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ABSTRACT

We construct a new explicit family of good quantum low-density

parity-check codes which additionally have linear time decoders.
50

Our codes are based on a three-term chain (F;”X'”)V — (Fg")E

51
— Fg where V (X-checks) are the vertices, E (qubits) are the

edges, and F (Z-checks) are the squares of a left-right Cayley com-
plex, and where the maps are defined based on a pair of constant-
size random codes Cy, Cp : F' — IF? where A is the regularity of
the underlying Cayley graphs.

One of the main ingredients in the analysis is a proof of an
essentially-optimal robustness property for the tensor product of
two random codes.
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1 INTRODUCTION

Quantum error correction is an essential ingredient to achieve fault-
tolerant quantum computation. An important class of quantum

*The full version is available at [18]

This work is licensed under a Creative Commons Attribution 4.0 Interna-
tional License.

STOC °23, June 20-23, 2023, Orlando, FL, USA

© 2023 Copyright held by the owner/author(s).

ACM ISBN 978-1-4503-9913-5/23/06.
https://doi.org/10.1145/3564246.3585101

Min-Hsiu Hsieh
Hon Hai Research Institute
Taipei, Taiwan
min-hsiu.hsieh@foxconn.com

Thomas Vidick
The Weizmann Institute of Science
Rehovot, Israel
California Institute of Technology
Pasadena, CA, USA
thomas.vidick@weizmann.ac.il

codes relevant to fault-tolerance are quantum low-density parity-
check (QLDPC) codes [26]. These are codes whose checks act only
on a constant number of qubits, and further each qubit is acted
on only by a constant number of checks. This low connectivity is
desirable because it reduces the chance for errors to spread when
checks are being measured for error correction.

Several families of qLDPC codes have been studied starting from
Kitaev’s toric code [39], with increasing rate and distance [10, 23, 24,
30, 38, 51, 55]. Recently Panteleev and Kalachev [50] gave the first
construction of good qLDPC codes, i.e. gLDPC codes with constant
rate and constant relative distance. A subsequent variation on their
construction was given in [44]. The construction in [50] falls into
the class of balanced product codes introduced in [10].

A natural question left open by the recent constructions of good
qLDPC codes is the existence of efficient decoders for them. In
this work, we give a new construction of qLDPC, which borrows
many of the ingredients from [50] as well as ideas from the recent
classical locally testable codes by [16], and show that our codes
have linear time decoders. Our codes are balanced product codes,
but (informally) place the qubits and checks on different cells of
the underlying complex.

Theorem 1.1. For everyr € (0,1/2), there exist constants § > 0,
w € N and an explicit infinite family of quantum LDPC codes with
maximum weight w, rater, and relative distance 8. Furthermore these
codes are equipped with a linear time decoder that decodes up to linear
distance.

After the completion of this work, two independent papers ob-
tained a similar result on gLDPC codes with efficient decoders [28,
42]. We first give an overview of our construction and proof tech-
niques, compare our result with the related ones, and finally discuss
further directions.

1.1 Overview of the Construction and Analysis

Our codes are based on a three-term chain complex
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In contrast to other recent constructions of qLDPC this chain com-
plex is ordered “geometrically” by dimension, so that V are the
vertices, E are the edges, and F are the faces (squares) of a left-right
Cayley complex. Informally, this complex has vertices labeled by
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elements g of a finite group G, edges labeled by two sets of gen-
erators A, B as (g, ag) and (g,gb) forg € G,a € Aand b € B, and
squares (g, ag, gb, agb) labeled by pairs (a,b) € A X B. The maps
89, 8" in (1) are defined via a pair of base codes Ca, Cp : F' — ]FZA
where A = |A| = |B|. ! An advantage of the geometric ordering
is that it may facilitate extending the chain to having more than
three terms by going to higher dimensional geometric complexes.
A drawback is that this kind of chain is asymmetric and therefore
separate arguments are required for the analysis of the chain and
co-chain (namely, X-distance and Z-distance).

Let us give an informal description of the chain map. Given a
0-chain ¢® € (IF;"X’")V, such that ¢%(v) is an m x m bit matrix for
each o € V, let us compute §°(c®) assuming that c° is supported on
a single vertex v (and this is extended linearly). We first apply the
encoding C4 to each row of ¢?(v) separately to get a rectangular
m X A matrix, whose columns are now distributed among the A-
edges neighboring v. Namely, each neighboring A-edge gets a single
column from this matrix. Next, we apply the code Cp to each column
of ¢®(v) separately to get a rectangular A x m matrix whose rows we
distribute among the B-edges neighboring v. The result is naturally
interpreted as an element ¢! = §°(c®) € (F;”)E.

Now given an arbitrary 1-chain ¢! € (IF;")E, such that c!(e)
is an m-bit vector for each edge e € E, let us compute §'(c!)
assuming c! is supported on a single edge e (and this is extended
linearly). If e is an A-edge then we compute the Cp encoding of
c!(e), getting a vector of |B| = A bits, which we distribute one
per square containing e. If e is a B-edge then we compute the Cq
encoding of ¢! (e) and proceed similarly, adding the bits distributed
to the same face modulo 2. This completes the description of our
chain. The actual construction uses a 4-fold cover of a left-right
complex, so we have four types of vertices and edges, see details in
Section 3.1.

The linear time decoding algorithm is based on local bit-flips or
small-set flips, which were first used in the quantum setting in [41].
The analysis of the distance of the code as well as of the decoding
algorithm has two main components: expansion and robustness.
The expansion arguments resemble previous works [16, 40, 50].
Technically, the key is analyzing the expansion of chains with a
certain “local minimality" condition. The second ingredient is a
robustness property for the pair of base codes (C4,Cp) (and their
duals (C, Cg)). Our second contribution in this work is a proof
that two random codes are optimally robust. Interestingly, while
our proof of linear distance and decoder construction are rather
direct for the co-chain ordering (1), the analysis for the reverse
ordering proceeds by a reduction to the co-chain. In this sense, the
asymmetry induced by the geometric ordering we choose does not
introduce substantial complications in the analysis.

We now discuss the robustness property. A pair (Cq,Cp) of
codes, C4,Cp C FI, is said to be dp-robust if for every pair of
n X n matrices My, Mg such that the rows of My are in C4 and
the columns of Mg are in Cg, if the matrix M = M4 + Mg has
low weight, then it can be decomposed into a sum of only a few
rows in C4 and a few columns in Cg, such that the number of rows

This over-simplification has 0 rate. To get positive rate, the base codes have different

Fy"? — B with

dimensions in the actual construction, C4 : IF;"“ — ]F? and Cg: i

Mg # mp.

906

Irit Dinur, Min-Hsiu Hsieh, Ting-Chun Lin, and Thomas Vidick

and columns required is at most the weight of M divided by the
robustness parameter dy. (See Section 2.6 for formal definitions.)
Whereas previous works [44, 50] showed that random codes have

robustness that is dy = n%_e, we show robustness with dy = ©(n).
This is clearly best possible (up to multiplicative constants) since
the weight of M is quadratic in n and the number of rows/columns
is linear in n.

Our second main result is the following.

Theorem 1.2 (Random Tensor Codes are Robust (Informal The-
orem 2.10)). For every pq, pp € (0,1), there exist constants &1, 52
such that for C4, Cp sampled from the uniform distribution of linear
codes of length n and dimensions pgn, ppn, for large n, with high
probability, C4, Cp have distance 51n and (Ca, Cp) is San robust.

Since the theorem is about random linear codes, it follows di-
rectly that robustness holds simultaneously for both (Cg4, Cp) as
well as (CL,C IJB'), with high probability. The same result on optimal
robust codes is also obtained in [35].

The proof follows a counting argument similar to the proof of
the Gilbert-Varshamov bound. One defines certain words as ‘bad’
and then shows that with high probability none of these ‘bad’ words
is a codeword through a union bound. The main additional idea
compared to the weaker result shown in [50] is that in the analysis
we separate cases based on the rank of the matrix M. See Section 5
for details.

1.2 Related Work

Quantum LDPC Codes and LTCs. Our work fits into a line of
recent works on quantum LDPC codes and LTCs [16, 44, 45, 50].
The constructions for qLDPC codes and LTCs turn out to be quite
similar because both problems utilize 3-term chain complexes with
expansion properties. We focus on the history of quantum LDPC
codes. The historical development of LTCs can be found in [25] and
a more recent development can be found in [16]. More discussion
of gLDPC can be found in [11].

The earliest family of qLDPC codes are Kitaev’s toric codes
and surface codes [39] with dimension k = ©(1) and distance
d = O(«/n). Over time, better codes with increasing rate [55]
k = ©(n) and distance [23, 24, 38] d = ©(polylog(n)+/n) have been
discovered. Only recently did [30] and following works [10, 51] sig-
nificantly break the square root barrier and achieve d = ©(n/logn).
Finally, [50] showed the existence of good quantum LDPC codes
with k = ©(n) and d = ©(n). More recently, [44] provide another
construction of good quantum LDPC codes.

We now compare our JLDPC codes with two previous construc-
tions [44, 50] in more detail. All of these gLDPC code constructions
rely on Tanner codes which combine a 2-dimensional graph (left-
right Cayley complex) with a 2-dimensional code (tensor code). The
difference between the variants is on how one defines the 3-term
chain complex from the 2-dimensional geometric complex.

Our construction has the advantage of being ordered by dimen-
sion (from vertices to edges to faces) which may be easier to gener-
alize to higher dimensional complexes. Additionally, our proof uses
tensor codes with better robustness which allows a simpler aver-
aging argument, whereas earlier proofs required a more detailed
study of the local structure and the resistance to puncturing for the
tensor code. A similar simplification is also leveraged in [43].
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Decoders for Quantum LDPC Codes. Finding an efficient decoder
is the natural next question after obtaining the qLDPC code. If one
does not worry about the efficiency, in exponential time, it is known
that one can decode up to (d — 1)/2 errors by finding the closest
codeword. Practically, it is more desirable to have a polynomial
time or even a linear time decoder.

Existing decoders can be broadly separated into two families
that focus on different type of gLDPC codes. The first family mainly
decodes the surface codes, while the second family mainly decodes
expander codes. Because the code structure is different, the corre-
sponding decoding strategy is also very different. The first family
includes minimum-weight perfect matching [13], union-find [12],
and variants of belief propagation decoders [21, 49]. A more com-
plete discussion can be found in [11].

We now focus on the second family, which the decoder of this
paper belongs to. When the underlying graph has good expansion
properties, often the greedy algorithm that flips the bits locally
will work. This includes the classical expander codes [53] and the
corresponding small set flip decoder in [41] for quantum codes. The
same decoder was also applied to [23, 46]. In this work, we use the
small set flip decoder to decode the direction of the co-chain com-
plex (i.e. decode Z errors), and additionally use a “reconstruction”
procedure to decode the direction of the chain complex (i.e. decode
X errors).

Finally, we compare our result with the recent papers on the
linear time sequential decoders [28, 42] and the parallel decoder [43].
In [28, 42], they show that the two previous qLDPC codes [44, 50]
have linear time sequential decoders. Like our decoder, the decoder
in [28] is a variant of the small-set-flip decoder. The decoder in
[42] requires an additional exceptional mode. This difference is due
to the fact that both [28] and our proof utilize tensor codes with
better robustness, while [42] only uses the tensor code with weaker
robustness. More recently, the better robust code is used in [43] to
show the existence of a log time parallel decoder.

High Dimensional Expanders. Our work can be case as a study of
notions of expansion in chain complexes. This relates to the study
of high dimensional expanders (HDX), which is about notions of
expansion for high-dimensional objects. The study of the HDX
was introduced by Linial and Meshulam [47] to study random
simplicial complexes and independently by Gromov [27] to study
the topological overlapping principle. These natural questions have
led to impressive results across areas including coding theory [16,
34, 45, 50], approximate sampling [3, 5, 6, 37], analysis of Boolean
functions [8, 15, 29], agreement testing [14, 19], and sum-of-square
lower bounds [17, 33].

The most studied type of HDX are called simplicial complexes.
On the other hand, the recent development of qLDPC codes is more
related to the cubical complexes. It would be interesting to see if
one can translate the results from one to the other. One recent
success is the application of qLDPC codes to sum-of-square lower
bounds [33].

1.3 Further Directions

Towards Quantum LTCs. A notion that is related to qLDPC codes
and LTCs is that of quantum locally testable codes (QLTCs) [2]. A
natural way to go about this is to extend the 3-chain to a 5-chain.
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It seems that if each consecutive three terms are themselves suffi-
ciently “expanding” then the entire chain would give a quantum
LTC. Our proof technique may extend to the analysis of such higher-
length chain complexes. Even if this were achieved, an important
remaining challenge would be to find a higher dimensional robust
code. Namely, there is a natural way to generalize the notion of
robustness of a tensor product of three or more codes [35], how-
ever we do not currently know whether there are codes that are
sufficiently robust. Indeed, even for two-dimensional tensors the
current proofs only provide robustness via a probabilistic argument.
It could be useful to have a direct, explicit construction as this may
generalize more easily to higher dimensions than the probabilistic
argument which seems inherently limited to two dimensions.

PCPs and Quantum PCPs. Probabilistically checkable proofs
(PCPs) and locally testable codes are closely, though not formally,
related. (See [25] for a survey.) In the quantum complexity literature
there is a quantum version of PCPs [1], the existence of which re-
mains open. It would be interesting to see if one can make progress
on this question by leveraging the recent works on qLDPCs. A
positive, though certainly not conclusive, indication that this is a
viable path is provided by the recent resolution of the NLTS con-
jecture [7], which crucially relies not only on the existence of good
LDPC but on specific properties of the existing constructions which
were discovered in the construction of the linear time decoders for
them.

2 PRELIMINARIES
2.1 Chain Complexes

Chain complexes provide a way to connect the study of quantum
codes with high dimensional expanders.

Definition 2.1 (Chain complex). A chain complex X is a sequence of
vector spaces ]F;((l) generated by sets X (i) together with linear maps

d;: Pg((i) — Pf(ifl) called the boundary operators. These boundary
operators satisfy
0i-10; =0.

Because F;((i) has a canonical choice of basis corresponding to
the elements of X (i), one can define the associated co-boundary

operators &' = al.TH: F;((i) — IF‘;((H'I), where ()T denotes the
matrix transpose. The co-boundary operators automatically satisfy

5i+1 5i =0.
We introduce some standard terminology. Elements of the kernel
of the (co)-boundary operators are called (co)-cycles

Z; = kero; = {C‘i € F;((l) 1 0ici = 0} N
Zh=kerd = {c' € F;((i) 8t =0} .

Elements of the image of the (co)-boundary operators are called
(co)-boundaries

. -
B = imdjt1 = {dis1Ci+1 : cin1 € F‘;(” )},
B =im& ! = {51 e mr Ty

Since 9;0;+1 = 0 it follows that B; C Z;. When B; = Z; the chain
complex is said to be exact at i.
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2.2 Classical and Quantum Error Correcting
Codes

A classical linear code is specified by a k-dimensional linear sub-
space C C ]Fg Here, n is called the length, k is called the dimension,
and d := min;cc|c| is called the distance, where |-| is the Hamming
weight, i.e. the number of non-zero entries. We call r = k/n the rate
and & = d/n the relative distance of the code. A more explicit way
of describing a classical linear code is by specifying a parity-check
matrix H: F} — FJ' where m = n — k and C = ker H is the kernel
of the matrix.

A quantum CSS code is specified by two classical codes C, =
ker H, C F) and Cx = ker Hy C F} such that Ci C Cyie HxHZT =
0. This condition allows us to associate a 3-term chain complex to
the quantum code,

T
x: e 22 B e
Here are the relevant quantities associated with the quantum code.
Elements of Cy = Z! (resp. C, = Z;) are called X (resp. Z)-logical
operators. Elements of Cy = B; (resp. C+ = B?) are called Z (resp.
X)-stabilizers. The dimension of the code is k = dim Z; — dim Bj.
The distance is d = min(dy, d;) where

dx: 1|, dz:

min
c1€Z1—-B

le leal

min
cleZ!'-B!
and dy, d, are called the X-distance and Z-distance of the code
respectively. The code is called a quantum low-density parity-check
code (qLDPC) if Hy and H, have a bounded number of nonzero
entries in each column and row.

Having defined a quantum code, we now describe the task of de-
coding. The goal of the decoder is to recover the error pattern from
the syndrome. Under the stabilizer formalism, one can express any
error pattern as a pair (¢!, c1) where ¢! € [F} indicates coordinates
with an X-error and ¢; € Fg indicates coordinates with a Z-error.
The decoder is given the syndrome (8'c!, d;¢1) and is required to
return a correction (1, &) such that the difference from the actual
error is a stabilizer, i.e. & — ¢! € B! and é — ¢; € B;. This task
can be divided into two independent tasks where one recovers ¢!
from §lc! (X-error decoding) and the other recovers ¢ from 9d;cq
(Z-error decoding).

2.3 Expander Graphs

Expander graphs are used to obtain various important results in
theoretical computer science. The most important one in our con-
text is the expander codes [53]. We refer the reader to [32] for other
applications of expander graphs.

Definition 2.2 (Spectral Expander Graphs and Ramanujan Graphs).
Let G = (V,E) be an undirected, A-regular graph on n vertices, and
define A(G) = max{|Az|, |An|} where A =211 = A2 > ... = A, are
the eigenvalues of the adjacency matrix of G. We say that G is a
A-spectral expander if A(G) < A.

We use spectral expanders for two reasons. First, there are known
explicit infinite families of spectral expanders [52]. Second, spec-
tral expansion implies edge expansion which is a key ingredient
to obtain our results. This property is captured in the following
expander mixing lemma which first appeared in [4].
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Fos
Voo Vo1
N N
9 gb
E*O E*l
Eq4
Vip — Vi1
S S
ag agb

Figure 1: 4-fold left-right Cayley complex.

Lemma 2.3 (Expander Mixing Lemma). Let G be a A-regular graph
with A-spectral expansion. Then for any subset S,T C V, we have
|E(S,T)| £ —

V] ISIITI +AVISIIT] .

Moreover, for any vectors x,y € RV we have

x My < V] IIXI|1I|y||1 +Allxll2llyllz

where M is the adjacency matrix of G and forz € R", ||z||1 = X; |zl
and ||z||2 = (3; |212)1/2 denote the L, and L, norm respectively.

2.4 Left-Right Cayley Complexes

Our code construction is based on the left-right Cayley complex
introduced in [16]. A similar structure also appeared in [10, 50].
The 4-fold left-right Cayley complex G2(G, A, B) is specified by a
finite group G and two sets of generators A and B which are closed
under inverse. The complex is illustrated in Figure 1. It consists of
vertices, edges, and faces as follows:

e The vertices are V = Vo U V1o U Vp1 U Vi1 where Vyy = Vyg =
Vor = Vi1 =2G.

e The edges are E = ElUE = (E«o UE«1) U (Eg« UE1s) where

Eso ={(g.a9) : g € G,a € A} C Voo X Vio
E«1 ={(gb,agb) : gb € G,a € A} C Vo1 X V11,
Eo« ={(g.9b) : g € G,b € B} C Voo X V1 ,
E1« ={(ag,agb) : ag € G,b € B} c V1o x V11 .

e The faces are F = {(g,ag,gb,agb) : g € G,a € A,b € B} C
Voo X Vio X Vo1 X V11 .

To clarify which vertex set, Vyo, Vo1, etc. a given vertex g belongs
to, we sometimes write the vertex as (g, 00) or (g, 01), etc. The same
convention applies to edges. For example, ((g, ag), *0) is an edge
in E.o. Note that the edges and faces are labeled by ordered tuples
instead of sets. Elements of E! are referred to as vertical edges, and
elements of E™ as horizontal edges. The appearance of faces crucially
relies on the fact that the left action commutes with the right action,
e.g. a(gb) = (ag)b.

We introduce the following important notation to describe the
neighborhood relation between the vertices, edges and faces. For
voo € Voo we define Vig(vgp) as the set of vertices in Vg neighbor
to vgo and Vi1 (vgp) as the set of vertices in Vi1 “neighbor” to vgo
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by going through a horizontal edge and a vertical edge. Similarly
we define E.(vgp) as the set of edges in E.o incident to vgo and
E1+(v00) as the set of edges accessible by vgg by first going through
a vertical edge then choosing an adjacent horizontal edge.

More precisely, given vgg = (g, 00) we define the following neigh-
borhoods.

e Vio(vo0) = {(ag,10) : a € A}, Vo1(v00) = {(gb,01) : b € B},
Vi1 (voo) = {(agb,11) : a € A, b € B},

® E.(v00) = {((g, ag), *0) : a € A}, Eo«(v00) = {((g, gb), 0%) :
b € B},

° E*I(UOO) = {((gb,agb),*l) :a € Ab € B}, E1*(U()0) =
{((ag, agb), 1%) : a € A,b € B},

o El(vg0) = Evo(v00), E™ (v00) = Eox (v00), E(vo0) = E! (vg0) U
E™ (v00),

e F(voo) = {(g,ag,gb,agb) : a € A, b € B}.

Given e = ((g, ag), *0), we define the following neighborhoods.

o E.1(ex0) = {((gb, agb), 1) : b € B},

o Eo.(ex0) = {((g,gb),0%) : b € B},
El*(e*o) = {((a!]’ agb)’ 1*) tbe B}’

e F(ex) = {(g,ag,gb,agb) : b € B}.

Eo«(ex0)
000 Eo. (UOO) Vo1 (UOO) 000
F E.1(es
E.o(v00) F(vgo) Ea(vo0) (ex0) «1(€x0)
010
VIO(UOO) El*(UOO) V11(Z)00) El*(e*())

Figure 2: (Left) The neighboring sets of a vertex vg. (Right)
The neighboring sets of an edge e.

Finally we introduce subgraphs of the complex that will be used
to define Tanner codes in Section 2.6. G (E!, F) is the bipartite graph
that has E! = E.o UE, as vertices and F as the edges between them.
More precisely, the edges are F = {((g, ag), (gb, agb)) : g € G,a €
A, b € B} C E4 X E.1. The bipartite graph G(E™, F) is defined
similarly. G(V, E 1Y is the bipartite graph that has V = (Vyo U Vp1) U
(V1o U V11) as vertices and E! as the edges between them. More
precisely, the edges are El = E.o U Eyq where E,g = {(g,a9) : g €
G,ae€ A} c VyoxVipand Eyq = {(g,a9) : g € G,a € A} € Vo1 XV11.
One defines the bipartite graph G(V, E™) similarly.

We conclude by discussing an explicit instance that is used in
our construction. We use the Ramanujan graph constructed in [52].

q

Let p and g be unequal primes = 1 mod 4 and (%) =1 where (5)

is the Legendre symbol. Let G = PSL(2,Z/qZ) and S = S~ be the
set of size A = p+ 1 as defined in the paper. The paper above shows
that the Cayley graph Cay(G, S) with vertex set G and edge set
{{g.a9} : g € G,a € S} is a Ramanujan graph. Finally, the 4-fold
left-right Cayley complex we consider is G2(G,A = S,B = S).
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2.5 Expansion Properties of Left-Right Cayley
Complexes

We give three lemma that state expansion properties of operators
defined on graphs obtained from the left-right Cayley complex. The
first two lemma show expansion properties of two different random
walks on the edges of G2(G, A, B).

Lemma 2.4. Let M; € REXE be the adjacency matrix between
opposing edges of the same face in Go(G, A, B), i.e. the adjacency
matrix of the graph

((9:a9). %0) ~ ((gb. agb),*1) .  ((g.gb),0%) ~ ((ag, agh), 1%) .
Suppose that Cay(G, A) and Cay(G, B) are A-spectral expanders.
Then for any subset S C E it holds that

A
< AS|+ —1S%.

T
1. Mlg <
sii1ls 2G|

)

Proor. M; is the disjoint union of |G| copies of Cayb(G,A) and
|G| copies of Cayb(G, B) where Cayh (G,A) and Cayb(G, B) are the
double covers of the A-spectral expander graphs Cay(G, A) and
Cay(G,B). Let S = Ui(S? U Sl.l) be a partition of S according to
each disjoint graph and their two vertex sets. Each disjoint graph

satisfies,
T
LoMils) < AJIS011SY +

T T
1cMilg =2 1. oMila
S Zl: s S;

A

|G||S?||s}|.

So

A
< S|+ —|5%.
2|G]

O

Lemma 2.5. Let My € REXE be the adjacency matrix where two
edges of G2(G, A, B) are connected if one of their endpoints are con-
nected through an edge, i.e. My = UMD where D € RY*E and

U € REXY are the incidence matrices between the edges and the
vertices and M is the adjacency matrix of the graph

(9.00) ~ (ag, 10), (g,00) ~ (gb,01),
(ag,10) ~ (agb,11), (gb,01) ~ (agb, 11).

Suppose that Cay(G, A) and Cay(G, B) are A-spectral expanders.
Then for any subset S C E it holds that
2A
reriEle
G|

Note that we allow multi-edges, so some entries of My could be
greater than 1 when there are degeneracies.

1iMo1s < 8AA|S| + 3)

ProoOF. M] is the union of two copies of Cay?(G, A) and two

copies of Cayb(G, B). Let Voo € Voo, Vio € Vio, Vio C Vip and
Vi1 € Vi1 be the vertices incident on &. Because each edge is
connected to two vertices,

1Voolls + 1Violl1 + 1Vorll1 + V11l < 2IE].

Because each vertex is connected by at most 2A edges, || Voolleo <
2A, so

2 2 2 2
”(VOO”z + ”(VlO”z + ”(VOl”z + ”(‘/11”2 < 2|8| - 2A.
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The expander subgraph Cay” (G, A) between Vyo and Vi gives

A
—1Vooll11[V1oll1
|G

[Vooll + 1Vi0ll} A
<A+ ool Vol

By combining with other expander subgraphs, we have

T
1, Moty < AlVooll2llVaollz +

T _ T ’ T ’
18M015 = Z(I(VOOMOIrVw + 1(‘/00]\/101(1/01
T ’ T ’
+ 1‘1/10M01(V11 + 1(V01M01’V11)
2 2 2 2
< 22([Voollz + 1Vaollz + 1Vor [l + [[V11ll3)

2A
+ — (Voo ll1 1V10ll1 + Voo ll1 1 Vo1 ll1

|G|
+[[Violl1 V1 lln + 1Vorll1l|Varll1)
2A
< 8AAIE|+ — &2
|G|

]

The third lemma shows co-expansion of an associated graph.

Lemma 2.6 (Co-Expansion F;((l) — IF;((O)). Given A-regular
A-spectral expander graphs Cay(G, A), Cay(G, B) and linear codes
Cj", CIJ;' of length A with distance d;.
Then the map
- |80

(F;na)E x (Flz’ﬂb)E P (F;name)V
satisfies
ANl
80g > 2(dy = MICly - = —~
6%l = 2 = DIl = 5 =

Proor. To show the expansion, one consider each component
¢ (Exo) = 6°%%(Voo) + 6°c°(V19) separately. Because of code dis-
tance, each non-zero vertices in Vp( contribute to at least dy distinct
non-zero edges in 8°¢%(Vyo). Same for §%¢(Vyo). What is left is to
bound the number of cancellations in §°¢%(Vyg) + 6%°¢°(Vig). Be-
cause (Voo, V10, Ex0) is the double cover of the A-spectral expander
Cay(G, A), the number of cancellation is at most

V1€ (Voo) Iy 11e® (Vao) Iy + ‘%|||CO(V00)||V||CO(V10)||V- So

it (Eso)llE = di(1Ic® (Voo) llv + [1<® (Vao) Ilv)
=211 (Voo) v lle® (Vio) Il

A
+ E||CO(V00)||V||CO(V10)||V)

2 (di = DU Vo)l + 11 (Vio)lIv)

2A
- ﬁ||CO(VOO)||V||CO(V10)||V-

Now we combine the four contributions and use AM-GM in-
equality to obtain

18°llE = lle" (Evo)llE + lle* (Bxo) Ik + lle* (Exo) I + lle" (Exo) Il

0112
Al
2 (G|

> 2(di = DIl -
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2.6 Tensor Codes and Robustness

Robust codes were first studied in [9] and [20] in the context of
locally testable codes (LTC). Similar variants are applied to the
construction LTC and gLDPC in [16, 44, 50]. In this paper, the
definition of robustness is identical to agreement testability up to a
normalization constant. We first give the definition, then discuss
its equivalence to agreement testability, and finally state our result
stating robustness of the tensor product of random tensor codes.

Given 2 linear codes C4, Cp of length ng, np, let C4 ® Cp be the
set of ng X np, matrices where each column vector belongs to C4 and
each row vector belongs to Cp.Let X(C4,Cp) = Cyq ®ng +IF;1“ ®Cp
be the set of matrices that can be expressed as a sum of two n, X ny,
matrices, where the first has each column in C4 and the second has
each row in Cg. We introduce convenient notation for measuring
different variations on the Hamming weight of a matrix: by entries,
by rows, or by columns.

Ng XNp
2

1f I [rexny] = (L J) ¢ fij # O},
Ifllfnyy =i s f.5 # 0},
Ifll[nay = Hi fi- # 0},

This definition allows us to introduce the notion of robustness
we make use of.

Definition 2.7. Given a matrix f € F , we let

Definition 2.8 (Robustness of Tensor Codes). Let C4,Cp be linear

codes of length ng, ny, respectively and dy € R,.. We say that (C4,Cp)

is da-robust if for all c € X(Ca,Cp) C IF'Z“X"”, there exists ¢, €
Ca ®F," andc}, € F,* ® Cp such that ¢ = cq + ¢}, and
el [ng1x[ny] = d2(llcall[n,) + llepll{ng) -

The notion of robustness can be understood as boundary expan-

sion for a chain complex naturally associated with the pair of codes
(C4,Cp). To see this define a 3-term chain complex

12 1%
. mhaXnp 92 NgXmp+mgXng 91 Mg Xmyp
Y(Ha, Hp): F, — F, — F,

©
through the maps
92(c2) = ((I[p,] ® Hp)c2, (Ha ® Iy, 7)c2)

and
d1(c1 = (cascp)) = (Ha ®I[mb])ca + (I[ma] ® Hp)cp,

where for an integer k > 1, Ijx] denotes the identity map of ]1-7’2C
Then it follows easily from the Kiinneth formula (see e.g. [31, Sec-
tion 3.B]) that Y(Hy, Hp) is exact, i.e. any element in the kernel of
91 is in the image of ;.

Now consider the co-chain

1 0
Y(HJ‘,Hé‘): F;“xnb (5_ IF;;la><k1,+ka><nl, (5_ Flzcaxkb )
where H j: IF;“ — IFIZC“ is the parity check matrix of the dual
code Cj\'. Using this complex, Definition 2.8 can be reformulated
as saying that for all ¢2 € X(Ca,Cp)

Ximp+mg X
e mbtMa®ih quch that ¢? = §'c! and

im 8!, there exists ¢! €

N ng1xnp] = d2lle! N {na)0gns]

where the variables c, cq, ¢, from Definition 2.8 correspond to the
new variables c?, ((Hj")T ®I[nb])c‘11, Ufny ® (HIJ;')T)C; where ¢! =
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(cL, c})) € IF;""X"b @Fg‘zxmb. Here we used the fact that ||c}|[,,] =
||((Hj\-)T ® I[nb])C;”[nbl because (Hj{)T is injective.

The perspective through chain complexes allows us to make
the connection with agreement testability. Note that the definition
below differs from [16, Definition 2.8] by a normalization factor.

Definition 2.9 (Agreement Testability). Let Ca, Cp be linear codes
of length ng, ny, respectively and d; € Ry. We say that Co ® Cp is
d;,-agreement testable if for all ¢, € Co ® F,", ¢;, € F,* ® Cp, there
exists ¢ € C4 ® Cg such that

llca + coll[ng1x[ny] = d5(llc +call[n,] + llc + cpll[ny]) -

Using the same notation as above, Definition 2.9 is saying that

forall ¢! € IF’;“X'"”W“X"” there exists c® € ]F";naxm‘b such that

16" ¢ g 1x(mp) 2 dzllc’ + 8l 100m, 1 -
where now ¢ in Definition 2.9 corresponds to ((Hj{)T ® (H]Jg')T)c0
and cg, cp, are as before. Because the chain complex Y is exact, the
two definitions are identical with dy = dé.

Finally, we state our result on the robustness of random tensor
codes. We consider the case when n, and ny, are equal, ng = np = A.
In [44] it is shown that for for arbitrary € > 0 and C4 and Cp chosen
uniformly at random, the pair (C4, Cp) is Q(AY/2~€)-robust with
high probability. Using a different counting argument we show
that a uniformly random pair of codes is ®(A)-robust with high
probability.

Theorem 2.10 (Random codes are robust). Fix pg, p; € (0,1), let
61 € (0,1/2),62 € (0,81 (1 — 51/2)/8) satisfy

1)
2h(61/2) + 201 = 81/ DH (5 —57)
3(1=581/2- pa)(1 - 1/2= py)
<1 1-61/2 ©)

where h(p) = —plog,(p) — (1 — p)log,(1 — p).2 Let Cs,Cp be
random codes sampled from the uniform distribution with length A
and dimensions pa A\, ppA. Then as A goes to infinity, with probability
tending to1,Cy,Cp have distanced; = 51A and (C4,Cp) isdy = 52AA-
robust.

The theorem is shown in Section 5. When Cy4 is sampled uni-
formly among codes of dimension pgA, Cj" is sampled uniformly
among codes of dimension (1 — pg)A. So the same theorem applies
to C;; and C and through a union bound we obtain the following
corollary.

Corollary 2.11. Fix pg, pp € (0, 1). There exist constants 61 and &2
such that for large enough A there exist codes C4 and Cg of length A
where

(1) dimCy = pgA and dim Cp = ppA,
(2) Ca,Cg, Cj", CIJB- have distance dy = 61,
(3) (Ca,Cp) and (Cy,Cy) are both dy = 8, A-robust.

2The allowed range for 8 is chosen such that the argument in k(-) is valued between

(0,1/2).
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2.7 Tanner Codes

The Tanner construction [54] is a method to obtain ‘large’ code by
combining a ‘large’ graph and a ‘small’ local code. This allows one
to find an infinite family of codes by combining an infinite family
of graphs with a fixed local code. As long as the graphs are explicit,
the Tanner codes are also explicit, even if finding the desired local
code requires brute force search. When the underlying graph is an
expander, the Tanner code often inherits desireable properties from
the small code. Later, we will not only be interested in the code but
also in the parity-check matrix that generates the code, since the
LDPC property is defined on the parity-check matrix. Therefore,
we sometimes abuse language and refer to the code and the linear
map (parity-check matrix) interchangeably.

We consider a A-regular bipartite graph G = (W, V1, E) with the
1—1 identification EX [2] = V X [A], where the additional index on
the edge indicates whether it is asking for the vertex on the side of
or Vi, and the additional index on the vertex gives an ordering to the
edges incident to the vertex. For example, for the double cover of the
Cayley graph with Vj 2 Vi = Gand E = {(g,a9) : g € G,a € A}, a
choice of the identification is (e = (g, ag),0) & (vo = (g,0), a) and
(e=(g,a9),1) & (v1 = (ag, 1), a).

Given a A-regular bipartite graph G and a local code C with
parity-check matrix H: IF§ — FJ", the Tanner code 7 (G, H) : Fg —
(F;")V is defined through the composition

FY — ()Y — (7Y
where the first map copies the value on the edge to the vertices inci-
dent to the edge and the second map applies H to F% = IF; (v.a):a[A]}
for each vertex v.

Another way to think about the map is though its submatrices.
This description will be helpful to prove that the construction in
Section 3 is a chain complex. Given an edge e € E and a vertex
v € V, consider the submatrix 7 (G, H)¢: F2 — FJ* which is the
restriction where the input vector is supported on e and the out-
put vector is restricted to v. Describing 7 (G, H) is the same as
describing 7 (G, H)? for each e € E and v € V. When v and e are
not incident, 7 (G, H)? is simply 0. When v and e are incident, and
suppose (e, i) < (v,a), then 7 (G, H)? = H(a): F — F}, where
a is the basis vector of F% corresponding to the element a € [A].

2.8 Expansion Properties of Chain Complexes

The distance of a quantum code falls into a broader category of
expansion properties of chain complexes. This includes (co)-systolic
distance (the one equivalent to quantum code distance), small set
(co)-boundary expansion [33], and (co)-locally minimal expansion
[22, 36]. We discuss them together because heuristically they are
of similar difficulty, that is a proof that works for one often implies
the other. On the other hand, in certain scenario they can be distin-
guished. For example, locally testable code does not follow directly
from systolic distance, but does follow from small set boundary
expansion. This is one of the motivations for considering small set
boundary expansion. See [48] for the history and more discussions
on the study of these expansion properties.

We first define the different notions of expansion, then we discuss
relations between them and with code properties. As we will discuss
more precisely in Section 3, we consider a weight on elements of
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a complex that is different from the Hamming weight, and which
counts the number of non-zero geometric objects instead of non-
zero bits. This weight is denoted as ||-|| and differs from the usual
Hamming weight by a constant factor, i.e. ||-|| = ©(||) (because the
chain complex we consider has bounded degree). Note that ||-|| is
similar to the block weight defined in [50].
a
Definition 2.12 ((Co)-Systolic Distance). We say thatX : F;((z) =
)

F;((l) BN Fé((o) has systolic distance a if

Ye1 € Zy = By : el 2 alX (D))

Similarly, X has co-systolic distance a if
vel € ZV =B 1 ||| = alX(1)].

It is not hard to see and well-known that constant (co)-systolic
distance of a chain complex is equivalent to linear X-distance and
Z-distance of the corresponding quantum CSS code.

Definition 2.13 (Small-Set (Co)-Boundary Expansion). We say that
3 a
X : F;“Z) = F;((l) - F;((O) is a (a, B, y)-small-set boundary
expander if
ver e Fy U, flerll < alX (1)]
ez € 7y D drenll = Blles + dzcall, Nz | < yllesll
Similarly, X is a (e, B, y)-small-set co-boundary expander if
vel e Ty, Jlct)] < alX(1)]
0
3 e B 16" | = B! + 8% L 11e°ll < ylle' .

We made a modification from [33] by including a bound on ||cz||
and ||c°||. This additional bound is needed to show local testability.

Definition 2.14 ((Co)-Locally Minimal). We say that ¢; € F;((I) is
locally minimal if

Ver € By P, lleall = 1+ lleall < lles + dzecl.
Similarly, we say ¢! € IF;((I) is co-locally minimal if
ve® e Byl = 1 [le | < Jlet + 6],
Definition 2.15 (Small-Set (Co)-Locally-Minimal Expansion). We
say that X : IF’;((Z) 2, F;((l) 2, F;((O) is a (a, f)-small-set locally-
minimal expander if
Ve € F;((l) s.t. ¢1 is locally minimal and ||c1|| < a|X(1)] :
911l = Bllesll.
Similarly, X is an (a, B)-small-set co-locally-minimal expander if
Vel e ]P‘f(l) s.t. ¢! is locally minimal and ||c!|| < a|X(1)] :
l8*ctll = Bl -

For our construction in Section 3 we will show that the chain
complex has small-set co-locally-minimal expansion but not small-
set locally-minimal expansion. This is roughly because in our con-
struction X (2), X (1), and X(0) correspond to the faces, edges, and
vertices. So ey corresponds to a face and e corresponds to a ver-
tex. Flipping doez only affects the four edges incident to the face,
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whereas %0 affects the 2A edges incident to the vertex. Roughly,
this means there are more freedom when flipping using §°¢° than
d2ez. This is the rationale for why the chain complex does not (seem
to) have small-set locally-minimal expansion.

Given the definitions, we now discuss their relations. The first
lemma is between the expanders. The second and third lemma show
that small-set boundary expansion implies systolic distance and
local testability.

Lemma 2.16 (Small-Set (Co)-Locally-Minimal Expansion — Smal-
1-Set (Co)-Boundary Expansion). Let c; € F;((z) be such that
[[92¢2]l < pllezll. Assume the gap between the possible values that
llc1]|] can take, forcy € P;((l), is at least v (i.e. |[lc1]| = [l /Il = v for
any cy, ¢y such that |lc1|| # [lc]].)

IfX has (a, p)-small-set locally-minimal expansion, then X has
(a/(1+ p/v), B, 1/v)-small-set boundary expansion.

The assumptions in the lemma often hold when the chain com-
plex has bounded degree.

Proor. Given c1, consider the local flipping process of the de-
coder of the expander code [53] which outputs c;.

Algorithm 1: Local flip decoder. (Input: ¢; € F;ql) )

(1) (Initialization) c(l) =cy.

(2) (Main loop) In the i-th .iteratiop, if thelje is eé with ||e£ [
= 1 such that [|c] + dze;|| < [|c]]l, set ci“
and repeat.

(3) (End) Output ¢z = 3 €.

i i
=cpt azez

We show that c; satisfies the desired properties: ||91¢1]| = Slc1 +
9z¢2|l and [lez]| < ylleall. _

We first show [|c2|| < ylle1]l. Because [|c2|| < Xlles || is bounded
by the number of iterations, and each iteration reduces ||c§ || by at
least v, we have ||cz|| < 1/v||e1]].

We now show ||d1c1]| > Bllc1+d2¢2|| Because the decoder cannot
find ez and stops at c1 + dacz, that means c¢; +dacp is locally minimal.
To apply small set locally minimal expansion, we suffice to show
c1 + d2¢2 has small size. Because ||c; + dzcz|| < |lc1]] + [|82¢2]| <
lleall + pliezll < (1 + p/v)llesll, when [lerll < i IX (DI, flex +
dac3|| satisfies the small set condition. Therefore, ||d1c1|| = Bllc1 +
dc2]. o

Lemma 2.17 (Small-Set (Co)-Boundary Expansion — (Co)-Systolic
Distance). IfX has (a, p, y)-small-set boundary expansion, then X
has systolic distance a.

When the chain complex has bounded degree, this is equivalent
to linear distance.

Proor. Suppose ¢; € Z; and |[c1]| < «|X(1)|. Then by small
set boundary expansion, there exists ¢z, such that 0 = ||91c1|| >
Bllc1+02¢2|. This means ¢; = dacz € By. Therefore, for ¢; € Z; — By
we have |c1|| = a|X(1)]. O

Lemma 2.18 (Small-Set (Co)-Boundary Expansion — (Co)-Locally
Testable Code). IfX has (a, B, y)-small-set boundary expansion, then
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the classical code C with parity check matrix H = 9 : IF";((Z) - F;((l)
satisfies
1 alX([) .

minljo — ¢||.

boll 2 (1, X
IHtoll = min (. Ty ) e

When the chain complex has bounded degree, this is equivalent
to the condition for local testability.

Proor. Denote c; v. Let ¢1 dycy € Zi. When ||cq|| <
a|X (1)|, by small set boundary expansion, there exists ¢/, such that
0= [lorc1ll = Bller +dz2¢5]l and [Icy || < ylle1]l. This means dz¢) = 1
and dz(cz +¢5) = 0. Thatis ¢ := cz + ¢, € Cand ylleq || 2 [z —c]|.

When |[|c1]| = «|X(1)], we set ¢ = 0, and we have
lleall = ()X (1D)]/1X(2)])]lc2]l. Overall, we have
lle1ll = min(1/y, a|X(1)|/I1X(2)]) mincecllcz — cl|-

3 LINEAR DIMENSION AND LINEAR
DISTANCE

We give our construction of a quantum code and show that it leads
to a family of quantum LDPC codes with linear dimension and
distance. Additionally, we show that the associated chain complexes
have various kinds of good expansion properties.

3.1 Construction

Let G be a finite group and A and B sets of generators for G that
are closed under inverse and have cardinality |A| = ng, |B| = np.
Throughout we assume that ny = ng and write A = ng = ng. The
construction uses Tanner codes over the 4-fold left-right Cayley
complex G2(G, A, B) with |A| = |B| = A and local tensor codes
Ca, Cp with parity-check matrices Hq: ]FZA - ]F;"“, Hpg: ]FZA —
F;"b. The idea is to construct four Tanner codes and then combine
them into a chain complex. We use the graphs G(E™, F), Q(E', F),
G(V,E™), G(V,E!) induced from the left-right Cayley complex de-
fined in Section 2.4 and the Tanner code construction in Section 2.7.
The four Tanner codes we make use of are

T(G(E™,F),Ha): Fy — (Fya)F,
T(G(E|, F), Hp): FE — (E")E
T(G(V,E™), Hp): (Fy)E" — (B>,

TGV, EN, Ha): (F])E — (Epxm™)Y.
To clarify the notation we explicitly spell out the map
T (G(E™, F),Hy). By the definition of the Tanner construction, this
map is the composition

FY — E)E — EpE
where the first map copies the value on the face to the horizontal
edges incident to the face (each horizontal edge is incident to |A| =
A faces, so each horizontal edge is valued in Fg) and the second
map applies Hy to IFZA for each horizontal edge.
The resulting chain complex is

) - F)
x: B 2 (FM)E @ ()F 2, (Eexme)V,

(©)

where

d2(c2) = (T(G(E™, F), Ha) (c2), T(G(E!, F), Hp) (c2))
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T(G(E!, F),Hp)

FE (E)E!
T(G(E™,F),Ha) T(G(V,E), Hy)
(By)E 5 Y

T(G(V,E"),Hp) *

Figure 3: The chain complex as a composition of the Tanner
codes.

and
d1(cr,cl) = T(G(V,E7), Hp)(cy) + T(G(V,E), Ha) (c])

where ¢y € Fg c] € ]1-'4‘129_,c|1 € IF‘ZE‘.

We denote this chain complex as X (G2, C4,Cp), where Gz is a
shorthand for G2 (G, A, B). (Later in the analysis we also consider
the chain complex X(Ga, Cj", Cﬁ) with the same graph but a dif-
ferent local code.) We use C (G2, Ca, Cp) to denote the associated
quantum CSS code (see Section 2.2), and often write only C for
simplicity.

We end this section by commenting on the way to obtain an
explicit family of groups and generating sets that satisfy all the
expansion properties required for the quantum code C to have
linear distance and linear-time decoding, as shown in the following
sections. This relies on having an explicit construction of large
Ramanujan graphs [52] and the existence of (at least) one good
local code pair Corollary 2.11. First, we discuss the graph. The
graphs depend on the group G and generators A, B. The group
G belongs to an infinite family of groups with generators A, B
of fixed size A such that Cay(G, A), Cay(G, B) are A = 2VA — 1-
spectral expanders. Second, we discuss the base codes. As shown
in Section 3.4, to show constant systolic and co-systolic distance
we need (C4, Cp) and its dual code (C%, CIJ;) to have distance d;
and robustness dy satisfying didz — Adz — 8AA > 0. From Corol-
lary 2.11 we know that for fixed pg, pj, there exist constants d1, d2
such that for large enough A, Cy, Cg, Cj",Cﬁ have distance §1A
and (Cga, Cg), (CL, CIJ;) have robustness d2A. Because of the scaling
A= ®(A1/2),d1 = O(A),d2 = O(A), for some large but fixed A,
there exists a good local code pair (Cy4,Cp). This good code pair
can be found by brute forcing all the possible code pairs. Because
A is fixed, the family of chain complexes remains explicit.

3.2 Notation

The following important notations are used for the analysis. First,
we describe the notation that extracts the local structure. Given
¢y € Fg, we denote cy(f) € Fy as the value of ¢ at f € F. Similarly,
forc; € (IF;"“)E @(F;"b)E‘ andcg € (]F;naxm”)v, onehasci(e”) €
Fy'« fore” € E”, ci(e) e ]F;"” forel € El, and ¢o(0) € Fg"“xm” for
v € V. We also write ¢! (E«o(Voo)) € ]F;n“xn“ to denote the entries
on E.o(Voo), where recall that this set is defined in Section 2.4.
Notice that E+o(Vpo) contains n, edges and each edge gives a vector
of size mg.

Second, we describe notation for measuring the size, or norm,
of elements of the complex X. The norm is defined as the number



STOC ’23, June 20-23, 2023, Orlando, FL, USA

of non-zero geometric objects, i.e. ||c2||r = |{f € F : ca(f) # 0} |,
lleille = [{e € E:ci(e) # 0} |, llcolly = [{v € V : co(0) # 0} |. We
also write [|c1(Ex0(v00))||E = | {€e € Exo(voo) : c1(e) # 0} |.

An element ¢y € Fg is usually indexed by F, leading to the norm
2]l as defined above, it can also naturally be indexed by E.o
through cz(e«0) = c2(F(e«o)). This allows us to define ||c2]|g,,. The
difference between the two norms is analogous to the difference
between the different variants of the Hamming norm introduced
in Definition 2.7. Similarly, an element s* € (IF’Z“)E_ X (]F;”’)El
is indexed by E, but notice that for any e.y € Exo, s?(exo) can
be indexed by F(es). This allows us to write s%(e.«, f) € Fa
for f € F(e0). This leads to the definition EF = E"F U ElF =
{(e,f) e EXF: f € F(e)}, where E”F and ElF specialize to hori-
zontal and vertical edges. So s? can be indexed by EF and this leads
to the norm ||s?||gF = | {(e,f) € EF:s%(e, f) # 0} |. We will also
write ||s?(E*?) || for ||s?(E*?)||F; this is because when the edges
are restricted to E** we have E*'F = F. One can similarly define
VE, VF and their corresponding norms.

Finally, the last notation we discuss is with regard to H4 and
Hpg. By thinking of F as being indexed by Ey., we have Hj‘: Fg =
(Fg“)E"* - (IF;"“)EO*. Similarly, by thinking of F as being indexed
by Ei«, we have Hj: Fg = (FZ“)EI* — (F'Z"“)El*. We can also
define H ‘B_ and HE’. When the context is clear, we sometime hide
the arrows.

3.3 Dimension and Low Density

Before measuring the dimension of the quantum code based on
X, we verify that X is a well-defined chain complex. For this it
suffices to show that for each f € F and v € V, the restriction
(0102)%: Fp — F;n“xmb is 0. To do so, we first recall the submatri-
ces of the Tanner code described in Section 2.7.

Given elements e~ € E~ and f € F, the submatrix
T(Q(E’,F),HA)?: F, — F'Zn“ is 0 when e~ and f are not in-
cident. When e~ and f are incident, say e~ = ((g,gb), 0%), f =
(g, ag, gb, agb), we have

T(g(E—,F),HA);‘ =Hu(a): Fp - Fy@

where a is the basis vector of ]l'-?‘z4 = FZA corresponding to the element
ac€A.

Similarly, given elements v € V and e~ € E~, the subma-
trix 7(G(V,E7),Hp)?-: Fy — IF;"“X'"” is 0 when v and e~
are not incident. When v and e~ are incident, say v = (g,00),
e~ = ((g, gb), 0%), we have

7(G(V,E7),Hp)¥- = — ® Hp(b): Fy'e — Fyla*me
where b is the basis vector of Fg = IF? and — is the placeholder
where — ® Hg(b): v — v ® Hg(b).
Lemma 3.1. X is a well-defined chain complex, i.e.

((9182)]0(: Fy, — ]F;naxmb =0.
PrOOF. Because 919y = T(G(V,E™),Hp)T (G(E™,F),Hy) +
T(G(V,E), HY)T (G(E\, F), Hp) it suffices to compute
(T(G(V.E"), Hp)T (G(E™, F), Ha)) and
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(T(Q(V,E‘),HA)T(Q(E|,F),HB))J‘}. Now, by matrix multiplica-
tion, (7(G(V.E7), Hp)T (G(E™. F), Ha)) 7
Ye-cE- T(Q(V,E‘),HB)]‘;_‘T(Q(E‘,F),HA)}. We consider the
following two cases.

When v and f are not incident, there is no e~ for both
T(Q(V,E_),HB)? and 7 (G(E™, F), Hy)2- to be non-zero, so
(‘T(Q(V,E_),HB)‘T(Q(E_,F),HA))JQ = 0. Similarly,
(T(G(V.EN), H)T(G(E, F), Hp))} = 0. S0 (3192)} = 0 in the
case when v and f are not incident.

When v and f are incident, suppose v = (¢,00) and f =
(g, ag, gb, agb). We define e~ = ((g, gb), 0%) and el = ((g, ag), =0).
Because e~ is the only edge in E~ that is incident to both v and f,
we have

(T(G(V.E"), Hp)T (G(E™.F), Ha))}
=T(G(V.E"), Hp)¢-T (G(E™, F), Ha)}
= Ha(a) ® Hg(b).

Similarly,

(T(G(V.EN). HA)T (G (E\. F). Hp))}

= T(G(V.E), Ho)! T(G(EL, ), Hp)$
= HA(a) ® Hy ().

This implies (9; 82); = 0 and implies X is a chain complex. O

We now check that the boundary maps 9, and 9; have bounded
number of non-zero entries in each column and row.

Lemma 3.2. The code C is low density, i.e. the maps d2 and 01 have
at most 4\ nonzero entries in each row and column.

Proor. The result follows because the left-right Cayley graph
has bounded degree and the non-zero entry appears only when
there is an incident relation. We call F, E~ X [mg] U El x [mp], and
V X [mg] X [mp] the face bits, the edge bits, and the vertex bits. And
we say that a face bit is incident to an edge bit if the corresponding
entry in the boundary map is non-zero.

We first consider d. Each face is incident to 4 edges and each
edge is incident to A faces. Now
T(G(E™,F),Ha)s : F2 — F and T(G(E, F),HB);J ' Fy, —
F,"* have < 1 non-zero entry in each row and < max(mg, mj)
non-zero entries in each column. So each face bit is incident to
< 4max(mg, mp) edge bits and each edge bit is incident to < A
face bits.

We now consider 9;. Each edge is incident to 2 vertices and each
vertex is incident to 2A edges. Now 7 (G(V,E™),Hp)?-: ]F;n“
IF’;n“X'"” and T(Q(V,El),HA)s|i Fy't — ]F;naxm” have < 1 non-
zero entry in each row and < max(mg, mp) non-zero entries in each
column. So each edge bit is incident to < 2 max(mg, mp) vertex bits
and each vertex bit is incident to < 2A edge bits. O

-

It is easy to check that the quantum code has linear dimension.

Lemma 3.3. The code C has rate at least
~(2pa - )2y~ 1)
2(2 - pa = pp)
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ProoF. The rate is at least
X[ - 1X@)[ = 1X(0)] _ =(A=2ma)(A - 2mg)|G|
1X(1)] - 2(mq + my)A|G|
_ ~(@2pa—1)(2pp = 1)
22=pa—pp)

O

Note that one can achieve any rate in (0, 1/2) by choosing corre-
sponding p, and pp,.

3.4 Distance

A quantum CSS code has linear distance if and only if the chain com-
plex X has constant systolic and co-systolic distance. We start with
a general theorem, Theorem 3.4 that shows a certain co-expansion
property of the complex X (G, C4, Cp) defined in (6). The property
of having linear X-distance for C, i.e. linear co-systolic distance
of X, follows almost immediately and is shown in Corollary 3.5.
The argument for showing linear Z-distance for C, i.e. linear sys-
tolic distance for X, is more involved and proceeds by reduction to
the co-systolic distance. This is shown in Theorem 3.8. After hav-
ing shown the distance properties, we show that the co-expansion
property shown in Theorem 3.4 also implies small-set expansion
properties for X.

3.4.1  Co-expansion and co-systolic distance. We start with the main
theorem on co-expansion.

Theorem 3.4 (Co-Expansion). Given A-regular A-spectral expander

graphs Cay(G, A), Cay(G, B) and linear codes C;,Cy of length A

with distance di and (CJ',CE) with robustness dz. If ¢! € F;((l) is

co-locally minimal, then

dids — Ady — 8AA
4dy + 8A

Ady/2 +2A llct |15

7
4dy +8A |G| @

I8'ctllF 2 lle'lle -
Corollary 3.5. Under the same assumptions as Theorem 3.4, suppose

further that didy — Ada —8AA > 0. Then the co-chain complex (6) has

co-systolic distance at least = didp—Ady =87

] )
A (mg+mp)’ where ) = Ay [2+27

ProoF. When c! is a non-zero co-cycle ¢! € Z! -0, (7) implies

Ady /2 +2A llct 1A N dldz—Adz—SAA” y
4dy +8A |G| 4dy + 8A e
which gives
didy — Ada — 8AA
LTI S B By Vol IR P :+X1 )
lle*lle > Adyj2+ 20 IG| == nlG] 2A(maerb)l (1)

]
We now move on to prove the theorem.

PROOF OF THEOREM 3.4. Let ¢! be co-locally minimal and ¢? =
8lcl. Let & C E be the support of ¢!, ie. & = {e €E:cl(e) # 0}.
(Recall that ¢! (e4), ¢! (ex1) € IF;"” and ¢! (eps), ¢! (e1x) € IF;"“.) The
proof strategy is to count the number of “neighbors” between &,
for some appropriate neighborhood structure. The expansion of the
graph gives an upper bound on the number of “neighbors” and the
distance and the robustness of the local code give a lower bound.
Comparing the two bounds gives Equation (7).
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Step 1: Define “neighbors” M. Recall the adjacency matrices My
and M; defined in Lemma 2.5 and Lemma 2.4 respectively. We
describe the neighborhood structure through the matrix

M = dng + My € REXE .
Let1g € Fg be the indicator vector for &.

Step 2: Upper bound from expansion. Combining Lemma 2.5 and
Lemma 2.4,

< A(d2 +8M)|E| + A

T
1-Mlg
& G|

(% ®)

?+z)|a|2.

Step 3: Lower bound from distance and robustness. We show a
lower bound on 1§M 1g using the distance and the robustness of
the local tensor code. We start with two claims. The first claim uses
the distance property of Cﬁ.

Claim 3.6. For any edge eso € E. it holds that

lle® (F(eso I + lle! (Exa (ex0)) I

+llc! (Eo« (ex0)) | + llc! (E14 (exo)) | > dille® (exo) Il -

©)
ProoF. The distance property of C; immediately implies that

lIs*(ex0)llF = dillc! (exo) I - (10)

Recall that
® = $%(Exg) + 2 (E41) + s (Eos) + 5% (E1s) .

(11)

Thus each non-zero entry f = (g, ag, gb, agb) of s(es), where
ex0 = (g,ag), is either a non-zero entry in c? or is canceled by a
term in s%(E.1), s?(Eos), or s2(E1.) that contributes to the entry at
f. Such a term, say s2(e.;) # 0, must have its edge e, incident to
the face f which is incident to e, i.e. ex1 € E«1(ex0). Therefore,
each cancellation contributes to ||s2(Ex«1(ex0)) |5 lIs?(Eox(ex0)) | E»
or ||s?(E1«(e«))||g. Notice that s?(e«;) £ 0 &= cl(es) # 0.
Thus from (11) we get that
lle® (F(eso) I + lle* (Ext (ex0)) 1
+ [le" (Eox(es0)) Iz + lle" (Exx(ex0)) | = lle! (Exo(exo)) I -

Combined with (10), this shows the claim.

The second claim uses the robustness property of %(CT, Cg).

Claim 3.7. For any vertex vgy € Voo it holds that

llc®(F(voo) I F + lle* (Ex1(v00) £ + lle* (1« (v00) lIE
> da(|lc* (Exo(000))IIE + lle* (Eox (v00)) 1) -

Similarly, for any vertex vy € Vi it holds that

(12)

ll? (F(o10) I + lle! (st (010) | + lle* (Eox (010)) I

> dy([lc! (Evo(010)) | + llc! (E14 (010)) lE) - (13)

Proor. The proof is similar to the previous claim, using the
robustness property of (C%, CIJ;') instead of the distance property
of Cg. m]
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Let e« € E.o have endpoints vgg € Vyo and v19 € Vyo. Using the
definition of M = dy My + My,

1L M1,
= 15 (d2 M1 + M) 1e,
= dallc! (Ex1 (o))l + lle! (But (v00)) |1 + lle! (Er(v00)) 1 £
+ lle" (Ea1 (o))l + lle! (Eox (v10)) £
> dale" (Es1 (ex0)) Il + dalle’ (Exo(000)) | + dalle! (Eox (v00)) Il
+dzlc" (Exo(010)) Il + dzllc" (E1<(010)) ||
— ¢ (F(000))| = 16 (F (v10))]
> da|lc! (Ex1(ex0)) || + dzlle! (Eox (000)) | + dzlle (Ers(v10)) I
= lI* (F(voo) I = llc* (F(010))lIF
= dallc! (Ex1(ex0)) |l + dallc’ (Eox(ex0)) | + dllc" (Ere(es0)) Il
= 1I1¢® (F(voo) I = lle* (F(010))lIF
2 dydy|lc' (ex0) | — dallc® (Fevo)) I
= [l (F(ooo) Il = llc* (F(ono) I -
Here, the first inequality uses (12) and (13), the second inequality
drops non-negative terms, and the last inequality follows from (9).
Summing over all edges e and analogous inequalities shown for
edges e.1, eo« and e1, we obtain
1EM1g > dids|lc'|| g — 4da|lc? || — 8AlIP || (14)

where the factor of 4 is because each face is counted 4 times by
the 4 edges incident to the face, and the factor of 8A because each
vertex is summed over 2A times by the 2A edges incident to the
vertex and each face is incident to 4 vertices.

Step 4: Combine the upper and lower bounds. Combining (8) and (14),
didylc|g — (4d2 +80)[I¢l|F < 15M1g

< Mda +80)|lc"|| g + ﬁ(_ +2))lcMI%
which implies
didy ~Ady 80N g Ad/2+20 lle'l%
i e e ey | S IO i
4dy + 8A S Ay Te]
This concludes the proof of (7). O

2
le*llF =

3.4.2  Expansion and systolic distance. The second main theorem
for this section shows that systolic distance follows from cp-systolic
distance. In fact, we will prove a stronger statement which also
shows that expansion follows from co-expansion.

Theorem 3.8 (Co- Expansmn — Expansion). IfX(Gz,Cy,Cp) has

co-systolic distance then X(G3,Ca,Cg) has systolic dis-

—ZA(ka+kb)’

[
tance IO R

Furthermore, if X(G2, C; Ck CJ') isa (m, B.y)-small-set co-
boundary expander, then X(gg, Ca,Cg)isa
A + A?y)-small-set boundary expander.

1
(4A(ma+mb) A2+A+ A;’

We now have all the ingredients to state the property of linear
distance for our quantum code.
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Corollary 3.9. Assume that Cay(G, A), Cay(G, B) are A = @(\/Z)—
spectral expanders and that C 4, Cp have distance d1, d2 = ©(A). Then
the quantum code C has linear distance.

Proor. The assumptions made in the corollary imply that for
large enough A, dydz—Ad2—8AA > 0.By Theorem 3.4, X (G2, Ca, CB)
and X (Go, Cj", Cﬁ) have linear co-systolic distance. By Theorem 3.8,

X (Go, Ca, Cp) has linear systolic distance. Therefore, C has distance
dydy—dy—81A 5
A2 (mg+myp) (d2+4)

The proof of Theorem 3.8 can be found in [18].

4 LINEAR TIME DECODER

In this section we construct a linear time decoder for the quantum
code C introduced in Section 3.1. As discussed in the introduction,
one can separate the task of decoding into two. We call one of them
the decoder and the other the co-decoder: the decoder recovers ¢
given the syndrome 9;c; such that ¢; € ¢y + By; the co-decoder
recovers ¢! given the syndrome 6'c! such that é' € ¢! + B

This section parallels the section on distance with similar proof
techniques. We first show the existence of a linear time co-decoder.
Then we use the linear time co-decoder to obtain a linear time
decoder.

Theorem 4.1 (Co-Decoder). X(Ga,Ca,Cpg) has a linear time co-
Ads[2+2A
Sy X)) where x = ABIZ28

8Ady+16AZ T 1>
didy/4—Ady |2—8AA
Ad, [4+2A

decoder up to distance

 didy—Ady—82A ., _
= T Ady 228 0T

Theorem 4.2 (Co-Decoder — Decoder). If X(Ga, C,Cy) has a
linear time co-decoder up to distance r]” |G| then X(Qz, Ca, CB) has

a linear time decoder up to distance — % |G].

6+4A 6+4A/d;

Together we obtain a linear time decoder for C(G2, Ca,Cp) up
to distance m |X(1)|. The full proof can be found
n [18].

4.1 Co-Decoder

Theorem 4.1 is the main theorem we will show in this subsection.
We discuss the construction, the correctness, and the running time
of the decoder which together proves the theorem.

Construction: The co-decoder in the direction of the co-chain
complex F;((z) — F;((l) — F;((O) is the small-set-flip decoder
introduced in [41]. The small-set-flip decoder is a generalization
of the local-flip decoder for the expander codes [53] where the
decoder observes a local region and make local changes that reduce
the weight of the syndrome.

Algorithm 2: Simple small-set-flip decoder. (Input: c¢? €
(2)
Fy )
2

(1) (Initialization) c(z) = c”.

(2) (Main loop) In the i-th iteration, if there is a vertex v;
with e supported on E(v;) such that |c +d8le 1| < |c l,
set cH_1 = c + 516 and repeat.

(3) (End) Output él = Z el.l.
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Besides these variables, we define other variables not directly

known by the decoder. Let c(l) be the minimal chain in ¢! + B! and
c} +1 pe the minimal chain in c}
the error at the i-th iteration and c? as corresponding syndrome.
Note that the decoder knows the syndrome c? but not the error c}.

Recall that the final syndrome of a local-flip decoder is locally
minimal. Similarly, the final syndrome of a small-set-flip decoder

satisfies a similar property which we call extended local minimality.

+ el.1 + Bl. One can interpret c} as

Definition 4.3 (Extended Co-Locally Minimal). We sayc? € IF";((Z)
is co-locally minimal from X (0) if

VoeV,c' e Fy ) supp(c) € E(o) : lI?lf < IIc? + 8¢,
where E(v) C E are the edges incident to v.

The analysis for correctness and time complexity of the co-
decoder can be found in [18].

5 OPTIMAL ROBUST TENSOR CODES

This section shows that random codes have linear robustness with
high probability. We improve on the result in [44, 50] by using the
idea of puncturing and a new counting argument.

Recall that C4 and Cpg are linear codes of length n, and n;, with
rate p, and py,. For simplicity we assume that n, = n, = A. An
s-punctured code of C4 is obtained by first choosing s coordinates
I; C [ng] then consider the codewords of C4 restricted to [ng] —I,.
Notice that [|c||[,]x[n,] = |¢| is identical to the Hamming weight,
so we will mostly use |c| in this section to simplify the notation.

We now recall Theorem 2.10, which is the main theorem to prove
in this section.

Theorem 2.10 (Random codes are robust). Fix pg, pp € (0,1), let
81 € (0,1/2), 62 € (0,61(1 = 61/2)/8) satisfy

5
2h(81/2) +2(1 - 51/2)h(m)
3(1-081/2-pa)(1-61/2 - pp)
! 1-681/2 ©®)

where h(p) = —plog,(p) — (1 — p)log,(1 — p).3 Let C4,Cp be
random codes sampled from the uniform distribution with length A
and dimensions pa A\, ppA. Then as A goes to infinity, with probability
tending to1,Cy4, Cp have distanced; = §1A and (Ca,Cp) isda = §2A-
robust.

The proof follows a similar strategy in [44, 50], where the key
is to show that a codeword with a small weight |c| < w = ©(A?)
is “structured”, i.e. ¢ is only supported on a few columns and a few
rows, with high probability.

To show codewords with small weights are “structured”, we show
all non-zero codewords in a random code have some column or row
with large weight with high probability. Because the punctured
code of a random code is still roughly a random code, the same
property also applies to its punctured codes. Now, since we assumed
the codeword ¢ € X(C4,Cp) has small weight, we can remove a
few columns and rows with large weights, such that the rest have
small weight in all columns and rows. We then apply the property

3The allowed range for 8 is chosen such that the argument in k(-) is valued between

(0,1/2).
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of the punctured code above which implies the rest is 0, so c is only
supported on those removed columns and rows, i.e. ¢ is “structured”.

When c is “structured”, one can then find ¢, supported on the few
columns and ¢, supported on the few rows. This means the cancella-
tion in c4+cp, could only happen in the intersection of those columns
and rows which is small. Since each column of ¢, is a codeword,
when the distance is large, |cq| > dillcall[n,] = ©(M)llcall{n,-
This implies codewords with small weight satisfy the inequality
for robustness |c| = |cq| + |cp| — small number of cancellations >
O(A) (lleallny + llepll[ng))-

When c has large weight |c| > w = ©(A?), because lleallfn,] +
llepll[ng) < 24, the inequality for robustness |c| > da(llcall[n,] +
llepll[n,) is easily satisfied by setting dp = w/(2A) = ©(A).

We state the two lemmas. The proof of the theorem and the two
lemmas can be found in [18]. The first lemma says each non-zero
codeword has at least one row or column with large weight (which
implies codewords with small weight are “structured”). The second
lemma says “structured” codewords satisfy robustness.

Lemma 5.1. Fix pg, pp € (0,1), let o € (0,1),7 € (0,(1 —0)/2)
satisfy

) 300 p(i-0-py)

4 1-0
Let Ca, Cp be random codes sampled from the uniform distribution
with length A and dimensions kq = pa/, kp = ppA. Then as A goes
to infinity, with probability tending to 1, the following holds: for any
s = oA-punctured code C’,, CI,B’ all non-zero codewords in X (C’,, CI,B)
have at least one row or one column with weight > t = tA. In other
words, if a codeword in X(C’ ,C1’3) has all its rows and columns with
weight < t, then the codeword is 0.

2h(0) +2(1 —o)h(lfa

Lemma 5.2 (Modification of [50, Lemma 8] or [44, Lemma 30]).
Suppose C4 and Cpg have distanced;. Ifc € X(Ca, Cp) is supported on
Iox[np|U[ng]l XIp, and|I4|, |I| < d1, then there existscq € CA®FZb
supported on [ng] X I, and cp, € F;“ ® Cp supported on I X [np]
such that ¢ = cq + ¢

Furthermore, if 14|, |Ip| < d1/2, we have

d
el = 5 (lcallpny + lleo ln,1)-
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