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ABSTRACT

The objective value of an ill-conditioned function may significantly
change with a minor shift of the argument in the search space.
Ill-conditioned functions do not have at all or exhibit very few hints
towards better solutions and, thus, they are usually difficult to opti-
mize with randomized search heuristics. However, problems that
emerge in practical applications are likely to be formulated as ill-
conditioned functions, as often Fuclidean metric is used to measure
distance in the search space. At the same time, it may be possible
to use domain-specific knowledge to define such a metric in the
search space so that the function stops being ill-conditioned. We
consider finite search spaces and propose two mutation operators
that leverage such metric to optimize the function more efficiently.
The first operator assumes prior knowledge about the distance, the
second operator uses the distance as a black box. Those operators
apply an estimation of distribution algorithm to find the best mu-
tant according to the defined function, which employs the given
metric. For pseudo-Boolean and integer optimization problems,
we experimentally show that both mutation operators speed up
the search on most of the functions when applied in considered
evolutionary algorithms and random local search. Moreover, those
operators can be applied in any randomized search heuristic which
uses perturbations. However, our mutation operators increase wall-
clock time and so are helpful in practice when distance is (much)
cheaper to compute than the real objective function.

ACM Reference Format:

Kirill Antonov, Anna V. Kononova, Thomas Bick, and Niki van Stein. 2023.
Curing ill-Conditionality via Representation-Agnostic Distance-Driven Per-
turbations. In Proceedings of the 17th ACM/SIGEVO Conference on Foundations
of Genetic Algorithms (FOGA °23), August 30-September 1, 2023, Potsdam, Ger-
many. ACM, New York, NY, USA, 12 pages. https://doi.org/10.1145/3594805.
3607138

This work is licensed under a Creative Commons Attribution International 4.0
License.

FOGA °23, August 30-September 1, 2023, Potsdam, Germany

© 2023 Copyright held by the owner/author(s).

ACM ISBN 979-8-4007-0202-0/23/08.

https://doi.org/10.1145/3594805.3607138

Anna V. Kononova
LIACS, Leiden University
Leiden, The Netherlands

a.kononova@liacs.leidenuniv.nl

Niki van Stein
LIACS, Leiden University
Leiden, The Netherlands

n.van.stein@liacs.leidenuniv.nl

1 INTRODUCTION

Randomized search heuristics (RSH) are convenient off-the-shelf
solvers of difficult optimization problems [6, 53]. While they do not
necessarily guarantee to locate the exact solution to any problem,
they aim to approximate a solution of sufficient quality within a
feasible time frame. Applications of such algorithms require the user
to define a search space X, where possible solutions are located, and
the objective function f with domain X. This function defines the
considered problem and usually is expensive to evaluate (in terms of
computation cost, licenses or resources). In the scope of the current
work, we consider finite set X C Z", function f with codomain R
and algorithms that aim to maximize function f, meaning finding
such x* € X that

max{f(x) | x € X} - f(x*) =0

Evolutionary algorithms (EAs) are RSH inspired by the process
of natural evolution. Such algorithms are supported by theory
[18, 27, 37], show promising applications to various ranges of prob-
lems including pseudo-Boolean/integer problems [19, 22, 38] and
real-world scenarios [7, 24, 58]. One of the possible assumptions
on the function optimized by means of EA is that the function is
not ill-conditioned. This is also classically formulated as strong
causality [48] of the optimization problem, contiguity, and locality
[45]. It means that a small change in the candidate solution leads to
a solution with similar performance according to the objective func-
tion. The significance of the change is measured according to the
distance metric d : X2 — R [28], for example, Hamming distance
in the case of pseudo-Boolean domains, or Euclidean distance in
the case of R" domains. The classical definition of an optimization
landscape [51] is a triple of the search space, the metric defined
for this search space, and the function being optimized. We will
say that the landscape is well-conditioned if any two points in the
search space with a small distance between them produce similar
values of the objective function (this is defined more formally in
Definition-2.2). Let us consider a set of functions ¥ defined on
the same search space X. If there exists such metric d on X that
landscapes {(X, d, f) | f € F} are well-conditioned then ¥ is not
closed under permutations of the search space [29]. In this case, the
NFL theorem [56] guarantees the existence of an algorithm that
outperforms other algorithms on average for functions in . So
the existence of such metric is sufficient to design a problem solver
for 7 that performs above average.
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The well-conditioned optimization landscapes {(X,d, f) | f €
¥} may exist for a set of functions ¥ that a practitioner solves.
However, obtaining the metric d for these landscapes usually re-
quires a certain level of expertise in the domain. It means that a
well-conditioned landscape gives away some information on the
structure of the considered problems. While EAs do not require
any information on the domain of the problem, it is well known
that problem-specific knowledge significantly increases the perfor-
mance of EAs [21]. We identify 4 main categories of approaches to
take advantage of different kinds of domain-specific information in
EA:

1) Asymmetric mutation operator. Methods in this category use
the information about the problem to modify the mutation operator
employed by an EA. Doerr et al [14, 15] consider the Eulerian cycle
problem and rigorously show that asymmetry in mutation operator,
for example avoiding certain modifications, leads to a performance
increase compared to EA with classical mutations. Raidl et al [46]
show the benefits of EA with a mutation operator that chooses
rather edges with smaller weights to solve the minimum spanning
tree problem and the traveling salesmen problem. Jansen and Sud-
holt analyzed the influence of a bias in the mutation operator when
it is applied to pseudo boolean functions [30]. They considered a
mutation operator that flips 1 with a higher probability when a
solution contains more ones and vice-versa. The work rigorously
shows that such bias speeds up (1 + 1)-EA equipped with such
operator on three of the functions they considered, and slows down
the algorithm on another function. Their work was extended by
proposing an adaptation of the degree of asymmetry during the
optimization process [47].

2) Enhanced representation. Traditionally, there are no specific
restrictions on the used representation, but there are a number
of recommendations [52]. In the EA community, the mainstream
is to simply use the most natural representation of the individual
[54]. However, finding such a representation may already require
expert-level knowledge in the domain of the problem. Many works
with a focus on practical applications prove this, for example, Yu et
al applied an EA to the object decomposition for 3D printing [64],
where they used a Binary Space Partitioning tree encoded as an
array of continuous numbers. The design of such representation
requires an understanding of the principles of object decomposition.
In the area of spatial design creation, the challenging problem of
defining a search space that does not significantly restrict the space
of all possible solutions was subjected to comprehensive research in
[42]. Moreover, standard EA may work significantly slower when
the representation is not carefully chosen. Doerr et al developed
such a representation for the Eulerian cycle problem that allowed
to develop an EA with the arguably best reachable by RSH expected
run-time [16].

3) Data-driven approaches. This category covers automated algo-
rithm selection [25, 33, 35, 39, 63] and dynamic algorithm configu-
ration [1, 9], where automatically extracted features of the problem
are used to suggest an optimization method or a configuration of
the algorithm.

4) Diverse set of candidate solutions. Diversity measure of the set
of candidate solutions can be evaluated using a domain-specific
distance, as it is suggested in [59]. It is known, that more diverse
sets of parents in EA facilitate global exploration properties of the
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algorithm, reduce the risk to get stuck in local optima and allow
obtaining multiple dissimilar high-quality solutions [60]. Niching
methods were developed to maintain diverse sets of individuals in
EA, for a comprehensive overview see [11, 43, 44]. Distance-based
niching methods have a great number of successful applications,
which shows the advantage of distance knowledge. For example, Dy-
namic Peak Identification niching [57] maintains high-performing
solutions with a pairwise distance larger than the given lower
bound. This method was successfully applied to find a number of
high-performing designs of lenses in a single run of an EA in [34].
In the domain of airfoil optimization, a variation of niching was
proposed, where the algorithm alternates between pure quality
and distance-based diversity optimizations which allows to obtain
better-performing solutions [49, 50].

As we see from the examples of approaches in categories 1 and 2,
the user needs to have deep knowledge of both: the domain of the
problem, and the optimization method. Approaches in category 3
have the disadvantage that the predicted algorithms/configurations
do not always perform well, especially when a new (unseen) prob-
lem is dissimilar from the problems that the approaches are trained
for. Approaches in category 4 leave the hard work to pick a distance
that represents the problem well to the expert in the domain and
allows using this distance as a black-box in the optimization algo-
rithm. However, this distance has influence only on the selection
part of EA. Since distance gives away information on the problem,
it can also be leveraged in other parts of an EA to speed up the
optimization even more. At the moment, there exist classical re-
quirements to the design of crossover and mutation operators for
an EA in a metric space [20, 21, 28]. Apart from this, there is a
number of works, where neighborhood structure and distance were
applied explicitly or via group theory, for example in the works
[8, 40, 41, 55]. We observe in those works that a practitioner, who
wants to use metrics in EA, needs to redesign the operators accord-
ingly, which requires the application of methods from categories 1
and 2.

Our contribution: We propose two versions of the mutation
operator which employs a given metric in the search space. It is pos-
sible to change the metric used in our mutation operators without
amending the rest of the algorithm. The first developed mutation
operator relies on the given distribution over mutation strengths.
The second operator applies the distribution which is created auto-
matically and allows control of its parameters. The application of
such mutation operators in an EA does not require any additional
effort from a practitioner to switch one metric to another and has
great benefits where a natural representation makes the problem
ill-conditioned. In this case, our mutation operator can cure the
problem, if a domain-specific distance is known.

2 PRELIMINARIES

Evolutionary algorithms (EAs) are a class of search and optimiza-
tion algorithms inspired by the principles of natural selection and
Darwinian evolution. These algorithms are based on the idea that
a population of solutions to a problem can evolve and improve
over time through the application of selection, reproduction, and
variation operators.
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During the optimization process an EA samples elements of the
search space X and evaluates the values of the objective function f
in the sampled points. While doing it, EA ideally balances explo-
ration/exploitation. It explores the search space by sampling ele-
ments with significantly different structures, which can be seen as
gaining knowledge of the problem. The significance of the structural
difference between sampled solutions can be measured with metric
d, which is usually considered as the distance between elements
in X. Despite the fact that the optimization problem is completely
specified when X and f are given, it is convenient to talk about the
landscape of the problem when the exploration/exploitation capa-
bilities of an EA are analyzed. The landscape of the optimization
problem is classically defined as follows.

DEFINITION 2.1 (LANDSCAPE [51]). For the problem f defined on
the metric space X with metric d the landscape L is a triple (X, d, f).

In this work, we distinguish between ill-conditioned and well-
conditioned landscapes. In order to clearly define the latter ones we
need to refer to small values in order to restrict the significance of
the change in argument and in the objective value. Of course, the
significance is always relative, so we assume that the knowledge
of what is small already exists. In the following definition, we
assume that this knowledge is given as sets of constants for the
corresponding sets of real numbers.

DEFINITION 2.2 (WELL-CONDITIONED LANDSCAPE). For the given
search space X, metricd : X? — R and the objective function
f + X — R consider sets of problem-dependent, small constants
{Cxpd(x0,) | X0 € X}, {Cxo,lf(')—f(xo)l | xo € X}, that are given by
an oracle. Given those constants, optimization landscape (X, d, f) is
well-conditioned and metric d is well-conditioning if

Vxo € X,¥x € {x | d(x0,%) < Cxpd(xy)} =
[f () = f(x0)| < Coo, 1 £()=Fx0)]

The following algorithms are used in this work for the basis of
our proposed mutation operators:

(1+A) EA is an elitist evolutionary algorithm without crossover.
Given the objective function f : X — R, such an algorithm main-
tains the fittest solution and iteratively samples modifications of
this solution. Each modification is obtained using the given param-
eterized distribution over the solution candidates [13].

(1+ (A, A)) EAis an extension of (1+4) EA which uses crossover
with bias c. At first, this algorithm samples A solutions using muta-
tion, then it picks the best mutant and recombines it A times with
the best-so-far solution. Each recombination applies crossover in
such a way that for every component the bit is taken from the
best-so-far solution with probability (1 — ¢), and from the best mu-
tant with probability c. The best-so-far solution is updated with
the fittest individual after such recombinations. This algorithm has
proven itself well in theory [2, 3].

Randomized Local Search (RLS) is a stochastic local search al-
gorithm. RLS iteratively explores the neighborhood of a current
solution and selects a new solution based on a randomized criterion
that takes into account the quality of the neighboring solutions.
RLS is characterized by its simplicity, efficiency, and ease of imple-
mentation. In this work, we apply an extension of this algorithm to
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integer search spaces, so-called RLS-ab [12]. With this extension,
the algorithm maintains the candidate solution, as a vector of n
integers, and an additional vector of n integers that identify the
step size with which every component of the solution is updated.
This additional vector is called the vector of velocities. Values of
velocities are adjusted independently during the optimization pro-
cess. When a new mutant is fitter than the best-so-far solution, the
corresponding velocity is increased, otherwise, it is decreased. We
give the pseudocode of RLS-ab in Algorithm 3.

(1+A) EAp This is our simple extension of RLS-ab. The update
adds a possibility to create A individuals on every iteration and
sample the number of modified components from the binomial
distribution with success probability 1/n. The operator to make
mutation for every selected component stays the same, including
the update rule of the parameters. For simplicity, we propose a
pseudocode of a particular case of (1 + 1) EA,p with A = 1in
Algorithm 5.

Univariate Marginal Distribution Algorithm (UMDA) [36] is an-
other population-based stochastic optimization algorithm. UMDA
operates by sampling and updating the probability distribution of
each variable in the solution vector independently, and generating
new candidate solutions using a random sampling process based
on the updated probability distributions. Every iteration it samples
A individuals and uses u best of them to update the probability
distribution. This algorithm does not use the notions of the neigh-
borhood and so it has the potential to be efficiently applied even
when a well-conditioned landscape does not exist for the problem.
However, it is suggested to use a large enough value of A to solve
problems with difficult properties [17], so this algorithm may not be
practically applicable right away to the initial optimization problem.
We apply this algorithm to a relatively cheap function when we
design our mutation operator. In this work, UMDA is adapted to
handle integer domains. To achieve this we maintain the estimated
probability of every integer in every component. We propose a
pseudocode of this extension in Algorithm 4.

3 HIGH-LEVEL OVERVIEW OF THE
PROPOSED APPROACHES

Given Definition 2.1 of a landscape, we say that an algorithm be-
comes landscape aware if it uses the specific distance d for defining
the variation operators. In the scope of this work, we only pro-
pose ways to use this distance in the mutation operator. We will
call a mutation operator distance-driven if it uses such distance to
generate mutants. Accordingly, we will say that an algorithm is
distance-driven if it uses a distance-driven mutation operator.

Let us consider RSH A which applies a mutation operator when
it solves an optimization problem in the landscape £’ = (X, f,d’).
We make an assumption that £’ is not well-conditioned. At the
same time, we assume that well-conditioned landscape £ = (X, f,d)
is given to us by an oracle. In this section, we propose a way to
change A to a distance-driven algorithm dd-A which solves the
optimization problem (at least partially) in the landscape £. The
optimization is performed in the new landscape completely when
A uses only mutations to sample new solutions. However, we
leave distance-driven crossover operators for future work, so if A
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uses recombination in addition to mutation, then dd-A partially
works in the old landscape.

Both our distance-driven mutation operators rely on a parame-
terized family of distributions over all possible step sizes. In Section
4 we explain what we exactly mean by this. In Section 4 we assume
that the distribution is defined by hand, which is possible when the
so-called structure of the distance is known. Then in Section 5, we
show how to create this distribution automatically for any given
distance. The distance-driven mutation operator itself is given in
Algorithm 1 and it is applied in both proposed methods, but with
different distributions. Consequently, given a well-conditioned land-
scape L and distribution D defined in Section 4 we transform A
to dd-A by substituting the usual mutation operator in A by the
distance-driven mutation operator.

4 PROPOSED METHOD FOR THE DISTANCE
WITH KNOWN STRUCTURE

Traditionally, mutation creates a structural change in the individual.
The change is usually defined by the probabilistic distribution over
different structural changes. The shape of the distribution reflects
the intuition about the search. For example, in local search methods,
the distribution is defined over only small mutations, that likely
do not lead to quitting the basin of attraction. In global search
methods, such as Evolutionary Strategies (ES), the distribution is
defined over all the search space, but smaller changes happen with
higher probability. Even though the mutation itself is sampled from
this distribution, the significance of this change is defined w.r.t. the
distance metric. Classically, it is assumed that the distribution is
equipped with such a distance metric, that considers components
independently and a small change in the value of every component
contributes a small addition to the total value of distance. When the
metric is different, but the same algorithm is applied, the mutations
sampled from the same distribution likely do not give the properties
that are expected from the perturbations.

Let us consider mutation operator y of an optimization algorithm
as a stochastic rule which chooses some mutant y for every candi-
date solution x such that (x,y) € X2. We will write u(x) to denote
a mutation of the individual x. We will say that step size of mutation
w.r.t. distance d is the value s := d(x, (x)). The probabilistic distri-
bution that is used in the mutation operator defines the step size of
the operator. This step size may be sampled from the distribution
explicitly, or implicitly, as happens in ES when the mutation itself
is sampled. In the mutation operator that we design, we do not use
anything from the distribution except the information on the step
size. Hence, we consider the distribution defined over step sizes.

Let us define what we denote as the distribution over step sizes
more precisely. First of all, we denote the set of all pairwise dis-
tances between points in the search space S = {d(x,y) | x,y € X}
as structure of the distance. In this section, we assume that S is
known to the designer of the algorithm. In order to allow balancing
exploration/exploitation in the algorithm we add parametrization
to the distribution, which significantly improves the performance
of EA [4, 23]. All the parameters of the distribution are denoted
with a. This vector controls the shape of the distribution and is
updated outside of the mutation operator according to the rules
defined in the distance-driven algorithm. For the given individual
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x € X we work with elementary outcomes {y | y = u(x)} and
probabilistic measure Pr,, parameterized by a vector a. Given pa-
rameters a, individual x € X which is being perturbed and metric
d, the distribution over step sizes from x is:

D = {Prg [d(x, p(x)) = d(x,y)] |y € X} (1)

For the given «a, distance-driven algorithms possess the following
set of distributions in order to apply a distance-driven mutation
operator at any point of X:

Dy = {Dxa | x € X} (2)
Then the parametrized family of sets of distributions is given by:
D = {Dq | a} ®)

We will say that D defined in Eq. 3 is distribution family. The
choice of this distribution family is left to the user. To choose D
it is sufficient to define D, in Eq. 2 and so it is sufficient to define
Dy« in Eq. 1. Therefore it is sufficient to define the parameterized
probability of mutation to the distance from any element in X to
any element in X. In order to do this, it is sufficient to know the set
S.

Our distance-driven mutation operator generates another indi-
vidual that steps away from the initial one to the distance closest
to the given step size. To implement this generation we solve an-
other optimization problem as written in Algorithm 1. The goal of
solving the problem in line 2 is to locate any such y € X that the
distance between y and x is closest possible to the sampled step
size s. If several pairwise different individuals are solutions to the
optimization problem in line 2, then we do not distinguish between
them and pick an arbitrary one of them.

Algorithm 1 Distance-driven mutation operator of individual
x € X given distance d : X? — R, distribution family O and
distribution parameters o

1: S~ Dygq > Sample step size
2. Y «— arg miny{|d(x, y) —s|} > Internal optimization
3: return y

4.1 Analysis of internal optimization problem

In line 2 of Algorithm 1 the optimization problem is solved. In
particular cases of constrained S it might be possible to solve this
problem analytically or using a deterministic algorithm. However,
when the size of S is too big or S is not known (as in Section 4) we
can solve this problem with RSH. In order to pick an optimization
algorithm to solve this problem we notice the following property.

PRrOPOSITION 1. If the landscape (X, h, f) is not well-conditioned,
but landscape (X, d, f) is well-conditioned, then for all points x € X
there exists s € R such that the landscape (X, h, gx,s) is not well-
conditioned, where gx s(y) = |d(x,y) — s|.

Proor. Consider any x € X and s = max{d(x,y) | y € X}. Note
that for this s and every point y € X we have

19x.5(Y) = gxs ()] = [1d(x,y) = s| = |d(x, x) = 5[] = d(x, y)
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Now let us assume that the landscape (X, h, gy s) is well-conditioned
with this s for all x € X. Then

¥yo € X,Vy € {y | h(yo,y) < Cyoh(yo)} =
19 (y) = 92 (Y0)| < Cyq [g(-)~gs (o)

For yo = x the latter transforms to d(x,y) < Cygq(x,.)- Since
(X, d, f) is well-conditioned it implies that

If (@) = FI < Cur)-F )l
Combining these together, we obtain:
Vx € X,Vy € {y | h(x,y) < Cop(xy} =
If () = FO < Cx ()0

It means that (X, h, f) is well-conditioned, which contradicts the
initial condition of the proposition. O

We assumed that the landscape (X, h, f) is not well-conditioned
when h is Hamming distance. Then, following the Proposition 1,
we see that the internal optimization problem may not be well-
conditioned for some values of s. To optimize this function we pick
an optimizer that does not use a notion of a neighborhood. One of
the simplest such algorithms is UMDA. We applied it with a large
A and a big budget. In practical applications, A evaluations of the
objective function from the line 2 can be done in parallel, which
reduces the wall-clock time spend for internal optimization.

Application of this version of the mutation operator requires the
user to know the structure of distance and define the distribution
family. Obtaining knowledge of the distance structure may require
expertise in the domain of the problem. Moreover, the size of S may
be extremely big, so defining the distribution family may not be
feasible in some cases. To free the user from the necessity to learn
this structure, we propose the following extension of the mutation
operator, which automatically does both: explores the structure of
distance and creates a distribution family.

5 PROPOSED METHOD FOR BLACK-BOX
DISTANCE

The main purpose of this section is to propose a method that is
able to extend the perturbation operator for the distance with an
unknown structure. This allows the decoupling of an expert in
optimization and an expert in the field of the domain. We expect that
the distance created by an expert in the domain is well-conditioning
and satisfies certain structural properties, which we summarize in
the following assumption.

ASSUMPTION 1. For any points x,y € X:

(1) Variability: [{d(x,z) | z € X}| > 1;

(2) Consistency: min{d(x,z) | z € X \ {x}} » min{d(y,z) | z €
X\ {y}}; moreover max{d(x,z) | z € X} > min{d(x,z) |
ze X\ {x}};

(3) Cheapness: wall-clock time required for computation of d(x, y)
is significantly smaller than the wall-clock time required for
computation of the objective function at any point.

The most important assumption for our methods is cheapness
because the inner optimization problem is solved for every applica-
tion of the mutation operator, which is normally called as often as
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the objective function. When the metric does not satisfy this prop-
erty our method becomes very time-consuming. If the variability
assumption is not upheld for many points, then the practitioner,
who knows this fact, has already enough knowledge to use the
previous method and create distributions family 9 based on their
tastes. The consistency assumption is needed to save computational
resources when we explore the space of possible values of the given
metric. Our method is still applicable if this condition is not upheld
for a subset of the search space, but for every point in this sub-
set, we need to run a new exploration procedure, which becomes
time-consuming.

In the case of black-box distance, it is impossible to define a
distribution family D in advance. Here we propose a method to
create such a distributions family that can be used in Algorithm 1.
Designing this distribution family for the general case of the metric
is challenging because of the two following problems. 1) Different
scales: For different search points x, y and different metrics dy, dz
it may be the case that d; (x, y)/d2(x, y) > 1. 2) Different gaps: For
different search points x,y € X and different metrics dy, da, the
values v; = [{z € X | max{d;(x,2),di(y,z)} < di(x,y)}| may be
significantly different for i € {1, 2}.

At first, we propose a general transformation of the distance
metric to solve both problems. Then we define the distributions
family over the transformed values of distance. This transformed
distance and distributions family are used in Algorithm 1 in the
same way as in the previous subsection.

5.1 Transformation of the distance

Given metric d, for every point x € X we map Ay, = {d(x,y) |
y € X} to a subset of (0, 1) with a monotonic function

©)

The second term in the mapping is the well-known Gaussian func-
tion with codomain (0, 1). Hence, the codomain of 7y, (x,y) is (0,1).
Let us define the set 7, = {ry(x,y) | y € X \ {x}}. Such mapping
transforms A4, to 7, C (0,1) for any metric d and so allows to
have the same ranges of distances, which solves the first problem
we mentioned. The parameter y of Eq. 4 is chosen in such a way that
I, is as spread as possible. This requirement ensures that all the
values of 7}, do not collapse to a very dense segment where different
values of distance are not distinguishable given the limitations of
the representation of floating point numbers.

To satisfy this requirement we consider the following problem
regarding 1, £2:

1y (x,y) =1 - exp (—y*d*(x,y))

min & (5)
min & (6)
st. minfy < ¢ 7)
max, > 1-¢ 8)

The constraint Eq. 7 defines the upper bound on the smallest
mapped distance, analogously constraint Eq. 8 defines the lower
bound for the largest mapped distance.

For the purposes of our application, we specify the requirements
for the solution of the problem. We aim to find sufficiently small
€1 and ensure that ¢ is small as well. Specifically, we iterate over
values of ¢1 in the range (1074, 1072) with step 10~* and stop when
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we find smallest ¢; > €2 such that 1, 2 satisfy the constraints Eq.

7, Eq. 8.

’I% check if the given value of & satisfies the constraints we
simplify them as follows. Using monotonic property of Eq. 4 we
have:

1—exp (—y? (minAd,x)z) <&
1—exp (—yz(maxAd’x)z) >1-¢

Which transforms to:

v—In(e2)

<y<
max Ag x

V-In(1-¢7)

minAg

)
It implies the following lower-bound for ¢;:
maxAg )’
(1- el>(mi“Ad,x) <&
Then there exists &2 which satisfies our additional condition
&9 < g1 if and only if ¢ satisfies:
maxAg,\°
) <&

(1- el>( min Agx (10)

To estimate the values {max = max Ay, and {min = min Ay,
we consider fixed valuest,T € R: 0 < t < 1 < T and such sequence
(2i)i=—k,...k that:

zi ~uwar(X\ {x}), ifi=0
d(x,zj) > Td(x,zi—1), i>0
d(x,z;) < td(x,ziy1), <0

As approximation of {max and {yin, we take cin; = d(x, z),
{Tn;l := d(x, z_y) accordingly. We substitute the values to Eq. 10
in order to check if &1 satisfies our constraints. When we obtain
a solution (¢7, €;) we evaluate y*. It is taken as an average of its
bounds obtained from Eq. 9. Steps above to compute €7, &5, y* are
summarised in Algorithm 2.

Algorithm 2 Computation of the parameters €1, €2, y for the given
point x € X
: zg «— uwarn(X\ {x})
cfori—1,...,kdo
zie—ze{zeX|d(xz)>T d(x,zi-1)}

> Optimize

zoje—ze{ze X\ {x}|d(x,z) <t-d(xzit1)} > Optim.

1
2

3

4

5: end for
6: g:r_nﬂ( — d(x, zx)

7: {min < d(x,z_g)
8 forj«—1,...,cdo
9 £ «— 107%j

2
glnf) In(1-¢)

min

10: £ < exp

11: if ¢, < ¢1 then break end if
12: end for

AP REnCpRaniEn)

2 {max
14: return {eq, £2, 1}

gmin
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In our implementation, we used the following constants: k =
10,T = 1.2,t = 0.5,¢ = 100. To find an element from the set de-
fined in line 3 we apply UMDA to maximize the objective function
fi(z) =d(x,z) = T - d(x,zi—1) with stopping criteria that, apart
from limiting the number of function evaluations, has condition
fi(z) = 0. We stop optimizing the function once the termination
condition is satisfied for some solution. We return this solution as
the element from the set. Since T - d(x, zj—1) can be an arbitrary
number, we follow Proposition 1 and motivate the application of
UMDA the same as earlier, i.e. in Section 4.1. Similarly, to compute
z_; in line 4 we apply UMDA to maximize the objective function
fo(z) =t -d(x,zi+1) — d(x, z) and stopping criteria that includes
conditions f2(z) > 0 and f2(z) < t - d(x,zi+1). The second addi-
tional condition is needed to ensure that z_; # x. The first solution
which satisfies the termination criteria is returned as the element
from the set. It is possible that for some i and some j € {1, 2} we
have Vz : fj(z) < 0.1t means that, the set defined in line 3 for j = 1
and in line 4 for j = 2 is empty. In this case we set z; to z;—; for
j =1, and set z_; to zj4+1 for j = 2.

Algorithm 2 takes as input a point from X. When a certain
point p € X is passed as input to Algorithm 2 we say that the
output values ¢1, €2, y are computed for the point p. Following our
consistency assumption, the values of £; and ei are similar when
computed for different points x, x’ € X. Using the same assumption
we have: d(x, z;.) > d(x, z_i). When the optimization problems in
lines 3, 4 of Algorithm 2 are solved precisely we obtain: g{n—;( > {;;1

—\2
So we neglect the small change in (51“3) and argue that values ¢

min

and ¢, are very close, when computed as in line 10 of Algorithm
2 for different points x,x” € X. We take advantage of this and
compute 1, €2, y only once for a point x € X chosen uniformly at
random.

Following the variability assumption, Ad,xl > 1 which makes
elements of 7, = {ry(x,y) | y € X} located very close to each other
in 7. It means that there are no significant gaps between values in
1, which solves the second problem.

5.2 Distribution over the transformed values

In this subsection, we derive distribution Dy  for arbitrary element
x € X and parameters a. As we discussed before, if the distance
function satisfies our assumptions, then the values ¢1, €2, y are prac-
tically the same for all the choices of x € X. Hence, the distributions
Dy o are the same for all x when parameters « are fixed. To be
more concise, in this section, we will denote Dy 4 as D.

The distribution over 7y is chosen to be continuous to avoid com-
putation of the exact value |Iy|. The fact that 7, has finite size does
not corrupt the algorithm, because of the big density of points in
I,. Moreover, the optimization problem in Algorithm 1 may not be
solved precisely even when the distribution is discrete. It means that
for a random variable & ~ D the value £ — min{|d(x,y) — £|} may
not be zero in practice, but close to zero in the case of discrete and
continuous distributions. Then, the distribution is chosen as such
D* that have maximal differential entropy H(D) over continuous
distributions with fixed mean m € 7:

D* = argmax{H(D) | E(¢ ~ D) = m} (11)
D
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The maximal entropy is enforced to obtain an unbiased mutation
operator [54]. We fix the mean of this distribution to allow control-
ling the step size during the optimization process. Distributions
with fixed moments of higher order and other properties are left
for future works. This is done because enforcing other properties
will make it much more complex to solve the optimization prob-
lem defined in Eq. 11. On the other hand, distribution with a fixed
mean and maximal entropy is already enough to efficiently solve
problems with different complex properties, when the algorithm
adjusts the mean during the optimization process. For example, one
of (1 + A) EA with mutation rate control optimizes a number of
difficult pseudo-boolean functions faster than competitors [19]. The
step size of mutation in (1+A) EA is sampled from the Binomial dis-
tribution. Mutation rate control is equivalent to controlling only the
mean of this distribution. At the same time, Binomial distribution is
the maximal entropy distribution among discrete distributions with
the fixed mean and fixed support [26]. This motivates the hope,
that our mutation operator with distribution from Eq. 11 has the
potential to assist optimization better than mutation operators with
other distributions, given that a smart enough method to control
the mean is used.

In order to find the probability density function (pdf) # of dis-
tribution defined in Eq. 11 we consider the following optimization
problem:

1—82
argmax — P(x) InP(x)dx (12)
P
1-&
s.t. / P(x)dx =1 (13)
11*6‘2
/ P(x)xdx =m (14)

€1
The following solution of Eq. 12 is unique for such Ap,4; € R
that satisfy the constraints Eq. 13, Eq. 14 [10, 31, 32]:

P(x) = exp (Ao + A1x) (15)

Substitution of Eq. 15 to Eq. 13, Eq. 14 and integration, gives us
the following system:

exp (/10) (8/11(1—52) _ e/hel) =1
A%/’l
expz—z ; (MO (1= 22) = 1) = M9 (161 = 1)) = m
1

Combining those two equations into one with condition that
A1 # 0 gives us the following:

MU (0 (1 - gp) = 1) — MO (e — 1) =
Mm (ell(l_‘”) - e’hgl) (16)

If the solution of Eq. 16 exists regarding A; then it is unique
because the solution of Eq. 12 is unique. The left part of Eq. 16
converges to 0 for Ay — —oo and converges to 0 for A; — 0. The
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right part of Eq. 16 is infinitely big for A; — —co and converges
to 0 for A1 — 0. Moreover for Ay — —0 the left part is greater
than the right part. Since the functions of A; < 0 in both parts are
continuous there exists a solution of Eq. 16 for A; < 0. To find the
solution we apply binary search with bounds (—K, 0), where K is
sufficiently big.

6 EXPERIMENTS

In this section we outline the different experimental setups used to
validate the proposed contributions. This is done using two experi-
ments: binary ONEMAX-based problems to show the effectiveness of
using distance-driven permutation in an easy-to-analyze use-case,
and a discretized version of the BBOB benchmark suite to show the
generalizability of the proposed approach.

6.1 Experimental Setup

Binary problems. In order to benchmark Algorithm 1 as it is,
we consider a binary ONEMAX-based problem in n dimensions (i.e.
with search space X = {0, 1}"*). We adopt RUGGEDNESS problem
based on ONEMAX and implement it as in W-Model suite [62]. In our
experiments, we define ONEMAX as [1 (x) := |x| (L1-norm of binary
string x). RUGGEDNESS uses a given permutation s and applies it to
the objective values of the underlying function, which is ONEMAx
in our case. Application of this permutation reorders the objective
values. We define such RUGGEDNESS as: r (x) = 7~ (l1(x)). We
define distance for this problem as d(x,y) = |r;(x) — rz(y)|. Note
that this is not a metric since d(x, y) can be zero even when x # y.
However, this distance satisfies all other requirements of the metric
because it is based on the absolute value. Moreover, the landscape
(X, d, rr) is well-conditioned. The permutation is stored implicitly,
such that for every integer 0 < v < n:

if [Iy/o] # |n/o]
if |1/v] = |n/o]

Here v; = n (mod o) and k = (I;(x) mod v1) — ((|n/v]v) mod
v). In our implementation, we considered v € [1,5]. Note that with
v = 1 RUGGEDNESS is ONEMAX. Greater values of v create dissipative
intervals of size v, for example, for v = 5 the objective value 99 of
ONEMAX is permuted to 95, 99 to 96, ..., 95 to 99.

We extended both (1 + A) EA and (1 + (A, 1)) EA with our dis-
tance driven mutation operator. The modified algorithms are called
dd-(1+ A) EA and dd-(1 + (A4, A)) EA accordingly. Both algorithms
are considered without any parameter control. In the implemen-
tation of Algorithm 1 we implemented Binomial distribution with
n Bernoulli experiments with success probability 1/n. Note that
the value sampled from this distribution may be larger than the
maximal distance reachable from point x (for example when it is
of the form 11..100..0). In this case, the optimization in line 2 of
Algorithm 1 is terminated when it runs out of budget. The parame-
ters of UMDA taken in the experiments on binary problems are the
following: p = 50, A = 100, budget = 1000.

r(x) =li(x)+0—-2(l1(x) mod v) — 1,
r(x) =h(x)+o0 -2k -1,

Integer problems. We consider integer problems to demonstrate
the advantages of the distance-driven mutation operator when the
distance satisfies the assumptions. The domain of those problems is
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— (1+4)EA — (1+(4,4)) EA —— dd-(1+4) EA —— dd-(1+(4,4)) EA
34
0 10% 10%4 106 106+
102.
10% 104 10*4
104 102
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10~ 10°- 100 1001 109
40 50 60 70 80 90 100 40 50 60 70 80 90 1 50 60 70 80 90 1 50 60 70 90 1 40 50 60 70 80 90 1
v=1 v = V= v=4 v=>5

Figure 1: Average parallel optimization time and standard deviation of the considered algorithms (x-axis: best-so-far value of
the objective function; y-axis: average number of iterations) on the RUGGEDNESss with v € [1,5]. Dimensionality n = 100, 11
runs for every algorithm. UMDA is used as an internal optimizer of distance-driven algorithms with parameters y = 50, 1 = 100,
budget = 1000. The limit on the number of iterations is 5 - 10°.

—— RLS-ab —— (1+1) EA-ab —— dd-(1+1) EA-ab
F1 F2 E3 F4 E5 E6
3004 6004
100 300
2004
901 2004
4 500+ 90-
10 ao] 901 28_
1001 \ 0
T T T T T T T T T T T T 20- T T T T T T T T T T T T T T T T T 2- T T T T T T
F7 F8 F9 F10 4.4 F11 F12
4.2
4.0
3.8
4001 1001 1001
3.6
2001 5001 5001
104 104 3.4
1004 5 100 120
— b 32 Aol
F13 F14 F15 F16 F17 F18
400 300 88 4004
3004 20
1001 60 3004
200 50 100
1004 90
40 2001 80
104 00 3 60
1001
20 20 50
1001 40
F19 F20 F21 F22 F23 F24
90 38
300 20
501 60
50
1001
200 40 90 1001
1001 201 30 5 20
60 80
104 101 20 <0 70
1004 i
—— T . T T — ~ 5 T — T T — T — 40 T T — — 60 T — T T
b 1000 2000 3000 4000 5000 é 1000 2000 3000 4000 5000 (5 1000 2000 3000 4000 5000 (5 1000 2000 3000 4000 5000 6 1000 2000 3000 4000 5000 (5 1000 2000 3000 4000 5000

Figure 2: Convergence of the considered algorithms (x-axis: number of the objective function evaluations; y-axis: best-so-far
value of regret and its standard error) on the transformed COCO/BBOB-MIXINT suite. Dimensionality n = 40, cardinality of
every component is 100, 100 runs for RLS-ab and (1 + 1) EA-ab, 10 run for dd(1 + 1) EA-ab. UMDA is used as an internal optimizer
of the distance-driven algorithm with parameters y = 102, 1 = 103, budget = 4 - 10%. The limit on the number of objective function
evaluations is 5000.
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X = H;’zl{O, ...,ci—1}, where (¢;)i=1...n are cardinalities. The prob-
lems are taken from COCO/BBOB-MIXINT suit [61]. We extended
the problems to get rid of continuous variables and support the
arbitrary cardinality of every component, the rest details on these
problems were left unchanged. To show the advantages of our mu-
tation operator, we transform those problems in our experiments.
For the given permutation 7 and function f from BBOB-MIXINT
we define the transformed function Tf(x) = f [(7{’1 (x,-)),-zlywn].
Here x; stands for the i-th component of x. Note that here the
same permutation is used to reorder integers in every dimension
of the search space.We implemented this transformation because
in our experiments the cardinalities of all the dimensions are equal.
When permutation is applied to the search space the neighbourhood
structures are destroyed in every component, so Euclidean distance
becomes ill-conditioned. We define distance for the transformed
problem as d(x,y) = L([(x71(xi))i=1,...n] = [(x7  (¥i))i=1,...n])-
This distance takes inverse permutations of every component and
computes Ly-norm of the difference of obtained vectors. In all of
the experiments, the same permutation was used for search space
transformation.

In the experiments we consider n = 40 dimensions, each one
with cardinality ¢ = 100 for every problem in the suit COCO/BBOB-
MIXINT. We extended UMDA to the domains where the cardinality
of every component is greater than 2. The parameters of this ex-
tended UMDA taken in the experiments on those problems are the
following: p = 102, 1 = 103, budget = 4 - 10%.

In our experiments we maximized negative regret, meaning the
value f(x*) — f(x), where f is a problem, x* is the global optimum
of f, x is a candidate solution. At the same time, we plot positive
regret in Figure 2 to avoid confusion.

We extended RLS algorithm with our mutation operator. Note
that the new algorithm does not do local search anymore because
the distribution is defined over all found values of distances. We
control the mean of the distribution in the following way. Assume
that the mutation operator produced individual y, and the best-so-
far solution is x. Then if f(y) > f(x) we increase the mean (which
increases the expected step size) m <— a- m, where a > 1. If f(y) <
f(x) then we reduce the mean m « b - m, where b < 1. The rest of
the steps (except mutation and parameter update) are the same as
in RLS algorithm. We call this modified algorithm dd-(1 + 1) EAgy,.
In the implementation, we take values a = 1.001,b = 0.999. To
simplify the numerical solution of Eq. 16 we took &1 = 0,62 = 1 at
that equation (and only there). In this case the solution regarding
A1 always belongs to [—1/m, 0).

The implementation of all considered algorithms, problems and
experiments can be accessed at Zenodo [5].

6.2 Results

Binary problems. In Figure 1 we compare the performance of the
described algorithms on RUGGEDNESs problem with different values
of v. Algorithms with modified mutation operators performed much
better than their analogues in all of the considered cases of v > 1.
For v = 1 the performance of the algorithm is almost the same,
indeed distance-driven mutation operator uses the same step sizes
because the distribution is the same for all the algorithms. However,
dd - (1+ (4,4)) EA slightly outperforms dd-(1 +4) EA on most of
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the points, except the final points for v = 4 and v = 5. When an
individual is in the local optima, the mutation-only algorithm waits
in this optima until a sufficiently big step size is sampled from the
distribution. At the same time, crossover adds additional variability
which helps to escape the local optima. This is the reason for the
slight advantage of dd — (1+ (4, 4)) EA on the most of optimization
trajectory. At the same time, the performance of both algorithms is
significantly better than their analogues and the gap between them
grows with the growth of o.

Integer problems. In Figure 2 we compare the performance of
dd-(1+ 1) EA,p, against two algorithms that are not aware of well-
conditioning metrics for the problems. Despite the fact that we
maximized the negative regret, we plotted the value of positive re-
gret. So the lower the curve is in Figure 2 the better the performance
of the corresponding algorithm. As expected, for the majority of
functions, specifically for F1, F2, F6-F14, F16, and F20-F22 the in-
crease in performance of dd-(1 + 1) EAyy, is significant compared
to the other algorithms. It shows that our algorithm manages to ex-
plore the search space well enough to find the values of parameters
that allow the mutation operator to generate small distances as well
as big ones. However, we observe that performance is much worse
on functions F3 and F4. For function F4, this may happen because
both competitor algorithms got lucky with a permutation of the
search space, which allowed them to jump to the local optima of
better quality at the beginning, where they converged to the basin
of attraction and got stuck. For function F3, the distance-aware al-
gorithm may lose because it treats all the directions evenly. When it
finds the ridge of F3, it continues to sample solutions outstanding to
the sampled step size s. Vectors of all possible perturbations make a
hyper ball of radius s which intersects many other points apart from
the points on the ridge. So the probability to improve the value of
the objective function becomes very small. This is the reason why
we observe a very slow convergence of distance-driven algorithms
on this function. For function F24 distance-driven algorithm also
loses to the competitor that is able to make jumps to bigger step
sizes in the search space. The reason for this might be the fact that
basins of attraction on F24 are small, so the algorithm needs to
make small steps to not jump from one valley to another. This is
the weak spot of the distance-driven algorithm because in order to
find smaller values of distance it needs to spend much more time
on internal optimization, which makes the algorithm significantly
slower. On top of that, the algorithm stops making jumps to other
basins of attraction, because, after the initial convergence, the mean
of the distribution becomes too small. It happens because the pa-
rameter control method that we pick for dd-(1 + 1) EA,y, is rather
simple. On the rest of the functions, the distance-driven algorithm
slightly wins or shows approximately the same performance as
competitors.

7 CONCLUSION

In this work, we propose two extensions of the perturbation opera-
tor. Both operators are applicable to a broader class of algorithms
than just EAs. They can extend other RSHs that use the notion of
distance to make changes in the solution, for example, Simulated-
Annealing. The first extension relies on the structure of the distance.
The user of this approach is expected to design the distribution over
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step sizes that they target to see in the perturbation operator. When
the step size is sampled from the distribution, it is used to solve the
inner optimization problem, where the mutant is generated. The
goal of the inner optimization is to generate such an individual that
is a number of steps away from the given individual to a distance
close to the sampled step size.

The second mutation operator uses distance as a black-box. It
explores the search space prior to defining the distribution. The
information about the problem that was obtained during the ex-
ploration is then used to define the distribution over the step size
with maximal entropy and fixed value of the mean. To estimate the
parameters of this distribution we solve the numerical optimization
problem and repeat this optimization every time the mean changes.
This allows us to control the strength of changes that are made in
the mutation operator.

We observed the performance of the first operator on pseudo-
boolean problems and the performance of the second operator on
integer problems to empirically evaluate the proposed operators.
From the results, distance-driven operators were found to do better
on most functions. It shows the advantage of being aware of the
distance during the optimization. However, the performance on
some functions is worse, because of imperfections of parameter
control, specificities of the considered problem, and due to the fact
that our operator treats all the directions evenly.

In future work, we plan to identify directions in the metric space
to assist the mutations to proceed in the most promising direction
with higher probability. This should improve the performance of the
functions F3. Moreover, it will allow us to apply the most advanced
methods of parameter control that exist in Evolution Strategies in
our mutation operators. Apart from this, we plan to investigate
the possibility to create a surrogate for well-conditioning distance.
The creation of such a model will significantly loosen the current
constraints on the optimization problem for which our mutation
operators are efficient.
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PSEUDOCODES

Algorithm 3 RLS-ab [12] for maximization of function f :

[0,...,r —1]™ — R with constants a, b such thata > 1and b < 1
1: x < uwarf0,...,r—1}" > Choose uniformly at random
2 v —uar{l,..., [r/4]}" > Choose velocities
3 fort < 1,2,... do > Repeat while having budget
4 Ye—x
5: i —uar{0,...,n—1} > Choose position
6: k <« uwarfo,1}

7 if k = 0 then > Pick a branch equiprobably
8: y; <« xi — |vi]
9: else

10: Yi — xi + o]

11 end if

12: if f(y) > f(x) then > Candidate y is fitter than x

13: vj <« min{av;, | r/4]} > Increase the velocity v;

14: else

15: v; < max{1, bv;} > Reduce the velocity v;

16: end if

17: if f(y) > f(x) then

18: Xy > Update the parent

19: end if

20: end for

Algorithm 4 Extension of UMDA [17] for integer search spaces to
maximize the function f : [0,...,r — 1]" — R. Parameters A and
p < A are constants.

1

10:
11:

1
: (p.(o)) — | — > Initialize the distribution
U Ji=t,.n (r=Dn)iy

bFl

v
fort—1,2,... do

> Set lower bound for probability

> Repeat while having budget

fori—1,2,...,Ado > Produce population

x(D) ~ p(') > Sample candidate solution
end for

1 1 L
(y( ))i:l,...,y ¢ SELECT {(x( ),f (x( )))i=1,...,/1}
fori—1,2,...,ndo

pl.(Hl) < min{1—-b,maxib, ! f} yl.(])

Hj=1
end for
end for
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Algorithm 4 uses operator SELECT which picks p individuals with
the greatest value of the objective function f from the given set of
A candidate solutions. One of the possible implementations of this

in descending order according to

=1,...,

operator could sort (x(i))

the values (f (x(i))).

i=1,...,

and return first p elements from the

sorted list.

Algorithm 5 uses operator By—,1(n, 1/n) which denotes Bernoulli
Scheme of n independent experiments, each with probability of suc-
cess 1/n. The operator returns the indexes of successful experiments
in the range [0, n — 1]. If none of the experiments is successful, then
the operator returns an integer in [0, n — 1] uniformly at random.
The latter is denoted by 0 — 1 in our notation for this operator.
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Algorithm 5 (1 + 1) EA-ab as extension of RLS-ab [12] for max-
imization of function f : [0,...,r — 1]” — R with constants a, b
such thata > 1and b < 1

1 x «—uar{0,...,r—1}" > Choose uniformly at random
2 0 —uar{l,...,[r/4]}" > Choose velocities
3 fort « 1,2,... do > Repeat while having budget
4 ye—x
5: (pi)i=1,...s ~ Bo—1(n,1/n) > Sample positions
6 k <« uarfo,1}
7 fori— 1,2,...,sdo > Iterate every sampled position
8 if k = 0 then > Pick a branch equiprobably
? Ypi < Xpi — I-UPiJ
10: else
11: Yp; < Xp; + Lop; ]
12: end if
13: end for
14: fori«—1,2,...,sdo > Iterate every sampled position
15: if f(y) > f(x) then > Candidate y is fitter than x
16: vp; < min{avy,, |r/4]} > Increase the velocity vy,
17: else
18: vp; < max{1, buy,} > Reduce the velocity vy,
19: end if
20: end for
21: if f(y) = f(x) then
22: Xy > Update the parent
23: end if
24: end for
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