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W e  have  i n t roduced  a fo rmal i sm which  allows us  to 
expl ica te  cer ta in  r a t h e r  gross p roper t i e s  of l anguage  proc-  
essing sys tems .  As  i t  is, the  n o t a t i o n  should  be  useful  for 
des igning the  out l ines  of complex  p r o g r a m m i n g  sy s t e ms  
a n d  the i r  imp lemen ta t i on ,  and  i t  should  be especia l ly  good 
for documen ta t i on .  T h e  fo rmal i sm should  also p rov ide  a 
m a t h e m a t i c a l  bas is  which  can  be ex t ended  to hand le  more  
de ta i l ed  p roper t i e s  of such sys tems .  Some specific in- 
adequac ies  where  i t  could  be  ex tended  follow. 

1. I t  does no t  descr ibe  the  a m o u n t  of compi l a t i on  or  
i n t e rp re t a t i on ,  unless  i t  is coupled  wi th  precise  def ini t ions  
of t he  l anguages  involved .  F o r  ins tance ,  in (7) we have  no 
i dea  w h e t h e r  I L  is close to  machine  l anguage  or  to  t he  
source language .  I L  could  be l i t t l e  more  t h a n  a s sembly  
language,  or  j u s t  a t r iv ia l  modi f ica t ion  of t he  source lan-  

guage,  or  a n y t h i n g  in be tween .  Of course precise  def ini t ions 

of SL,  I L ,  a n d  M L  would  clear  th is  up .  

2. I t  does no t  p e r m i t  the  desc r ip t ion  of such processes  

as inc remen ta l  compi la t ion .  

3. I t  does no t  p e r m i t  t he  formal  desc r ip t ion  of sys t ems  

invo lv ing  p r o g r a m s  which  consis t  of two or  more  pieces  

wr i t t en  in different  languages ,  such as F S L .  

A c k n o w l e d g m e n t .  W e  have  bene f i t t ed  f rom c o m m e n t s  

b y  J .  G r a y  and  J.  R e y n o l d s  in p r e p a r i n g  this  pape r .  
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real  p rocedure  student (t, n,  normal,  error); value t, n; rea l  t, n; 
rea l  p rocedure  normal,  error; 

c o m m e n t  student evaluates the two-tail probability P ( t [ n )  
that  t is exceeded in magnitude for Student's [1] t-distribution 
with n degrees of freedom. The procedure provides results accu- 
rate to 11 decimal places and 8 significant digits for integer val- 
ues of n, with approximate continuation of the function through 
noninteger values of n (over 6 decimal places for n > 4.3). 

The procedure normal (x) returns the area under the standard 
normal frequency curve to the left of x, so that  a negative argu- 
ment yields the lower-tail area. The user-supplied procedure, 
error(n), should produce a diagnostic warning and may go to a 
label, terminate, or return a distinctive value (zero or -1.0)  as 
a signal of error to the calling program. 

Student's series expansion of the probability integral is sup- 
plemented by a faster asymptotic approximation for large values 
of n and by a more precise " ta i l"  series expansion for large 
values of t. 

The value of x, defined as the normal deviate at the same 
probability level as t, may be approximated by an asymptotic 
normalizing expansion of Cornish-Fisher type [2]. 

x = z T (z3-F3z)/b -- (4zT+33zS~240zS+855z)/10b ~ 

T(64zU~788zg.~9801z~T89775z6T543375za~1788885z)/210b8 . . . .  

where z = ( a X l n ( 1 T t ~ / n ) ) t ,  a = n - ½ and b = 48a 2 [3]. 
This is well approximated by the first three terms with the third 
term's divisor replaced by 

10b (b+0.Sz4+100). 

The student probability is double the normal single-tail area, 
corresponding to the deviate x. 

The maximum error in the probability result for all values of t 
ig displayed as a function of n in Figure 1, for this approxima- 
tion, for the first few terms of the asymptotic expansion and for 
Fisher's [4] fifth-order approximation used in Algorithm 321 [5] 
for n > 30. 

For small n and moderate t the result is calculated as P ( t  I n) = 
1 - A (t [ n) using Student's cosine series for A ( t  [ n) ,  rearrang- 
ing formulas 26.7.3 and 26.7.4 of the NBS Handbook [6] in 
nested form 

A(tln odd) = a; ~tan(y) + 1 + ~ (n--4)b 

• (1 + (n--3) ...1tl 

where y = x / ( t2 /n)  and b = 1 + t2/n. In the nested form, terms 
are treated in reverse order to the summation in Algorithm 321 
and Algorithm 344 [7], reducing the number of operations re- 
quired and reducing build up of roundoff error. Explicit decre- 
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ment ing  of the " loop"  pa ramete r  ensures t h a t  i ts  final value  
remains  defined on exit  from the loop for use in an  odd /even  test .  

Execut ion  t imes for Fo r t r an  versions run  on a CDC 3200 wi th  
programmed floating poin t  are displayed in Figure 2, which 
indicates  t h a t  nes t ing decreases the t ime for the cosine series 
method by  abou t  30 percent  and t h a t  i t  is appropr ia te  to change 
ov6r t o  the asymptot ic  method  (using Algor i thm 209 [8] for 
normal) when n _> 20. Al though this  approximat ion  would be 
accurate  to more t han  11 decimal places, the  use of Algor i thm 
209 l imits  accuracy to about  9 decimals. This  accuracy may  be 
sufficient for many  appl icat ions,  in which case student may be 
abbrev ia ted  by  delet ing lines 15 and 27 th rough  35, removing 
the declara t ion  and ass ignment  of z f rom line 3, replacing line 
5 by 

i f  n > entier(n) V n ~_ 20 t h e n  

and replacing line 25 by  

student := i f  a > 1.0 t h e n  0.0 e lse  1.0 -- a 

The  l a t t e r  avoids spurious negat ive  results  due to roundoff 
error  when a is near  1 for large values of t. The  s torage required 
for this  abbrev ia ted  version was a l i t t le  less t h a n  for Algor i thm 
344 and less t h a n  half  t h a t  for Algor i thm 321. 

lO-1 

lO-,~ _J 
<> 

>- lo-,~ 

< lO-4 
8 

lO-,~ z_ 

, \ \ \  -. *0-9 

1o-10 i i i i i i i ~ i \1 , i i ~ i i i i i i I 
2 3 5 6 8 10 14 20 30 40 60 100 

DEGREES OF FREEDOM "T~ 

Fro. 1. Maximum error  of approximat ions  for "Student 's"  
t -probabi l i ty :  1, 2, and 3 te rm expansion,  approximat ion  wi th  
adjus ted  divisor,  and Fisher ' s  5th order approximat ion  
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FIG. 2. Execut ion t imes (CDC3200 wi th  p rogrammed floating 
point) .  Broken lines: " t a i l "  series for selected values of t (upper  
lef t) ;  asymptot ic  method using precise normal (right) 

Appl icat ions  such as product ion  of tables  or funct ion  invers ion 
to ob ta in  extreme quant i les  may  require greater  precision a t  
extreme probabi l i ty  levels t han  these methods  provide.  For  the  
cosine series and the asymptot ic  approximat ion  using a h igh 
precision procedure for normal, such as Algor i thm 304 [9], the  
relat ive error  in the resul t  increases in magni tude  as the  resul t  
decreases to extremely small  values,  as i l lus t ra ted  in Figure 3. 
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FIG. 3. Re la t ive  error,  I P - P* I/P, of approx imat ion  P*;  
shaded region for res t r ic ted  t values 

For  small  P more precise results  are ob ta ined  using a series 
expans ion  of P(t In )  in te rms of w = 1/sqrt(l+t2/n),  

{'~ i x w 2  " i x 3 X w ' ~  } 
P(tln) = C(n) X w" + 2 ( ~  + 2 X 4 ( n + 4 )  + " '"  ' 

where C(n) = £ ( (n+l ) /2 ) / (~ /~XF(n /2 ) ) .  The series is summed 
till  a negligible te rm occurs and then  the factor  C(n)Xw" is 
applied using the same repeated loop as the cosine series. Excep t  
for w near 1 when t is small ,  the t runca t ion  error  is small ,  and 
accumula t ion  of error  in the  repeated loop is modera te  unless n 
is very  large. 

The  cosine series me thod  loses precision main ly  in the sub-  
t r ac t ion  i - A (t I n) as well as from the  sqrt procedure and arctan 
when n is odd. In  the wors t  case, n = 19, the error  is kep t  below 
3 decimals by  changing to the  tail series if t > 2, which ensures 8 
signif icant  digits  in  the  resul t  for the 36-bit (about  11 decimal)  
precision real var iables  for the  processor used. As shown in 
Figure 3, change over from the asympto t ic  method  to the tail  
series when t 2 > n ma in ta ins  abou t  8 significant  digits  in the  
result .  For  a machine  of greater  precision the use of more te rms  
in the asympto t ic  series may  be war ran ted ,  and the  change over  
cr i ter ia  would need a d j u s t m e n t  to ba lance  speeds and precision 
between the  three  methods .  

Execut ion  t imes for the tai l  series are shown as broken lines 
in Figure 2 for selected values of t : wi th  bounds  t > 2 for n < 20, 
t 2 _< n for n >_ 20 and wi th  the l imi t  n < 200 prevent ing  excessive 
t ime for large t beyond a p robab i l i ty  level near  10 -4°. For  the  
asympto t ic  method,  using for normal a h igher  precision pro- 
cedure based  on Algor i thm 304, the execut ion t imes for different  
values of the a rgument  approach  those shown at  the r ight  of 
Figure 2. Averaged over a range of a rguments  arising in pract ice,  
the  provis ion for higher  precision more t h a n  doubles the t ime 
required.  In  the case of Smirnov ' s  [10] 6D tables  of S(t I n) = 
1 - 0.5 X P(t I n),  r e t abu la t ion  to 10D, using the more precise 
procedure for normal, increased the  t ime from abou t  7 minu tes  
to 12 minutes ,  while in t roducing  the tai l  series me thod  to t abu-  
la te  P(t [ n) over  the same range to 8 significant  digits  increased 
the t ime fu r ther  to abou t  16 minutes .  Use of the asympto t ic  
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approximation enabled Smirnov's  6D tables of ~b(t I 1000/$), 
which is an approximate cont inuat ion of S ( t l n )  over non- 
integer values of n = 1000/~, to be extended to 10D for ~ = 0(2)30 
in 5 minutes,  and permits  continuation to ~ = 200 with over 6D 
accuracy as indicated in Figure 1. 

The preparat ion of diagrams by Murray C. Childs is gratefully 
acknowledged. 
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i f  n < 1 t h e n  student := error(n) e l s e  
b e g i n  

r e a l a ,  b, y ,  z; z := 1.0; 
t := t ~" 2; y := t/n; b := 1 . 0 + y ;  
i f n  > entier(n) V n  > 2 0 A  t < n V n  > 200 t h e n  
b e g i n  

c o m m e n t  Asymptot ic  series for large or noninteger n; 
i f y  > ~1--6 t h e n  y := ln(b); 
a : =  n - - 0 . 5 ;  b : = 4 8 . 0 X a  ~ 2; y : = a X y ;  
y := ( ( ( ( ( - -0 .4Xy--3 .3)Xy--24.0)Xy--85.5) /  

(0.8Xy T 2+lO0.O+b)+y+3.0)/b-~l.O)Xsqrt(y); 
student := 2.0 X normal( -y ) ;  

e n d  
e l s e  
i f n  ~ 2 0 A  t ~ 4.0 t h e n  
b e g i n  

c o m m e n t  Nested summat ion of "cos ine"  series; 
a := y := sqrt(y); i f n  = 1 t h e n a  := 0.0; 

loop : 
n := n -- 2; i f n  > 1 t h e n  
b e g i n  a := (n- -1) / (bXn)  X a + y; go to  loop end;  
a := i f  n = 0 t h e n  a/sqrt(b) 

e l s e  (arctan(y)+a/b) X 0.63661977236; 
c o m m e n t  2/Ir = 0.6366197723675813430755351 . . .  ; 
student := z -- a 

end  
e l s e  
b e g i n  

c o m m e n t  " ta i l "  series expansion for large t-values; 
i n t e g e r  j;  a := sqrt(b); y := a X n; j := 0; 
f o r j  := j - l -  2 w h i l e a  ~ z d o  
b e g i n  

z := a; y := y X ( j - -1 ) / (bX j ) ;  a := a -q -y / (n -k j )  
en d  ; 
n := n + 2; z := y := 0.0; a := --a;  go to  loop 

c a d  
end  
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asymptot ic  approximation 

CR CATEGORIES:  5.12, 5.5 

rea l  p r o c e d u r e  t quantile ( P,  n, normdev, error); 
v a l u e  P,  n; rea l  P, n; rea l  p r o c e d u r e  normdev, error; 

c o m m e n t  This algorithm evaluates the positive quantile at the 
(two-tail) probabil i ty level P ,  for S tudent ' s  t -dis tr ibut ion with 
n degrees of freedom. The quantile function is an inverse of the 
two-tail  

P(t]n) = 2 r(½n+½) f~ du 
~/(~-n)r(½n) Jt (1-t-u2/n) (~+t) 

which is approximated in Algorithm 395 [1] by series whose in- 
verses are used in this algorithm for t quantiles.  Test  calculations 
to 36-bit precision indicate tha t  the result  is correct to at  least  
6 significant digits,  even for the analytic cont inuat ion through 
noninteger values of n > 5. 

The procedure normdev(p) is assumed to re turn  a negative 
normal deviate at  the lower tail probabil i ty level p, e.g. -2 .32  
for p = 0.01. The user-supplied procedure for error(n) should 
give a diagnostic warning tha t  the value of P or n is invalid and 
may go to  a label, terminate,  or return a dist inctive value as an 
error signal to the calling program. 

For  n = 1 and n = 2 the exact result  of integrat ion is readily 
inverted to yield t = cot(P×Tr/2) and t 2 = 2 / ( P ( 2 - P ) ) - 2 ,  
respectively.  For  larger n an asymptot ic  inverse expansion 
about normal deviates is applicable, while for smaller values of 
P a second series expansion is used to achieve sufficient preci- 
sion. Both approximations have been adjusted to enhance pre- 
cision for n as low as 3. 

Both methods involve an expansion of the factor 

in terms of a = 1/(n--½) and b=48/a ~ 

d/n = %/(at/2) (1 -- 3/5-1--94.5/b ~- 9058.5/b3-~ . . .  ) [2]. 

A three term approximation uses b(b+c) instead of b 2 as a 
divisor, where the coefficients in 

c = 96.36 - 16a -- 98a 2 + 20700a3/b, 

have been fitted to ensure 8 significant digits in d for n as low 
as 3. 

The inverse asymptot ic  expansion of Cornish-Fisher type re- 
lates a function y(t) = ~/[(n-½)ln(1Wt2/n)] to the normal 
deviate × at  the corresponding probabil i ty level, P/2: 

y = x  -- (x3+3x)/b -I- (4x~-l-63x6-l-360x3-t-945x)/10b2 

- (64x11+ 1628x2+ 19881x7--t- 145719xLW694575x3 

+1902285x)/210b 3 + . . .  [2], 

whence t = %/[nX(exp(aXy~)- l )] .  For a three term approxi- 
mation the third te rm's  divisor is replaced by 

10b X (b+c-2x-7x~-5x3+O.O5XdXx4) ,  

whose coefficients have been fitted to reduce the error for small 
n and for larger n and x. For  n < 5, c is increased by 0 .3(n-4 .5)  
(x-t-0.6) to fur ther  reduce error in an interval  of P not well 
covered by the following approximation.  

For  small P,  where t2/n is large, the integrand may be ex- 
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panded in te rms of w 2 = 1/(l+t2/n) and in tegra ted  te rm by t e rm  
to yield 

nw~<: uP 1 X 3 w '  } 

P = ~ + 2 ( ~  + 2 X 4(n-l-4) + "'" ' 

which may  be inver ted  to express t2/n in te rms of y = (PXd) ~t~ 

t 2 1 n + l (  y n X y  ~ 
~ - - 1 +  + 

= g "{- ~ 2 ( ~  3 ( n + 2 ) ( n + 6 )  

n(n+3)(2n2+9n--2)Y* } 
+ 8(n+2)2(n+4)~(n+8 ) + . . . .  

Since the ra t io  of successive terms is near ly  n X y/(n+6) for 
small  n,  rep lacement  of the  t e rm in y2 by  y/[3(n+2){ ( n + 6 ) /  
(n Xy)- -  1.0} ] provides  an approximate  allowance for subsequen t  
te rms in the  series, which is empirical ly improved by  replacing 
the  --1.0 by  -0 .822  - 0.089 X d. 

As n and  P increase,  the errors for the  asympto t ic  approxima-  
t ion decrease, whereas errors for the  second series increase,  so 
t h a t  for each value of n the  error  curves in te rsec t  a t  a value  of 
P above which the  asympto t ic  approximat ion  is b e t t e r  and  be- 
low which the  second series should be used. By ad jus t ing  the  
two approximat ions  the  error  level a t  these in tersect ions  has  
been ba lanced a t  abou t  the  seven th  significant  digi t  for n ~ 3 
and P > 10 -21. The  value of y a t  these points  is abou t  a + 0.05 
and this  fac t  provides a convenient  cr i ter ion for select ing which 
approximat ion  to use: the  asymptot ic  series if y exceeds a + 
0.05, otherwise the second series. 

Al though b e t t e r  approximat ions  could be ob ta ined  by  use of 
more te rms in each series, greater  precision can be achieved by  
using the resul t  of this  a lgor i thm as a s t a r t i ng  value for i t e ra t ive  
invers ion of P ( t  I n) ,  whose value and  der iva t ive  can be com- 
pu ted  wi th  considerable precision using recurrence rela t ions as 
in Algor i thm 395. 

A comparison of resul ts  from this  a lgor i thm aga ins t  values 
ob ta ined  by  inver t ing  the  funct ion  provided by  Algor i thm 395 
indicates  a precision of over  6 significant  digits  for 10 -*~ _< 
P _< 0.9, n > 1. At  the  convent ional  t abu la t ion  points  in 0.001 _< 
P _< 0.9 resul ts  for n = 1, n = 2, and n > 10 checked to 8 signifi- 
can t  digits.  

Previous ly  publ ished tables  [3, 4, 5] provide 3 or 4 decimal 
place check values,  some of which are found to be s l ight ly in  
error.  Thus  for n = 2, P = 0.001, t is given as 31.598 by  Fisher  
and Yates  and by  Federighi ,  31.5991 by  Smirnov,  and 31.5990546 
by  this  procedure,  while for n = 1, P = 0.001 the value 636.6096 
given by  Smirnov conflicts wi th  F isher  and Yates ,  Federighi  
(636.619) and this  procedure (636.61925). Other  errors  in the las t  
few digits in Smirnov ' s  table  for low values of n and P include 
10.2129 for n = 3, P = 0.002, which should be 10.2145, and 4.7812 
for n = 9, P = 0.001, which should  be 4.7809. 

t quantile may be used to ob ta in  percenti les  at  values of P and 
n not  provided in exist ing tables  or for extending the i r  accuracy.  
Such tables  are cus tomari ly  used for assessing the significance of 
a sample value for t, bu t  for au tomat ic  computa t ion  the  proba-  
b i l i ty  level is more effectively de termined  as P(t [ n) using a 
direct  procedure such as Algor i thm 395. 

Pseudorandom t-values m ay  be genera ted  for sampl ing appli-  
cat ions by  using uniformly d i s t r ibu ted  pseudorandom numbers  
for P ,  and  in this  case normdev may be a rea l  p r o c e d u r e  r e tu rn -  
ing pseudorandom normal  devia tes  which are independen t  of P .  
REFERENCES : 

1. HILL, G. W. Algor i thm 395, S tuden t ' s  t -d i s t r ibu t ion  Comm. 
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i f n  < 1 V P > 1.0 V P _~ O.Othentquantile := error(n) 
e l s e  i f n  = 2 t h e n  t quantile := sqrt(2.0/(PX (2 .0--P))- -2 .0)  
e l s e  
b e g i n  

rea l  half pi; half pi := 1.5707963268; 
i f  n = 1 t h e n  
b e g i n  P :=  P X halfpi; t quantile := cos(P)/sin(P) e n d  
e l s e  
b e g i n  

rea l  a, b, c, d, x,  y; 
a :=  1.0/(n--0.5) ;  b :=  48.0/a T 2; 
c := ((20700Xa/b-98)Xa-16) X a + 96.36; 
d :=  ((94.5/(b+c)-3.0)/b+l.O) X sqrt(aXhalf pi) X n; 
x :=  d X  P ;  y := x ~ (2.0/n);  
i f  y > 0.05 + a t h e n  
b e g i n  

c o m m e n t  Asymptot ic  inverse expans ion  abou t  normal ;  
x := normdev(PXO.5); y := x 1" 2; 
i f n  < 5 t h e n  c :=  c + 0.3 X (n--4.5) X (x+0.6) ;  
c := ( ( (O .05XdXx-5 .0 )Xz -7 .0 )Xx-2 .0 )  X x + b + c; 
y := (((((0.4Xy+6.3)Xy+36.0)Xy+94.5)/c--y--3.0)/b+ 

1.0) X x; 
y : = a X y  T 2; 
y := i f y > 0 . 0 0 2 t h e n e x p ( y ) - -  1.0 e l se  0.5 X y ~ 2-~-71 

e n d  
e l s e  y :=  ((1.O/(((n+6.0)/(nXy)-O.O89Xd-O.S22)X 

(n+2.0)X3.0)+O.5/(n+4.0))Xy--l.O) X 
(n+l.O)/(n+2.0) + 1.0/y; 

t quantile := sqrt(nXy) 
e n d  

e n d  Studen t ' s  t -quant i le  

ALGORITHM 397 
AN INTEGER PROGRAMMING PROBLEM [H] 
S. K .  CHANO AND A.  GILL (Recd. 16 F e b .  1970  a n d  

11 May 1970) 
Electronics Research Laboratory and Department of 

Electrical Engineering and Computer Sciences, 
University of California,* Berkeley, CA 94720 

* Research  sponsored by  the  Air  Force Office of Scientific Re- 
search Office of Aerospace Research,  Un i t ed  Sta tes  Air  Force,  
AFOSR G r a n t  AF-AFOSR-639-67 and  the  Na t iona l  Science 
Founda t ion ,  G r a n t  GK2277. 

K E Y  WORDS AND P H R A S E S :  in teger  programming,  change-  
mak ing  problem 

CR C A T E G O R I E S :  5.41 

p r o c e d u r e  MINDIST(C,  M, SENSE,  W, RESULT); 
v a l u e  C, M;  i n t e g e r  C, M;  B o o l e a n  SENSE;  
i n t e g e r  a r r a y  W, R E S U L T ;  

c o m m e n t  This  a lgor i thm solves an  in teger  p rogramming  prob-  
lem described in [1]. Given is a fixed weight  vec tor  w = (w, , 
w2, . . -  , w,~), where the  w~ are nonnega t ive  integers ,  where m 
is a posi t ive  integer ,  and  where 
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F o r  a n y  n o n n e g a t i v e  i n t ege r  c ( r e p r e s e n t i n g  cos t ) ,  a n  m-d i s -  
t r i b u t i o n  of c r e l a t i ve  to w is an  m - t u p l e  (al , a 2 ,  . - .  , am) s u c h  
t h a t  t he  at  are  n o n n e g a t i v e  i n t ege r s ,  a n d  s u c h  t h a t  ~ - 1  a~w~ 
= c. T h e  m - d i s t r i b u t i o n  (al , a ~ ,  . .  • , am) is m i n i m a l  if ,  for  a n y  
m - d i s t r i b u t i o n  (b l ,  b2 ,  . . .  , b~) of c r e l a t i ve  to  w, we h a v e  
~ - 1  as _< ~ - l  b~ . T h e  m - d i s t r i b u t i o n  (al , a2 , " ' "  , aM) is 
s t a n d a r d  if i t  is o b t a i n a b l e  as  fo l lows:  

Cm=C 

c~ = c~+1 --  a~+t X w~+l ( i = m - - 1 ,  m - - 2 ,  . . .  , 1) 

at = c~/w~ i f=m,  m - - l ,  . . .  , 1) 

(where  all  d iv i s i ons  a re  i n t e g e r  d iv i s ions ) .  
If  M I N D I S T ( C ,  M,  S E N S E ,  W, R E S U L T )  is ca l led  w i t h  a 

n o n n e g a t i v e  i n t e g e r  C, a pos i t i ve  i n t e g e r  M, a n d  a n  a r r a y  
W = (WIll ,  W[2], - - .  , W[M]),  t h e n  t he  r e s u l t i n g  a r r a y  

R E S U L T  = (RESULT[l] ,  RESULT[2],  . . .  , RESULT[M])  
is a m i n i m a l  M - d i s t r i b u t i o n  of C r e l a t i ve  to W. I f ,  before  ca l l ing  
M I N D I S T ,  S E N S E  is  s e t  to t r u e ,  t h e n  M I N D I S T  r e t a i n s  
S E N S E  as t r u e  if a n d  on l y  if R E S U L T  is also a s t a n d a r d  M -  
d i s t r i b u t i o n  of C r e l a t i ve  to  W. 

REFERENCE : 

1. CHANG, S. K.,  AND GILL, A. Algorithmic solution of the 
c h a n g e - m a k i n g  p r o b l e m .  J.  A C M  17 ( Jan .  1970) 113-122; 

b e g i n  
i n t e g e r  I ,  J ,  R, Q, S U M ,  S U N ;  
i n t e g e r  array  A [1 :M],  B[1 : M];  
i f  M = 1 t h e n  
b e g i n  

RESULT[ l]  := C; 
E X I T 1  : 

go  t o  E X I T  
e n d  
Q :=  C/W[M]; 
i f  (QXW[M]) > C t h e n  Q : =  Q - 1; 
R :=  C -  W[M] X Q ;  
i f  M = 2 t h e n  
b e g i n  

RESULT[I]  := R; RESULT[2] := Q; 
E X I T 2  : 

go  t o  E X I T  
e n d  ; 
J : = 0 ;  

LOOP : 
M I N D I S T  ( R + J × W [ M ] ,  M - - l ,  S E N S E ,  W, B ) ;  
i f  J # 0 t h e n  go  t o  NO T ZERO; 

B E T A  : 
for I : = 1 s t e p  1 u n t i l  M - -  1 d o  A [I] : = B [ I ] ;  
A[M] :=  O; 

G A M M A  : 
i f  J = Q t h e n  
b e g i n  

for I : =  1 s t e p  1 u n t i l  M d o  RESULT[I]  : =  A[ I ] ;  
E X I T S :  

go  t o  E X I T  
e n d  ; 
S U M  := 0; 
for I :=  1 s t e p  1 u n t i l  M d o  S U M  := S U M  + A[I ] ;  
i f  ( W [ M ] X S U M - R - J X W [ M ] ) / ( W [ M ] - W [ M - 1 ] )  < 0 t h e n  
b e g i n  

for I := 1 s t e p  1 u n t i l  M - 1 do  RESULT[I]  := A[I]; 
RESULT[M] := A[M] + Q - J ;  

E X I T S :  
go  t o  E X I T  

e n d  ; 
J : = J + l ;  
go  t o  LOOP; 

NOT ZERO: 
S U M  := 0; S U N  : =  0; 
f o r / : =  1 s t e p  1 u n t i l  M d o  S U M  := S U M  + A[I ] ;  
for I :=  1 s t e p  1 u n t i l  M - 1 d o  S U N  := S U N  + BI l l ;  
i f  S U M  <_ S U N  t h e n  
b e g i n  A[M] : =  A[M]~+ 1; go  t o  G A M M A  e n d ;  
S E N B E  : =  f a l s e ;  
go  t o  B E T A ;  

E X I T :  
e n d  PROCEDURE M I N D I S T  

ALGORITHM 398 
TABLELESS DATE CONVERSION* [Z] 
RICHARD A. STONE (Recd. 2 Jan. 1970 and 6 April 1970) 
Western Electric Company, P.O. Box 900, 

Princeton, NJ 08540 
* P a t e n t  app l i ed  for .  

K E Y  W O R D S  A N D  P H R A S E S :  da te ,  c a l e n d a r  
CR C A T E G O R I E S :  5.9 

p r o c e d u r e  calendar(y, n, m, d); 
v a l u e  y, n ;  i n t e g e r  y, n ,  m,  d, t; 

c o m m e n t  calendar is ca l led w i t h  t h e  y e a r  in  y and  t h e  d a y  of t h e  
y e a r  in  n.  T h e  m o n t h  n u m b e r  is r e t u r n e d  in m,  a n d  t h e  d a y  of  t h e  
m o n t h  is r e t u r n e d  in  d. T h e  f i rs t  s e c t i o n  of t he  p r o c e d u r e  c h a n g e s  
t h e  d a t e s  so  t h a t  F e b r u a r y  h a s  30 d a y s .  T h e  s econd  s e c t i o n  u s e s  
t h e  f ac t  t h a t  30.55 ( m + 2 )  - 91 p a s s e s  t h r o u g h  t h e  n u m b e r  of 
d a y s  p r eceed ing  each  m o n t h .  

E r r o r  de t ec t i on :  m will be in  t h e  r a n g e  1-12 if a n d  o n ly  if n 
is in  t h e  co r rec t  r a n g e ;  

b e g i n  
t :=  i f  (y + 4)*4 = y t h e n  1 e l s e  O; 
c o m m e n t  T h e  fo l lowing s t a t e m e n t  is u n n e c e s s a r y  

if i t  is k n o w n  t h a t  1900 < y < 2100; 
t :=  i f  (y÷400) .400  = y V (y+100)*100 # y t h e n  t e l s e  0; 
d :=  n + ( i f n  > ( 5 9 + t ) t h e n  2 -  t e l s e  0); 
m :=  ((d+91)*100) + 3055; 
d : =  (d+91)  - (m.3055) ÷ 100; 
m : = m - - 2  

e n d  calendar 

ALGORITHM 399 
SPANNING TREE [H] 
JOUKO J. SEPPXNEN (Recd. 6 Jan. 1970 and 8 May 1970) 
Computing Center, Helsinki University of Technology, 

Otaniemi, Finland 

K E Y  W O R D S  A N D  P H R A S E S :  g r a p h ,  t ree ,  s p a n n i n g  t ree  
CR C A T E G O R I E S :  5.32 

p r o c e d u r e  spanning tree(v, e, I ,  J ,  p, T) ;  
v a l u e  v, e; i n t e g e r  v, e, p ;  i n t e g e r  array  I ,  J ,  T ;  
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c o m m e n t  This procedure grows a spanning tree T for a given 
undirected loop-free graph G = (N, E) of v vertices and e edges. 
If G is disconnected a spanning forest  will be grown. 

The edges (I[k], J[k]) E E for k = 1, 2, --- , e are assumed to 
be stored in the arrays I[l :e]  and J [ l :e ] .  At each stage of the 
algorithm one edge is considered whereby one of four possible 
conditions will arise. If nei ther  of the vertices is included in a 
tree, this edge is taken as a new tree and its vertices numbered 
by an incremented component  number c. If one vertex is in a 
tree, the edge will be grown to this tree. If the two vertices are in 
different trees, these will be grafted into a single tree by renum- 
bering the vertices of the other  component.  Finally,  if both  
vertices are in the same tree, the edge completes a fundamental  
cycle of the graph with respect to the spanning tree and conse- 
quent ly will not  be considered further .  At the end, the indices 
of the edges in the spanning tree are stored in the array T [ l : v - p ]  
where p is the number of trees in the forest.  The procedure can 
also be used to find a minimal spanning tree by sort ing the edges 
into ascending order before calling the procedure. 

The main loop in the procedure is executed e times. For  cases 
where the ratio ely is high it could be worthwhile to introduce 
an addit ional variable, say d, in the program, for keeping a 
count of the number of edges included in T. When d has a t ta ined 
the value of v -- 1 the algorithm could terminate.  
R E F E R E N C E S  : 
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2. SERGE, C., AND GHOUILA-HouRI, A. Programming, Games and 
Transportation Networks. Methuen,  London, and Wiley, New 
York, 1965, pp. 177-180. 

3. KRUSKAL, J. B., JR. On the shor tes t  spanning subtree of a 
graph and the travelling salesman problem. Proc. Amer. 
Math. Soc. 7 (1956) 48--50. 

4. OBRUCA, A. Algorithm 1. Mintree.  Computer Bull. (Sept. 
1964) 67. 

5. KNUTH, D . E .  The Ar t  of Computer Programming, Vol I Fun-  
damental Algorithms. Addison-Wesley, Reading,  Mass. ,  1968. 
pp. 370-371 ; 

b e g i n  
i n t e g e r  i,  j ,  k, c, n, r; 
i n t e g e r  a r r a y  V[1 : v] ; 
c := n := O; 
fo r  k := 1 s t e p  1 u n t i l  v do  V[k] := O; 
fo r  k := 1 s t e p  1 u n t i l  e do  
b e g i n  

i := Ilk]; j := J[k]; 
i f  Vii] = 0 t h e n  
b e g i n  

T[k--n] := k; 
i f  V[j] = 0 t h e n  Viii  := V[j] := c := c + 1 
e lse  
vii] := v[j] 

e n d  
e l s e  i f  V[jl = 0 t h e n  
b e g i n  

T [ k - n ]  := k; VIi] := Viii  
e n d  
e l s e  i f  Vii] # V[j] t h e n  
b e g i n  

T[k--n] := k; i := VIi]; j := V[j]; 
fo r  r := 1 s t e p  1 u n t i l  v d o  

i f  V[r] = j t h e n  V[r] := i 
e n d  graft 
e l s e n  := n - F  1 

e n d  edge; 
p : = v - - e + n  

e n d  spanning tree 

ALGORITHM 400 
MODIFIED HAVIE INTEGRATION [D1] 
GEORGE C. WALLICK (Recd. 26 Jan. 1970 and 25 Apr. 

1970) 
Mobil Research and Development Corporation, Field 

Research Laboratory, P.O. Box 900, Dallas, TX 75221 

K E Y  WORDS AND PHRASES:  numerical integrat ion,  Havie 
integration,  Romberg quadrature,  modified Romberg-quadra-  
ture, trapezoid values, rectangle values 

CR CATEGORIES : 5.16 

D E S C R I P T I O N  : 

The Havie integrat ion method for the approximate evaluat ion of 
the definite integral 

/; I = F(x) dx (1) 

as implemented in ACM Algorithm 257 [4] is based upon the paral- 
lel generation of the Romberg table of trapezoidal Tj k values [1] 
and the table of rectangular Ri ~ values also used by Krasun  and 
Prager [3]. At each step in the development  of the tables the dif- 
ference [ Ti k -- R] k [ is examined. If [ Ti k -- Rj k I --< • the process 
is said to have converged and the algori thm returns  a value of 

T~ +1 = ½(TikTRik) .  (2) 

For  some F(X) ,  e.g. F(X)  = e -x2 and F ( X )  = 2/(2-Fsin 10~-X), 
the Ri k, Tj k pairs converge more rapidly than the Romberg se- 
quence of T~ k values. (This is the same class of F(X)  for which a 
simple nonadapt ive Simpsons Rule algorithm [5] is competi t ive 
with the Havie algorithm.) For  other  F ( X ) ,  the Havie algorithm 
is slightly less efficient than the Romberg algorithm. 

Like Romberg quadrature ,  Havie integrat ion requires the evalu- 
ation of the rectangular  values 

E Ro ~ F A --F (J--½) T • (3) 
1=1 

Rutishauser  [6] recognized tha t  this repeated addit ion of small 
terms to a large part ial  sum can lead to serious roundoff error. 
He suggested a procedure for the evaluation of the Ro k which sig- 
nificantly reduces this error. The method,  used by Fai rweather  [2] 
in a modified Romberg algorithm, leads to a significant improve- 
ment  in accuracy for large orders of extrapolat ion.  

In  the modified Havie integrat ion algori thm H R V I N T  the Ro k 
are evaluated using a 3-level version of the Rut ishauser  procedure. 
The arguments X of the generating funct ion F(X)  are evaluated 
as in eq. (3) ra ther  than  by accumulative addit ion as in Algori thm 
257. 

In the argument  list for HRVINT,  F is the name of the generat-  
ing funct ion FU N CT IO N  F(X)  which returns a value of F ( X )  
corresponding to a specified value of X,  A, and B represent  the 
lower and upper limits of integrat ion,  and MAX is the maximum 
order of extrapolat ion to be permit ted ,  MAX < 16. Values of 
MAX > 16 are in terpreted as MAX = 16; the value of MAX is not 
changed by the subp:ogram. Computa t ion  is terminated when 

[ T i  k -  Ri kl --< A C C * [ T i k [  

or when the order of extrapolat ion M F I N  = MAX. Here ACC is a 
measure of the desired relative accuracy, ACC > 0. Upon exit 
H R V I N T  is the approximate value of the integral,  FAC is a meas-  
ure of the final relative accuracy achieved 

FAC = I T i  k -  R~ ~ I / I T i  k[ 

and M F I N  is the order of extrapolat ion.  
Test case. H R V I N T  was tes ted in For t ran  IV on a CDC 6400 

computer  using single-precision floating point  ar i thmetic  (14+ 
decimal digits).  Corresponding integral values were also obtained 
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using a F o r t r a n  version of the s t anda rd  Havie  Algor i thm 257. The  
results  of these tests  are summarized in Table  I. 

For  modes t  accuracy requirements ,  the two algor i thms are seen 
to be equivalent .  For  bo th  a lgor i thms the max imum accuracy 
achievable is l imited by  t runca t ion  and roundoff error. Since the  
Ru t i shause r  modification serves to reduce the  magni tude  of such 
errors,  the  modified Havie  a lgor i thm can, in m a n y  cases, r e tu rn  
op t imum integral  values t h a t  are from 1 to 2 significant figures 
more accurate  t han  those re turned  by  Algor i thm 257. 

In  the rout ine  use of the a lgor i thms i t  is possible to specify an 

T A B L E  I .  A C O M P A R I S O N  OF T H E  H A V I E  AND M O D I F I E D  

H A V I E  A L G O R I T H M S  

f; I = F(X)  dX 

(m ~ Extrapolation Order, m -< 16; N.S.F. ~ Number of 
Significant Figures) 

l~(x) 
relatt'~e 
accurag~ 

0.0 5.0 45139 55 

Numerical Evaluation 

1.0 I0.0 29940 46 

Havie I Modified Havie 

z m ~ Z (digits ~ (digits m 
10-14) ~ I0-14) 

10-1-10 -~ 46726 3 10 46726 3 I0 
10-~I0 -~° 45039 4 11 45039 4 11 

10-~: 45110 5 12 45111 5 12 
10-~ 45128 6 12 45131 6 12 
10-~= 45134 6 12 45137 6 13 
10-:~ 39757 16 9 45137 7 13 
10-~ 39757 16 9 45136 10 13 

lO -9 29845 8 11 29846 8 11 
10-1o 29937 8 13 29939 8 13 

lO-~Z-lO -~  29937 9 13 29940 9 14 
10-~ 29937 9 13 29940 10 14 
10-~ 29556 16 11 29940 10 14 

x) -1 0.0 1.0 55994 53 10-9 56353 6 I1 56354 6 11 
10 -I0 55990 6 13 55997 6 13 
I0 -u 55990 6 13 55991 6 13 
10 -12 55988 7 12 55991 7 13 
I0  - I s  55987 8 12 55991 7 13 

10-14-10 -Jl 53242 lfi I0 55991 9 13 

x4) -1 0.0 1.0 33991 10 10-L10 -7 35633 5 10 35634 5 10 
lO-a-lO -1° 33993 6 13 33995 6 13 

10-n-10 -12 33984 7 12 33989 7 13 
10 -1= 30854 16 10 33987 7 13 

10-14-10 -lb 30854 16 10 33988 9 13 

0.01 1.1 68595 04 

0.01 1.1 89506 64 

0.01 1.1 29246 64 

1O -a 71022 13 10 71529 13 10 
10-9 68136 13 11 68647 13 11 
10 -1° 68076 13 10 68589 13 12 
10-11 64508 16 10 68590 14 12 

lO-l~lO -13 04508 16 lO 68589 14 12 
10-14-10 -15 64508 16 10 68584 16 12 

10-s 89368 11 89694 13 11 
10-9 89199 11 89526 13 12 
10 -10 88857 lfl 89503 14 13 

10-n-10 -1~ 86878 1(} 89502 14 13 
10 -1. 86878 16 89502 15 13 

10-14-10 -1~ 86878 10 89499 16 12 

10 -s 29556 11 29767 13 10 
10-9-I0 -1° 28828 11 29247 13 14 

10 - n  27557 l0 29245 14 13 
10-ILl0 -la 27557 10 29244 15 13 

10-u 27557 10 29244 16 13 
10 -16 27557 l0 29242 16 13 

accuracy requi rement  t h a t  cannot  be satisfied. When this  condi t ion  
obta ins ,  the algori thms are forced to proceed to the  max imum per-  
mi t t ed  ex t rapola t ion  order. Wi th  Algor i thm 257 error  accumula-  
t ion accompanying such an  overspecification can lead to a serious 
decline in eva lua t ion  accuracy.  Wi th  the  modified Havie  a lgor i thm 
H R V I N T  this  loss is minimized and in mos t  cases v i r tua l ly  elimi- 
nated.  
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A L G O R I T H M  : 

FUNCTION HRVI NT( F ~ A tB t MAX,ACC,FAC,MF IN I 
C HAVIE INTEGRATION WITH AN EXPANDED RUTISHAUSER- 
C TYPE SUMMATION PROCEDURE 

DIMENSION T(17) ,U(17)  t TPREV117)tUPREV117I 
C TEST FOR MAX GREATER THAN 15 

MUX=MAX 
I F ( MAX-!.6 ) I0 ~ I 0 , 5  

5 MUX=I6 
C INITIALIZATION 

l 0  ENPT=Oo5*(F(A)+F(B) I 
StJMT=O.O 
MFIN=I 
N=I 
H=B-A 
SH=H 

C BEGIN REPETITIVE LOOP FROM ORDER I TO ORDER MAX 
15 T(I)=H*(ENPT+SUMT) 

SUM=O. 
NN=N+N 
EN=NN 
EM=SH/EN 

C BEGIN RUTISHAUSER EVALUATION OF RECTANGULAR SUMS 
C INITIALIZATION 

I F(NN-IBI20,20,25 
20 NZ=NN 

GO TO 30 
25 NZ:16 

I F (NN-256130 ,30 ,35  
30 NA=NN 

GO TO 40 
35 NA=256 

I F (NN-4096)40,40,45 
40 NB=NN 

GO TO 50 
45 N B : 4 0 9 6  

C DEVELOPMENT OF RECTANGOLAR SUMS 
50 DO 70 KC:I,NN,4096 

SUHB=O. 
KK:KC+NB-I 
DO 65 KB=KC~KK,25B 

SOMA=O. 
KKK=KB+NA-1 
DO 60  KA=KB~RKK~IB 

SOMZ=O. 
KFR=KA+NZ-I 
DO 55 KZ=KA~KFR~2 

ZKZ=KZ 
55 SUMZ= SUMZ+F ( A+ZKZ*EM ) 
60 SUMA:SUMZ+SDMA 
65 SUMB=SUMA+SUMB 
70 SUM:SUMB+SI}M 

C END OF RUTISHAUSER PROCEDURE 
U( I ) =H'SUM 
K=i 

C BEGIN EXTRAPOLATION 100P 
75 F A C = A B S I T ( K I - U I K I  ) 

I F ( T ( K ) ) 8 0 t 8 5 , 8 0  

C TEST FOR RELATIVE ACCURACY 
80 I F [ F A C - A B S ( A C C * T [ K )  ) ) 90  ~ 9 0 , 1 0 0  

C TEST FOR ABSOLUTE ACCURACY WHEN TIK)=O 
85 I F { FAC-ABS [ ACC I I95,95,  I00 
90 FAC=FAC/ABSI TIKI ) 

C INTEGRAL EVALUATION BEFORE EXIT 
95 HRVINT=O. 5~ ( T( K ) +UIK I ) 

RETURN 
100 I F(K-MF IN) 105,115t I15 
105 AK=K+K 

O=2.**AR 
DMA:D-)..0 
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C BEGIN EXTRAPOLATION 
TtK+I)=(D*T{K)-TPREV{K))/OMA 
TPREV(K)=T(K) 
U(K+I)=(D*U(K)-UPREV(R))/DMA 
UPREV(K)=U(K) 

C END EXTRAPOLATION 
K=K+I 
IF(K-MUX)75,110,110 

C END EXTRAPOLATION LOOP 
I 1 0  FAC=ABS{T(K)-U(K)) 

I F ( T { K ) } g o , 9 5 , 9 0  
C ORDER IS INCREASED BY ONE 

115 H=O.5*H 
SUMT=SUMT+SOM 
TPREV(K)=T(R) 
OPREV(K)=U(K) 
MFIN=MEIN+I 
N=NN 
GO TO 15 

C RETURN FOR NEXT ORDER EXTRAPOLATION 
END 

R E M A R K  ON A L G O R I T H M  304[S15] 
N O R M A L  C U R V E  I N T E G R A L  [I. D. Hil l  and  S. A. 

Joyce, Comm. A C M  10(June  1967), 374] 
Bo  HOLMGREN (Recd. 30 Apr.  1970) 

Dept .  K D O ,  ASEA,  S-721 83 V~ster~s, Sweden 

KEY WORDS AND PHRASES: normal curve integral, proba- 
bility, special functions 

CR CATEGORIES: 5.12, 5.5 

Algorithm 304 with the remark of Adams was translated into 
Fortran IV and run on a GE-625 computer. The GE-625 has a 28- 
bit mantissa and allows exponents up to 10 ~. With upper = false 
and x < -2.32, the routine ran into overflow at several values of 
x. To avoid this the following lines 

i f  q2 > 1030 t h e n  
b e g i n  

pl := pl X 10--30; p2:= p2 X 10--30; 
ql :=  q l X  iQ--30; q2 :=  q 2 X z , - - 3 0  

e n d ;  
were inserted after the line 

s : =  m; m : =  t; 

c o m m e n t  These four decimal constants, which are respectively 
48/128, 75.5/128, 28/128, and 5/128, are rather arbitrary. On 
most compilers their binary representations will be exact, and 
the use of them in the statement L1 causes r to vary cyclically 
over the 33 values 48/128 .-. 80/128. Therefore i j  takes a varia- 
ble position somewhere within the middle quarter of the segment 
to be sorted. Wider variation of ij would be undesirable in the 
special case of a partially presorted array; 

In sorting an array of N elements which are initially in random 
order this will waste (on ICL Atlas) less than N/iO 5 seconds, but 
if the array is, for example, composed initially of two equal pre- 
sorted halves, then the use of the original rather than the modi- 
fied version would more than double the sorting time required if 
N > 104. 

As the author points out, the published version could fail if 
used to sort arrays of 1024 or more elements because the upper 
bounds of IU and IL might be inadequate. For a standard pro- 
cedure the declaration 1L, IU [0:8] should be replaced by the 
declaration IL, IU [0:20]. This permits the sorting of arrays of up 
to 4 million elements, which is, with present core store sizes, suffi- 
cient. 

The statement tt := a[L] which precedes LS: will be executed less 
frequently if it is transferred into the next conditional statement, 
which then reads 

if k ~ L t h e n  b e g i n  tt := a[L]; a[L] := a[k]; a[k] := it; 
g o  t o  L2 e n d  

R E M A R K  ON A L G O R I T H M  368 [D5] 
N U M E R I C A L  I N V E R S I O N  OF L A P L A C E  

T R A N S F O R M S  [I tarald Stehfest ,  Comm. A C M  13 
(Jan. 1970),47] 

HARALD STEHFEST (Recd. 6 M a y  1970) 
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R E M A R K  ON A L G O R I T H M  347 [M1] 
AN E F F I C I E N T  A L G O R I T H M  F O R  S O R T I N G  W I T H  
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If the values of ij, instead of always being (i+j) + 2, are at 
varying positions between i and j,  then there is less likelihood of 
peculiar initial structure causing failure of the algorithm to per- 
form rapidly. The position of ij can be made to vary by replacing 
the statements 

m : = 0 ;  i i : = i ;  g o t o L 4 ;  L l : i j : = ( i T j ) + 2 ;  

by 
r e a l r ;  r := 0.375; m := 0; ii := i; go t o L 4 ;  
LI: r := if r > 0.58984375 then  r -- 0.21875 e l s e  r -t- 0.0390625; 
i j  := i + (j--i) X r; 

Some errors have crept into the comment of the procedure af- 
ter proof-reading: 
The formula following "and thus" should read 

Z xi(K)?N/2+l_~ = F - -  + (--1)K+I~ K - -  
i ~ l  

The formula following "with" should read 

V, = ( -1 )  N/2+~ 

( N / 2 - K )  
(N/2) ! 

( (N/2- -K) !~  
+ o \  ~ ) .  

Min(i,N/2) kNlZ(2k ) l 
( N / 2 -  k) lk !(k-- 1) [(i-- k) l(2k-- i) !" 

The policy concerning the contributions of algorithms 
to Communications of the ACM has been revised and was 
published in the August 1970 issue, page 513. Copies of 
"Algorithm Policy / Revised August 1970" will be mailed 
upon request. Sept 1970 p. 573 
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