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Base on the work [2] and [3] concerning the nine-tails prob- 
lem, Fernando Castro G. made an interesting observation in 
his recent paper [1]. It claims that there exists a matrix over 
Z 2 such that its determinant is 0 but its row vectors are lin- 
early independent. Let us first describe the matrix in ques- 
tion. For natural numbers 1 <= i, j <= 3, C ,  denotes llhe 3x3 
matrix over Z 2 with l ' s  on the i th row ~nd l ' s  on the jth 
column, and 0's elsewhere. For example, 

C i j =  1 0 and C32 = 1 . 

1 0 1 

By joining the rows of  C::, we obtain a row vector v ,  of  
^ .U U 

Z29. The example in [1] is the 9x9 matrix A consisting o f  
the 9 vectors vii, 1_< i, j < 3. 

In spite of  the fact that we primarily study matrices 
and vector spaces over real or complex numbers in an under- 
graduate linear algebra course, almost all the results there do 
not depend on the characteristic o f  a field. The invertible 
matrix over Z 2 can be characterized in exactly [he same 
way as the invertible matrix over real numbers. It is impos- 

sible to have a matrix over any field to have the property as 
claimed. The row vectors o f  A are in fact linearly depend- 
ent. One checks readily that 

C33 +C31 + C 2 2 + C 1 2  = 0  
and that matrix A has rank only 5. 

What went wrong with [1] was that Castro G. consid- 
ered a different nine-tails problem. The rule for the original 
nine-tails problem is that when a coin is turned, only its 
adjacent neighbors on the same row or column are to be 
flipped, not all the coins on the same row or on the same col- 
umn. I f  we let Dij denote the 3x3 matrix over Z 2 repre- 
senting the flip o f  ij th coin o f  the original problem, then the 
nine matrices Di;'s are actually linearly independent. That 

J . . . . .  

confirms mathematically that the original rune-tails problem 
is solvable in all cases. 

For Castro's modified nine-tails problem, a matrix over 
Z 2 can be changed into a zero matrix if  and only if it is a lin- 
ear combination o f  the Ci-'s Since the rank of  A is 5, 
there are only 32 cases whe~e'the modified nine-tails prob- 
lem has solutions. Standard argument shows that a matrix is 
a solvable case if  and only if  it is a linear combination o f  
Ci1 , C13 , C33 , and C22; in turn, if  and only if  the sum of  
the entries in any o f  its two rows or two columns is 0. 
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