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The algorithm uses a distributed version of nested convex body chasing to maintain a consistent estimate of
the network dynamics and applies system level synthesis to determine a distributed controller based on this
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1 INTRODUCTION

Large-scale networked dynamical systems play a crucial role in many emerging engineering systems
such as the power grid [26], autonomous vehicles [50], and swarm robots [57]. Motivated by the
success of learning-based control methods for single-agent (centralized) linear systems, there has
been growing interest in learning distributed controllers for unknown networked systems composed
of interconnected and spatially distributed linear time-invariant (LTI) subsystems [16, 31, 32, 52, 87].

However, since most existing literature ports centralized learning-based control techniques over
to the distributed setting, almost all previous work assumes that the underlying dynamics are stable,
or that a stabilizing and distributed controller is known. For a large-scale networked system, such
assumptions are often unrealistic, because designing stabilizing distributed controllers itself is a
significant task even if the dynamics model is available [7, 30, 35, 64, 81, 92].

Recent work has begun to lift the assumption of the knowledge of a stabilizing controller in the
centralized case, e.g. [18, 40, 70]. This line of work follows the approach of system identification,
either by letting the unstable system run open-loop or by exciting the system via control inputs.
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Table 1. Maximum and top 90% infinity norm of the state (||x(#)||o,) for different disturbance profiles
averaged over 10 runs. Simulation details are provided in Section 5.

Algorithm  Correlated Gaussian (Top 90%) Uniform (Top 90%) State-dependent (Top 90%)

This work 1.21 x 10! (0.31 x 101) 2.30 x 10! (0.36 x 101)  7.14 x 10* (0.54 x 10%)
SysID 5.12 x 10 (1.71 x 1011) 5.12x 10 (1.71 x 1011)  5.12x 1011 (1.71 x 1011)

However, such approaches induce explosive transient behaviors due to the instability of the under-
lying system. Without proper generalization to the networked setting, such explosive behavior can
cause catastrophic system degradation before a proper stabilizing controller can be learned.

Further, until now, scalability and information constraints have only been considered separately
in learning-based distributed controller design; no general approach exists. On the other hand,
information constraints and scalability have been the central topics in distributed control for the
past decade due to their theoretical challenge and practical importance [56, 63, 72, 72, 82, 93].
Therefore, it is crucial to simultaneously consider such constraints when designing learning-based
distributed control algorithms for networked systems.

1.1 Contributions

In this work, we overcome the aforementioned challenges by leveraging recent advances in online
learning and distributed control. In particular, we propose an approach that combines a distributed
version of nested convex body chasing (NCBC), in order to maintain a consistent estimate of
the network dynamics, with system level synthesis (SLS), in order to determine a distributed
controller based on the selected consistent model. This combination yields the first online algorithm
that provably stabilizes a networked LTI system with information constraints under adversarial
disturbances (Theorem 4.4). The proposed algorithm (Algorithm 2) is distributed and scales favorably
to the number of subsystems in the network.

The proposed approach in this paper is fundamentally different than traditional system identifica-
tion based methods, which incur prohibitively large state norm under adversarial disturbances, even
in the simplest setting (see Table 1). The reason is that system identification-based approaches seek
to learn the full system dynamics, which requires full excitation of the system against worst-case
disturbances. On the other hand, our approach does not require precise knowledge of the system.
Instead, we maintain model estimates that are consistent with the observations generated by the
unknown system at all times. A consequence of focusing on consistency is a natural endogenous
exploration-exploitation scheme where our algorithm performs well (small state norm) while the
selected model stays consistent, and gains information about the system whenever it observes a
large state norm that renders the selected model inconsistent.

The main result of this paper is an input-to-state stability guarantee (Theorem 4.4), where we
draw novel connections between the path length property of NCBC techniques and system stability
analysis. This follows from a set of novel technical results for SLS in the learning-based control
context. In particular, we generalize a previous result [7] on the characterization of the closed loop
under SLS controllers that are synthesized from an arbitrary and potentially incorrect system model
(Lemma 3.2). This result enables the analysis of our algorithm when each subsystem uses local,
asynchronous, and wrong model information for local controller synthesis. Further, we derive a
novel perturbation result with explicit constants for finite-horizon SLS synthesis (Theorem 3.4) that
globally bounds the sensitivity of the optimal solution to the SLS problem (a quadratic program
with equality and sparsity constraints) with respect to the model. This result is also applicable in
other contexts such as a class of MPC problems studied in [6, 15, 68].
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1.2 Related work

This work contributes to a large and growing body of work on the topics related to learning-based
control design, online control, and distributed control. We briefly review the literature most related
to this work below.

Stabilization of unknown systems. Stabilizing unknown linear systems has long been a
fundamental problem studied in adaptive control theory [42]. It recently reemerged as a learning
problem and received considerable attention from the machine learning community [40, 59, 75, 91].
Most works have been developed under single-agent setting, with a no-noise assumption [47, 74] or
Gausssian noise models [28, 46]. Under the adversarial noise setting, which is the focus of this paper,
the only work that guarantees stabilization for LTI systems is [18], with a system identification-
based approach that achieves order-optimal regret. In contrast, we propose a novel framework
for stabilization under adversarial noise that does not rely on accurate identification of the true
dynamics. In particular, our method is the first algorithm to stabilize a networked LTI system under
adversarial disturbances with information constraints while simultaneously achieving magnitudes
of improvement in empirical performance over the state-of-the-art identification-based approach
[18] in the single-agent setting, despite the regret-optimal guarantee in [18].

Distributed control. Motivated by large-scale cyberphysical systems that are composed of
physically distributed subsystems with local dynamical interactions, there is a large body of work
on control design for networked systems [7, 45, 92]. Cyberphysical systems such as the power grid
are commonly constrained by a communication layer that allows specific structure of information
exchange among the subsystems. such information structure imposes significant challenges for
optimal control design, often rendering the problem NP-hard [76]. In [64], it was shown that a large
class of practically relevant distributed control problems is convex and tractable to solve. Since
then, many works have focused on this class of problems [30, 48]. However, [83] observes that the
complexity of computation and implementation of distributed controllers developed under this
setting can be prohibitively expensive, thus not scalable to large-scale systems. The System Level
Synthesis (SLS) framework is developed as a scalable alternative to distributed control design [7].
In particular, SLS allows order-constant complexity for synthesis and implementation, due to its
special parameterization and implementation of the feedback controller. As a result, many works
have adopted SLS as the basis for novel (learning-based) control algorithms in both distributed and
centralized setting [6, 21, 24, 79]. We contribute to the literature on SLS by developing a suit of
technical results for SLS controllers that can find applications beyond the setting of this work.

Learning distributed controllers. Many learning-based control algorithms for networked
systems adopt a centralized learning or computational approach with the objective of regret
minimization, e.g., [16, 27, 31, 32, 87]. All prior work use the stochastic noise or no-noise model and
assume a known stabilizing distributed controller is given [4-6, 44, 52, 73]. As far as we are aware,
no previous work accommodates communication delay while doing both learning and control. The
most related to our work are [37] and [31], where learning-based SLS controllers are designed to
control unknown networked systems. Both of the methods require the knowledge of a stabilizing
and distributed controller. [37] is only applicable to small-uncertainty scenarios, while [31] requires
a stabilizing distributed controller and performs centralized learning. In this work, we focus on
stabilization and propose the first distributed learning-based control algorithm that guarantees
stability for unknown networked systems under adversarial disturbances.

Online learning. The problem of online stabilization for unknown dynamical systems is an
instance of online decision making problems, where an agent makes a sequence of decisions based
on the feedback from an unknown environment with the goal of cost minimization. Online decision
making is studied extensively in the online learning literature, with a line of work [34, 53, 66, 88] that
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makes interesting connections between convex function and body chasing [9, 10] and linear control
theory. In particular, [38] proposes an online nonlinear robust control method based on convex
body chasing that guarantees finite mistakes under adversarial disturbances without the need for
system identification. While [38] considers binary cost functions, we present novel technical results
that establish the first connection between convex body chasing and stability analysis for both
single-agent and networked linear dynamical systems.

1.3 Notation

Let || - || be the £ norm and || - ||r be the Frobenius norm. We denote the (i, j)th position of a
matrix M as M(i, j) and use M(:, j), M (i, :) for the jth column and ith row of M respectively. We
use [N] for the set of positive integers up to N. Positive integers are denoted as N,. Bold face
lower cases are reserved for vector signal of the form x := [x(0)7, x(1)7,...]7 with x(t) € R" is
an infinite sequence of vectors indexed by time t. We reserve bold face capital letters for causal
linear operators/transfer matrices with components K[0], K[1],..., such that

K[0o] o0 ...
K .= |[K[11 K[0] ©

We write y = Gx to mean that y(t) = thc:o Glk]x(t — k). Given any binary matrix C € {1,0}N,
we say M € C for a matrix M € RN*N if the sparsity of M is C. We use {e; ;'1:1 for the standard
basis in R”.

2 PRELIMINARIES AND PROBLEM SETUP

We consider the task of stabilizing an unknown networked system made up of N interconnected,
heterogeneous linear time-invariant (LTI) subsystems, illustrated in Figure 1(a). For each subsystem
i€ [N],letxi(t) € R™,ui(t) € R™, wi(t) € R™ be the local state, control, and disturbance vectors
respectively. Each subsystem i has dynamics,

xi(t+1) = Z (AYxI (1) + BIwI (1)) +wi (D), (1)
JEN(D)
where we write j € N (i) if the states or control actions of subsystem j affect those of subsystem i
through the open-loop network dynamics (i € N (i)). Concatenating all the subsystem dynamics,
we can represent the global dynamics as

x(t+1) = Ax(t) + Bu(t) + w(t), (2)

where x(t) € R™, u(t) € R™, w(t) € R"™, with n, = Zﬁil n; and n, = Zfil m;, and we define
AU, BY = 0 for all j ¢ N(i). The networked LTI model (1) has been extensively studied in the
networked control literature for various applications such as robotic swarms [58], voltage control
for the distribution network of the power grid [88], and many other large-scale cyber-physical
systems [49, 90]. An example is the linearized swing equation for power systems, where the global
system is composed of a mesh of interacting buses [33, 80]. In this setting, the states x’ of each bus
i is two-dimensional and corresponds to the phase angle relative to some given setpoint and the
associated frequency. The input u’ at bus i is the controllable load, while w’ is the bounded load
disturbances that are often correlated in space and time.

We assume that the topology among the subsystems is known, i.e., the sets N (i) for i € [N]
are known. However, the parameters of the dynamics (entries of matrices A B are unknown.
Let 6 denote the unknown local parameter for subsystem i, i.e., 0" := (A", Bij)jeN(i)' Further, let

© := (04, ...,0xn) be the global parameter. We write A(®) and B(0©) (equivalently AY (6?), BY (6%))
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* 00 0 0 O 110 0 0 0
______ - * x x 0 0 0 111 0 0 0
o 0 = = 0 0 O 1 1 1 0 0 1
) 00 % % % 0 001110
______ Dynamics 00 0 *x x = 0 00 1 11
G° — (v, ) * 0 x 0 % = 101 0 1 1
(a) System with communication graph G€. (b) A, B matrix with pa- (c) Adjacency matrix C.
rameter ©.

Fig. 1. Example networked LTI system with information constraints.

to emphasize that A and B are matrices constructed with appropriate zeros according to the network
topology (known), and the nonzero entries specified by © (unknown).

ExampLE 1. Consider the networked system in Figure 1(a) where each subsystem i € [6] has
x(t) € R and u'(t) € R. For each i, the set N (i) contains the subsystems that has a dashed arrow
pointing towards x' in the figure. For example, N (6) = {1, 3, 5, 6}. Each AV and BV for j € N (i) is
a scalar. The stacked global dynamics has matrix A and B with structure shown in Figure 1(b). The
unknown local parameter 6" corresponds to the * entries of the i row of A and B, while the global
parameter © is a vector containing * entries in matrix A and B.

We now introduce three core assumptions needed for our algorithm and analysis. As we highlight
below, these are standard assumptions in the learning-based control literature.

ASSUMPTION 1 (ADVERSARIAL DISTURBANCES). ||[w(#)||,c < W for (2).

AssuMPTION 2 (COMPACT PARAMETER SET). The network structure N (i) fori € [N] is known.
The true system parameter ©* := (0%*,...,0N*) is an element of a known compact convex set
Py = P x -+ x PN, which is a product space of local parameter sets where 6* € Pl. The known
parameter set is bounded such that there exists a known constant k > 0 where ||[A(©) B(O)]|lr < k
forall® € Py.

AssumPTION 3 (CONTROLLABILITY). For all® € Py, (A(O), B(®)) is controllable.

Bounded adversarial disturbances is a common model in the adversarial online learning and
control problems [2, 24, 36]. Since we make no assumptions on how large the bound on the distur-
bance W is, Assumption 1 models a variety of disturbance models, such as bounded and correlated
stochastic noise or state-dependent disturbances such as the linearization and discretization error
for nonlinear continuous dynamics [78]. Moreover, the known bound W can be relaxed to an
unknown parameter  with n < W for a known constant W to reduce conservatism for large W.
Assumptions 2 and 3 are standard in the learning-based control literature, e.g., see [2, 20]. We
impose controllability in Assumption 3 for ease of exposition but it can be relaxed to stabilizability
by adjusting the choice of model-based controller to an infinite-horizon controller such as the one
proposed in [89] for the algorithm.

2.1 Stability

One of the fundamental goals for control design is to ensure stability. In this paper, we aim to learn
a stabilizing controller for the networked linear system (2) in the sense of input to state stability
(ISS) [71]. ISS is one of the main notions of stability for both linear and nonlinear systems [13, 43].
Here we adapt the ISS definition to the £*°-norm.
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Definition 2.1 (ISS). A dynamical system of the form (2) is said to be input to state stable (ISS) if
there exist functions f : Ry X N — R, that is continuous, strictly increasing, and bijective with
respect to the second argument with lim;_,., f(a,t) = Oforalla > 0,t € N,andy : Ry — R, thatis
continuous, strictly increasing, and bijective such that for all initial state x(0), disturbance sequence
w, and time t > t for tg € N, we have [|x(t) || < B(llx(t0)llco -t = t0) + y(suP;ss, [W(H)[loo)-

2.2 Distributed design and information constraints

For large-scale networks such as the power grid with state dimension in the orders of thousands
to millions, it is unrealistic and prohibitively costly for a central agent to learn a global policy
online. A promising remedy is to decompose the global policy learning into a local one, where each
subsystem in the network learns a local policy in a distributed fashion. In this work, we propose a
distributed learning-based control algorithm for the networked linear system (2) that guarantees
stability of the global system.

In addition to distributed design, networks of the form (1) are often modelled with additional
information constraints that require careful consideration. In this work we consider two common
information constraints. The first is communication delay, where the dynamical system is endowed
with a communication network that specify delayed information transmission among subsystems.
The second is local information, where each subsystem only computes with (delayed) local informa-
tion within a specified neighborhood, and discard information outside of the neighborhood. We
come back to these information constraints and present definitions in Sections 4.1 and 4.2.

2.3 Algorithm preliminaries

Our proposed algorithm makes use of two emerging techniques, one from the learning community,
i.e., nested convex body chasing (NCBC), and one from the control community, i.e., system level
synthesis (SLS). We provide important background on each below before introducing our algorithm
in the next section.

2.3.1 Preliminaries on NCBC. The Nested Convex Body Chasing (NCBC) problem is a well-studied
online learning problem [12, 17]. At every round ¢, the player is presented a convex body K; c R”
which is nested in the previous body, e.g., K; C K;_1. The player selects a point q; € K; with the
objective of minimizing the total path length of the selection for T rounds, e.g., ZtT:O lg:+1 — q:l-
There are many algorithms for the NCBC problem such as greedy projection of the previously
selected point onto the current body [11]. Among these, the Steiner point selector has been shown
to achieve optimal competitive ratio against the offline optimal selector [17]. The Steiner point of a
convex body K can be interpreted as the average of the extreme points and is defined as

St(K) := Eo:jjo)<1 [9% ()],

where ggc(v) := argmax, .40 " x and the expectation is taken with respect to the uniform distribution
over the unit ball. The Steiner point selector achieves the following total path length,

T
Z ISt(K;) — St(Koxa)|| < n - diam(Kp), for all T € N,. 3)
=0
We note that the Steiner point can be approximated with any accuracy by solving sampling based
linear programs, [12, Algorithm 3].

2.3.2  Preliminaries on SLS. Even when the dynamics (1) is known, it remains challenging to design
distributed and localized control policies that accommodates communication delay and information
constraints due to nonconvexity and computational scalability issues. Motivated by this problem,
[83] introduces the SLS framework that synthesizes distributed controllers by parameterizing
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controllers with the closed-loop system responses induced under them. In [22, 23, 31], SLS plays a
central role for model-based learning algorithm design and analysis.

We illustrate SLS via a simple example. Consider a fixed static controller K € R™*"x such
that u(t) = Kx(t). Then the system (2) has the following closed-loop responses to the exogenous
disturbances w,

x(t) = Z(A +BK)*w(t—k—-1), u(t)= Z K(A+BK)*w(t —k - 1), (4)
k=0 k=0

where we absorb the initial state x(0) into w(—1). Instead of directly synthesizing K, SLS optimizes
the linear operators that map w to x and u. Let ®*[k] := (A + BK)* and ®“[k] := K(A + BK)F.
Then (4) can be written as x(t) = Z,t(:o O*[k]w(t —k —1) and u(t) = Z/tc:o dU[k]w(t—k—1).In
signal and transfer matrix form, x = ®*w and u = ®"w. We call ®* and " with components
®*[k] and ®*[k] the closed-loop responses. More generally, for a fixed linear causal controller K,
the closed loop dynamics of (2) can be written in signal/transfer matrix notation as

x=ZAx+ZBu+w, u=Kzx, (5)

where Z is the block-downshift operator with identity matrices of size n, by n, in all the first block
sub-diagonal positions and zeros everywhere else. Operator A, B are block diagonal matrices with
matrix A and B on the diagonal respectively. We can similarly derive the closed-loop responses
®* :w — xand P" : w — u from (5) as

x| | (I-ZA+BK)™? | @
w | | Ka-Z@A+BK)Y™ [V o |V

Therefore, SLS uses the closed-loop responses ®* and ®" as the alternative parameterization for
controller K. The following theorem characterizes an affine subspace of the achievable system
responses ®* and ®" under some feedback linear controller K.

THEOREM 2.2 (ADAPTED FROM [7]). For system (2), any linear causal operators ®*, ®" with finite
impulse response of horizon H and satisfying the following

O[0] =1, O [k+1] = AD*[K] + BO“[k], fork=0,... H—1 (6a)
®*[r]=0forr > H (6b)

are closed-loop responses for (2) under a stabilizing linear controller K. Moreover, given any linear
causal operators ®*, " that satisfy (6), the following SLS controller constructed using ®*, ®1,

H-1
w(t) = x(t) - Z O [k]w(t — k) (72)
k=
H-1 '
u(t) = Z ¥ [k]w(t — k) (7b)
k=0

with w(0) = x(0) achieves the desired closed-loop response prescribed by ®*, .

We remark that here we are restricting to the space of linear causal operators with finite impulse
responses (FIR) up to horizon H, instead of the entire space of linear causal operators. The horizon
H is a system-dependent design parameter relating to controllability of (2). Under Assumption
3, H < ny. Moreover, (6) provides affine constraints on finite number of nonzero parameters of
the closed-loop responses. Therefore, one can tractably optimize the closed-loop responses with
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respect to a convex cost. A common choice is the Linear Quadratic Regulator (LQR) cost on the
state and input expressed in terms of the closed-loop responses, e.g.,

. o |[[0Y2 0 | [e*[k
g )y [Qo Rl/Q] [@”{k} Lot (©). ®)
k=0

In this work, we leverage the SLS controllers (7) that is parameterized by and constructed from
the operators ®*, ®". The interpretation of (7) is intuitive. When ®*, ®" satisfy (6), they are
valid closed-loop responses, mapping w to x and u under (2). Then equation (7a) estimates the
disturbance entering the state in the last time step by computing the difference between the
currently observed state x(t) and the counterfactual state Zf:_ll ®*[k]w(t — k) that should have
been observed according to the closed-loop repsonse ®* if there were no disturbance. Indeed,
a simple calculation using substitution will reveal that w(t) = w(¢ — 1), i.e., that the estimated
disturbance from an SLS controller constructed with operators that satisfy (6) is the perfect one-step
delayed estimation of the true disturbances. Then (7b) computes the control action to attenuate the
estimated disturbance according to the prescription of the closed-loop responses ®".

Distributed controller synthesis and implementation. A feature of SLS is that both the
closed-loop response synthesis (8) and the controller implementation (7) can be performed in a
distributed manner, unlike the commonly adopted optimal LQR control method via the Riccati
equation [69]. This is crucial for scalability of the control algorithm for large-scale systems.

Observe that (8) is a column separable problem. This means that we can partition matrix variables
@* k], ®“[k] into columns such as ®*[k](:, i), ®*[k](:, i) corresponding to each subsystem i. We
refer to [82] for the definition of column separability and the verification of (8) as a column
separable problem. Thus, subsystem i only needs to solve the column subproblems corresponding
to its dynamics (1) in the global dynamics (2) as follows. Let ¢** and ¢** denote the ith column of
®* and " respectively and let ¢’ collectively stand for ¢**, ¢**. The ith column subproblem is

) Rl Q1/2 0 ] [¢l,x[k]]
II(})lin ; [ 0 R1/2 ¢i,u[k] -

st. ¢ [k+1] = Ap"*[k] + Bp*“[k] fork=0,....H-1
¢ [0] = e, ¢[H] =0,

where the constraints in (9) is the column-wise decomposition of the constraints (6) for the closed-
loop repsonse synthesis (8). It is straightforward to see that stacking the solutions to the column
subproblems recovers the optimal solution to (8).

When the dynamics interaction among subsystems (1) is sparse, additional sparsity can be
imposed on the closed-loop responses during synthesis (8). With sparse ®* and ®", the implemen-
tation of the controller (7) can be distributed in a similar decomposition as the synthesis procedure.
In particular, each subsystem computes a disjoint subset of coordinates of w(t). Due to sparsity,
such local computation for subsystem i only requires the solutions to the column subproblems
from the local neighbors of i via communication instead of from the entire network.

3 ONLINE STABILIZATION UNDER ADVERSARIAL DISTURBANCES

In this section, we propose a novel online algorithm presented in Algorithm 1 that stabilizes an
unknown networked linear system (2) under bounded and potentially adversarial disturbances. The
algorithm selects hypothesis models using methods for NCBC and constructs an SLS distributed
controller based on the hypothesis model. Our approach is distinguished from prior learning-based
control methods in that it does not perform system identification as part of the algorithm.
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Algorithm 1: Online stabilization under adversarial disturbances

Input: Parameter set P
Initialize: t = 0, u(0) =0
1 fort=12,... do
2 Observe x(t)
/% CONSIST: Select consistent models x/
3 Construct P; with (10)
4 if ©;_1 € $; then O; «— ©;_1
5 else ©; « St(P;)
/% CONTROL: Perform model-based control with SLS x/
6 Synthesize @, ®}! using (8) based on ©;
7 Compute u(t) using the SLS controller (7) with ®F, ®}!
s end

We first introduce our algorithm without any communication or localization constraints. Then,
in Section 4, we extend the algorithm to a distributed one that accommodates communication delay
and local information (Algorithm 2). Though inspired by the approach in [38], Algorithms 1 and 2
are the first to consider the control goal of stabilization, which can not be subsumed under the
framework proposed in [38] where only binary cost functions are considered. To cast stabilization in
terms of a binary cost function, one needs to specify the largest norm of the state and control input
of the closed-loop system, which is unavailable a priori'. Moreover, our algorithms perform both
the parameter selection and the model-based control design distributedly for each local subsystem
based on delayed information from other subsystems, whereas [38] is a single-agent algorithm.

Algorithm 1 starts with the construction of a set of candidate models that are consistent with
the online data (line 3) after observing the latest state transition (line 2). A hypothesis model is
selected from the set of candidate models with NCBC techniques (line 5) if the previously selected
hypothesis model is invalidate by the new observation (line 4). Based on the selected hypothesis
model, model-based control design is performed using the SLS procedure introduced in Section 2.3.2
(line 6 - 7). We discuss the details of Algorithm 1 in the following subsections.

3.1 CONSIST: Consistent hypothesis model selection

The first component of Algorithm 1 is to select a hypothesis model ©; in order to perform model-
based control. We name this component CONSIST. Due to the potentially adversarial disturbances
such as state-dependent noise, standard identification methods such as linear regression do not
guarantee accurate estimation of the model. Instead, we leverage NCBC for hypothesis selection.

After observing the latest state transition from x(t — 1), u(t — 1) to x(¢), the algorithm constructs
the set of all ®’s such that A(®), B(0) satisfy (2) with some admissible disturbances defined in
Assumption 1. In particular, each observed transition defines a set of linear constraints on © and
we construct the consistent parameter set, P, at each time t, as

Pr={0 € Py : |Ix(1) - (A(@)x(t — 1) + B(O)u(t — 1) lle < W} (10)

with P as the local initial parameter set defined in Assumption 2. Note that the consistent parameter
set P, is always convex, and nested within the parameter set $,_; recursively. Moreover, $; is
nonempty for all ¢ € N, because the true parameter ©* belongs to every #;. The key property

1A crude approximation of the largest norm can be achieved by computing the worst-case state norm over all systems in

the initial parameter set Pg, but such approximation results in significant conservatism and requires the knowledge of
control theoretical constants of the controller, e.g., SLS controllers, that may not always be available.
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of P, is that for all £, any ©; € P, could have generated the observed trajectory up to x(t) and is
equally likely to be the true system model. By construction, the observed state trajectory can be
written as

x(t) = A(@)x(t = 1) + B(O@ u(t — 1) + w*(t - 1) (11a)
=AOy)x(t-1)+B(O Hu(t - 1) +w(t - 1), (11b)

where w*(t) is the true disturbance and {w(k)};? is some admissible disturbance sequence such
that ||w(#)||c < W. We say a model is consistent with observations up to time ¢ if it belongs to ;.
Among all consistent models, we need to select a hypothesis model ©; in order to perform model
based control. An ideal candidate is one that can remain inside of future consistent parameter sets.
To see why, consider an extreme case where the first selected parameter ®; stays consistent for the
entire online operation as we apply control actions generated based on ©;. Since the consistent
model (11b) generates the same trajectory as the true model (11a), any guarantees that the model-
based control policy has for ©; will manifest in the observation. Note ©; does not necessarily have
to be close to ©*. We remark that P is called the membership set in control literature [3, 14], where
most work study the convergence properties of ; to ©* in the context of system identification
given input-output data. In contrast, we construct $; not to identify the system but to use it for
downstrem control tasks in the online interactive setting.

This intuition motivates us to select a ®, that could remain an element of the (yet unknown)
future consistent parameter set. In particular, if the hypothesis model selected at a previous time is
consistent for the current observation, we continue to use it. If the previous hypothesis model is
invalidated by the new observation, then we want to select a new ©,’s from the nested and convex
body #; with the objective of moving as little as possible for future bodies. This is an instance
of NCBC introduced in Section 2.3.1. The total path length cost function in NCBC formalizes a
measure of model consistency in our case: the less the a selector moves, the longer the selected
points stay consistent overall. In Algorithm 1, we select the Steiner point of #; as the hypothesis
model. The finite path length guarantee of Steiner point in (3) can be interpreted as a finite budget
for the adversarial disturbances: If the disturbances try to make the state norm large, then the
selected (wrong) hypothesis model will be quickly invalidated thanks to the excitation from the
disturbances. This will make CONSIST frequently re-select new hypothesis models. However, such
inconsistent model selection has bounded occurrences due to the finite path length guarantee (3)
of the Steiner point, i.e., CONSIST gains information and stops moving eventually.

3.2 CONTROL: Model-based control with SLS

After the selection of a hypothesis model ©; from the consistent parameter set, Algorithm 1
performs the SLS closed-loop response synthesis (8) and implementation (7) based on ©,;. We name
this component of the algorithm CONTROL.

3.3 Distributed implementation of Algorithm 1

Per discussion in Section 2.3.2, it is straight forward to see that Algorithm 1 can be implemented
by each subsystem in a distributed fashion. In particular, in the CONSIST component, subsystem
i constructs a local consistent parameter set P/ based on the local observations generated from
the local dynamics (1). Subsystem i then selects the Steiner point of P/ as its local hypothesis
model 0!. In the CONTROL component, all subsystems collects the local hypothesis models from
other subsystems and construct a global estimate ©; = o5 ..., va ) since we assume no commu-
nication delay here. Based on ©, each subsystem synthesizes columns of ® and ®}' by solving
the subproblems decomposed from (8). After collecting and assembles the column solutions via
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instantaneous communication, each subsystem computes a disjoint subset of coordinates of w(t)
and u(t), corresponding to the positions of the local states x*(t) and input u'(¢) in the global
dynamics (2) respectively.

3.4 Stability guarantee

Our main results in this section is the following ISS guarantee for Algorithm 1.

THEOREM 3.1. Under Assumption 1-3, Algorithm 1 guarantees the stability of the closed loop of (2)
in the sense of ISS such that for all t > t;

mac{oe(®) o lle(®) oo} < O () - (e“fo)/Hx(to) + sup wbll),
to<k<t
where x(to) is the initial condition, ny is the total state dimension of the global network (2), and H is
the finite impulse response horizon for the SLS model-based control synthesis.

We remark that the decay factor e~*/! corroborates the fact that H quantifies the controllability

of the parameter set Py. Intuitively, the smaller H can be for the SLS synthesis (20) to be feasible,
the easier the systems in the set can be learned and controlled.

Proor. The main idea of the proof is as follows. First, we characterize the closed loop dynamics
of (2) under any SLS controllers constructed with arbitrary linear causal operators (Lemma 3.2).
We then relax the original SLS condition (6) in Theorem 2.2 to a sufficient condition for ISS of the
closed-loop dynamics under bounded adversarial disturbances (Lemma 3.3). Crucially, we show
that the bounded path length property (3) of the selected hypothesis models in Algorithm 1 implies
the satisfaction of the sufficient condition for closed-loop stability. This implication is established
through a novel perturbation analysis (Theorem 3.4) of the SLS closed-loop response synthesis
problem (8). We defer the proofs of the helper lemmas used here to Appendix B.

Specifically, we show that given arbitrary ®*, ®" with FIR horizon H, the closed-loop dynamics
of (2) under an SLS controller constructed from ®*, ®" is characterized as follows.

LEmMMA 3.2 (CLOSED-LOOP CHARACTERIZATION). The closed loop of (2) under Algorithm 1 is char-
acterized as follows for all time t € N:

H-1 H-1

x(t) = Z Q¥ [klw(t—k), u(t) = Z QU [k]w(t - k) (12a)
k=0 k=0
H

w(t) = " (A®F [k = 1]+ BOY [k — 1] = @ [k]) w(t — k) +w(t = 1). (12b)
k=1

where A, B are the true model parameters from (2) while w(t) is the true unknown bounded disturbances
with [|[w(t)|l, < W. The linear causal operators O, @} are synthesized via (8) based on the selected
hypothesis model at t and w(t) is the estimated disturbance from the SLS controller (7).

This result generalizes Theorem 2.2 where we characterize the closed loop behaviour of SLS
controllers constructed from any linear casual operators, not necessarily those satisfying (6a).
Under Algorithm 1, we can further replace the true model in (12b) with the selected hypothesis
model (Steiner point of the consistent set) @y, i.e.,

H
(12b) = > (A@)@} [k — 1] + B(O)®Y, [k — 1] — & [K]) (¢ — k) +(t — 1),
k=1
with admissible disturbances such that ||w||,, < W due to the consistency property (11) of ©,.
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Moreover, Lemma 3.2 leads to a simple sufficient condition for stability of the closed loops under
any SLS controllers. To see this, we first argue that there exist constants that bound the decay rate
of the closed loop responses synthesized from (8). In particular, due to the finite impulse response
property imposed by (6b) of the synthesized closed-loop responses, there always exists a large
enough C > 0 and p € (0,1) such that

[gbl;x [K]
¢~ k]
This property is commonly employed in SLS-based analysis [21, 23, 31]. We use C and p for the
sake of proof here and does not require the knowledge of them for Algorithm 1 to run.

With the decay property, according to Lemma 3.2, if ||w(t)||,, < Wi for some Wy, > 0, then we
can bound the global state via (12a) as follows,

< Cpk

F

for all closed-loop responses satisfying (6b).

H-1

()l < Weo . [OF KT, < Wesl2m, 12—
k=0

1 _p1/2'

The bound on control input ||u(t)||,, follows analogously. Therefore, the stability of the closed loop
reduces to the boundedness of w(t) in (12b). To show this, we prove the following.

LEMMA 3.3 (SUFFICIENT CONDITION FOR H-CONVOLUTION ISS). Let H € N,. Fork € [H], let
{a;[k]}2, and {w:};2 be positive sequences. Let {s;};2, be a positive sequence such that

H
st < ar—1[k] - spop + w1 (13)

k=1

Then {s;}32 is ISS if $,20 24—, a¢[k] < L for some L € R,. In particular, for all t > to,
L
e+e—1
sp < e T)/H eLstO + g sup wg. (14)
e—1 to <k<t

The above sufficient condition is suitable for analyzing dynamical evolution under adversarial
inputs. Consider taking the norm on both sides of (12b). Then Lemma 3.3 is immediately applicable
with s; = [|[w(t)]|, and

a:[k] = ||A(©,)®} [k — 1] + B(©,)®¥ ; [k — 1] — @} [K]|, - (15)

Therefore, a sufficient condition for ISS of (2) under Algorithm 1 is the boundedness of (15) summing
over time ¢t € N, and horizon k < H. This quantity represents the total error of the implemented
closed-loop responses ®¥, ®}' synthesized from the selected hypothesis dynamics model ©;, with
respect to the correct closed-loop responses generated from the true model *.

To bound (15), we make a crucial connection between the total path length of the Steiner point
model selection in Algorithm 1 and (15). This is established via the following perturbation result
for the SLS closed-loop response synthesis problem (8), where the formal statement (Theorem D.10)
and proof is presented in Appendix D.

THEOREM 3.4 (INFORMAL, PERTURBATION BOUND). Let ¢* (A, B) := [x*T,u*T|" denote the con-
catenated optimal solution to the following optimization problem

H
min ;x(t)TQx(t) +u(t)TRu(t) 16)

st. x(t+1)=Ax(t) +Bu(t), x(0)=x9, x(H)=0,
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with Q,R > 0. Let (A1, B1) and (A, Ba) be two system matrices such that (16) is feasible. Then the
corresponding optimal solutions ¢* (A1, B1) and ¢* (Aa, Bo) satisfy

Al —A
I$* (A1, B1) = ¢* (A2, Bo)llr < T ||| 5} _ 22|I|
B — By F
where ||¢*(A, B)HF = Zf:o I[x(k)T,u(k)"]||g. Constant T > 0 involves the system theoretical

quantities for Ay, As, B1, B2, O, R.

The quadratic program (16) corresponds to the column-wise decomposed subproblems of the
SLS closed-loop response synthesis (8). Therefore, (15) can be bounded as follows.

(15) = |A@) (P} [k — 1] = ®F [k — 1]) + B(®) (P{, [k — 1] - @[k — 1],

[cpf_l [k —1] - @[k - 1]]
oy [k —1] - @y [k - 1]
where the equality is due to the constraint (6) during the model-based control step in Line 5 of
Algorithm 1. The inequality invokes Assumption 2. Finally we show the total error summing (15)
over all time step t and horizon k < H is bounded by the total path length of the selected hypothesis
models via the Steiner point.

H

< 2nyk

H

(15) < 2nyk [ el b
; s} ; kz:; O [k —1] - @[k - 1]]]|,
< 2nY/kT Z 1021 — ©;llp < 2n2/*kTdiam(Py), (17)
=0

where we use Theorem 3.4 for the second inequality and the total path length bound (3) of the
Steiner point selector for the last inequality. Finally, we plug the total bound (17) in (14) for an ISS
bound on w(t), which gives the desired state and control input bound in Theorem 3.1. O

REMARK 1. NCBC algorithms other than the Steiner point selector can be substituted in Algorithm 1
as long as the finite path length guarantee (3) holds. Therefore, we can use a more computationally
efficient algorithm with respect to the number of constraints in (10), such as greedy projection, at the
expense of a larger worst-case path length bound. Such trade-off is potentially important since the
number of constraints in (10) grows linearly with time. A topic of continuing work is to find an efficient
representation of (10) that does not involve linear growth in the number of constraints.

Comparison of Theorem 3.1 with previous results. Compared to the state-of-art system identification-
based algorithm for online control under adversarial disturbances given in [18], which induces
Q(2") state and control input norm, our algorithm also incur state norms that are exponential-
polynomial in the global dimension. However, our bound is a worst-case guarantee which is on
average not achieved during deployment. On the other hand, the exponential bound in [18] is
qualitatively obtained, since system identification-based methods require full excitation of the
system despite adversarial disturbances [18, Lemma 14]. This is the reason behind the orders of
magnitude of performance improvement of our algorithm over system identification-based methods
observed in the numerical study shown in Table 1.

Comparison of Theorem 3.4 with previous results. The Lipschitz continuity of optimal control
problems, similar to (16), has been investigated in learning-based LQR literature, e.g., [29, 77].
However, our perturbation result Theorem 3.4 (formal statement in Theorem D.10) is with regard
to a finite-horizon quadratic program with terminal state constraints, whereas previous Lipschitz
continuity analysis is performed with respect to the infinite-horizon LQR optimal gain. As a result,
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we use a different set of tools from matrix theory, unlike the Riccati equation (value function) based
analysis for infinite-horizon LQR problems in previous works. In Section 4, we further generalize
the perturbation result to handle sparsity constraints.

4 ADVERSARIAL STABILIZATION WITH INFORMATION CONSTRAINTS

The implementation of Algorithm 1 assumes that each subsystem has instantaneous access to the
information from other subsystems, such as the local consistent hypothesis models, and the column
solutions to the subproblems decomposed from (8). Such instantaneous information sharing is
often unrealistic in large-scale networked control systems. Therefore, in this section we extend the
presentation in Section 3 to a fully distributed algorithm, shown in Algorithm 2, that for the first
time guarantees the stability of unknown interconnected LTI systems with information constraints
under bounded adversarial disturbances. These results are the main contributions of the paper.

Specifically, we consider two classes of information constraints, namely communication delay
and local information, which we define formally below. After defining these information constraints,
we describe the adjustments to Algorithm 1 and present our main result.

4.1 Communication delay

A key feature of large-scale networked systems is that information observed locally at each subsys-
tem cannot be immediately available to the global network. Instead, information sharing among
subsystems is constrained by communication limitations. Such limitations often lead to delayed
partial observation and pose further challenges for learning-based algorithm design [6, 52, 87]. To
formalize the communication constraints, we define a communication graph G€ = (VC, EC) for (2),
where V€ = [N] and EC is the set of directed communication link from one subsystem to the other.
Self-loops at all vertices are included in E and they represent zero delay. The communication graph
is demonstrated by the solid blue lines in Figure 1(a). We use C € {1,0}*N to denote the adjacency
matrix associated with the communication graph G¢. Moreover, we define the information delay
induced by G as follows.

Definition 4.1 (Information delay). The information delay from subsystem i to j is defined to be
the total distance of the shortest path from i to j according to G and is denoted as d(i — j).

Globally, the kth power of the adjacency matrix C* has nonzero (i, j)th entry if subsystem i
gets k-delayed information from subsystem j. Locally, at time step ¢, subsystem i has access to
subsystem j’s full information up to time t — d(j — i). Moreover, d(j — i) is the smallest integer
such that U= (i, j) # 0. With slight abuse of notation, we write C* to mean the support of the
matrix so CK e {1,0}N*N,

ExaMpLE 2. Consider the system in Figure 1(a) where the solid blue line denotes the communication
among subsystems. The adjacency matrix C is depicted in Figure 1(c). Observe that C(1,3) = 0 but
C?%(1,3) # 0. Therefore, the delay from subsystem 3 to subsystem 1isd(3 — 1) = 2.

Given G, we make a mild assumption on the communication delay. This assumption ensures
that the graph describing the global dynamics is a subgraph of the communication graph. Such an
assumption ensures nested information structure [39] and is commonly adopted [48, 87]. It holds
true for systems where communication operates at least as fast as the dynamical propagation.

AssuMPTION 4 (CoMMUNICATION ToPoLoGY). C(i,j) =1 forall j € N(i).

The communication delay model considered here is well-established in the distributed control
literature [48, 65, 86] and is applicable to many engineering systems [55, 67]. We refer interested
readers to [63] for a detailed discussion on information structures and their consequences for
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distributed control design. While we specify the communication delay to be synchronous with the
discrete time dynamics propagation for ease of exposition, our results can be readily applied to
systems with faster communication than the dynamics propagation.

4.2 Local information

Even though communication delay causes asynchronous partial information for each subsystem,
eventually each subsystem can obtain the delayed global information. However, due to the scale
of the global network, it can be prohibitively costly for subsystems to compute their local control
actions using such delayed global information. Moreover, a larger delay between subsystems
means, intuitively, that they are more dynamically decoupled due to Assumption 4. Therefore,
by discarding information from far-away subsystems, each subsystem has a smaller and more
up-to-date information set. A common approach is to require each subsystem i to only use delayed
information from a local neighborhood. In this work, we define three neighborhoods, Di, (i),
Dout (i), and M (i) that subsystem i is allowed to access information from. This is sometimes
referred to as localized control in multi-agent reinforcement learning [54, 60, 61] and distributed
control [6, 82] as a method for ensuring a scalable implementation of the control policy in large-scale
networked systems. Below we define each of the neighborhoods.

Definition 4.2 (d-incoming/outgoing neighbors). The d-incoming and outgoing neighbors of sub-
system i according to G€ are respectively

Din (i) ={j € [N]:d(j = i) <d}, Dow(i)={j€[N]:d(i— j)<d}.

The localization parameter d is a design choice that is network structure dependent. Here we
focus on the cases where the dynamics topology and communication graph have sparse enough
edges that the network structure can be leveraged to design a localization parameter d (given) that
is much smaller than the size of the global network and scales well with the number of subsystems.

Definition 4.3 (d-interaction neighbors). The d-interaction neighbors of subsystem i according to
local interaction (1) and G€ is defined as

M (i) ={t € [N]:je N(£) for some j € Dyy (i)} -

The intuition behind M (i) is that any subsystem £ € M (i) is dynamically influence by sub-
system j because j € N(f). Furthermore, j makes local decisions such as u/(t) based on the
information from subsystem i because j € Dy (i). Therefore, it is sensible for subsystem i to take
the information from ¢ into consideration during decision making, since ¢ will be indirectly affected
by decisions made at i through information sharing and dynamical interaction via j.

Finally, we make the following feasibility assumption.

AsSUMPTION 5 (FEASIBILITY). For all © € Py, there exists a stabilizing controller for A(©), B(©)
such that each agent with local dynamics (1) uses delayed and locally available information from its
d-interaction, incoming, and outgoing neighbors according to G€.

Assumption 5 ensures the well-posedness of the distributed controller learning problem and is
commonly employed [1, 41, 51]. If a parameter set Py has a few singular points where (A, B) loses
feasibility such as when B = 0, a simple heuristic is to ignore these points in the algorithm since
we assume the underlying system is controllable. We discuss the case of nonconvex parameter sets
in Appendix E.

4.3 A fully distributed and localized algorithm

We now describe how to extend Algorithm 1 to handle communication delay and localized control
constraints. To do this we add additional information exchange steps to Algorithm 1 in each of
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Algorithm 2: Distributed online stabilization under information constraints

Input: Parameter set P
Initialize: t = 0, u(0) =0, 7 (i,0) = 0 for i € [N]
1 fort=12,... do

2 for Subsystemi=1,2,...,N do
3 Observe x'(t)
/* CONSIST: Select consistent models x/
4 Construct Pti with (18)
5 if 9;_1. € Pti thgn 9; — 9;_1
6 else 0; < St(P})
/* CONTROL: Perform model-based control with SLS */
7 Assemble local estimate of the global model A (é);) ,B (é);) with (19)
8 Synthesize closed-loop response columns ¢§ using (20) based on A (C:)’t) ,B (@;)
9 Assemble delayed local column' solutions e p,, (1) qS{_ d(j—i)
10 Compute local control action u*(t) using (21) with the assembled column solutions
11 end
12 end

the two components. The full algorithm is shown in Algorithm 2. For ease of exposition, we let
the subsystems have scalar state and fully actuated control actions (n, = n, = N) in order to
minimize notation. It is straight-forawrd to generalize the presented algorithm and analysis to
vector subsystems.

4.3.1 CONSIST. This component of Algorithm 2 is identical to that of the distributed implementa-
tion of Algorithm 1 discussed in Section 3.3. Formally, subsystem i constructs the local consistent
parameter set, P} according to local dynamics (1) as

Pl=30" Pl : |[x'(t) - Z AY(0")x! (t — 1) + BY(0")u! (t - 1) <w (18)
JEN(D) -
with P} as the local initial parameter set defined in Assumption 2. The communication delay
pattern allows the construction of P! because each subsystem i precisely has access to x/ (¢ — 1)
and / (t — 1) from its immediate dynamical interaction neighbors N (i) by Assumption 4.
Analogous to Algorithm 1, each subsystem i selects the Steiner point of P! as the local hypothesis
model if the previous selection is invalidated by the latest observation.

4.3.2 CONTROL. Since the local hypothesis models are no longer shared instantly among subsys-
tems due to the communication delay and local information constraints, we modify the model-based
control component of Algorithm 1 and carefully keep track of the available information. To give
an overview, at every step t, subsystem i first assembles a local estimate of the “global” model
using delayed information from other subsystems (line 7). Based on the estimated global model,
subsystem i synthesizes the ith column of the SLS closed-loop responses by solving the column
subproblem of (8) as discussed in Section 3.3 (line 8). Then, subsystem i assembles a local SLS
controller with the local column solutions ¢! computed from the previous step and the delayed
column solutions from other subsystems (line 9). Finally, the local control action is computed using
the locally assembled SLS controller (21) (line 10).
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Local estimate of the global model (line 7). After selecting a local hypothesis model, Sub-
system i assembles a local estimate of the “global” parameter by collecting the available (delayed)
local hypothesis models from its neighbors in M (i),

o = (e (19)
where the local neighborhood M (i) (Definition 4.3) represents the the set of neighbors whose
model information i needs for synthesizing its local column solution later in (20).

Local column synthesis (line 8). Analogous to line 6 in Algorithm 1, subsystem i now performs
model-based control via SLS by solving the column subproblem (9) with additional communication
delay and local information constraints based on the locally estimated “global” parameter C:); It
is well-established that information constraints described in Sections 4.1 and 4.2 becomes convex
sparsity constraints on ®* and ®" [83]. In particular, these information constraints can be repre-
sented as binary matrices C* (for delay) and C¢ (for local information) with k € [H]. Now, the
column subproblem for subsystem i changes from (9) to

DY Q' OH;”‘[H]

sre S0 RVZL (g k]

s.t. ;"X[k+1]=A(©;) i’x[k]+B(é§) WK, fork=01,...,H-1  (20b)

J
f*d(PD)J-eM(i) ’

(20a)

F

0] =e ¢ [HI =0 (20¢)
Bk, ¢kl € CR(Li)nC(si), fork=0,1,... . H-1. (20d)

where (20a)-(20b) are the same LQR cost and closed-loop response characterization in (9). The
communication and local information constraints are introduced via (20d). We refer interested
readers to [80, 89] for a standard derivation on how (20d) is equivalent to the information constraints
specified in Sections 4.1 and 4.2. The problem (20) is always feasible due to Assumption 3 and 5.

Delay in the local parameter information results in differently synthesized columns of different
®*, @ for different subsystems. This contrasts Algorithm 1 where all subsystems use the same
global model as input to the local synthesis problems and output a column of the same ®*, ®".

Asynchronous closed-loop response assembly (line 9). Once local closed-loop columns are
synthesized, subsystem i has to assemble other relevant columns from subsystem j from D;, (i) in
order to perform the downstream task of local control action computation via the local version of the
SLS controller (7), shown in (21). In particular, (21) requires the i" element of every column j such
that C%(i, j) # 0. By definition, Dj, (i) (Definition 4.2) is the set of j’s such that C? has nonzero
(i, /)™ element. Thus, only closed-loop columns from j € Dy, (i) are required. The assembled
closed-loop responses for each subsystem has asynchronous columns with varying delays.

Local Control Action Computation (line 10). The final step in CONTROL is to compute a
local control action, where each subsystem i plugs the assembled closed-loop responses into the
SLS controller (7). Due to the sparsity constraints (from information constraints) enforced on the
column solutions during the synthesis (20), the matrix-vector computation in (7) does not require
the entire network’s delayed column solution. Instead, subsystem i computes a local version of (7),

H-1
W) =20 = D1 >y K@ (= k) (212)
J€D (i) k=1
) H-1 ) )
Wy=" > > gl KIG) W (t k), (21b)
Jj€Din (i) k=0

Proc. ACM Meas. Anal. Comput. Syst., Vol. 7, No. 1, Article 26. Publication date: March 2023.



26:18 Jing Yu, Dimitar Ho, and Adam Wierman

where x'(t), u'(t), w'(t) € R are the local state, control action, and estimated disturbance respec-
tively. The local controllers are initiated with w’(0) = x*(0). Similar to the global controller (7), the
intuition behind (21) is that each subsystem i counterfactually assumes that the global closed loop
J

. t-d(j
column solution ¢]t_d(i_”.) maps the j® position of w (w/) to the i position of x and u (x* and u’).

of (2) behaves exactly as the columns ¢ i) prescribe. In particular, the i position of the jth

Therefore, (21a) estimates the local disturbances by comparing observed local state x’(t) and the
i*d (=)

In this step, the errors caused by the delayed information propagate further during (21) when
each subsystem computes control action using the assembled closed-loop column solutions from
different sets of sub-controllers in (19). This contrasts the setting in Algorithm 2, where without
communication delay, all subsystems use the globally agreed closed-loop operators ®*,®" to
compute the local control action using (7).

Thanks to (20d), regardless of the delay, all closed-loop columns has the correct sparsity required
by the communication and locality constraints. Consequently, any assembled closed loop columns
used for (21) at each subsystem preserve the required sparsity. Therefore, the SLS controller
implemented with these column solutions conforms to the information constraints.

counterfactual state computed with ¢ ’s. Then (21b) acts upon the computed disturbance.

4.4 Stability guarantee

We now present the main result of this paper. This is the first stabilization result for a distributed
policy (Algorithm 2) in a networked setting with unknown dynamics, communication delay, local
information constraint and adversarial disturbances.

THEOREM 4.4 (STABILITY). Under Assumptions 1-5, Algorithm 2 guarantees the ISS of the closed
loop of (2) such that for allt > 1y,

masc{ (1)l 4(8) o} < O (") (e-<f-f°>/Hx<ro)+ sup [lw(k)lle | -

to<k<t

where x(t) is the initial condition, local dimension i = max{||C%||1, |C%|lco, max; [M (j)|} repre-
sents the total state dimension in the d-neighborhood specified by the dynamics interaction (1) and the
communication graph G€. Parameter d is the largest local delay each subsystem allows for delayed
information, and H is the SLS closed-loop response finite impulse horizon.

Theorem 4.4 highlights that only the local constants d and 7 impact the stability guarantee,
in contrast to the dependence on the global network dimension in Algorithm 1 and in system-
identification based approaches [18]. Further, the result makes explicit that communication delay
adds an exponential factor of error on the state deviation from the desired steady state compared
to Theorem 3.1. When the network connectivity is sparse, local constants 7 and d can remain small
even if the number of subsystems in the network is large and growing [80, 85].

Proof Outline. The proof of Theorem 4.4 follows a similar structure as that of Theorem 3.1. We
defer formal proofs to Appendix C. The main challenge here is to characterize the error caused by
asynchronous information at different subsystems throughout the algorithm due to delay.

To begin, we use Lemma 3.2 and show that despite the fact that each subsystem in Algorithm 2
uses differently delayed information to compute the local parameter, sub-controller, and control
actions, the closed loop for the global system under such distributed policy can be characterized with
a simple global representation. In particular, denote the actual closed-loop response implemented
by Algorithm 2 as ®f, ®{'. By observation, each element of ®f [k], ¥ [k] is

OF[K1 (G, ) 1= ¢ o K1), TR J) = 8] K1)
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Therefore, the closed loop of (2) under Algorithm 2 can be characterized by (12) with ®, ®}'. It
follows from Lemma 3.3 that as long as the error term

o H
D2 lA@)®r [k 1] + B(O,)®, [k - 1] - @F [K]]],, (22)
t=1 k=1
is bounded, then the closed loop is ISS. Here ©; is the consistent global model constructed from the
local consistent hypothesis models selected by all subsystems at time ¢. In Appendix C, we quantify
the effect of delay that manifests in ®f and ®;'.

To bound (22), we extend the perturbation bound in Theorem 3.4 to accommodate the additional
sparsity constraints in (20) (Corollary C.3). This result allows us to make a connection between (22)
and the total path length of each subsystem;s local parameter selection. Furthermore, Corollary C.3
has potential application for a class of SLS-based distributed and localized MPC problems [6, 68].

5 NUMERICAL EXAMPLES

The main contribution of this work focuses on deriving a stability guarantee for the proposed
method under adversarial disturbances and information constraints. In this section, we provide a
preliminary numerical exploration of the performance improvement of our approach compared
the state-of-the-art adversarial control method in the single-agent case in Section 5.1. We further
test our method on a mesh network of discretized swing dynamics for power systems, where we
demonstrate near-optimal performance of Algorithm 1 and Algorithm 2 compared to the offline
optimal controller synthesized according to the true dynamics in Section 5.2. Further, we study the
effect of the localization parameter and the network size under correlated Gaussian noise.

5.1 Single-agent: Double integrator dynamics

We consider the classic double integrator dynamics [62],
! 11 [«! 0 w!
(t + 1) - [0 1] [XQ (t) + 1 W2:| (t)s

x
¥2
where x(t) = [x%, x2]7(t) € R%, u(t) € R. Disturbance w(t) € R? is the bounded (||w(#)||, < 1).
The system models a unit mass vehicle with position (x!) and velocity (x?) as its state under force
u.

To the best of our knowledge, the only online algorithm that guarantees stability under bounded
adversarial disturbances is [18], where system identification is performed before a certainty-
equivalent controller is synthesized based on the estimated dynamics. Therefore, we study the per-
formance of our algorithm and that of [18]. The results are summarized in Table 1, where we report
the averaged maximum and top 90% state deviation from origin, i.e. max; ||x(t)||« across 10 runs
under three different disturbance profiles. In particular, we generate correlated (across coordinates)
Gaussian noise projected to —1 and 1, the uniform disturbance, and the projected state-dependent
adversarial disturbance, where the adversary chooses w(t) = sign (A(©*)x(t) + B(©*)u(t)).

To instantiate [18], we use exact system theoretical constants required for the algorithm and
perform the black-box system identification algorithm in [18, Algorithm 2] with identification
accuracy set to be 1072 (largest error tolerable by the algorithm). Then, we generate a stabilizing
controller with [18, Algorithm 3]. For the proposed approach, we use the optimal LQR feedback
gain in place of the centralized SLS controller (8) and (7), since under Assumption 3, the SLS
controller synthesized under with LQR cost is equivalent to the optimal LQR feedback [7]. We
remark that for all disturbance profiles and regardless of the choice of stabilizing controller, the
system identification algorithm of [18] always requires control inputs in the order of 1011. Therefore,
across all disturbances, the trajectories generated by [18] are nearly identical.

u(t) +
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(a) 5 by 5 mesh network (b) State trajectory of the optimal distributed controller, Algorithm 1, 2.

Fig. 2. Example networked LTI system with information constraints.

5.2 Multi-agent:Discretized swing dynamics in a power system

We now consider a power network with randomly generated sparse edges representing dynamical
interactions over a 5 by 5 mesh, where each vertex represents a bus, illustrated in Figure 2(a). The
local dynamics at bus i is given by the two-state discretized swing equations [7],

i 1) = 1 A 0 j 0f (i i
A+ = | Sk, ¥ %:) PV EORY M ICHORENO)
m; JEN(i mi

where the states are the phase angle (first state) and frequency (second state) deviation from the
set point (origin), At = 0.1s is the discretization time step, and m;, k;;, ul, wi, are the inertia, line
susceptance between bus i and j, control action, and external disturbance respectively. We assume
each bus has a phase measurement unit and a frequency sensor to measure x'.

We randomly generate each k;; between [0.1, 1] and m; between [0.1, 10], and assume these
parameters are unknown to the algorithm except their bounds. The global network is generated
to be open-loop unstable. We use correlated (across buses) Gaussian disturbances with a known
bound. In Figure 2(b) we compare the performance of Algorithm 1 (information shared globally
and without delay), Algorithm 2, and the offline optimal distributed SLS controller synthesized
from (8) with the knowledge of k;;’s and m;’s, all subject to the same distributed control design
requirements. Specifically, the communication network is assume to be the same as the dynamical
interaction mesh graph, and we choose the localization parameter to be d = 3, which is much smaller
compared to the network size of 25. The centralized algorithm where no communication delay is
present matches closely with the trajectory generated by the offline optimal controller, whereas
the presence of the information constraints for Algorithm 2 degrades the performance. However,
we highlight that despite the exponential dependency on the local dimensions in Theorem 4.4, the
actual performance of Algorithm 2 in this case is significantly better than the theoretical guarantee.

Furthermore, we compare the effects of different localization parameter choices. On the one hand,
larger d results in larger worst-case guarantee in Theorem 4.4 due to delayed information for local
computation. On the other, larger d means that each agent in the network can access more (delayed)
information. This trade-off manifests on the left of Table 2, where d = 5 appears to achieve lower
average state norm over 4 random runs with correlated Gaussian noises, slightly outperforming
controllers with d = 3 (too little information) and d = 10 (too much delay from far-away neighbors).
On the right of Table 2, we corroborate Theorem 4.4 where the stability guarantee only depends on
local constants d and 7. We randomly generate 3x3, 5x5, and 6x6 mesh networks of similar network
structure, and the resulting state norm does not scale with the network size.
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Table 2. Comparison of the state norm (||x(#)||) for different localization parameters d on the 5 by 5 network
(left) and comparison for different network sizes with N agents with fixed localization parameter d = 3 (right).

Localization parameter Mean Top 95%

Network Size Mean Top 95%

d=3 3.98  14.02 N=9 296 10.28
d=5 385 1418 N=25 398 14.02
d=10 4.19 14.08 N =36 4.27 14.05

6 CONCLUDING REMARKS

In this work, we propose the first learning-based algorithm that provably achieves online stabiliza-
tion for networked LTI systems subject to communication delays under adversarial disturbances.
We leverage nested convex body chasing and distributed control. The novel approach achieves
orders of magnitude of performance improvement over state-of-the-art methods for single-agent
systems and handles information delays for networked multi-agent systems. Since most systems
are time-varying in nature, an immediate extension of this work is to combine general convex
body chasing and model-based control methods to handle time-varying dynamical systems. Future
directions include extending the communication model to incorporate stochastic and time-varying
delays among agents as well as exploring connections to emerging results in function and body
chasing, such as when predictions are available [19].
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A  NOTATION SUMMARY

Table 3. Notations and definitions for the model setup, algorithms, and proofs

Notation

Meaning

xH(t), ' (t), w(t)

N (i)
x(t), u(t), w(t)

AU, BU

A, B
ei

(C]
Po

gC

C
d(i—j)

z)in (1)

Dout (l)

M (i)
J—peighbor of i

P
0;

Local state (R™), control action (R™¢), and disturbances (R™) at subsystem i;
Dynamical neighbors of subsystem i where x/ (¢ — 1) affects x’(t) for j € N (i);
Global state, control action, and disturbance vector concatenated from the local
ones in (1);

Local dynamics matrices describing how states and control action of subsystem
Jj affects subsystem i for j € N (i) in (1);

Concatenated global dynamics matrices from AY’s and BY’s ;

The parameters for the nonzero locations in local dynamics matrices and we
write AY(6%), BY(0"). In particular, 0’ N 6/ = @ for all i # j;

The concatenated local parameters for the global dynamics with © := J;¢[n 0%
The known initial compact convex parameter set where the true dynamics
parameter lies;

Communication graph defined over system (2) with vertices VC corresponding
to subsystems and directed edges EC;

The adjecency matrix of G©;

Communication delay from subsystem i to subsystem j defined as the graph
distance from i to j according to GS;

d-incoming neighbors of subsystem i where Dy, (i) := {j € [N] : d(j — i) <
d}. In particular, j € Dy, (i) if C(i, j) # 0;

d-outgoing neighbors of subsystem i where Doy (i) := {j € [N] : d(i = j) <
d}. In particular, j € Dy, (i) if C4(j, 1) # 0;

Subsystems whose model information is needed for sub-controller
synthesis at subsystem i with Algorithm 2 where M (i) =
{t € [N] :j e N(¢) for some j € Doy (i) };

The union of all subsystems in Djy, (i), Doyt (i), M (i);

Local consistent parameter set constructed by subsystem i at time ¢ with (18);
Local consistent parameter for subsystem i for AY and BY constructed with
Algorithm 2;

The assembled local estimate of the "global" parameter where C:); =
UJ'EM(I') ei—d(j—n');

Local column solutions generated by subsystem i at time ¢ from (20);

The x and u components of ¢, respectively. They are synthesized from (20);
The collection of all local consistent parameters at time t where ©, = |, 0};
The global consistent matrices A(©;), B(©;), and corresponding admissible
disturbance;

The it" row of A;, B respectively;

Concatenated global estimated disturbance from w(t) in (21);

Concatenated global closed loop operators where @} [k] (i, j) := qS{’_xd (j—i) [k] (i)
from (21) ;

Concatenated global closed loop operators where @} [k] (i, j) := qﬁ{’_ud(j_)i) [k](3)
from (21) ;
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Table 4. Constants used throughout the paper

Constants Meaning

N Number of subsystems in the global dynamics (2);

n;, m; Local state and control action dimension for subsystem i in (1);

Ny, Ny Global state and control dimension with n, = Zfil n; and n, = Zfil m;;

w The known bound on the true disturbances such that ||w(t)||,, < W;

K The bound on all possible system matrices where ||A(®)||,, ||B(©)||5 < k for
all © € Py;

d The localization parameter such that each subsystem is constrained to only use

information from its d-neighbors in Algorithm 2;

where 7 = max{||C?||1, |C?||c, max; M ()]} ;

n The largest total local state dimension for the d-neighbors of the subsystems

Cp The decay rate for the closed-loop columns ¢! synthesized in (20) such that

g7 k1]l < ot

B PROOFS FOR SECTION 3

Below we restate and prove the auxiliary results needed for the proof of Theorem 3.1 in Section 3.

LemMA B.1 (Crosep Loor Dynamics). The closed loop of (2) under Algorithm 1 is characterized as
follows for all time t € N,.:

H-1 H-1

x(t) = Y OF[klw(t—k), w(t)= ) @ [k]w(t—k) (23a)
k=0 k=0
H

w(t) = " (AO)PL_, [k = 1]+ B(O)®, [k = 1] = ®F [K]) w(t — k) +w(t—1).  (23b)
k=1

where A, B are the true model parameters from (2) while w(t) is the true unknown bounded disturbances
with [|[w(t)||, < W. The linear causal operators O, ®}' are synthesized via (8) based on the selected
hypothesis model at t and w(t) is the estimated disturbance from the SLS controller (7).

Proor. First, we write out the global closed-loop dynamics of (2) under the SLS controller (7)
with the synthesized closed-loop responses,

x(t) =A(@*)x(t—1)+B(0*)u(t — 1) + w(t — 1) (24a)
H-1
w(t) = x(t) - Z ¥ [k]w(t - k) (24b)
k=
H-1 '
u(t) = Z U [k]w(t - k), (24¢)
k=0

where (24a) is the global dynamics (2) while (24b) and (24c) are the implemented SLS controller. Now,
we use the consistency property of all the consistent hypothesis model ©; selected by Algorithm 1
and represent dynamics (24a) in terms of the global consistent parameter A; := A(©;), B; := B(©;),

x(t) = Agx(t — 1) + Byu(t — 1) + w(t - 1), (25)

with admissible consistent disturbances ||w(#)]|,, < W for all time ¢. The replacement of (A (©*),
B (©*)), w(t)) with (A;, B;, w(t)) is by definition of the consistent set (10). Next, observe that by
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moving x(¢) to the left side, (24b) becomes:

H-1
x(t)= > OF[k]w(t — k) +w(t)
k=1
H-1
= N oF[k]w(t - k), (26)
k=0

where in the last equality we used the fact that each ®}[0] = I by the constraint (6). Now we
substitute (25) into (24b) to get

H-1
w(t) = x(t) - Z ¥ [k]w(t — k) (272)
H-1
= A;x(t = 1)+ Buu(t — 1) — Z OX[k]w(t —k) +w(t—1) (27b)
k=1
_Athp,1 Jw(t-1- k)+BtZ<I> w(t—l—k)—Z(Dx Jw(t - k)
+w(t -1) (27¢)
H-1
(A @}, [k = 1] + B, @Y, [k — 1] — @} [k]) w(t — k)
k=

1
+(A®)_ [H-1]+B,®} | [H-1] - @}, [H]) w(t —H) + w(t — 1) (27d)

M=

(Ae@F [k — 1]+ B,®% [k — 1] — ®F[k]) w(t — k) + w(t — 1), (27¢)

o

=1

where in (27c) we substituted (26) and (24c) into x(t — 1) and u(t — 1) respectively. In (27d),
we grouped the terms according to w(t — k) and used the fact that the closed-loop responses are
synthesized in (8) such that ®Y | [H] = 0 for all . Together, (24c),(26), and (27¢) are as requested. O

LEMMA B.2 (SUFFICIENT CONDITION FOR H-CONVOLUTION ISS). Let H € N. For k € [H], let
{a:[k]};21 and {w;};2, be positive sequences. Let {s;};2, be a positive sequence such that

k] - stk + w1 (28)

A
=

Q

I

k=1

Then {s;},2,, is bounded if 372 Zk 1 at[k] < L for some L € Ry. In particular, for all t > to,

L
e"+e—1
=(t= tU)/H e st +¥ sup Wwg.
e

s <e
-1 to<k<t
Proor. Fix ty and t > ty. Denote {z;,} as a finite subsequence of {sf};:t0 such that
Zin = St

Z:,, = max s, fori=NN-1...,1,
ti-H<r<ti-1
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with ty =t and z;, = s,. This construction of the {z, } has to terminate at z;, = s;,. Therefore, N is
at least (t_TtO) and at most t — fy. By the recursive relationship of s; in (28), we have for any i,

Zt

H
;=8 S Z a1 [k]sy—k + wr—1

k
H
< (Z a1 [k]) 21 + Wi

=Qy1 241t W1, (29)

where we use the fact that a,[k] > O for all t and k. We also denote d;,—; = (ZkHzl ar—1 [k]) for the
last equality. By the recursion (29), we have

N N N
St =2py < l_[ 1%+ ( sup wk) (1+Z dz,-—l) (30)

to<k<t

Now, H ;-1 = HNJ (-1 -1)+1) < HN el = oXij(ar-1-1) < L=(N=jt1) , where the
last 1nequa11ty is due to the hypothesis that 3%, @, < L. Plug this inequality for [T j ar;—1 back to
(30), we continue with

N
sp < e UT)/H g ol y ( sup wk) (1 + Z eL_(N_j))
=

i

to<k<t

N-1
e (tt)/H g el ( sup Wk) (1 +ek Z e‘f)

to<k<t

1
e_(t‘tO)/H-stoeL +( Sup Wk) (1 4ol 1) i
e —

to<k<t

IN

IA

where we used z;, = s;, and that N is at least (t — ty) /H. This is the required bound, which holds
for any ¢, 1y € N. O

C PROOF OF THEOREM 4.4

THEOREM C.1 (STABILITY, SCALAR SUBSYSTEMS). Under Assumptions 1-5, Algorithm 2 guarantees
the ISS of the closed loop of (2) with

ma{lx(1)lle. [4(®) [} < O (") (e—“-fﬂ)/Hx(ton sup [w(k)ll)

to<k<t

where x(to) is the initial condition, local dimension i = max{||C%||1, |C%||c, max; | M (j)|} repre-
sents the total state dimension in the d-neighborhood specified by the dynamics interaction (1) and the
communication graph G€. Parameter d is the largest local delay each subsystem allows for delayed
information, and H is the SLS closed-loop response finite impulse horizon.

Proor. We first characterize the closed loop dynamics of (2) under Algorithm 2. In particular,
despite the fact that each subsystem uses differently delayed information to compute the local
parameter, column solutions to the closed-loop responses, and control actions, the closed loop for
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the global system under such distributed policy can be simply characterized as

H-1 H-1

x(t) = ) OF[klw(t—k), u(t)= ) @[k]w(t—k) (31a)
k=0 k=0
H

w(t) = Y (A@r [k = 1]+ B, [k = 1] — & [k]) w(t - k) + w(t =1),  (31b)
k=1

by Lemma B.1. Here u(t), w(t) are concatenated control action and estimated disturbance from
(21). Ay, B; are the global consistent parameter concatenated with the local consistent parameters
A (1), BY(6}). Vector w(t) are the admissible consistent disturbances corresponding to A, B
with the property that ||w(t)||,, < W for all time t. Operators @}, ®}' are shorthand for global
closed-loop operators when (21) is implemented, with

QK]0 J) = )%y (K1, @RI (L)) = g1, (K1)

We follow similar procedure in the proof of Theorem 3.1 and bound ||w(?)]|,, from (31b) by
examining the following dynamical evolution,

H
Iw®lle < Z |4} [k = 1]+ B, [k = 1] = DF [k, I (2 = K)lloo + 1w (t = Dl - (32)

By Lemma B.2, as long as },;2; le ||At‘1>f,1 [k—1]+B,®} [k -1] - dD’;[k]Hoo < L for some
positive constant L, then we can bound (32) with

L
. (- . (eF+e-1)
(), < & ehx(t) + sup (Dl
to<k<t -

Therefore, what’s left is to show

o H
2 D At = 11+ B0t k11 - ], < L
t=1 k=1

which is proved in Proposition C.2 where L = O (poly (77) J). This concludes the proof. O

LemMmA C.2 (BOUNDED ERROR FOR CLOSED LOOP OPERATORS). Let @, @i denote the global closed
loop operators concatenated from sub controllers generated with Algorithm 2 where 7 [k] (i, j) :=
ifcd(j—ﬂ) [k](i) and ®¢[k](i, j) = t d(}_”) [k](i). Denote matrices Ay, B; as the global consistent
parameter concatenated with local consistent parameters AV (0}), B (0}). Then we have
o H
Z Z |A:®7_, [k — 11 + B,@, [k — 1] - ®F [K]|., (33)

t=1 k=1

< (d + 3)adiam(Py) (Kn3FH+ 1L) ,
-p

where i = max{[|C%||1, |C%||co, max; |[M (j)|}, and d is the largest local delay each subsystem
considers for the algorithm, while H is SLS controller horizon. Here, I is a system-theoretical constant
that does not depend on the global dynamics properties detailed in Theorem D.10.

Proor. To ease notation, we use ai and bi to denote the i® row of A, and B, respectively.
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Our strategy is to bound each term in (33) for a fixed t and k. We will see that the summation of
these terms over all k and ¢t remain bounded. Each term in (33) can be bounded as follows.

|A:@} [k — 1] + B,®¥ [k — 1] — ¥ [k]|

i T x . i T U . X ;g
= max D0 |(ah) @ e =11y + (B]) @y [k = 11C, ) - @7 [k1(i, j) - (39
AR EN( —_—
Defined to be ¢t (o) [k](i)

Due to the sparsity constraints that correspond to the information constraints placed on the closed-
loop responses during synthesis (20), the only nonzero elements in a particular row i of @ [k]
are the positions at j € Dy, (i). Hence, we can write sum of each row i as sum of the elements in

position (i, j) where j € Dy, (i) in (34). Recall that qﬁt d(j—i) aTe synthesized in (20) such that

. T
(i [K10) = ( t—d(jei)—d(fw’)) P ayn K= 1]

4 T
+(b;—d(j—>i)—d(i—>j)) ¢t d(]—n)[k 1] (39)

is synthesized by j at time t —d (j — ). The i position of g{) in particular

because gZ) o
J—i) t=d(j—i)
uses model information from subsystem i, which is transmitted to j from i with delay d (i — j).

Therefore, we substitute (35) into (34) to get

T . . T o
(@) @5y ke = 116 ) = (0 aion) @y U= 1]

34) =
()gﬁ;ﬁ Z

jEDin(i)

T . ) T
4 (0) O Tk =11 = (g ain) 9100 K= 1] (36)

Adding and subtracting (ai)T 7*  [k—1] and (b‘)

- d(j—i) [k — 1] in (36), we can group

t d(]—n)
terms and get

inT
o < max > |(af) (@ k= 11G 1)~ 9% Tk 1)

JGDin(l)

inT
+(bt) (q)lttl[ - 1]( ]) ¢t d(j—)z) 1])‘ (37a)
i i T Jx
RN 4 (“f‘atfduw—d(m)) 1 ajon Lk = 1]
JEDin(l)

(37b)

T .
. . e
+ (b; - b;—d(j—»i)—d(i—ﬁ)) ¢t—d(j—>i) [k - 1] .
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We now consider (37a) and (37b) separately. For the remainder of the proof, we use ¢{’x and ¢{’u as
shorthand for the jth column of ® and ® respectively. Apply Cauchy-Schwarz,

o< s 3l o5 =11 6% 1
Il o - - =11 (382)
(by Assumption 2) SK-}?[:}LV)% iy tl[k 1] - td(]_”) —1]”2
+ ¢ [k =11 - ,d(]_,l)[k 1]”2 (38b)
1/2

2
“cemax S| 0% k= 1100 = ¢/ Tk = 11(0)|
J€Din (i) \€€Dout (J)
1/2

k=110 — 1 =100 (380)

P

[EDout (])

1/2
j 2

_ ix
- }él[?v}i Z Z t=1-d(j—1) [k - 1](0) - t d(]—)l) -1] ([)‘

JE€Din (i) \£€Dout ()

1/2
Jiu 2
* Z r-1-d(j—p LE = 11(6) = .~ d(]‘)l) - 1]({’)‘ ,
£€Dout ()
(38d)

where to arrive at (38c) we used the fact that the nonzero elements in any column/sub-controller
synthesized or assembled at subsystem j corresponds to the elements in Dqyt (). The last equality
comes from the definition of ®} ,,®}" ;. Continuing, we bound any sum using the largest summand
multiplied by the number of summands:

A o\ 1/2
J.x
(372) < (38d) < x- m[ax Z ( ~£Erzr)1a§j) ‘ ¢t—1—d(j—>l) [k—1] - t— d(]—n)[ H )
J€Din (i) o
. o\ 1/2
_ ju
* (n . Z’E%?ff(j) ¢t—1_d(j—’[/) [k - 1] t d(]—»z) “ ) (39a)

1/2
_ . =3/2 Jx —
ot s e ({ e 2ot 1ot 1)
_ o\ 1/2
Jau _
+([,E%i’f(j) 11 aom k=1 = 8% [k “ ) ) (39b)
Recall that (j)t 1d(jp) 2re generated by subsystem j usmg model information ©’ -1-d(j>0) dur

ing synthesis procedure ((19), Algorithm 2). Similarly, ¢’ are generated using ©’

t—d(j—i) t—d(j—i)"
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Therefore, we can invoke Corollary C.3 and arrive at

(37a) < (38d) < (39b)

) ) o\ 1/2
< ki3I |é)] Y, ”
= irg[% jenzl)i)((z‘) lergoauf%j) t=1-d(j—1) t—d(j—i)
91 1/2
A A
+{”€I%i}t((j) (‘Gt_l_d(j_“”) ®t d(]—)z)H ) ) (40)

For any fixed i, j, ¢, ¢/, the following holds true.

]

m m
0 1—a(m0-dmoj) ~ 9t—d(j—>i)—d(m—>j)H -

_ 320 (|l 5 5 _o
(40) = xen r(’®t 1-d(jot) ~ @roa(jmi) O 1—d(jor) ®t—d(j—>i)HF)

= k2T Z

meM(j)
m m
+ Z 0 —d (o) —d(m—j) ~ 9t—d(j—>i)—d(m—>j)HF
meM(j)
min(¢y,t2)+8;+1 min(t],t2)+8,+1
~3/2 m
< kn?'°T repil -0 ‘P”F + —p+1 ” (41)
meM(j) \ p=min(t1,t2) p=min(t],t2)

where we define t; = 1+d (j = £)+d (m — j),t] =1+d (j = £)+d (m — j), t = 1+d (j — i)+
d(m— j),anddt=|d(j > i)—-d(j—o ) —1|,6t'=|d(j = i) —d(j > ') — 1|. We stop at (41)
for the moment for our bound for (37a) and change course to bound the other term (37b) in (37).
We start with cauchy-schwarz for (37b).

: . ix
a; - a;—d(j—>i)—d(i—>j)“2 ¢t_d(j—>i) [k - 1]”2

(37b) < max Z

€N, JE€Din (i)
i i
+[0t — bi—aj—i- d(l—>])“ $ilagjon| _1]”2
k-1 i 1 i
< Cpmn-max max la, - “hd(jai)fd(iw)HQ *{Jb: - brfdoai)fd(iﬂj)HQ

(42)

e o
=Cp*'a- max max ||6} - 0;—d(j—>i)—d(i—>j)H2

i€[N] jeDin (i)

Here we have used the decay property of the finite-impulse-response closed-loop responses to
bound the decay rate of the sub-controllers. The last equality holds by recalling that we have
defined a! and b! to be the i row of the A, and B, respectively, which is constructed from the
global consistent parameter ®; = UY, 0. Therefore, by definition, [al, b}] = 6.

We now return to bound )77, Z 1 HAt _[k=1]+B,®} [k - 1] - & [k]”m. In particular,
we have so far showed that

Me

Z (41) + (42). (43)

k=1

D3 Ay [k - 11+ B [k - 1] - &[], <

t=0 k=1 t

I
o
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Therefore, our goal is to bound each component of the right hand side. Specifically,

oo H
> S

t=0 k=1
o H min(t1,t2)+6;+1 min(t;,tz)+5;+1
~3/2 m
5 Soar et S )
t=0 k=1 meM(j) \ p=min(t1,t2) p=min(t],t2)

(44)

for a different tuple of (i € [N],j € Din (i),£ € Dout (j), ¢’ € Dout (j)) at each t. However, for
any (i, j, £, ¢’), the following holds.

c© H
22(41)

t=0 k=1
min(ty,t2)+5;+1 oo min(t],t2)+8;+1 oo
3/2
< kin®/ FZ Z tep+l QﬁpHF+ —p+1 QﬁpHF ,
k=1 meM(j) \ p=min(t1,t2) =0 p=min(t},tz) =0
< 2’/ *THdiam (P 1+1+ld(j—i)-d(j—0) -1 45
) °THdam(Po) | omax (L 1ald (o D) =d (= 0) = 1] (452)
< 2xn”/*THdiam(P) (d + 3). (45b)

Here we have used in the competitiveness of each local Steiner point selector via (3) in (45a) with
competitive ratio of /2. Furthermore, by definition of Dy, (i) and Dy (j), we know that the
largest delay for d (j — i) and d (j — ¢) for any choice of i, j, £ is less than d.

Finally, we investigate the second component of the right hand side of (43).

oo H o H
; z; =0 k=1 ,D i€[N] jeDin (i) ' d(J—>z) d(i—)) ||,
& d(j—i)+d(i—j)+1 oo
< Co* 7 max max i e ” (46b)
; P i€[N] jeDin (i) = T t—p+1 t-pl|,
< Crtdiam(Py)(d +1)/(1 - p) 6o

where we once again used the competitive ratio of the local Steiner point selector (3). Moreover, by
definition of Dy, (i), the largest delay d (i — j) for any j € Djy (i) is less than d.
Finally, we have the bound on the target quantity with (45b) and (46¢) and conclude

o H
Z Z [|A:@% [k — 1]+ B,@" [k — 1] - @[], < (45b) + (46c)

1 k=

—

_ c
< 2(d + 3)n*diam(Py) (KnirH +
m]

CoroLLARY C.3 (oF THEOREM D.10, STRUCTURED SLS SENSITIVITY). Consider the optimal solutions
¢, ¢’ to (20) with two different parameters input ©, © respectively. Then we have

lg—¢'ll, <T|© -0,
with T = O (T's + I'g) where T4 and Iy are constants in Theorem D.10.
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Proor. The SLS synthesis problem that we consider in (20) has one additional sparsity constraints
than general SLS synthesis presented in (51) to which Theorem D.10 apples. Therefore, we need
to de-constrain the synthesis problem (20) and turn it into a problem of the form (51) in order
to apply Theorem D.10. To do so, we follow the procedure in section IV.A of [89], where a re-
parameterization of ¢J is used to characterize all sparse ¢] which will result in sparse ¢]
according to the dynamical evolution (20b). First, we rewrite (20b) with the nonzere variables
grouped together as follows.

7j () D] r7jx ()

P AT A ¢ B/ | -,

S| e+ 1] = S| LR+ |Gy | 974 [K] (47)
Lbix A(J) A?J) ¢ZJ]X BIS])

where </§j’x denotes the vector of nonzero entries in ¢{’x and ¢~i’x denotes the “boundary” positions
of g{;j’x . The “boundary” positions of ¢ corresponds to the positions in the vector that would
become nonzero from zero due to the dynamical evolution (20b) in one time step. We refer interested
reader to [89] for detailed setup/derivation for (47). We also partition A,B in (20b) to correspond the
entries that are associated with ¢/ and (j;i’x. ¢/ denote the reduced vector with only non-zero
entries of ¢,

Lemma C.4 (LEMMA 2, [89]). IfBl(Jj)Bl()j)f = I, then the vectors {v’ [k]} characterize all (;gj’“ [k] via
¢ 1K) = ~BYY A G k) + (1- BB of [K] (48)

We remark that the pseudo-inverse condition in Lemma C.4 is equivalently to Assumption 5, as
observed in Yu et al. [89] and Anderson and Matni [8].

We can now substitute (48) into the synthesis problem (20) and obtain an SLS synthesis problem
in the same form as (51) with transformed dynamical evolution in terms of the new variables gbf X[
and o/ [k]. Consider the optimal solutions g{) and ¢ (concatenated from gb] * and v/ ) computed from
the de-constrained problem with two different model input ® and ©’. By Theorem D.10, we have

[¢-4

S (Ta+Tp)[1© - O . (49)

Observe that
- (OENG) N\ 7
“=|-tal (1-B"8))| 4.
Therefore, we could bound the sensitivity of the solution to (20) via
0 I 0

I 5 5
llg—¢’ll, < ()it 4 () i mDY [P = | gt 4/ () ‘i )| 9
B A (1-87B)) |7 |- A (1-B27B7)

2

0 0 ]) ~
< . - T (0 = o (s (3
= st 4 () ()5t 4" () (ORFNE)] ()11 () )
H([_Bb Ay, + B A =B B + B By 2

I 0 o
Dt 4G "t g ) (¢ —¢>’)
—BT A (I—Bb B, )

4Cxk (
< —+(2+
O'min(1 _,D)

O (Ta+Tp) |6 - O,

2

K !’
) (Ta+Tp) [|© - 0|

Omin

where o,i, denotes the minimum singular value of the matrix By, for all B(6") with §' € P(i). Note
that the left pseudo-inverse has the largest singular value of 1/0y,i, With oyin the smallest singular
value of the original matrix. Due to Assumption 3 and Assumption 5, we know that B, has to be
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bounded from below so that (20) is feasible. We have also used the fact that norm of an lower
triangular block matrix is upperbounded by the sum of the norm of each component block. We
invoke the exponential decay property of the closed-loop responses to bound the decay rate of qg
by relating the nonzero component of the solution to (20) and qg via (49). O

D PERTURBATION ANALYSIS OF H>-OPTIMAL SLS SYNTHESIS

D.1 From Hs-optimal control to Least Squares

This section presents results about general SLS synthesis. Due to notation overhead, we will drop
time indices and suppress the horizon index k € [H] in closed-loop operators ®* [k], ®* [k] and write
@7, @ instead. Let @} € R™" and @} € R™" and consider the following canonical SLS synthesis
problem with LQR cost for system matrices [A, B] and weighting matrices C € R™", D € R™ ™ ;

2
e olfer ex ... ex
S = min [o D] [qﬂ; | (50)
st @ =1
OF, = ADT+BOY, Vk:l<k<H
‘DEJA:O

The objective in (50) is equivalent to weighted > norm on the closed-loop operators * and ¢,

as well as the LQR cost on the state and control input weighed by C? and D2. Denote ch,x e R",

qﬁi’u € R™ as the jth column of @ € R™", p € R™ " and e; the unit vector in the j-th coordinate
axis. As described in Section 2.3.2, we can separate the problem by columns and can equivalently
restate (50) in terms of each column ¢, and ¢ :

2

: ¢ Gy i
Sj:==min|[C D] [ a T3 7, (51)
P 2 - Pl
steglt =¢;
I = AP+ B, V1<k<H
Jx
H+1 — 0

We will now fix j and rewrite (51) further and introduce new variables to avoid tedious notation.
Define u = i’",Vl <k < H,u=[u],...,u};]" and the block-lower-triangular matrix G, €
RHEnXHm the vector &€ RH" and the lifted weight matrices C, D as

B 0 0 ... 0

AB B 0 ... 0 __:22
G,=| A’B AB B .. 0l &= 7l C=Iy®C D=Ig®D, (52)
AF-1g AH-2p AH-3p B ~Ale;

where Iy is the identity matrix for R¥. Denote by P;, 1 < i < H the i-th block-row of G,,:

P; = [AT'B,A™2B,...,B,0,...,0] (53)
Observe that with these definitions, it holds that for any feasible ¢>£’“, ,];’x and froall V1 < k < H:
¢i’f1 =ik +Pru
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due to the constraints in (51). Now we can rewrite the subproblem S; as

2

5 = min H [Cg"] “ - Cgf] +(CTO), (54a)
2

st: 0=ATe;+Pyu (54b)

For large systems which consist of many interconnected (sparsely) small systems, it is often the
case that the overall system is H-controllable for some suitable choice of H <« n where n is the
global state dimension.

D.2 Representation as a Least-Squares problem

We now rewrite (54) as a least square problem. Define u; := P (PyP};) ' ATe;, which is the solution
to the optimization problem

. 2
min ||u||5
u
st.0=—-ATe; + Pyu.

We can interpret u as the smallest control action, measured in ¢, that drives the system from the ori-
ginto —A"e; in H time-steps. This relates to controllability grammians as described in [25]. Using M*
to denote the Moore-Penrose Inverse of a matrix M, we can also write u}; := P}’[IAT ej = P;WI; 1ATe s
where Wy = PyP},.

Let H denote the FIR-Horizon of the problem, then define the matrices

I 0 0 ... 0 B 0 0 0
A I 0 ... 0 AB B 0 0
Gy (A) =| A? A I ... 0|, GuAB)=| A’B AB B 0.
AH-1 pH-=2 gH-3 ] AH-1p  AH-2p  4H-3p B
(55)
and denote P;(A, B) as the ith block matrix row of G, (A, B):
P;(A,B) = [A"'B,A"2B,...,B,0,...,0] (56)

Gy (A, B) can be written as G, (A, B) = G,,(A)(Iy ® B), where Ij; is the identity matrix in R¥. Let
Z € R*H be defined as the nilpotent matrix

; (57)

Op-1x1 Ig-1
7 =
[ 0 O1xH-1

and notice it’s psuedo-inverse is Z* = Z7. Using Z, it is easy to verify that G,,(A) can be expressed
as:

Gu(A) = (lu-Z"0A)™". (58)
Ignoring the constant terms in (54a), we can reparametrize u = —u + u’ where u’ € null(Py)

and describe (54) as the optimization problem:

- C OHGU(A

; B) 2
, ' w'(AB H ™
wenunn(lllﬂg(A,B)) H [O D I ] (u" —u.(A B)) ) (59)
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Let u*(A, B) be a minimizer of the above problem for fixed A, B, we are interested in the SLS
solutions

W (A, B) I
and how these solutions are perturbed with changes in A, B.
For the rest of the discussion, we will drop mentioning the explicit dependence on (A, B) and
the column index j to reduce the notational burden. First, we (over-)parametrize u as
u = (I - P;Pu)n,
to cast the above problem into an unconstrained one:

[5 sl e-mmn- s 3

(A B) = [ 2 (4 B)] - [G”(A’ B)] (" (A B) - u} (A, B))

S;  :=min
/ n

c 0][G,,(}‘\,B)}u:(A,B)”2 (60)
2

F g9

The unique min-norm solution r* to the above problem is n* = F*g and therefore the optimal
solution ¢* takes the form

.|t o0 + et o + et 0]

¢ _[O D—l](FFg_g)_[O D! (FF _I)g_' 0 D! 4

~— ——

*

(61)

D.3 Local lipshitzness of H;-optimal closed-loop operators

Here, we perform perturbation analysis on the term v* = (FF* — I)g. Throughout the discussion,
we will make frequent use of the following identities:

LeEmMMA D.1. For arbitrary matrices X,Y € R™™ and A, B € R™", it holds that
i) Ak — Al = SK23 AT (A - Ag)A]
i) XX* - YY* = (I - XX (X = Y)Y+ + [(I - YY) (X - Y)X*]"
iii) If A and B are invertible, then A= — B~ = A"Y(B - A)B™L.
The following is a corollary from Theorem 4.1 in [84]:

THEOREM D.2. Let X and Y be matrices with equal rank, let || - ||2 denote the induced 2-norm and
|| - |lr denote the Frobenius norm. The following inequalities hold:

IX* = Y*l2 < ol X2 Y Hll2)IX = Yl
IX* = Y¥Ilp < V2IXF 2l YHll21X = Y]
1+V5

where ¢p = =5~ denotes the golden ratio constant.

Next we present the core theorem of the perturbation analysis: Given two arbitrary controllable
systems (Ay, By) and (As, Bz), (Thm.D.3) bounds the worst-case difference in solutions ||¢] — ¢3||2
in terms of the differences in parameters space ||A; — Aa||2 and ||B; — Bz||2 between both systems.
This result is the first perturbation bound for Hs-optimal control with SLS (considering arbitrary
pairs of A;, Ay and By, By) .

THEOREM D.3. LetC,D > Q, let (Al.’ B1) and (As, Ba) be two controllable pairs of system matrices
with FIR horizon H and let ¢’ and ¢, be the corresponding SLS-solutions to the subproblem S;. Then,
it holds that:

ll¢7* = ¢J1la < TallAy — Asllp +TslB1 — Ballr (62)
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where the Lipshitz-constants Ts, I'g stand for

max{omax(C), Omax (D)}
min{O'min (C)s Omin (D)}

T4 = kepl + kepTs|IBill2]|Guw (A1) ]l2, Kep =

I = kepI5 [[Gw(A2) |2
and I andT, are defined as:
I = agrom2H(1 + ||Gu,2H2)||P;1,2||2
Iy = ap1 Pyl (1 + @llP5ll2 + @l Pf 5l “Gu,2||2) +llg2llz(IIF ll2 + 1F3 1l2) + ...

+ollg2ll2(NFY ll2 + IF5 I2) 1Py 2Py o ll2 (1P 1 2 + 1Pr2ll2) (1 + (| Gun ll2)-

and ¢ = %5 is the golden ratio.

Proor. Recall the identities of (Lem.D.1). Write v} — v where v} is from (61) for (A;, B;) as
vi = vy = (FLFy = 1) (g1 = g2) + (F1F{ — F2F3)g>
Vi = villa < llg1 = gall2 + IF1Ff — FoF3 ||2]lg2ll2, (63)

where we used the fact that (F, F] — I) is a projection and therefore ||F; F{ - I||o = 1. Rewrite
FlFf _FQF; as
(I= FuF})(F = F)ES + [(I = RE)(Fy - ) Ff]

to conclude that

|FLFy — FaF3 |la < ||Fy = Fall2(1Ff ll2 + (1F3 [l2). (64)
Substitution into (63) yields:
Ivi = v3ll2 < llg1 = g2ll2 + IFy = Fall2(I1F{ ll2 + [ F5 [|2) llg2ll2, (65)
(1) Bounding ||F; — F>||2: Rewrite F; — F5 as

ct 0 Gy Gu
[0 D_l}(Fl—Fz)=[ 1’1] (I—P,;,lpH,l)—[ I

(I - Py 4P 2) (66)

Gu,l - Gu,2

G,
= [ ;1] (P oPr2 — Pip P + 0 } (I-PfoPu2)  (67)

From the above we can derive the inequality:
IF1 — Fal|2
max{[|Cllz, [[D]l2

Now we will use the result (Thm.D.2) to bound IIPZL2 - PITI,l |2 as

7 < (L + 1Gu1 )P 5 = Piq ll2(1Prall2 + 1Pe2ll2) + |Gyt = Guzll2 (68)

I1Pfro = Prill2 < @llPp 121 Proll2l1Pr2 = Prall2 (69)
Furthermore, noticing Prro — Py1 = [0,...,0,I,](Gy2 — Gy,1) we can conclude
1P o = Pizll2 < @llPg 11211 PE o ll2llGuz = Gualla. (70)

We combine this into (68) to obtain
|F1 = Fall2
max{|[|Cll2, ||Dl|2}

< 1+ 0UP} 1P ol 1+ IGua ) (1Pl + 1P l12)) [Gur = Guslls— (7)
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(2) Bounding ||g1 — g2l|2: Introduce the constant ay = maxg<k<y Ak ||, and observe that
|AH — A|l5 can be bounded as:

H-1
AT — A, = | Z A?flfj(Al - A2)A)|l < Hagamsl|lAr — Azl (72)
=0

We can rewrite g; — g2 as

ct o G| G
G ol - = [ aare, - | %) praate )
= [(Gu’l 66”32) Py Alle; + Gf] (P, - Ph)ATe;  (74)
(G
o+ ;2] P} o (A — Al)e;
and obtain the bound:

llg1 — g2ll2 " " .
<a G,1 -G, P +a 1+||G P, —P 75
maX{”CHQ,”DHQ} H,1 ” u,1 “>2”2 ” H,lII2 H’l( || “52”2) ” H,1 H,2||2 ( )
ot agapH(L+ [|Gual| ) 1PF 5 l2 1AL — Azl (76)

< amal1Prq ll2 (1 +l|Pall2 + @llPg 5l HGu,2||2) Gu1 - Gu,2||2 (77)
et agaagH(L+ [|Gual| ) 1PF 5 l2 1AL — Azl (78)
We get the bound

13232 by — Aolls + TG — Guslla (79)
max{|Cllz [D]2}

where I'/ and I are the constants:
IV = anou2H(1 + “Gu,2||2)||PIJ§,2||2 (80)
Ty = ap1llPh 2 (1 +0l|Piollz + @l1Pg 52 ||Gu,2||2) +[lgallz(IIFY |2 + [ F5 [l2) +. .. (81)

+@llg2ll2(I1F5 ll2 + IF5 1) 11PF 3 211 P o l2 (I1Pr M2 + 1Pz 2l2) (1 + [|Gusa ll2)
Using (Lem.D.4), we obtain the final bound:

l91 — d5ll2 < xepllvi — valla < TallAr — Asll2 + Isl|B1 — Ba|2 (82)

with the constants I'y, I's defined as:

Ta = keplf + kepTyl|Bill2]|Gw (A1) 211G (A2) 2 (83)
Is = kcpIyl|Gaw (A2)ll2 (84)
m]

D.4 Global lipshitzness of H;-optimal closed-loop operators over compact sets S

This section derives a global Lipshitz bound for Hs-optimal SLS solutions over a compact set of
controllable systems S. As a starting point we consider the previous theorem (Thm.D.3). Our main
proof strategy is to derive global bounds on the constants T4 and I's instead of for a fixed pair of
systems. We proceed with a collection lemmas bounding individual terms in the equations (82) and
(83) for S.
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D.4.1  Auxiliary Lemmas.

LeEMMA D.4. For any pair of system matrices (A1, B1) and (Aa, Bo) (with compatible dimensions)
holds

G (A1) = G (A2)l2 < (|G (A1) ll2]IGw(A2)|2]|A1 — Az]l2 (85)
|GL (A1, B1) — G, (A2, Bo)ll2 < [|B1ll2/lGw (A1) ll2]|Giw(A2) l|2]|A1 — Azll2 + |Gy (A2) 21| By — Ball2

Proor. Using (Lem.D.1) we can write Using G, (A, B) = G,,(A)(Iy ® B) and (Lem.D.1) we can
write G,,1 — Gy 2 as

Gu1 - Gu2 = Gy (A1)(In ® By) — G, (A2) (I ® By) (86)
= (Gw(A1) = Gy (A2)) (In ® B1) + G, (A2) (Iy ® (B1 — B2)) (87)
It holds that
Gi(A1) = Gy(A2) = Gu(A1)(Gy(A2) ™ = Gy(A1) )Gy (Ar) (88)
=G (A1) (Z7 ® (A1 — A2))G(A2) (89)

which leads to the bound
IGw(A1) = Gy(A2) |2 < IGw(AD)2|A1L = Az|l2[|Gw(A2) 2 (90)

]

In total, we need to global bounds on the quantities ||Gy||2,|Gwll2, [|PF; |2, [Pxll2, [IF* |2, [Ig]l2.

LeEmMA D.5. Let (A, B) be pair of fixed system matrices, let G, (A, B), G,,(A) be the matrices defined
in (55), and let Wi = Y11V APBBT AT, W = YT 0T ATATT be the Hth controllability grammian w.r.t
to the input u and the distrubance w, respectively. Then it holds:

IGu (A B)|l2 < \/HGmax(Wﬁ(A, B)) IGw(A)ll2 < \JHomax (W (A)) (91)
PROOF. [|Gyl|2 is defined as [|G,]|3 := ”nhaxl |Gyull3, by decomposing u = [u]),...,u;; |7 we
Ulj2=
can rewrite this as
Buo 2 H
ABug + Bu

IG5 = max oro = max " ||Peull3 (92)

fullz=1 Jull2=1 &

AH_IBUO +---+Bug_1 9
H H

< Prul|3 = Pil|3 < H||Pyl3 < H||WH 93
< ) max IPeulls = > IPCIE < HIPul < HIW (93)

k=1 k=1

Where we used the fact that || P ||§ increases in k and that ||Pk||§ is equal to the induced 2-norm of
the corresponding controllabillity grammian W = Z?:_ol A'BBT AT, Thus, we obtain the bound

IGu(A,B)ll2 < \[Homax (Wi(A, B)),

and the bound on ||G,,(A)||2 follows in the same way. o
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LeEmMaA D.6. Let (A, B) be pair of H-controllable fixed system matrices, let Py (A, B) be the matrix
defined in (56), and let W4 = 3i’;' A'BBT AT be the Hth controllability grammian wr.t to the input
u. Then, the induced 2 norm of Py (A, B) and its Moore-Penrose Inverse P;I(A, B) can be written as:

1 _1
1Pe (A, B)ll2 = (0max (Wi (A, B))) 2 1P (A, B)ll2 = (0min (Wi (A, B))) 2 (94)

ProoF. Because we assume a sufficient degree of controllability, Prr(A, B) is full row-rank. This
implies that

1Pb (A, B)ll2 = \[Amax (Ph (A, BYPT, (A, B)) = \[omax (Wi (A, B)) (95)
(1P (A B)lI2) ™ = \Amin (Pat (A BYP (A, B)) = \[ormin(Ws(A, B)) (%)
[m]

LEmMa D.7. Let (A, B) be a fixed pair of H-controllable system matrices, and let F(A, B) denote the
matrix

F(A,B) = [g g] [G“ (4 B)} (I - P;(A B)Py(A, B)). (7)
Then, ||[F*(A,B)||2 < o} (D).
PRroOOF. For an arbitrary matrix M, (]|M*||2)~! is equal to the smallest non-zero singular eigen-

value of M (we will denote this quantity as o_1 (M)). Thus, in order to bound ||M*||2 from above,
we have to bound o_1 (M) from below. Denote L as the matrix

_[c 0][Gu(A B)
=[5 %

and notice that it is full column rank and has rank of H X n,. The projection Iy p,) = (I —
P}, (A, B)Py (A, B)) has rank H X n, — n, due the assumption of H-controllability. Hence, F =
LII 5 (p,,) is full column rank with rank rg := H X n, — n, and has a null space N (F) of dimension
ny. From these observations, we can equivalently say that o_; (F) is the rpth largest (or equivalently
ny + 1 smallest) singular eigenvalue of F. Using the Minimax principle, we can therefore write:
o_1(F) = max min  x IIF" Flx (98)
proj.IL, s.t.: rank(IT)=rF x s.t.: ||x||=1

T T
max min x IIII L' LII IIx 99
proj.IL, s.t.: rank (Il)=rf x s.t.: ||IIx||=1 N(Pr) N(Pr) ( )

Now recall that ITx/(p,,) is of rank rr, hence it is a feasible choice for the variable II of the outer
optimization problem. This leads to the bound

o_1(F) > min x "I (py) LT LTy () x (100)
x s.t.: ”HN(PH)JC”:l
> min z'L"Lz = omin(L) (101)

z s.t: ||z]|=1
We obtain a simple, but possibly conservative, lower bound on o,,,;, (L) as follows:

o2, (L)= min ||Lz||?= min ||CG,(A B)z||3 +||Dz||2 = 62,,(CG,(A, B)) + c2,,(D)

z st ||z]|=1 z s.t: ||z]|=1 min min
Ed Umin(L) 2 o—min(D)
Finally, this provides us with the final result: ||[F*(A, B)||>» = 0~{ (F) < 0,,} (L) < 5} (D) O

min

We obtain an upper bound for ||g||2, as a corollary of the previous three Lemmas:
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LEmma D.8. Let (A, B) be a fixed pair of H-controllable system matrices. Let g = Lu;, where L and
u; are defined as:
C 0f|Gu(AB " -
L:h 4[“% 1 u; = PA%e; = PLw; Alle;. (102)

Then, it holds:
1

1
lgllz < (IICIIQ‘/EO%M(W;}H IDll2 | 0, (Win) ot

where oy *= maxXo<k <y ||Ak||2

D.4.2  The final bound. With the results of the last section, we can now bound the constants T4
and I'p used in (Thm.D.3). Rather than writing the explicit form of the constants we shall only
analyze how they scale with system parameters. Recall T4, I'p are defined as

T4 = keply + kepTs ||Bil2]|Guw (A1) 211G (A2) ]2
Ig = kcpTy |G (A2) ]2,
where I'/, T are dominated by the terms:

I ~0 (aH,laH,QH ||Gu,2||2 ||P;1,2||2)

I;~0 (||g2||2(||F1+||2 +IF3 1) 1P 1 121 Prr o 2 (1P 2 + (1 Pr2ll2) (1 + ”Gu,1”2))
Let us first revisit the collection of bounds we have derived:
i) |Gu(A,B)|2 < \/HGmax(W;}(A,B)l), IGw(A)ll2 < VHomax (W (A))
ii) 1P (A B)ll2 = (omax (WAAB))Z. [P (A B)ll2 = (0min(WE(A B)))
iii) |[F*(A,B)l2 < o), 1(D)

min

_1
2

1

i) ligll2 < (IICIIz\/ﬁU,%ax(WIZvH IDIl2 | 0,5, (WD) ars

v) ag = maxg<k <y [|AF|l2
) _ max{omax(C),0max (D)}
V1) Kcp = min{omin(C),0min(D)}

Before we state the final bound, we require the following standard controllability result [25].

LEMMA D.9. Let S be a compact set of matrices where each element (A € R™", B € R™™) € §
represents a controllable linear dynamical system with equations x(t + 1) = Ax(t) + Bu(t) + w(?),
state x(t) € R", input u(t) € R™ and disturbance w(t) € R". Then, there exists an FIR Horizon H < n,
and positive scalar constants ", c*, o, " such that the following statements hold:

e Forany (A, B) € S and any initial state, {y, there exists an input u(0), u(1),...,u(H — 1), such
that the system trajectory x(t + 1) = Ax(t) + Bu(t),Vt < H — 1,x(0) = {y satisfiesx(H) =0
at time H.

e Forany (A, B) € S, the matrix Py = [AF-1B, AH2B .. B] e R™Hm is full column rank.

e For any (A, B) € S, the following FIR-SLS-constraint is feasible:

There exist @*[1],...,®*[H] € R™" and ®*[0],...,D*[H — 1] € R™" such that:
®*[0] =1, Vk=0,..H-1: ®[k+1] = AD*[k] + B®[k], and P*[H] =0

e For any (A, B) € S, the corresponding grammians Wi (A, B) and Wiy (A) are positive-definite
and their singularvalues satisfy the inequalities:

gu < Gmin(WII-JI(A’ B)), O'max(sz(A, B)) < "
" < omin(W' (A)), Omax (Wi (A)) <0
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We can not use ¢, 0y, 0,,, 0+ in Lemma D.9 in conjuncture of the bounds derived above to obtain

Fé:()(O{H kcep H (%)2) FIIZO((XI%IHS (%)2) (103)

—u —u

and finally

3 _ .2
2 2 2 [Ou)\? = o s [Cu)\2_1
Tr =0 |agxcp IBill2 HS | —] oW I's=0|ag kop H? | —| o, (104)
gu gu
THEOREM D.10. Let C,D > 0, and let S be a compact set of controllable systems with known FIR
horizon H and constants g,, 0y, 0., 0 as defined in (Lem.D.9). Then there are fixed constants I's, I',
such that for any two pairs of system matrices (A1, B1), (As, B2) € S the corresponding Hy optimal

SLS-solutions of problem S; (j arbitrary), denoted gbij and qS;j, satisfy the following inquality:
167" = ¢3"ll2 < TallAr ~ Asllr + T5l|B1 — Bzl (105)

Furthermore, I'y and I'g satisfy

—Uu —Uu

— 2 _ .3
L= Ol a2 12 2 [Ou|® = -0 2 2 (Ou)? 3
W= ag Kep PH Ow Ig = o Kop H? - o, (106)
where f§ := (1‘11%8))6(5 ||Bll2 and kcp stands for

HlaX{O'max (C)» Omax (D)}
min{omin(C), omin(D)}

E EXTENSIONS TO NON-CONVEX PARAMETER SET SETTING

Representing model uncertainty as convex compact parameter sets is not always practical; some-
times potentially even impossible. Our approach can be readily extended to compact non-convex
parameter sets S, if those can be written as a finite union of convex sets Uf\il ;. This class of
non-convex sets covers a large range of practical scenarios and the presented approach can be
extended without losing stability guarantees. We can ensure by wrapping the proposed algorithm
in a high-level routine SETSELECT, which runs the algorithm on the smaller convex sets #; until
they become entirely inconsistent:

Kcp =

(1) Att =0, we select an arbitrary convex set Py, and perform consistent model chasing with
CONSIST as before.

(2) If at some point P, becomes entirely inconsistent, we select an arbitrary set $, from the
remaining collection {#1,...,Pn} \ Pk, and restart CONSIST with that set Py, . If Py, is
also entirely inconsistent, repeat that selection process.

Per definition, the above algorithm never violates consistency. Because there are finitely many
convex sets Py, the cost accrued due to restarting CONSIST scales up the total movement cost of
the convex counterpart by a fixed constant. Overall, the stability proof is not impacted.
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