oo,

Definition A.2 ([9, 19]). For a finite alphabet 3, a formal
power series f over X is a function f : ¥* — N, and can
be represented by f = 3, cs: f[w]w where f[w] € N is the
coefficient of string w. We denote the set of the formal power
series over X by N{(=*)).

For example, the zero mapping in N(Z*)) is represented
by f = 0. The unit mapping f = 1e maps the empty string e
to 1, and the others to 0. The mapping represented by f = 1a
for a € ¥ maps a to 1, and the others to 0.

Definition A.3. Addition, multiplication and the star opera-
tion are defined on N((Z*)) by

(f+g)[w] = f[w] + g[w], (A.0.1)
(f-g)[w] = Z flulglo], (A.02)
(£ Z Z flun]w.  (A.0.3)

n>0uy---up=w

Here uv is the concatenation of strings in X*, and u; can be the
empty string € in (A.0.3). Note also that f* = 3, ., f".

The partial order in N(=*Y is defined by:
f<geo Vwed flw] < glw]. (A.0.4)

With these operations in formal power series, it is possible
to interpret expressions over X as formal power series over
> by a semantic mapping {-}.

Definition A.4. {-} : Exp; — N(=*)) is defined by
fo}=0.  {a}=1q fe+ 1} ={e}+{/}.
fiy =1, {e'}={e}". {e-f}={e} -{/}

where a € 3, and e, f € Exps.
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Then we are able to define rational power series as an
analogue to regular languages.

Definition A.5 ([9, 19]). The set of rational power series,

denoted by N (Z*)), is the smallest subset of N(=*) con-
taining: (1) £ =0; (2) f = 1¢; (3) f = la foralla € 3, and is
closed under +, -, *.

A series of works from Béal et al. [7, 8], Bloom and Esik
[10], Esik and Kuich [21] demonstrates the rational power
series as a pivotal model for the NKA axioms.

Theorem A.6 ([10, 21]). The NKA axioms are sound and
complete for (Nrat (N + %

<,0, 1€). Namely, for any expression e and f over X, we have

FNKA € = f f=—1 HC‘} = {{f}} (AOS)

B Optimizing Quantum Signal Processing

Quantum signal processing (QSP) [46] is an advanced quan-
tum algorithm for Hamiltonian simulation problem. In [16]

an optimization is observed by canceling adjacent sub-processes.

The QSP implementation before (Qsp) and after (Qsp’) the
optimization is illustrated in Figure 6. The algorithm QSP
simulates the Hamiltonian H = 21L=1 aiH; on qubit register
q with high probability. Let us explain the components in
QSP briefly, whose details imply some commutativity con-

ditions for our purpose. |G) = 1/1/21L:1 ap Zlel \aill) is a
state defined by H. @ = 317, [/){(j| ® e~4/7%/2 is an opera-

tion rotating qubit p with a pre-defined angle ¢;. Unitary S =
(1-1)|G){G|—I1is a partial reflection operator about state |G),

Qselq] = Qse’[q] =
=ny;pi=1+)  (copo) c:=1n); p=I+);  (copo)
=G); (ro) r:=1G); (ro)

while M[c] =1do ({m;}) while M[c]=1do ({m})
e p=®[cpl; ) c,p=depl; (#)
r=S[rl; ) pr.g=Cwlpr.qli(we)
prg=Cwlp.rgliwe) ¢ p=d'[cpl; (7Y
ro=S"1rl; Y ¢ := Dec|c] (d)
¢p=0"cpl; (¢p7") done;
¢ == Dec|c] (d) if Miyy6y[p.r] =0

done; then abort (190 + 711)

if Mjyyi6y[p,r] =0

then abort (10 + 711)

Figure 6. The program Qsp and Qsp’. The measurement M| c]
is {M; =10){0], My = I.—M, } onregister c. The measurement
Mipyiey[p.r] is {My = [+){+| ® |G)(G|, My = I;,, — M;} on
register p and r jointly.
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and W = —i((2|G){(G|-1)®I) Zlel |[){l| ® H;, which defines
Cw = [+)(+[®I+]|-)(~|®W.Dec = [n){0] + X_; [ — 1){JI
is the unitary implementing j — (j — 1) mod n.

Program Encoding: We encode the programs in Figure 6 as
Enc(Qsp) = coporo(mipswes o~ d) mo (100 + 711),
Enc(Qsp’) = coporo(mipwep ™ d)*mo (o0 + 111).

The detailed encoder setting is self-explanatory.

Condition Formulation: One can derive commutative condi-
tions because ¢, p = ®[c, p] and r := S[r], similarly r :=
S7[r] and ¢, p := ®7[c, p]; ¢ := Dec[c], apply on different
quantum variables and hence commute. Algebraically, we
hence have ¢s = sp, and ¢~ 'ds™ = s71p~'d. Moreover, M|[c]
is commutable to r := S[r], so ms = sm; and mys = smy.
Since S|G){(G|ST = |G){(G|, we have rys = ry. Similarly the
Kraus operator (|+)(+|®|G){(G|)- (I, ® ((1+1)|G){G|-1I,)) =
il+){+| ® |G)(G|, and the phases are cancelled when repre-
sented by superoperator. This is encoded as s™'7; = 7;. Then
we need to show Enc(QsP) = Enc(QsP’) with these hypothe-
ses and the NKA axioms.
NKA derivation: By (5.2.1), we have
coporo(mipswes Lo~ d) mo (700 + 711)
=coporo(smipweo tds ) mor; (commutativity)
=coporos(mipwep ™ d) mos™' 1y ((5.2.1))
=coporo(miowep 'd)*mor;,  (absorption-hypotheses)
=coporo(miewep ™ d) mo (760 + 111).

Notice that m; and ¢ do not commute, so we cannot apply
(5.2.1) further. By Corollary 4.3, Theorem 4.5 and Lemma 3.8.(ii),
[se]] = [@sP’]. Note that in @sp’, S and S~! vanish, which
could largely reduce the total gate count.

C Proofs of Technical Results

We call the last two star laws (g + pr < r — p*q < r and
q+rp <r — gqp* < r)the inductive star laws. They are
ubiquitous in the proofs.

C.1 Detailed Proof of Lemma 2.3
Proof of Lemma 2.3. We rewrite the proofs in [21] for the
rules in Figure 2a.

o (14 pp* = p*): By star laws there is 1 + pp* < p*, so
we only need to prove the other side. Because < is
monotone, we multiply p and then plus 1 on the both
sides, leading to

1+ p(1+pp*) <1+ pp”.
Applying the inductive star law gives p* < 1+ pp™.
e (1+ p*p = p*): First we show > side. Notice that

1+p(1+p'p)=1+p+pp'p=1+(1+pp )p=1+p°p.
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Applying the inductive star law, we have p* < 1+ p*p.
Then we show < side. Applying star law,

p+ppp” =p(1+pp*) < pp".

So p*p < pp* holds. Because < is preserved by +, we
conclude 1+ p*p < 1+ pp* < p*.

o (p <gqg— p* < q*) Wemultiply ¢* and add 1 on both
sides, which gives

1+pq" <1+qq" <q".

By star laws, there is p* < ¢*.

e (1+p(gp)"q = (pq)*): We show > side first. By semir-
ing laws there is

1+ (pg)(1+p(gp)*q) = 1+p(1+qp(qp)*)g =1+ p(qp*)q.

Because of the inductive star law, we get (pg)* < 1+
p(gp)’q.

Similarly for < side, we consider

q+9pq(pq)” = q(1+pq(pq)” = q(pqg)".
We know that (gp)*q < q(pq)*. Multiplying p and
adding 1 on the both sides give
1+p(gp)"q < 1+pq(pq)” < (pq)™.

e ((pg)*p = p(gp)™): Multiplying p on product-star re-

sults in
(pa)"p = p+p(gp)"qp = p(gp)”.

e (p+9)" = (p*9)"p"): To show (p + )" < (p*q)"p",
we apply sliding twice, fixed-point twice, followed by
sliding once :

1+ (p+(p'9)'p" =1+p(p"Q)"p" +q(p"q)"p"
=pp (gp")" + (1+(gp")"qp")
=pp*(gp")" + (gp")"
= (1+pp)(gp")
=p (gp")"
=@
Then by the inductive star law there is (p + ¢)* <
(P*q)"p"
The other side is by
(p+q) =1+(p+q)(p+q)" =(1+q(p+9)") +p(p+q)"
Because of the inductive star law there is
PrHpap+q =p (1+q(p+q") < (p+q)"
Apply it once more, we eventually get (p*q)*p* <
(p+q".

e ((p+9)" = p*(gp")"): By sliding there is p" (gp")" =
P'P'p" = (p+q".

e (0 < p):Notethat0+1:-p = p < p. Apply the inductive
star law, and we have 0 = 1* - 0 < p.

Rules in Figure 2b can be derived by:
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e (unrolling): For < side, applying fixed-point twice on
p*, we have
L+p+(pp)p"=p"
Applying the inductive star law, we have (pp)*(1 +
p)<p.
For > side, applying fixed-point on (pp)* we have
1+ (pp)" (1 +p)p = (pp)"p + (1+ (pp)"pp) = (pp)" (1 +p).
Then by the inductive law, we have p* < (pp)*(1+p).
o (swap-star): Applying fixed-point there is
Pq=q+p'pg=q+pqp.
By the inductive star law there is gp* < p*q.
Similarly, the other side is by

ap” =q+qpp” =q+pap’,
which leads to p*q < gp™.
o (star-rewrite): By fixed-point there is

r'p=p+rirp=p+ripg.
Applying the inductive star law there is pg* < r*p.

To prove the other side, note that with fixed-point
there is

Pq =p+paq =p+rpq.
The inductive star law gives r*p < pq".
O

C.2 Detailed Proofs of Lemma 3.2 and Several Facts
about S(H)

Proof of Lemma 3.2. Reflexivity is proved by choosing J' = I
in the definition. To prove transitivity, we assume [;¢; p; <
Wjeyojand ;0 S Wiek k- For € > 0 and finite I C [,
there exists a finite J* C J such that };cp pi T $Iy +
2. jey 0j.- Then there exists a finite K" C K'suchthat }’;c; 07 C
SI30+ Ykex Yk as well. Because C is monotone with respect

to +, we have };cp pi C €lpr + Dkex Y- o

Lemma C.1. We demonstrate several basic facts about S(H).
(i) If foralli € I, ¢ jc), pij S Wiek, Oik, then

EFJ HPU S U L+J Oik- (C.2.1)
i€l jej; i€l kekK;
(i) Let n; € N for alli € I. Then for all\{);c; p; € S(H),
there is
Lﬂ Lﬂ w pj~ H Lﬂ P (C22)

i€l 0<k<n; j€J; 0<k<Xerni j€li

Here{k :0 < k < 0o} =N.
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(iii) If ;1 pi converges in PO(H), then

o~ {50

iel iel

(C.23)

(iv) For a series \ien Wjey, pij € S(H), if there exists
\Hrex 0k such that foralln > 0,

U L‘ijpij pS Lﬂ Ok,
0<i<n jeJ; keK
then \W;eny Wjey, pij S Wiek ok

W) If Wier pi S Wjejy aj, then for & € QC(H), there is

[Hewn < 480

iel jeJ

(C.2.9)

(C.2.5)

Proof of Lemma C.1. W.l.o.g. we assume the index sets to be

subsets of N.

(i) For any € > 0 and any finite subseries @iel,jej,.’ pij of
Wier Wjey, pij» there exists an N such that for i > N,
there is J/ = ¢. When N = 0, then {(,j) :i € I,j €
J{} = ¢ and the inequality holds with an empty subset
chosen on the right hand side. Otherwise let ¢’ = %,

so there exist finite index set K/ for each 0 < i < N
such that Zfe]{ pij E €T+ ZkeKlf Oik- Adding them
up gives Yg<i<n,jey Pij £ €l + Xo<i<Nkek; Oik- This
concludes ¥; &2, pij < W Wiek, ok

(ii) By reordering the multisets it holds apparently.

(iii) (): Notice that for any finite I’ C I, Y;cp pi & Dier Pi-

Then this direction comes from the definition.
(2): Since ;s pi converges, for any € > 0 there is
an N > 0 such that HZ,ELDN p,~“ < €, where ||| is
the spectral norm. Hence 3;c; pi C €l + Xicri<n Pi-
This gives > direction.

(iv) Consider any finite subseries ;e je 7 Pij selected
from [#);5 ¥ e, pij- There exists N such that for all
i>N, ]l.’ = ¢. Let n = N in the assumption, then we
know that for any € > 0 there exists a finite K’ € K
such that ZOSi<N,j€]i' pij E €lyr + Ypexr O, and this
concludes the proof.

(v) If E(Igr) = Ogy, then & = Ogy, and we are done by
definition. Now we assume &E(Ig) # Ogy. For every
finite I’ C I and € > 0, there exists J’ C J such that

Zie[’ Pi C ml‘f{ + Zje]’ gj. Then

€
E(pi) =6( pi|CE|——Ipy+ oj)
2, 2, & ;
Cely + Z &(oj).
JjeJ’
Here ||-|| is the spectral norm. This leads to l4);c; E(p;) <

Lﬂje]g(oj)~
O
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C.3 Detailed Proofs of Lemma C.2 and Theorem 3.6
Lemma C.2. };,; and * operations are closed in P (H).

Proof of Lemma C.2. The monotone of };; follows Lemma C.1.(i),

and the monotone of ; follows the definition. It suffices to
verify the linearity of them.
For };, notice that

ooz 2l

ijek i jek

DRIA NI

Jjeli

DRIANI

J€li

2l

Jeli

For ; operation, it is directly proved by

)
o (EF )2 (S (5 ]
D E))

Jeli

_ Z(ﬂl;ﬂz) (;} [pu])~

Proof of Theorem 3.6. The proofs of monotone of + and ; op-
erations, the star laws are presented here.
e p<qgAr<s— p+r < q+s: First we show that +
and < over PO (‘H) follow this rule.
Let W be an abbreviation of [+); where there are only
two operands.
For Yic; [pil < Xjes [o7] and Byex [vk] < Zier il
notice that t);c; pi $ Wjey 05 and Wiek vk S Wier 11
By Lemma C.1.(i) there is 4;c; piWH ek vk < H’Jje] oy

Wier xi- Hence
ELJ pi ¥ U Yk

Dilpd+ D il =

iel keK iel keK
<|Hawltu| =D o]+ Lul.
jeJ leL JjeJ leL

Then at P (H) level, the inequality holds by definition.
ep < gAr <s— pr < gs:Because A € P(H) is
monotone, by definition this law holds.
o 1+ pp* < p*:For any A € P(H), there is

;Zﬂi)

i>0

=A° +Z(ﬂ;ﬂ")

i>0

Ty + (A, AY) =ﬂ°+(ﬂ
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The second equality comes from the definition of ;
operation.
e x-continuity: the #-continuity condition is defined as

Vn e N, Z pq'r <s| — pqg'r <s.

0<i<n
Lemma C.1.(iv) leads to the *-continuity in PO (H):
for X;en 2jey, [pij], if there exists Y pcx [0k] such
that foralln > 0 : Xy<;cp Zje],- [p,-j] < Ykex Lok,
then ¥,cn X ey, [Pij] < Zkex [o%] -
Eventually we show the *-continuity of £ (). For
Ap, Ag, Ar, Aj satistying Yo<jp (Ap; AL AL) < A,
foralln > 0, thereis ZOSKn(ﬂp;ﬂ;;ﬂr)(ZjeJ [pi]) <
As(Xjey [p;]) for every Zjey [pj] € PO (H). By
the *-continuity in POu (H) and linearity, inequality

(Aps A A,) (Z [Pj])

JjeJ

- Z(ﬂp;ﬂ;;ﬂ,) (Z [p;]] < A, (Z [p,-])
i>0 jel jel

holds for every 3’ ;¢; [pj] € POw(H). This concludes
the *-continuity rule in P (H). Easily we have O¢ <
A for any A € P(H).

To derive the other star laws, we make use of 0 < p
and the *-continuity. For ¢ + pr < r — p*q < r, note
Losicn 1'q <P+ Tocicn p'q = q+p(q+p(.q+
p(g + pr)...)) < r. Then #-continuity gives p*q < r.
The other side follows similarly.

]

C.4 Detailed Proof of Lemma 3.8
Proof of Lemma 3.8.
(i) By Lemma C.1.(v), (€)1 is monotone. Linearity is from

ZZ[mJ-]) 33 (&) = Z<8>T (Z p,,)

i je i jel Jei

(ii) (=): By definition this direction holds.
(<): To prove the injectivity of path lifting, we as-
sume &; # &, while (&)1 = (&;)7, then there exists
p € PO(H) such that E;(p) # Ex(p). (&)1 = (&2)T
indicates that

[E1(p)] = &0 ([p]) = (&) ([p]) = [E2(p)].
Hence {E1(p)} ~ {&E2(p)}. If E1(p) = Ogy, then for
every € > 0, there is 8,(p) T €lgy, resulting in E,(p) =

= &1(p), which is a contradiction. If E;(p) #
Ogy, for every 0 < € < [|E1(p)||, there is E1(p) C

@&

N
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el +E,(p). Hence E,(p) E Ez(p). Similarly we have

E2(p) T E1(p).So E1(p) = E2(p) is the contradiction.

(iil) For &1, 82 € QC(H) and Y ;¢; [pi] € PO (H), there

1S

(&N EIN D Ipil | = (&[] [al(p,-)])
iel iel
= > [E:(E(p)]
iel
= (&1 0 &) (Z [Pi]) :
iel

Similarly, if }}; &; is defined in QC(H), then }; E;(p)
converges for any p € PO(H). By Lemma C.1.(iii),
for every ;s [pj] € PO« (H), there is

o) 2er(z)

jeJ JjeJ

=), 2. 1810y
= Z Z&‘(Pj)

=8 Z [p,»]).

C.5 Detailed Proof of Theorem 4.2

Proof of Theorem 4.2. (=): Formally we prove it by induction
on the derivation of Fnka e = f. Practically it suffices to
prove the soundness of the NKA axioms on the quantum
path model, which is proved in Theorem 3.6.

(&): We will establish Fnga e = f by first showing {e} =
{f} and then applying Theorem A.6. To that end, let us
consider the case of any fixed n € N, and show that for
string w with length less than n, there is {e} [w] = {f}[w].

Let S = {s € * : |s| < n}. Because ¥ and n are finite,
S is a finite set. We set H = span{|s) : s € S} which is
finite dimensional, and eval(a)(p) = X ;es Kas pKJ,s, where
Kas = V%lsa)(ﬂ for sa € S, Ky5 = Ogq for sa ¢ S. Here
#, = |{s : sa € S}| is a normalization factor to make sure
eval(a) € QC(H).For s = ajay - - - a;, we set #; = ﬂﬁzl #q,.

Let int = (H, eval). We claim for s € S and r € R, there is

{e} (2]
Qu(e)([r- 1)) = > > [/t Isti(stl. (C5.1)
steS k=1
The proof is based on the induction on expression e, and its
proof is left to the last.
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Then we consider two expressions e, f such that Q¢ (e) =
Qint(f). We apply this action on € and r = 1, resulting in

{e}s] {3l
DU [t = D0 > (/4 1)l
seS k=1 seS k=1

If there exists t € S : {e}[t] < {f}[t], then there exists
m € N such that {e}[t] < m < {f}[t]. By selecting I’ =
{(t,k) : 0 < k < m} in the definition of lt),cs W1/} 1/, -
[s)(s] S Wses Lﬂgjl}}[sl 1/#; - |s)(s|, it is impossible to find a
J’ to satisfy definition inequality (3.2.2), because there are
at most {e}[t] operators that are non-zero in basis |t)(¢|.
The cases where {e}[s] > {f}[s] can be ruled out similarly.

Then Vs € S, {e} [s] = {f}s].

Notice that the above argument holds for any n € N.
Hence {e} = {f}. By Theorem A.6, Fnka € = f.

Now we come back to (C.5.1). Let us prove it by induction
on e. For the base cases, notice that

Qint(0) = Oy, Qint(1) = Iy,

[r/#4 - |sa){sal], sac€S,
[On], sags.
Combined with {0} =0, {1} = 1€ and {a} = 14, the equa-
tion holds for the base cases.

Consider the case e + f. For any s € Sand r € R, by
inductive hypotheses and Lemma C.1.(ii),

Qinc(e + f)([r - 1s)¢sl])
= Qint(e) ([ - [){s]]) + Qunt (f) ([ - [s)¢s]])

Qint(a)([r - [s)(s]]) ={

e}z e
= ( [r/#c - Ist)y(stll + > [r/#c- Ist)(stl]
steS k=1 k=1
fle+fR1t]
= D0 D0 I/ dstystl].
steS k=1

Consider the case e - f. For any s € S and r € R, by
inductive hypotheses and Lemma C.1.(ii),

Qunt(e - ([ 1s)(s1])
= Qu () (Que(&) ([ - Is)¢s1])
{le}z]
= Q) [ D) D [/t -Ist)stl]
steS k=1
{ep (2] £f B w]
[/ (#0 - #10) - stw)(stw]]
stweS k=1 =1
{e-fR12]
DL I/ Ist(stll

steS k=1
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Consider the case e*. For any s € S, by inductive hypothe-
sis, Lemma C.1.(ii) and the above proofs for e + f and e - f,

Qine(€")([r - [s)(sID)
= Qine(e)*([r - Is)(sI])

- Zaim(e)l‘([r- Is)(sl])

i>0
= 3 Quele)([r - 19)6s11)

i>0

e t]

SIS b st

i>0 steS k=1

fe p11]

= Z Z [r/#t' |5t><5t|]'

steS k=1

C.6 Detailed Proof of Theorem 4.5
Proof of Theorem 4.5. We prove them by induction on P.

e For the base cases P = skip, abort, the equation holds
by definition. For P = ¢q := |0) and § = U[q], we
know Enc(P) € X by the encoder setting E. With
E~'(Enc(P)) = ([P]), the equation holds.

e For P = Py; P, by inductive hypotheses there are

Qint (Enc(Py)) = ([P1]))T and Qi (Enc(P2)) = ([ P.]).

Then by Lemma 3.8.(iii),
Qint(EnC(P)) = Qint(EnC(Pl)); Qint(Enc(PZ))
= ([P D[P = ([P1] o [P])T.

e For P = case M[q] 4 P; end, the inductive hypotheses
are Qine(Enc(P;)) = ([P;])7. Then by Lemma 3.8.(iii),

Qint (Ene(P)) = " (Qint(E(M)); Qint (Enc(P)
= Z“M”T NIANE Z<<M,~ o [P )T)
= <Z(M,- o [PINT.

e For P = while M[g] = 1 do S done, the inductive
hypothesis becomes Qin(Enc(S)) = ([S])T. By [68]
Yinso((My o [S])™ o My) exists in QC(H), so by

Lemma 3.8.(iii) and linearity of transformations in

P(H),
Qint (Enc(P)) = (Qint (E(M1)); Qint (Enc(S)))" Qunt (E(My))
= (MDD M)
= (Z«M»T : <[[s]1>T)") LMo

n>0

= SM)TASHD™ (Mo

= > UM o [S]" o M)
nx0
= (O (Mo [SD" e Mo)).

n>0
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]

C.7 Detailed Proof of Theorem 6.1

Proof of Theorem 6.1. We prove the normal form theorem by
induction on the program P. For each step we introduce a
classical guard variable g whose value is limited in a finite set
{0,1,...,n — 1}, and denote the space of g by C,,. We encode
g := i) as ¢, the measurement Meas[g] = i as g; and the
reset of space C as c. Each time g is independent of the
existing space, so the following assumptions hold for any i, j
in the value set:

e g' commutes with every elements except for ¢/.
° gigj = 5l—jgi, where §;; = 1 when i = j, and §;; = 0
when i # j.
*g¢ =g
(a) For the base case where P = skip | abort| q :=10) | g =

U[q], they are while-free. Let C = C; the space with only one
value. We claim P; g := |0); while Meas[g] = 1 do skip done; g :=
|0) is equivalent to P; g := |0). The NKA encoding of these
two programs are pg°(g11)*gog® and pg°. This motivates the
following derivation:

9"(911)'90=9"90 + 9919190 = 9"
Hence pg°(911)*909° = pg°9° = pg’.

(b) For the S;;S; case, by inductive hypothesis we have
two external space C! and C? such that S;;ppi := |0) is
equivalent to P;y; while M; do P;; done; pc: = |0), where
P;; is while-free. We claim Sy; Sy; poigezec, = [0) and

Pig;9 = 1[1);
while Meas[g] > 0 do
if Meas[g] = 1 then
if M1 then P11
else Py; g == |2)

else
if M, then Py,
else g := |0)
done;

Pcisceecs; = |0),
are equivalent, whose encodings are s;sy¢;c2¢° and p1og* ((g1+
92) (g1 (my1p11+mizpaog®)+(go+g2) (Ma1p21+m229°))) * gocrcag’.
Notice that ¢; acts on C?, so ¢; is commutable to those
operators acting on H ® C* ® Cs. By inductive hypothesis,
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there is sjc; = pio(mi1pi1) “mizci, so
s15261C29° = s10152029°
= Plo(m11P11)*m1261P20(m21pzl)*m220290
= P1o(mupu)*mlzpzo(m21P21)*m22010290-

Let X = (g1+92) (91(mi1p11+mizpa0g®) +(go+92) (Ma1par +
mzzgo)) = g1(mupu + mlzpzogz) + go(ma1pa1 + mzzgo), and
Y = gy (my1p11 + Miap20g?). Then by denesting rule:

9'X" = g'(gr(mupu1 + mizpzog?))”
- (g2 (ma1par + mp2g°) (91 (myrpry + mizpaog®))*)*
= 9'Y"(g2(mz1pa1 + maag’)Y')"
le* = 91(glmnpu)*(glmmpzogz(mmlpu)*)*
= (mupu)*g’
) (g1m12pzogz +91m12P209291m11P11(glmnpu)*))*
= (mllpll)*gl(glmlzpzogz)*
= (my1p11)*g' (1 + g1miapaog”
+ 91"11210209291mlzpzog2 (!]1771121?2092)*)
= (m11p11)* (9" + mizpang®).
FY* =g
By star-rewrite , we have:
g (g2(ma1par +mazg”) Y")*
= 92 (92m21P21Y*)*(92m2290Y* (gama1pa Y*)*)"
= ¢* (g2ma1p21)* (Gomazg” + g2ma2g’ gama1par Y (g2marpar Y*)*)
= (m21P21)*92(92m2290)*
= (m21P21)*92(1 + gzmzzgo + gzmzzgo(gzmzzgo)*)
= (ma1p21)"(g* + mazg”).
Hence we have:
p109" ((91 + 92) (91(m11p11 + M12paog?)
+ (9o + g2) (Ma1p21 + m22g°)))*gocrc2g”
= Plo(mnPn)*(gl + mlzpzogz)(gz(mﬂpm + mzng)Y*)*gocIngO
= pro(mi1p11)*g' gocicag’
+P10(m11P11)*m12P2092(92(m21P21 + mzng)Y*)*goclcng
= Plo(mllpll)*mlzpzo(mmpm)*(92 + m2290)90010290
= P10(mupn)*mlzpzo(m21P21)*m22010290

_ 0
= 8152€1€29 .

(c) For the case M 4 S; end case, w.Lo.g. we assume the
measurement results are {1, 2, ..., n}. By inductive hypothesis
we have two external spaces {C'}1<;<, such that S;; pci =
|0) is equivalent to Pj; while M; do P;; done; ps: = |0),
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where P;; is while-free. Let C = (®l§iSn C") ® Cys1. We

claim case M — S; end; pc = |0) and

case M5 Pip; g := |i) end
while Meas[g] > 0 do

case Meas|[g]| 20,
if M; then P;;
else g := |0)

end

done;
pc =10)

are equivalent, whose encodings are (31, m;s;) ([T, ¢i)g°
and

Sond) 5 mnenel o1

i=1 i=1 i=1
First we show case M — S; end; pc = 10) is equivalent to

case M — Si; pci == 10) end;

pc =10).
(Zicicnmisi) (i c1) ¢° = (Zicicn musici) (i i) g° is
what we need to derive. Because each C* and Cs are disjoint,
we have ¢; commutes each other for 1 < i < n, and c;c; =
c;. With these assumptions added, the two expressions are
equivalent by distributive law.

Then we could apply inductive hypothesis p;o (m;1pi1)*mizc; =
sicioneachbranch. Let X = (X, i) (XL, gi (miipir + mizg?))
Yty gi(mapin + mizg°), Y = gimapin + gimizg® for conve-
nience. By denesting rule:

9X =gy ((Z g;(mjpjn + mjzgo)) Yi*) :

J#i

Notice thatfor 1 <i < n,

9'Y; = g'(gimapi)* (gimizg’ (gimirpin)*)*
= (milpil)*gi(gimizgo + gimizgogimnpil(gimnpn)*)*
= (milpil)*gi(gimizgo)*
= (minpin)*g' (1 + giming’ + gimizg’ gimizg’ (gimizg’)")
= (mnpn)*(gi + mizgo),

Meanwhile, forall1 < i < n,

g’ ((Z gi(mjipj1 + mjzgo)) Yi*) =9’

J#i

g ((Z gi(mppj + mjzgo)) Yi*) =9

J#i
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Combining them up results in g’X* = (m;1p;1)* (g + mszg°)

for 1 <i < n. Thus

(Zn: miPiogi) ((Zn: gi) (2”: gi(mi1piy + mizgo)))
i=1 i=1 i=1
- 9o (ﬁ Ci) 90

i=1

= Zmzplog (]_[ )90

= Zmlpw(mllpll) (g +m129)

i=1

~———

n
9o ( Ci) 90
=1

= Zmlpto(mllptl) mizg ) 0( Cl)

i=1

= Z mipio(milpil)*mizci) ( C,) g

i=1 i=1

g

i=1

(5l

i=1

(d) For the while M; do S done case, by inductive hy-
pothesis we have C such that S; p¢ := |0) is equivalent to
Py; while M, do P, done; p¢ := |0), where P; is while-free.

We claim while M; do S done; pcgc, := |0) and

=1);
while Meas[g] > 0 do
if Meas[g] = 1 then

if M; then Py;g :=|2)

else g := |0)
else
if M, then P,
else g :=[1)
pcec, = 10),

are equivalent, whose encodings are (m;15)*mizcg’ and g' ((g1+
92)(g1(m11p1g® + m129°) + (go + g2) (M21p2 + Ma2g"))) *gocg®.

Similarly to the above case, utilizing inductive hypothesis,
we have sc = p;(ma1p2)*masc. Let X = (91+92) (g1 (m11p1g%+
m129°) + (go + g2) (Ma1p2 + m22g")) = g1(mu1p1g® + miag’) +
g2 (ma1pz + magt). By denesting rule:

9'X* = g (g1 (mup1g® + m12g°))*
- (g2(mayp2 + mzzgl)(gl(mllplgz + mlzgo))*)*

Yuxiang Peng, Mingsheng Ying, and Xiaodi Wu

Let Y = g1(my1p19% + m12¢°), Z = my1p1(ma1ps)*mas. So

9'X" = g'Y* (g2 (mappa + mang") Y*)".

g'Y* =g' (1 + g1(mu1p1g® + m12g°) (g1 (mup1g” + mi2g°))")
=g' +mig’ + mypig®

ng* :gz

Hence ¢*(goma1p2Y*)" = g*(g2maipz)* = (ma1p2)*g®. By

star-rewrite, there is

9 (g2(ma1pz +maag') ) g
= 9°(geman p2Y") " (g2mazg Y™ (gzmarpaY™)*) 9o
= (m21p2)*g* (gamzz(g" + mi2g° + m11p1g°) (g2marp2Y™)*) " go
= (mzlpz)*gz(gzmzz (91 + mlzgo) + gzmzzmnPl(msz)*gz)*go
= (mzlpz)*gz(gzmzzmum(mzlpz)*gz)*

: (gzmzz(g1 + mlzgo)(gzmzzmnpl(mz1pz)*gz)*)*go

= (ma1p2)” (maamyips (m21pz)*)*92 (g2ma2z (91 + mlzgo))*go
Expand the star expression twice:

9°(gamaz(g" +mi29°))" 9o
= 92 [1+g2ma (91 + mlzgo)

+ gamaz(g' + m1ag”)gamaz (9" + mi2g°) (g2maz (9" + mi29°)) 190

=g*(1+ g2ma(g" + m129°)) g0
= m22m1290~
By sliding
9°(g2(ma1pz +maag') ) go
= (m21pz)*(m22mllpl(m21P2)*)*m22m1290
= (m21pz)*m22(m11pl(m21pz)*mzz)*m1zgo
= (m21P2)*m222*m1290-
Combining them up gives
9'X"go = (¢" + mizg’ + miip1g*) (g2 (marpz + mazg") Y*) " go
= mlzgo + m11p192 (g2(ma1pa + mzzgl)Y*)*go
= (1+ muip1(ma1p2) Mo Z* ) mizg’°
=(1+ZZ")myg°
= Z*myy9°
Hence we have
9" (91 + 92) (g1 (m11p1g° + m12g°)
+ (9o + 92) (Ma1p2 + m22g"))) " gocg’
= g'X* gocg’
= Z*myzcq”
= (m11P1(m21pz)*m22)*cm1290
= (mnPl(m21P2)*m220)*Cm1290
= (mllsc)*cmlzgo

= (my18) myacg”.
(m115)*myacg”
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C.8 Proof of Lemma 7.3, Theorem 7.6
Proof of Lemma 7.3.

1. If (Ca)T @ (Cp)" is defined, then (Ca)T + (Cp)T <
(CI(H)T. Commutativity of addition makes (Cg) T+(Ca)T <
(Cry,)" and leads to (Cp)T @ (Ca)T = (Cp)T + (C)T.

2. If (Ca)T @ (Cp)T and ({Ca)T ® (Cs)T) & (Cc)' are
defined, then (C4)T + (Cp)T < (CI,H)T and ((Ca)T +
(€)1 +(Co)T < (Cy)!. Hence (Cp)T + (Co)T <
(Cpy) T and (Ca)T+ ((CB)T +(Cc)T) < (Cpyy)T. By def-
inition, (Cp)T + (Cc)T and (Ca)T + ((Cp)T + (Cc)T)
are defined, and (Ca)T + ((Cp)T + (Cc)T) = ((Ca)T +
(€T +(Co)T.

3. If(Ca)T @ (CI,H)T is defined in Ppeq(H), we assume
(CA)T + (CI,H)T = (Cp)T. Apply the quantum actions

n [|0){0|], we have [A + Iy] = [B]. Meanwhile,
||A|| [|1B|| < 1. This forces A = 050 (Ca)T = (Co,,)! =
Oyy.

4. For (C4)" € Pprea(H), thereis (CA>T+(C;>T = (CI,H)T,
hence (C4)' @ (CA)T = (CIH)T Meanwhile, if (Ca)T @
(Cp)T = (Cy,)T, we apply these quantum actions on
[10)¢0]], resulting in [A+B] = [I¢]. Hence B=1-A =
A. That is, (C4)T = (CZ>T is the unique negation of
<CA>T in PPred(q_{)-

5. For (Ca)' € Prrea(H), Og+(Ca)" = (Ca)T < (Cp),
whose left hand side then equals to Oy ® (Ca)T by
definition.

O
Proof of Theorem 7.6. Notice that the NKA axioms are sym-
metric for operands of -. That is, if we define ax b = b-a, any
axiom substituting * for - has a corresponding axiom. Hence
if (K, +,-,%,0,1) forms an NKA, (X, +, %, *,0, 1) also forms
an NKA. Hence Theorem 3.6 has verified (1) in Definition 7.4.
Meanwhile, Lemma 7.3 has verified (2) in Definition 7.4.
We only need to verify (3) here.

o By definition, (/\/(:r )T are elements of P (H).

PLDI °22, June 13-17, 2022, San Diego, CA, USA

* Note (M) o(Ca)(Z;[p;]) = Z;[tr(p) M{AM;] =
(Crian) (Z1pi])- Hence (M) 1o(Ca)T = (Cpyi g p,)T
and it is in Ppreq (H).

o Similarly, we have

(Z(MW o <cfﬂ>T) (Z[p] )
iel
tr(p;) Z M M; l

=2
iel
= D, l(opin] =

J

<CLH>T

Z[pj]) .
J
This gives (Xier(M])T o (C,)T) = (€)'

C.9 Proof of Lemma 7.7

Proof of Lemma 7.7.

e (0 < a < e): Notice that 0 ® a = a is defined by the
definition of effect algebra. Thereis0 < 0+a=a <e.

e (a+a = e): Because a ® a = e is defined, we have
e=ada=a+a.

e (a = a): Notice that there exists a unique a € L satisfy-
ing a @ a = e. Then there exists a unique a satisfying
a®a=e. Therefore a = a. _ B

e (negation-reverse): Becausea < b,0 < a+b < b+b =e.

Hencea@be.[: Letc=a®b € L, thereis 0 < c. So
a®bdc=e=a®a Thencea=b®c=>b+c and
a<b.

e (partition-transform): By 0 < a; < e, monotone prop-
erties and mja; € L, Y ;eymia; < Yjepmie = e. So
P, miai = Zieymia; € L by the definition of &.
Similarly @, ; mia; = X,y mia; € L. Adding them
together, e = 3,y mie = Yy mi(ai+ai) = Xy miai+
Jier mia;. Hence 3;cymia; = Xier mia;.

O
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