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A method of improved efficiency is given for 
updating the mean and variance of weighted sampled 
data when an additional data value is included in the 
set. Evidence is presented that the method is stable and 
at least as accurate as the best existing updating method. 
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1. Introduction 

Given n data values X,, X2 . . . .  , X., and correspond- 
ing weights W1, W2 . . . . .  W,,, the weighted mean .~ and 
variance S 2 are defined by 

and 

S ~ 

It is frequently convenient to calculate these quanti- 
ties by a method that, unlike direct implementation of 
the above definitions, requires only one pass through the 
set of data pairs (X~, W~). Such a method is also useful 
where it is necessary tc, update (rather than recalculate 
ab initio) the mean and variance after the data set has 
been extended to include another data pair. A stable up- 
dating algorithm was given by Hanson [4]. An algorithm 
requiring considerably fewer multiplicative operations 
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than Hanson's is given (WV2 in Table I) ,  together with 
the results of numerical tests which indicate that this 
algorithm has numerical accuracy at least equal to that 
of Hanson's method. In a companion paper [1], Chan 
and Lewis give error bounds and the results of numerical 
tests for the unweighted versions of the present algo- 
rithm and several others; more extensive results, includ- 
ing theoretical and numerical comparisons between the 
unweighted forms of Hanson's algorithm and the pres- 
ent one, are to be found in their technical report [2]. 

2. Algorithms 

The algorithms which were numerically compared are 
given in Table I both as mathematical formulae and as in- 
formal program schemata. In the interests of simplicity of 
presentation, the updating algorithms (WV2-WV4) are 
given in a form in which the variance itself is calculated 
only at the completion of processing, and two practical 
considerations associated with the use of negative 
weights have been omitted: precautions against division 
by zero, and keeping a tally of the effective number of 
data pairs, since a negative weight corresponds to re- 
moval of a pair from the set. The appropriate changes 
are easily made if required. 

Algorithm WV1 is a direct implementation of the 
definition of X and $2; WV2 is proposed here as a re- 
placement for WV3, which is Hanson's algorithm, and 
WV4 is the generalization to weighted data of the algo- 
rithm often given in statistics textbooks. WV2 may be 
obtained from WV3 by using for the calculation of the 
mean a different (and more accurate) method involving 
subexpressions which also appear in the variance updat- 
ing formula, and which hence need not be recalculated. 
Similar methods can be applied to weighted linear re- 
gression [7]. The unweighted form of WV2 was also 
derived by Welford [6]. 

3. Numerical Tests 

Each algorithm in Table I was run on artificial data 
sets of various sizes in which X~ and W~ were chosen 
independently from a normal distribution of mean unity 
and standard deviation o-. Data sets were generated hav- 
ing different values of sample size n and population 
standard deviation. The results, which are in each case 
averages over 20 different data sets with the same values 
of X, S, and n, are shown in Tables II, III, and IV; K is 
the condition number defined by Lewis and Chan [1] for 
the corresponding problem with unit positive weights. 
Negative values for the number of correct leading digits 
have been replaced by zero. 

Removal of a data value from the set is sometimes 
accomplished by including it again but with the negative 
of its former weight. This process is unstable in finite 
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T a b l e  I. A l g o r i t h m s  f o r  W e i g h t e d  V a r i a n c e  S 2. 

A l g o r i t h m  M a t h e m a t i c a l  C o m p u t a t i o n a l  

W V 1  

T w o - P a s s  

A l g o r i t h m  

W V 2  
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A l g o r i t h m  
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S U M W  = 0 
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F o r /  = 1 , 2  . . . . .  n d o  

S U M W  = S U M W  + W i  

S U M W X  = S U M W X  + Wi  * X i  

X B A R  = S U M W X / S U M W  

$ 2  = 0 

F o r / =  1 , 2  . . . . .  n d o  

$2  = $2  + W i  * ( X i  --  X B A R )  * * 2  

$ 2  = $ 2  * n / ( ( n  - -  1) * S U M W )  

S U M W  = W1 

M = X l  

T = 0  

F o r i =  2 , 3  . . . . .  n d o  . .  

Q = X i - - M  

T E M P  = S U M  + Wi  

R = Q * W i / T E M P  
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S U M W  = S U M W  + Wi 
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$2  = T * n / ( ( n  --  1) * S U M W )  

S U M W  = 0 

S U M W X  = 0 

S U M W X 2  = 0 

F o r i =  1 , 2  . . . .  , n  d o  

t S U M W  = S U M W  4- Wi  
T E M P  = W i * X i  

S U M W X  = S U M W X  4- T E M P  

S U M W X 2  = S U M W X 2  4- T E M P  * X i  

X B A R  = S U M W X / S U M W  

$ 2  = ( S U M W X 2  - -  S U M W  * X B A R * *  2) * n~ 

( ( n  - -  1) * S U M W )  

precision arithmetic, .but it has considerable practical 
utility, and tests were therefore run to compare the ex- 
tent of the instability for different algorithms. Data sets 
were generated as before, except that for a sample of size 

5 3 3  

n, data pairs --~ + 2 through n were used to remove data 
2 

pairs 2 through ~ respectively. This is a very severe test 
for any algorithm. The results are shown in Tables V, 
VI, and VII.  

C o m m u n i c a t i o n s  S e p t e m b e r  1 9 7 9  
o f  V o l u m e  2 2  
t h e  A C M  N u m b e r  9 



Table II. Number of correct leading digits in S 2 for n = 10 when 
calculated by each algorithm. 

o- WV1 WV2 WV3 WV4 

Condition 
number 

K 

1.0 8.0 7.9 8.0 7.6 1.6 
10 -1 8.1 7.8 7.3 5.8 1.2 × 10 ~ 
10 -2 8.1 6.6 6.5 3.6 1.2 × 102 
10 -a 8.1 5.6 5.5 1.8 1.1 × 10 a 
10 -4 7.8 4.7 4.3 0.0 1.2 X 104 

Table V. Number of correct leading digits in S" for n = 10, with 
data removal, when calculated by each algorithm. 

o" WV 1 WV2 WV3 WV4 

Condition 
number 

K 

1.0 6.1 5.9 5.8 5.8 1.8 
10 -1 5.8 4.9 4.7 3.5 1.2 × I0'  
10 -2 6.5 4.8 4.4 2.2 1.2 × 102 
10 -a 5.1 1.9 1.7 0.0 1.1 × 10 a 

Table III. Number of correct leading digits in S 2 for n = 100 
when calculated by each algorithm. 

o" WVI WV2 WV3 WV4 

Condition 
number 

K 

1.0 7.6 7.7 7.7 7.4 1.4 
10 -1 7.6 7.5 7.4 5.4 1.0 × 101 
10 -2 7.7 6.6 6.5 3.5 1.0 × 102 
10 -a 7.8 5.8 5.5 1.4 1.0 × 103 
10 -4 7.1 4.8 4.6 0.0 1.0 × 104 

Table VI. Number of correct leading digits in S 2 for n = 100, 
with data removal, when calculated by each algorithm. 

o" WV I WV2 WV3 WV4 

Condition 
number 

1.0 2.7 3.3 2.3 1.9 1.4 
10 -1 4.4 3.3 3.2 1.9 1.0 × 101 
10 -2 4.7 2.6 2.6 0.6 1.0 × 102 
10 -a 2.5 0.1 0.0 0.0 1.0 × 104 

Table IV. Number of correct leading digits in S 2 for n = I000 
when calculated by each algorithm. 

o" WV1 WV2 WV3 WV4 

Condition 
number 

K 

l.O 7.1 7.2 7.1 6.9 1.4 
10 -~ 7.3 7.1 7.0 5.0 l.O × 101 
10 -2 7.2 6.7 6.5 3.1 1.0 X 102 
10 -3 7.3 5.7 5.5 0.9 1.0 × 10 a 
10 -4 6.2 4.6 4.5 0.0 1.0 × 104 

Table VII. Number of correct leading digits in S 2 for n = 1000, 
with data removal, when calculated by each algorithm. 

Condition 
number 

o" WVI WV2 WV3 WV4 x 

1.0 3.2 3.1 2.9 2.6 1.4 
10 -1 3.8 3.0 2.6 1.2 1.0 × l0 t 
10 -e 2.8 0.1 0.1 0.0 1.0 × 102 

Resu l t s  for  the  a c c u r a c y  in c o m p u t i n g  .~ are  no t  

g iven  h e r e  s ince  the  d i f fe rences  b e t w e e n  the  a l g o r i t h m s  

w e r e  smal l  in this case  ( less  t han  0.5 d ig i t ) ,  and  on  diffi- 

cu l t  p r o b l e m s  all  a l g o r i t h m s  g a v e  be t t e r  a c c u r a c y  in .,~ 

t h a n  any  a l g o r i t h m  g a v e  fo r  S. T h e  resul t s  in Tab les  I I  

t h r o u g h  V I I  w e r e  o b t a i n e d  on  a D E C  Sys t em 10 (27 -b i t  

m a n t i s s a ) .  T h e  s a m e  tests,  w i th  the  s a m e  r a n d o m  n u m -  

bers ,  w e r e  run  on  an  A m d a h l  4 7 0 V / 6  ( 6 - h e x - d i g i t  m a n -  

t i s sa ) ,  w i th  qua l i t a t i ve ly  s imi la r  resul ts .  T h e  ove ra l l  p re -  

c i s ion  was  a b o u t  2 . 5 D  lower ,  and  the  d i f fe rences  b e t w e e n  

a l g o r i t h m s  w e r e  s l ight ly  g r ea t e r  on  the  A m d a h l .  T h e  

D E C - 1 0  resul ts  a re  r e p r o d u c e d  h e r e  b e c a u s e  they  c o v e r  

a g r ea t e r  r a n g e  o f  ~ b e f o r e  all  s igni f icance  is lost .  

4. D i s c u s s i o n  a n d  C o n c l u s i o n s  

F o r  the  usua l  ca se  of  pos i t ive  weights ,  t he  d e p e n d -  

e n c e  of  the  e r r o r  on  n is w e a k  fo r  all  the  a l g o r i t h m s  (bo th  

c o m p u t e r s  e m p l o y e d  use  g u a r d e d  a r i t h m e t i c - s e e  [1, 2] 

fo r  the  e x p e c t e d  b e h a v i o r  on  m a c h i n e s  w h i c h  use  un-  

g u a r d e d  a r i t h m e t i c ) ,  and  the  d e p e n d e n c e  on  K is c o n -  
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s tant  fo r  W V 1 ,  l inea r  fo r  W V 2  and  W V 3 ,  and  q u a d r a t i c  

for  W V 4 .  T h e s e  resul t s  pa ra l l e l  t hose  for  the  c o r r e s p o n d -  

ing  u n w e i g h t e d  a l g o r i t h m s  [1, 2]. F o r  n e g a t i v e  weights ,  

the  resul ts  a re  m o r e  va r i ab le ,  bu t  the  r e l a t ive  b e h a v i o r  

of  the  a lgo r i t hms  is s imi la r  to tha t  for  pos i t ive  weights .  

E x e c u t i o n  t i m e  is usua l ly  d o m i n a t e d  by the  n u m b e r  

of  mu l t i p l i ca t i ons  and  d iv is ions ,  and  in this case  the  effi- 

c i ency  r a n k i n g  of  the  a l g o r i t h m s  is c l ea r :  W V 4  leads  

wi th  o n l y  2 mu l t i p l i c a t i ons  pe r  d a t a  pair ,  f o l l o w e d  by 

W V 1  wh ich  has  3, W V 2  wi th  4, and  W V 3  wi th  7. T h e  

n u m e r i c a l  tests,  h o w e v e r ,  s h o w  W V 4  to be  se r ious ly  un -  

s table.  T h e  nex t  m o s t  eff icient  a l go r i t hm,  W V I ,  is h igh ly  

s tab le  and  shou ld  a lways  be  used  w h e n  two  passes  o v e r  

the  da t a  a re  accep tab le .  W h e n  u p d a t i n g  is r equ i r ed ,  the  

c h o i c e  is t h e r e f o r e  b e t w e e n  W V 3  ( H a n s o n ' s  a l g o r i t h m )  

and  W V 2  ( the  n e w  a l g o r i t h m  p r o p o s e d  h e r e ) .  

T h e  f o r w a r d  e r r o r  ana lyses  of  W V 3  and  W V 2  are  

v i r tua l ly  ident ica l ,  a l t h o u g h  a f o r m a l  b a c k w a r d  e r r o r  

ana lys is  ( i .e.  an  e x p r e s s i o n  fo r  e r r o r  b o u n d s  in t e rms  of  

e q u i v a l e n t  p e r t u r b a t i o n s  in the  d a t a )  exists  fo r  W V 3  

bu t  a p p a r e n t l y  n o t  fo r  W V 2  [5]. T h e  n u m e r i c a l  tests  

s h o w  tha t  W V 2  is s l ight ly  m o r e  a c c u r a t e  t han  W V 3 ,  and  
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that accordingly the new algorithm WV2 is to be pre- 
ferred to WV3 when an updating method is required, 
because of its considerably greater efficiency. 
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Conference on Databases, University of Ab- 

erdeen, Aberdeen, Scotland. Sponsor: University 
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of Aberdeen. Contact: S.M. Deen, Dept. of Com- 
puting Science, University of Aberdeen, Old Ab- 
erdeen AB9 2UB, Scotland, U.K. 
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• S I G G R A P H  80, Seventh Annual Conference 
on Computer Graphics and Interactive Tech- 
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R. Gill, 91 Woodland Road, Bristol BS8 IUS, U.K. 
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ardization of Simulation Languages (before 
IMACS Congress Sept. 24-28), Sorrento, Italy. 
Contact: Tuncer I. Oren, Computer Science Dept., 
University of Ottawa, Ottawa, Ont. K1N 6N5, 
Canada. 

20-26 September 1979 
3rd World Telecommunication Exhibition, 

Geneva, Switzerland. Sponsor: International Tele- 
communicat ion  Union. Contact :  Secretar iat  
TELECOM 79, Orgexpo, 18 quai Ernst-Ansermet. 
Case postale 65, 1211 Geneva 4, Switzerland. 

21-22 September 1979 
Conference on Database Technology, Bad 

Nauheim, Kurhaus, Germany. Sponsor: ACM 
German Chapter. Contact: J. Niedereichholz, 
University of Frankfurt, Institut fiir Wirtschafts- 
informatik, Mertonstrasse 17-25, D 6000 Frank- 
furt• Main, Germany. 

24-28 September 1979 
5th IFAC Symposium on Identification and 

System Parameter Estimation, Darmstadt. Fed. 
Republic Germany. Sponsor: IFAC. Contact: 
IFAC 1979, c/o VDI/VDE--Gesel lschaft  Mess- 
und Regelungstechnik, Postfaeh 1139, D-4000 
Dtisseldorf 1, Federal Republic Germany. 

25-28 September 1979 
Euro IFIP 79, London. U.K. Sponsor: IFIP. 

Contact: Euro IFIP 79, IFIP Foundation, Paulus 
Potterstraat 40, 1071 DB Amsterdam, The Nether- 
lands. 

26-28 September 1979 
International Symposia: Computers and Ed- 

ucation, Applications and Software Engineering, 
Montreal, Canada. Sponsor: IASTED in coopera- 
tion with ISMM, Acta Press. Contact: The Secre- 
tary, IASTED/ISMM Symposia. Box 2481, Ana- 
heim, CA 92804. 

26-28 September 1979 
Computers in Cardiology, Geneva, Switzer- 

land. Sponsors: American Heart  Association, 

C o m m u n i c a t i o n s  
o f  
the  A C M  

European Society of Cardiology, NIH,  IEEE-CS. 
Contact: Computers in Cardiology, Centre de 
Cardiologie, H6pital Cantonal, 1211-Geneva 4, 
Switzerland. 

26-29 September 1979 
Ninth International Symposium and Exhibi- 

tion, Mini and Microcomputers, Montreal, Can- 
ada. Sponsor: International Society for Mini and 
Microcomputers. Contact: The Secretary, MIMI 
79 Montreal, Box 2481, Anaheim, CA 92804. 

27-28 September 1979 
• 2rid SIGIR Conference, Dallas, Tex. Spon- 
sor: ACM SIGIR. Conf. chm: Robert R. Korf- 
hage, Dept. of Computer Science. Southern 
Methodist University, Dallas, TX 75275; 214 
692-3082. 

30 September-3 October 1979 
• SIGUCC User Services Conference VII,  Los 
Angeles, Calif. Sponsor: ACM SIGUCC (Uni- 
versity Computing Centers). Conf. chm: Jerome 
A. Smith, Acting Director, Computing Services, 
269 Evans Hall, University of California, Berke- 
ley, CA 94720; 415 642-0889. 

1-3 October 1979 
• Second Annual Symposium on Small Systems, 
Dallas, Tex. Sponsor: ACM SIGSMALL. Conf. 
ehm: Gerald Kane, CS and EE Dept., 214 Pat- 
terson Hall. Southern Methodist University, Dal- 
las TX 75275; 214 692-3081. 

1-4 October 1979 
Ist International Conference on Distributed 

Computing Systems, Huntsville. Ala. Sponsor: 
US Army Ballistic Missile Defense Advanced 
Technology Center in cooperation with IEEE-CS, 
IRIA. IPSJ. Gen. co-chm: Charles R. Vick, BMD- 
ATC, Data Processing Directorate, Box 1500, 
Huntsville, AL 35807; 205 895-4175. 

1-6 October 1979 
lnformatiea 79, Bled, Yugoslavia. Sponsor: 

Slovene Computer Society in cooperation with 
Jozef Stefan Institute, University of Ljubljana. 
Contact: lnformatica 79, lnstitut Jozef Stefan, 
61001 Ljubljana, pp. 199, Yugoslavia. 

2-5 October 1979 
ECOMA-7, Capacity Management: Tech- 

niques and Implementation in the 80s, Paris, 
France. Sponsor: European Computer Measure- 
ment Association. Contact: Scott N. Yasler, Euro- 
pean Computer Measurement Association (Dept. 
CFP), Scheuchzerstrasse 5, CH-8006 Zurich, 
Switzerland. 

3-5 October 1979 
• Fifth International Conference on Very 
Large Data Bases, Rio de Janeiro, Brazil. Spon- 
sors: ACM SIGIR, SIGMOD. and SIGBDP, 
IEEE-CS, IFIPS, U.S. Conf. chin: Stanley Y.W. 
Su, Computer & Information Sciences Dept., Uni- 
versity of Florida, Gainesville, FL 32611. 

8-9 October 1979 
• 1979 International Symposium on Computer 
Hardware Description Languages and Their Ap- 
plications, Pulp Alto, Calif. Sponsors: ACM 
SIGDA. IEEE-CS. Prog. chm: Donald L. Diet- 
meyer, Dept. of Electrical and Computer En- 
gineering, University of Wisconsin. 1425 Johnson 
Drive, Madison, WI 53706; 608 262-3890. 

10-12 October 1979 
Seventeenth Annual Allerton Conference on 

Communication, Control, and Computing, Aller- 
ton House, near Monticello. Ill. Sponsor: Uni- 
versity of Illinois at Urbana-Champaign. Conf. 
co-chm: J.B. Cruz Jr. and F.P. Preparata. Dept. 
of EE and Coordinated Science Laboratory. Uni- 
versity of Illinois at Urbana-Champaign. Urbana, 
IL 61801. 

10-12 October 1979 
A I C A  Annual Congress, Bari, Italy. Spon- 

sor: Assoziazione Italiana per il Calcolo Auto- 
matico. Congr. See: Maria Teresa Pazienza, 
Corso di Laurea in Scienze dell'Informazione- 
Istituto di Fisica, Via Amendola, 173-Bari, Italy. 

14-17 October 1979 
28th International Conference and Business 

Exposition, San Diego, Calif. Sponsor: DPMA. 
Contact: Carol Harte. DPMA, 505 Busse High- 
way, Park Ridge, IL 60068. 

(Calendar continued on p. 537) 
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