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The Craig interpolation property (CIP) states that an interpolant for an implication exists iff it is valid. The
projective Beth definability property (PBDP) states that an explicit definition exists iff a formula stating im-
plicit definability is valid. Thus, the CIP and PBDP reduce potentially hard existence problems to entailment
in the underlying logic. Description (and modal) logics with nominals and/or role inclusions do not enjoy
the CIP nor the PBDP, but interpolants and explicit definitions have many applications, in particular in con-
cept learning, ontology engineering, and ontology-based data management. In this article, we show that, even
without Beth and Craig, the existence of interpolants and explicit definitions is decidable in description logics
with nominals and/or role inclusions such as ALCO, ALCH, and ALCHOT and corresponding hybrid
modal logics. However, living without Beth and Craig makes these problems harder than entailment: the ex-
istence problems become 2EXpTIME-complete in the presence of an ontology or the universal modality, and
coNExPTIME-complete otherwise. We also analyze explicit definition existence if all symbols (except the one
that is defined) are admitted in the definition. In this case, the complexity depends on whether one considers
individual or concept names. Finally, we consider the problem of computing interpolants and explicit defini-
tions if they exist and turn the complexity upper bound proof into an algorithm computing them, at least for
description logics with role inclusions.
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1 INTRODUCTION

The Craig Interpolation Property (CIP) for a logic L states that an implication ¢ = ¥ is valid
in L iff there exists a formula y in £ using only the common symbols of ¢ and ¢ such that ¢ = y
and y = i are both valid in L. The intermediate formula y is then called an L-interpolant for
¢ = ¢ [27]. The CIP is generally regarded as one of the most important and useful properties in
formal logic [94], with numerous applications ranging from formal verification [74] and software
specification [29] to theory combinations [21, 22, 25, 39] and query reformulation and rewriting
in databases [13, 90]. A particularly important consequence of the CIP is the projective Beth de-
finability property (PBDP), which states that a relation is implicitly definable using a signature
> of symbols iff it is explicitly definable using . If ¥ is the set of all symbols distinct from that
relation, then we speak of the (non-projective) Beth definability property (BDP) [16].

In this article, we investigate interpolants and explicit definitions in description logics (DLs),
and we also highlight consequences in modal logic. In DLs, one distinguishes essentially two
forms of interpolation, both of which are relevant and have their applications. Given an entail-
ment O |= C C D, that is, C is subsumed by D w.r.t. some background knowledge in the form
of a DL ontology O, one might either be interested in an interpolant between the concepts C
and D or in an interpolant between O and the concept inclusion (CI) C C D. In the first case,
the interpolant is a concept, whereas in the second case, the interpolant is an ontology. We refer
with Cl-interpolation to the latter form and call the interpolant a Cl-interpolant. The CIP for CI-
interpolation has been shown to be the most important logical property that ensures the robust
behavior of ontology modules and decompositions [54, 55].

In this article, we mostly focus on interpolation (in the former sense of an interpolating con-
cept) and only derive some corollaries for Cl-interpolation. Hence, unless stated otherwise, here
and in what follows, we speak about interpolating concepts and the corresponding CIP. For ex-
plicit definability, one asks for definitions of concepts, possibly with respect to an ontology; these
explicit definitions are strongly related to interpolants and as stated above BDP and PBDP follow
from the CIP. In DLs, the BDP and PBDP have been used in ontology engineering to extract ex-
plicit definitions of concepts and obtain equivalent acyclic terminologies from ontologies [88, 89],
they have been investigated in ontology-based data management to equivalently rewrite ontology-
mediated queries [34, 35, 85, 91, 92], and they have been proposed to support the construction of
alignments between ontologies [47]. Interpolants have been used to study P/NP dichotomies in
ontology-based query answering [69].

The CIP, PBDP, and BDP are so powerful because potentially very hard existence questions are
reduced to straightforward entailment questions: an interpolant exists iff an implication is valid
and an explicit definition exists iff a straightforward formula stating implicit definability is valid.
The existence problems are thus not harder than validity. Many basic DLs such as ALC, ALCT,
and ALCI Q enjoy the CIP and PBDP [89], and consequently, the existence of an interpolant or
an explicit definition can be decided in ExpTIME simply because entailment checking in these DLs
is in ExpTIME (and without ontology even in PSPACE). Unfortunately, the CIP and the PBDP fail to
hold for some important DLs. The most basic examples are the extension ALCO of ALC with
nominals (concepts of the form {a} with a an individual name), the extension ALCH of ALC
with role inclusions (RIs) (inclusions r C s between binary relations/role names r and s), and all
standard DLs containing either ALCO or ALCH [55, 89]. It follows that for these DLs the exis-
tence of interpolants and explicit definitions cannot be reduced (directly) to entailment checking.

The aim of this article is to explore the consequences of the failure of the CIP and PBDP for
interpolant and explicit definition existence. To this end, we investigate the complexity of deciding
the existence of interpolants and explicit definitions for the set DLy, of DLs containing ALCO,
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ALCH, and their extensions by inverse roles and/or the universal role. We discuss next two more
applications of interpolants and explicit definitions for ALCO and its extensions.

Data Separability and Concept Learning. We show that interpolants are essentially the same as
concepts separating positive and negative data examples in DL knowledge bases (KBs). Recall
that a DL KB is a pair (O, D) with O a DL ontology and D a set of data items of the form A(a) and
r(a, b) with a, b individuals, A a concept name, and r a role name. Let O be an ontology and P and
N sets of positively and negatively labeled pairs (D, a) with D a set of data items and a an individ-
ual in D. Then, the aim of supervised concept learning is to determine a concept C in a signature %
of relevant symbols such that C separates P and N in the sense that (O, D) |= C(a) for all positive
examples (D, a) € Pand (O, D) £ ~C(a) for all negative examples (D, a) € N.! Concept learning
has received significant interest over the past 15 years, where the focus has been on developing
and analyzing refinement based algorithms for finding separating concepts [30, 62-65, 82, 84].
Prominent concept learning systems include the DL LEARNER [19, 20], DL-Foir [31] and its ex-
tension DL-Foct [83], SPaCEL [93], YINYANG [45]. The existence problem for separating concepts
has been investigated recently [36, 48—-50]. For DLs extending ALCO, we establish a one-to-one
correspondence between interpolants and separating concepts, modulo a rather straightforward
polynomial time translation. Hence the existence of separating concepts reduces to the existence
of interpolants and finding small such concepts or concepts of a certain syntactic shape, as is often
useful in supervised learning, also reduces to the same task for interpolants. We emphasize that
the presence of nominals in the DL is critical as they are required to encode the individuals used
in O into concepts.

Referring Expressions. The computation of explicit definitions of concept names has been ex-
plored in detail since at least [88], see also [7]. Only recently, the focus on defining concept names
has been extended to defining individual names, also called referring expression generation in com-
putational linguistics and data management [3, 17, 60]. In fact, it has been convincingly argued that
very often in applications, the individual names used in ontologies or datasets are insufficient “to
allow humans to figure out what real-world objects they refer to” [18]. A natural way to address
this problem is to check for such an individual name a whether there exists a concept C over a
set of relevant symbols ¥ that provides an explicit definition of {a} and present such a concept C
to the human user. Observe that one has to work with DLs extending ALCO to formulate this
problem as an explicit definition existence problem.

To conclude, data separation, concept learning, and referring expression generation are chal-
lenging research problems which directly benefit from a better understanding of interpolant and
explicit definition existence in extensions of ALCO. We now discuss the main results of this arti-
cle, formulated in an informal way. Precise formulations are given later. Recall that DLy, is the set
of DLs ALCO, ALCH, and their extensions with inverse roles and the universal role, and that
we assume the presence of a background DL ontology. Our first main result is as follows.

THEOREM 1.1. Let L € DL,. Then L-interpolant existence and L-definition existence are
2ExPTIME-complete.

Theorem 1.1 confirms the suspicion that interpolant and definition existence are much harder
problems than entailment if one has to live without Beth and Craig. On the positive side, these
problems are still decidable. Interestingly, for DLs in DL, with nominals, the 2ExpTIME lower

IThis condition is called strong separation [36, 49, 50]. A weaker version, called weak separation, only demands that
(0, D) [ C(a) for all negative examples (D, a) € N. Concept learning systems have been developed for both the weak
and the strong notion.
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bound for definition existence already holds if one asks for an explicit definition of an individual
over the signature containing all symbols distinct from that individual. In contrast, the same prob-
lem for concept names is shown to be ExpTIME-complete and thus not harder than entailment.
Hence, in contrast to concept name definitions, referring expression existence does not become
less complex in the non-projective case when all symbols are allowed in definitions.

We next consider the same problems if the background ontology is empty, or, in the case of
DLs in DL, without nominals, if the ontology contains only RIs. Observe that if the DL admits
the universal role or both nominals and inverse roles, then the ontology can be encoded as a
concept using spy points [1], so nothing changes compared to the case with ontologies covered in
Theorem 1.1. For the remaining cases, we show the following.

THEOREM 1.2. (1) If L € {ALCO, ALCHOJ}, then for the empty ontology and ontologies con-
taining Rls only, L-interpolant existence and L-definition existence are both coONEXPTIME-complete;

Q2)If L e {ALCH, ,ALCHTIY}, then for ontologies containing RIs only L-interpolant existence
and L-definition existence are both coNEXPTIME-complete.

It follows that without ontology and ontologies containing RIs only interpolant existence and
explicit definition existence are still harder than entailment, which is PSPACE-complete.

The proofs of Theorems 1.1 and 1.2 can be adapted to also obtain results about Cl-interpolation
and interpolation in modal logic. Regarding the former, we show that for the DLs £ which extend
ALCO with the universal role or with the universal role and inverse roles the problem of deciding
the existence of a Cl-interpolant for O |= C E D is 2ExpTIME-complete. It follows that again failure
of the CIP leads to an exponentially harder interpolant existence problem than entailment. We
conjecture that the same can be proved for all DLs in DLp,, but leave a proof for future work.

In modal logic, the CIP and PBDP have been investigated for many years. In fact, the CIP and
PBDP of DLs such as ALC and ALCT follows rather directly from earlier results on the CIP and
PBDP in modal logic [71, 72, 81]. Also, the fact that nominals lead to failure of the CIP and PBDP,
and how this could be repaired by adding logical connectives, was first analyzed in depth in the
literature on hybrid modal logic, in particular [2, 86]. In our investigation of interpolant existence
in modal logic, we first consider basic modal logic with nominals and show that as a direct con-
sequence of Theorem 1.2, the problem of deciding interpolant existence is CONExPTIME-complete
for the standard local consequence relation. We also show using Theorem 1.1 that if one adds the
universal modality, then interpolant existence becomes 2ExpTIME-complete. In modal logic, nom-
inals are often considered in tandem with the @-operator, where @, ¢ states that formula ¢ holds
at the world denoted by nominal a. The resulting language is more expressive than modal logic
with nominals and less expressive than modal logic with nominals and the universal modality. We
show that for the modal logic with both nominals and the @-operator interpolant existence is
still coNExpTIME-complete. Our complexity results also hold for the modal language with a single
modal operator (and the universal modality, if present).

While the focus in this article is on the decision problem, we also make initial observations re-
garding the problem of actually computing interpolants or explicit definitions if they exist. More
specifically, for DLs in DL,,, that do not admit nominals, we present a modification of the deci-
sion procedure from the proof of Theorem 1.1 that returns in double exponential time the DAG
representation of an interpolant (if it exists). This corresponds to interpolants of worst case triple
exponential size, which we conjecture to be optimal.

Overview of the Article. In the following Section 2, we discuss further related work. In Sections 3
and 4, we introduce the preliminaries on DLs and Craig interpolation and Beth definability, respec-
tively. In Section 5, we provide model-theoretic characterizations of the definition and interpola-
tion existence problems and formulate our main results in detail. The subsequent four sections are
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devoted to the proofs of these main results. In more detail, Section 6 provides the upper bound
proof for the case with ontologies and Section 7 provides the matching lower bounds. Sections 8
and 9 cover the ontology-free case and the case of ontologies containing only Rls. In Section 10,
we investigate the problem of actually computing interpolants and explicit definitions in case they
exist, and in Section 11, we draw the connections of our results on DLs to modal logic. Finally, we
conclude and point out directions for future work in Section 12.

An appendix available as supplementary material provides a few proofs that were left out of
the article. Here we prove, in particular, our main result about the computational complexity of
non-projective definition existence of concept names.

2 RELATED WORK

This article is an extended version of our earlier work [5, 6, 51]. We include detailed proofs and
additionally discuss the link to concept learning, interpolants between ontologies and Cls, and
applications to modal logic.

Related work on Craig interpolation and the Beth definability property has been discussed al-
ready in the introduction. We, therefore, focus on work on deciding interpolant and explicit def-
inition existence. These decision problems have only very recently been investigated. A notable
exception is linear temporal logic, LTL, for which the CIP fails and for which decidability of in-
terpolant existence has been shown both over finite linear orderings [41, 42] and over the natural
numbers [79]. Note that these results are formulated as separability results for formal languages
of finite and, respectively, infinite words: given two regular languages R; and Ry, does there exist a
first-order definable language L separating R; and R; in the sense that R; € L and L N R, = (. Nei-
ther LTL nor Craig interpolation are mentioned in this work. Using the fact that regular languages
are projectively LTL definable and that LTL and first-order logic are equivalent over the natural
numbers, it is, however, easy to see that interpolant existence is the same problem as separability
of regular languages in first-order logic, modulo the representation of the inputs. We note that this
result is just one instance of an ongoing exploration of separation between languages in automata
theory. The problem of deciding separation is interesting in this context because obtaining an al-
gorithm for separation yields a far deeper understanding of the class under consideration than just
membership [78, 80]. We conjecture that deciding interpolant existence could well play a similar
role for understanding fragments of first-order logic.

Indeed, interpolant existence has recently also been studied for the guarded fragment (GF),
the two-variable fragment (FO?) of FO [52], for Horn DLs extending &£ [33], and for first-order
modal logics [61]. While GF is a good generalization of modal and description logic in many re-
spects, it neither enjoys the CIP [44] nor the PBDP [10]. Failure of the CIP for FO? was shown
using algebraic [26, 76] and model-theoretic techniques [73]. Using techniques that are similar to
those introduced, in this article, it is shown in [52] that, in GF, explicit definability and interpolant
existence are both 3ExpPTIME-complete in general, and 2ExpTIME-complete if the arity of relation
symbols is bounded by a constant ¢ > 3. In FO?, explicit definability and interpolant existence
are in coN2ExpTIME and 2ExpTimEe-hard [52]. Failure of the CIP and PBDP for first-order modal
logics with constant domain is shown in the literature [32, 73]. Both properties also fail for their
otherwise well-behaved one-variable and monodic fragments [38]. Kurucz et al. [61], investigate
the complexity of interpolant existence for first-order S5 with one variable (and some monodic
fragments) and for first-order K with one variable. For S5, explicit definability and interpolant ex-
istence turn out to be in coN2ExPTIME and 2ExpTimE-hard while for K only a non-elementary
upper bound is shown. These results confirm that for many logics not enjoying the CIP and PBDP,
interpolant and explicit definition existence are harder than entailment.
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34:6 A. Artale et al.

It turns out that this is not always the case. It is shown by Fortin et al. [33] that extensions of
the description logic &L with any combination of the universal role, nominals, or inverse roles do
not enjoy the CIP nor PBDP, but that interpolant existence and explicit definition existence still
have the same complexity as entailment (in PTiME for those that do not admit inverse roles and
ExpTiME-complete for those that admit inverse roles). The proofs are rather different from those
given in this article, as they make use of the universal/canonical model that only exists for Horn
logics.

We note that for logics that do not enjoy the CIP nor PBDP it is also of interest to look for “small”
extensions that enjoy the CIP and PBDP and are decidable. For example, the guarded negation
fragment of FO is a decidable extension of GF that enjoys the CIP and the PBDP [11, 12, 14, 15]. Also,
the two-variable fragment of GF is a decidable extension of ALCH enjoying both properties [43,
44]. In both cases, the complexity of entailment does not increase for the extension (2ExpTIME-
complete for the guarded negation fragment and ExpTiME-complete for the two-variable fragment
of FO). On the other hand, under mild conditions, there is no decidable extension of ALCO with
the universal role nor of modal logic with nominals and the @-operator enjoying the CIP [86].

While the problem of deciding interpolant and explicit definition existence for logics that neither
enjoy the CIP nor the PBDP has only been considered rather recently, the problem of computing
and deciding the existence of uniform interpolants for logics that do not enjoy the uniform inter-
polation property (UIP) has been investigated before. Recall that uniform interpolants generalize
Craig interpolants in the sense that a uniform interpolant is an interpolant for a fixed ¢ and all
which are entailed by ¢ and share with ¢ a fixed set of symbols. First-order logic enjoys the CIP
but not the UIP. Propositional intuitionistic logic, local modal logic, and the modal mu-calculus are
examples of expressive logics that enjoy the UIP [28, 77, 95], see [46, 59] for more recent results.
In description logic, uniform interpolants of ontologies (extending what we call Cl-interpolants in
this article) are of particular importance but do not always exist for any standard description logic,
including ALC. The complexity of deciding their existence has been investigated in depth [68, 70],
their size determined [58, 75], and various approaches to computing them have been developed
and implemented [56-58, 96].

3 PRELIMINARIES

We introduce the syntax and semantics of the relevant DLs [8]. Let N¢, Ng, and N; be mutually
disjoint and countably infinite sets of concept, role, and individual names. A role is a role name s,
or an inverse role s~, with s a role name and (s”)” = s. We use u to denote the universal role. A
nominal takes the form {a}, with a an individual name. An ALCOTI " -concept is defined according
to the syntax rule

C,Du=T|Al|{a}|-C|CND|3Ir.C

where A ranges over concept names, a ranges over individual names, and r over roles and the
universal role. We use C LI D as abbreviation for =(-C M -D), C — D for -=CUD, C «< D for (C —
D)1 (D — C), and ¥r.C for =3r.—C. We use several fragments of ALCOTI", including ALCOT,
obtained by dropping the universal role, ALCO", obtained by dropping inverse roles, ALCO,
obtained from ALCO" by dropping the universal role, and ALC, obtained from ALCO by
dropping nominals. If L is any of the DLs above, then an .£-concept inclusion (L-CI) takes the form
C E D with C and D L-concepts. An L-ontology is a finite set of L-ClIs. We also consider DLs with
RIs, expressions of the form r C s, where r and s are roles. As usual, the addition of Rls is indicated
by adding the letter H to the name of the DL, where inverse roles occur in Rls only if the DL
admits inverse roles. Thus, for example, A LCH -ontologies are finite sets of ALC-ClIs and Rls not
using inverse roles and ALCH OI “-ontologies are finite sets of ALCOT"-Cls and Rls. In what
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follows, we use DL, to denote the set of DLs ALCO, ALCOIL, ALCH, ALCHI, ALCHO,
ALCHOI, and their extensions with the universal role. To simplify notation, we do not drop
the letter H when speaking about the concepts and CIs of a DL with RIs. Thus, for example, we
sometimes use the expressions ALCH O-concept and ALCH O-CI to denote ALCO-concepts
and ClIs, respectively. An Rl-ontology is an ontology containing RIs only.

The semantics is defined in terms of interpretations I = (A%, -7), where A? is a non-empty set,
called domain of T, and -7 is a function mapping every A € N¢ to a subset of AZ, every s € N to
a subset of AL x AZ, the universal role u to A x AZ, and every a € Nj to an element in AL . Given
arole name s € Ng, we set (s7)? = {(d,e) € AT x AT | (e,d) € s”}. Moreover, the extension C* of
an L-concept C in I is defined as follows, where r ranges over roles and the universal role:

T =a1
{a}f = {a’},
~cf = AT\ (!,

(cnp)! =cf np?,
(Ar.C)Y ={d € AT | there existse € CT : (d,e) € r}.

An interpretation I satisfiesan £-CIC T Dif C ¢ DY andanRIr C s if r C s7. We say that
I is a model of an ontology O if it satisfies all inclusions in it. We say that an inclusion & follows
from an ontology O, in symbols O |= a, if every model of O satisfies a. We write O |= C = D if
O=CCDandO = D E C. We drop O if it is empty and write |= CE Dfor® | CC D. A
concept C is satisfiable w.r.t. an ontology O if there is a model I of O with CZ # 0. We use a few
well known complexity bounds for reasoning in DLs from DL,,,. The L-subsumption problem is the
problem to decide for any L-ontology O and L-CI C € D whether O |= C C D. The ontology-free
L-subsumption problem and the RI-ontology L-subsumption problem are the sub-problems of the
L-subsumption problem in which the ontology is empty or an RI-ontology, respectively. For any
L € DLy, the L-subsumption problem is ExpTiME-complete [1, 9]. If £ admits the universal role
or both inverse roles and nominals, then ontologies can be encoded in concepts and so ontology-
free £-subsumption and RI-ontology £-subsumption are also ExpTIME-complete. In the remaining
cases, that is for ALCO, ALCH, ALCHO, and ALCH I, L-subsumption becomes PSPACE-
complete [1, 9].

A signature ¥ is a set of concept, role, and individual names, uniformly referred to as symbols.
Following standard practice, we do not regard the universal role as a symbol but as a logical con-
nective. Thus, the universal role is not contained in any signature. We use sig(X) to denote the set
of symbols used in any syntactic object X such as a concept or an ontology. An L(3)-concept is an
L-concept C with sig(C) C 3. A 3-role r is a role with sig(r) € 3. The size of a (finite) syntactic
object X, denoted || X]|, is the number of symbols needed to represent it as a word.

We next recall model-theoretic characterizations when elements in interpretations are indistin-
guishable by concepts formulated in one of the DLs £ introduced above. A pointed interpretation
is a pair 7, d with I an interpretation and d € AZ. For pointed interpretations 7, d and 7, e and
a signature ¥, we write 7,d =, 5 J,e and say that 7,d and 7, e are L(2)-equivalent if d € ct
iff e € C7, for all £(X)-concepts C.

As for the model-theoretic characterizations, we start with A LC. Let X be a signature. A relation
S € AT x AT is an ALC(Z)-bisimulation if conditions [AtomC], [Forth], and [Back] from Figure 1
hold, where A and r range over all concept and role names in X, respectively. We write 7,d ~arc,5
J,eand call 7,d and J,e ALC(X)-bisimilar if there exists an ALC(X)-bisimulation S such
that (d,e) € S. For ALCO, we define ~ 4 rc 0,5 analogously, but now demand that, in Figure 1,
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34:8 A. Artale et al.

[AtomC]| forall (d,e) € S:d € AL iffe € AT

[Atoml] | forall (d,e) € S:d = al iffe = aJ

[Forth] | if (d,e) € Sand (d,d’) € %, then

there is a ¢’ with (e,e’) € rJ and (d’,¢’) € S.
[Back] | if(d,e) € Sand (e e’) € rJ, then

there is a d’ with (d,d’) € r{ and (d’,¢’) € S.

Fig. 1. Conditionson S C A x AT,

also condition [AtomlI] holds for all individual names a € X. For languages £ with inverse roles,
we demand that, in Figure 1, r additionally ranges over inverse roles. For languages £ with the
universal role we extend the respective conditions by demanding that the domain dom(S) and
range ran(S) of S contain AL and AT, respectively. If a DL £ has Rls, then we use 7,d ~r5 . €
to state that 7,d ~ s/ » J, e for the fragment L’ of £ without Rls.

The next lemma summarizes the model-theoretic characterizations for all relevant DLs [40, 67].
For the definition of w-saturated structures, we refer the reader to the literature [24].

LEMMA 3.1. Let I,d and g, e be pointed interpretations and w-saturated. Let L € DL, and ¥ a
signature. Then
I,dEL’z j,e l_ﬁ f,de:,z j,e.
For the “if ™-direction, the w-saturatednesses condition can be dropped.

4 CRAIG INTERPOLATION AND BETH DEFINABILITY

We introduce interpolants and the CIP as well as implicit and explicit definitions and the (projec-
tive) Beth definability property ((P)BDP). Recall from the introduction that there are two forms of
interpolants, one pertaining to concepts and the other pertaining to CIs. We start the discussion
here with the former one, and discuss Cl-interpolants later. For concept interpolants, we establish
a close link between interpolants and separators of positive and negative data examples, show that
logics in DLy, do not enjoy the CIP nor PBDP, and determine which DLs in DL, enjoy the BDP.

Let O be an L-ontology, Cy, C; be L-concepts, and let ¥ be a signature. Then, an L-concept D
is an L(X)-interpolant for C; £ C, under O, if sig(D) € 3,0 |= C; E D,and O = D E GC,. If
O is empty, then we drop it and call an £(Z)-interpolant for C; C C, under O simply an L(3)-
interpolant for C; E C,. Observe that X is arbitrary in this definition, so it does not follow from
O = C; C G, that an L(Z)-interpolant for C; E C, under O exists. If O is empty, then we obtain
the standard definition of the CIP by demanding that for ¥ = sig(C;) N sig(C;) from |= C; E G,
it follows that there exists an L(X)-interpolant for C; £ C,. The obvious generalization of this
definition to non-empty ontologies, however, does not work. Consider, for instance, O = {A; C
Ay, Ay € As} and A; T As. Then for ¥ = sig(A;) N sig(As) = 0, we have O |= A; C As, but there
does not exist any L(X)-interpolant for A; € A; under O. In fact, to generalize the CIP to non-
empty ontologies, one has to split the ontology O into two. Hence, we adopt here the following
definition of the CIP in DLs from the literature [89]. We set sig(O, C) = sig(O) U sig(C), for any
ontology O and concept C.

Definition 4.1. A DL L CIP if for any L-ontologies O, O; and L-concepts C;, C, such that
01 U O, = C; T G, there exists an £(X)-interpolant for C; T C, under O; U O,, where X =
sig(O1,Cy) N sig(O,, Cy). If O1, O, range over L-ontologies containing RIs only or O; = O, = 0,
then we say that L enjoys the CIP for RI-ontologies and the CIP for the empty ontology, respectively.

Note that the CIP for the empty ontology coincides with the standard definition of the CIP
mentioned before. It is shown in [89] that the DLs ALC and ALCI and their extensions with
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qualified number restrictions and the universal role all enjoy the CIP. In contrast, no DL in DL,
enjoys the CIP. This is implicitly proved in the literature [89] and is shown in Theorem 4.9 be-
low. The following illustrating example is folklore and shows that this holds even for the empty
ontology for logics admitting nominals.

Example 4.2. Consider C; = {a} M 3r.{a} and C, = {b} — Ir.{b}. Then |= C; C C; but there does
not exist any ALCHOI"({r})-interpolant for C; C C;. Intuitively, no such interpolant D exists
as it would have to be true in exactly the elements x with r(x, x) and no such ALCHOI " ({r})-
concept exists. A formal proof is given in Example 5.7 below. 4

As discussed in the introduction, the close link between separation of data examples and inter-
polants is one of our main motivations for studying interpolants for DLs with nominals. We next
formalize this link. A database D is a finite set of assertions of the form A(a) and r(a, b) with a, b
individuals, A a concept name, and r a role name. By ind(9), we denote the set of individual names
in D. A knowledge base (KB) is a pair K = (O, D) consisting of an ontology O and database 9. An
interpretation 7 is a model of K if it is a model of O, a’ € A’ for all A(a) € D, and (a’,b7) € r
for all r(a,b) € D. An assertion C(a) with C a concept and a an individual follows from K, in
symbols K |= C(a), if every model I of K satisfies a’ € CZ. A labeled dataset consists of two
sets, P and N, of positive and negative examples each containing pairs (D, a) with a € ind(D). Let
O be an ontology. An L(Z)-separator for O, P, N is an L(Z)-concept C such that (O, D) |= C(a)
for all (D, a) € P and (O, D) |= =C(a) for all (D, a) € N. The following result establishes a one-
to-one correspondence between interpolants and separators, modulo straightforward polynomial
time reductions. Note that we do not require the frequent assumption that the database is uniform
across the examples in the sense that D = D’ for all (D, a), (D’,a’) € P U N [50].

THEOREM 4.3. Let L € DL, admit nominals. Then one can construct for any ontology O, labeled
datasets P, N, and signature 3 with % N {a | (D, a) € P U N} = 0 in polynomial time L-ontologies
01, Oy and L-concepts C1, Cy such that ¥ = sig(O1, C1) N sig(O,, Cy) and the following conditions
are equivalent for all L-concepts C:

(1) C is an L(X)-separator for O, P, N;
(2) C is an L(X)-interpolant for C; T C, under O; U O,.

Conversely, assume that L-ontologies O1, O,, and L-concepts Cy, C, are given. Then one can construct
in polynomial time an ontology O and labeled datasets P, N such that Conditions (1) and (2) are
equivalent for ¥ = sig(O1, C1) N sig(Oz, Cy).

PrROOF. Assume O,P,N, and ¥ are given. Let P = {(D1,a1),...,(Dp,a,)} and N =
{(Dns1,an41)s - ooy (Dnims @nem)}. If L € DL, admits nominals and the universal role, then a
pair (D, a) can be represented using the L-concept Cp , = {a} M Ju.Cp, where Cp is the con-
junction of all {b} 11 A with A(b) € D and {b} N Ar.{c} with r(b,c) € D. Pick for any symbol X
not in X a fresh copy X’. Let O; = O and obtain O, from O by replacing all symbols not in ¥ by
their copies. Let C; = Cp, o, U -+ U Cop,, 4, and obtain C; from ~(Cop, ,.4,,, U - UCop
by replacing all symbols not in ¥ by their copies. If £ admits the universal role, then O;, O, and
Cy, C, are as required. Otherwise, replace the universal role in any Cop, 4, by fresh role names not
in 2. The resulting C, C; are still as required.

Conversely, assume that Oy, O, and Cy, C, are given. Introduce fresh individual names a, b and
fresh concept names A, B and let P = {({A(a)},a)}, N = {({B(b)},b)} and O = O; U O, U{A C
C1,BC =C,}. Then O, P, N is as required. O

n+m>8n+m )

We next introduce the relevant definability notions. Let O be an ontology and C, C, be concepts.
Let X be a signature. An L(X)-concept D is an explicit L(X)-definition of Cy under O and C if

ACM Transactions on Computational Logic, Vol. 24, No. 4, Article 34. Publication date: October 2023.



34:10 A. Artale et al.

O |= C C (Cy & D). We call Cy explicitly L(Z)-definable under O and C if there is an explicit
L(X)-definition of Cy under O and C. If C = T or O is empty, then we drop O and C, respectively.
For instance, an L(2)-concept D is an explicit £(Z)-definition of Cy under O if O |= Cy = D
The following example illustrates the link between explicit definitions of nominals and referring
expressions discussed in the introduction and also indicates that often one can single out an in-
dividual from a set of individuals using an explicit definition without being able to provide an
“absolute” explicit definition of that individual.

Example 4.4. Let L be an abbreviation for the ALCO-concept
{ALCYU{ALCOYU{ALCO"} L {ML}U{ML,} U {ML%},

where ML, ML,,, and MLY are modal logics introduced below in Section 11. Let O be the ontology
consisting of the following Cls:
{(ALCYU{ALCOYU{ALCO"} E
{ML} U {ML, } U {ML¥} £ JFhasOperator.MLOperator I ~JhasOperator.DLOperator,
{ALC} U (ML} C EnjoysCIP,
EnjoysCIP C EnjoysPBDP,
EnjoysPBDP C EnjoysBDP,
{ALCO"} LU {ML}} C EnjoysBDP n —EnjoysPBDP,
{ALCO} L {ML,} E —EnjoysBDP.

E JhasOperator.DLOperator M —3hasOperator.MLOperator,

w—rw—r

Then O £ L C ({ALC} < EnjoysCIP 1 dhasOperator.DLOperator). Hence, {ALC} is explicitly
ALCO(Zp)-definable under O and L, with ¥, = {EnjoysCIP, DLOperator, hasOperator}. How-
ever, {ALC} is not explicitly ALCO(Z)-definable under O, for any signature ¥ with ALC ¢ X,
since there does not exist an ALCO(X)-concept C such that O = {ALC} =C. 4

We next define when a concept is implicitly definable. For a signature %, the X-reduct I}5 of an
interpretation 7 coincides with 7 except that no non-X¥ symbol is interpreted in 7}5. A concept C
is called implicitly X-definable under O and C if the 3-reduct of any pointed model 7, d with I a
model of O and d € C? determines whether d € C/. More formally, Cy is implicitly S-definable
under O and C if the following holds for all models I and J of O andd € AT = AT if I =9
andd € C! thend ¢ C({ iffd € C67 .If C = T, then we drop C and say that Cy is implicitly >-
definable under O. To illustrate, observe that in Example 4.4, { ALC} is not implicitly X-definable,
for any ¥ such that ALC ¢ X under O. Implicit definability can be reformulated as a standard
reasoning problem as follows: a concept C is implicitly X-definable under O and C iff

OUO§)|:C|_|C0|;C2—)C02, (1)

where Os, Cs, and Cyy are obtained from O, C and, respectively, Cy, by replacing every non-%
symbol uniformly by a fresh symbol. If a concept is explicitly £ (Z)-definable under O and C, then
it is implicitly X-definable under O and C, for any language L. A logic enjoys the PBDP if the
converse implication holds as well.

Definition 4.5. A DL L enjoys the PBDP, if for any L-ontology O, L-concepts C and Cy, and
signature ¥ C sig(0, C) the following holds: if Cy is implicitly X-definable under O and C, then C,
is explicitly £(X)-definable under O and C. If O ranges over L-ontologies containing Rls only or
O = 0, then we say that L enjoys the PBDP for RI-ontologies and the PBDP for the empty ontology,
respectively.
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The DLs ALC, ALCT, and their extensions with qualified number restrictions and the uni-
versal role all enjoy the PBDP [89]. The following example shows that, in contrast, ALCH does
not.

Example 4.6. Consider O = {r C r1,r C rp} and let
C = ((~3r.T N 3r.A) 5 Yrp.=A) 1 ((=3r.T N 3. =4) - VrpA).

Let ¥ = {r,rp} and Cy = Ar.T. Then, the concept D = Ir; N r,.T is an explicit definition of
Co under O and C in the extension of ALCH with role intersection (the semantics of r; N ry is
defined in the obvious way). Hence C is implicitly X-definable under O and C. There does not
exist an explicit ALCH (X)-definition of Cy under O and C, however. Intuitively, the reason is
that role intersection cannot be expressed in ALCH (see Example 5.9 below for a proof).

Note that an example without “background concept” C can be obtained by taking the ontology

O ={rCr, rCry -Ir.TNIANACYr.-A -Ir.TNIArn.—ACVr.A}
and asking for an explicit ALCH ({r1, r;})-definition of Ir.T under O". |

It is known that the CIP and PBDP are tightly linked [89]. We state the inclusion for logics in
DL, only, but the proof shows that it holds under rather mild conditions.

LEmMA 4.7. If L € DLy, enjoys the CIP, then L enjoys the PBDP.

ProoF. Assume that an £-concept Cy is implicitly X-definable under an L-ontology O and £-
concept C, for some signature . Then Equation (1) holds. Take an £ (2)-interpolant D for CT1Cy &
Cs — Cys under O U Os. Then D is an explicit £(3)-definition of Cy under O and C. m]

An important special case of explicit definability is the explicit definability of a concept name
A from sig(0, C) \ {A} under an ontology O and concept C. For this case, we also consider the
following non-projective version of the Beth definability property.

Definition 4.8. A DL L enjoys the BDP if for any L-ontology O, concept C, and any concept
name A the following holds: if A is implicitly (sig(O, C) \ {A})-definable

under O and C, then A is explicitly L(sig(O, C) \ {A})-definable under O and C. If O ranges over
L-ontologies containing RIs only or O = 0, then we say that L enjoys the BDP for RI-ontologies
and the BDP for the empty ontology, respectively.

Clearly, the PBDP entails the BDP, but we will see below that the converse direction does not
always hold. In fact, the following theorem states that no DL in DL, enjoys the CIP or PBDP,
but that quite a few DLs in DL, enjoy the BDP. Moreover, all DLs in DL, enjoy the BDP for
RI-ontologies and for the empty ontology.

As mentioned before, the theorem is mostly folklore and therefore proved in the appendix.

THEOREM 4.9. The following statements hold.

(1) No L € DLy, enjoys the CIP nor the PBDP. The CIP and PBDP also do not hold for RI-ontologies
and, if L admits nominals, the empty ontology.

(2) Al L € DLy \ {ALCO, ALCHOY} enjoy the BDP. ALCO and ALCHO do not enjoy the
BDP.

(3) All L € DL, enjoy the BDP for RI-ontologies and the BDP for the empty ontology.

We have seen that all £ € DLy, \ {ALCO, ALCHO} enjoy the BDP. One might be tempted
to conjecture that this holds as well if concept names are replaced by nominals; that is to say, a
nominal {a} that is implicitly definable using symbols distinct from a is explicitly definable using
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Fig. 2. Failure of the PBDP for £ € DLy, with nominals.

symbols distinct from a. Rather surprisingly, the following example shows that this is not the case
for any DL in DL,,, with nominals (for DLs without nominals, this notion is clearly meaningless).

Example 4.10. Let L € DL, admit nominals and assume that
O = {{a} C Ir{al},
A ={a} EVr.(={a} — -A),
-AM —{a} E Vr.(—~{a} = A)}.

Thus, O implies that a is r-reflexive and that no element distinct from a is r-reflexive. Let ¥ = {r, A}.
Then {a} is implicitly X-definable under O since we have the following explicit definition in first-
order logic:
O =V¥x((x = a) & r(x,x)),

but one can show that {a} is not explicitly £(2)-definable under O for any £ € DL, with nominals.
Indeed, the interpretation 7 in Figure 2 +(where a’ = a) is a model of O and the relation S =
AL x A% isan L (Z)-bisimulation on 7. Thus, Lemma 3.1 implies 7, al =, 1,d and there is no
explicit £(X)-definition for {a} under O, as any such definition would apply to d as well. 4

The CIP defined above is concerned with interpolating concepts. In the context of modular
ontologies and forgetting there is also an interest in interpolating CIs [55]. For simplicity, we
only consider DLs without Rls. Let £ not admit Rls and let O and O’ be L-ontologies. We write
O = O'if O |= aforall @ € O'. Then an L-ontology O” is called an L-CI interpolant for O and
O’ if sig(O”) C sig(0) Nsig(0’), O = O”, and O” |= O'. If the particular language L is clear

from the context or not important we drop it and call £-CI interpolants simply Cl-interpolants.

Definition 4.11. Let £ be a DL that does not admit RIs. Then £ has the Cl-interpolation property
if for all L-ontologies O and O’ such that O |= O’ there exists an £-Cl-interpolant for O and O’.

Observe that for any £ € DL, that does not admit RIs and £-ontology O one can construct in
linear time an L-concept D such that O and {T C D} are equivalent in the sense that O |= T C D
and {T C D} |= O. Hence £ has the Cl-interpolation property if for all £-ontologies O and L-Cls
C C D such that O |= C C D there exists an L-Cl-interpolant for O and {C T D}. It is known that
ALC and its extensions with inverse roles, qualified number restrictions, and the universal role
enjoy the Cl-interpolation property [55]. The following example shows that no DL in DL, that
does not admit RIs enjoys the Cl-interpolation property.

Example 4.12. We modify the ontology given in Example 4.10. Let
O’ ={AC Vr.—A,-ALC Vr.A}.

We have that O’ |= {a} T —3r.{a}, but there does not exist an ALCOIT“-Cl-interpolant for
O’ and {a} T —-3r.{a}, since one cannot express using an ALCOT"({r})-CI that Yx —r(x,x).
Indeed, assume for a proof by contradiction that there exists an ALCOT “-Cl-interpolant Q" for
O’ and {{a} C —3r.{a}}. Consider the interpretations I3, 7, in Figure 3, where 7I; = O’, al e
({a} N 3Ar.{a})®, and 1;,d ~ALCOTY (r) Ip,a*2. Since I; |= O’, we have that I; |= O”, where
0" can be assumed to be of the form {T T D}, with sig(D) C {r}. Thus, d € (Yu.D)” and, from
L,d ~arcor ry L2 a’2, we obtain by Lemma 3.1 that a’2 € (Yu.D)?2. This implies 7, |= O, and

hence 7, |= {a} E —~3r.{a}, contrary to the assumption that a’ € ({a} N 3Arfa})L. 4
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Fig. 3. Failure of the Cl-interpolation property for £ € DLy, without Rls.

In this article, we focus on interpolating concepts and not ClIs. The main reasons are that the cor-
responding notion of an explicit definition of an ontology appears to be less useful than definitions
of concepts and nominals and that while the Cl-interpolation property is crucial for robust decom-
positions of ontologies and for robust forgetting [55], checking the existence of an interpolant
or computing it for concrete ontologies and Cls appears to not have found any applications yet.
Regarding the first point, observe that Cl-interpolants correspond to the following notion of an
explicit CI-definition of an ontology. Let X be a signature and O and O’ ontologies. Then an £(X)-
ontology O” is called an explicit L(X)-definition of O’ under O if OUO’ = O” and OUO” |= O".
In particular, if O is empty, then one asks for an ontology using symbols in ¥ only that is equiva-
lent to O. While the existence of such ontologies is an interesting theoretical question that could
well have applications in the future, investigating this problem is beyond the focus of this article.
In what follows, we only consider aspects of Cl-interpolants that are closely related to concept
interpolants, leaving their detailed investigation for future work.

5 MAIN RESULTS

The failure of CIP and (P)BDP reported in Theorem 4.9 imply that interpolant existence and projec-
tive and non-projective definition existence cannot be directly polynomially reduced to subsump-
tion checking. This motivates studying the respective decision problems of interpolant existence
and projective and non-projective definition existence. In this section, we introduce the decision
problems, formulate model-theoretic characterizations of the problems that play a fundamental
role in our proofs, and we formulate the main results.

We start with interpolant existence for which we take the definition used in the formulation of
the CIP.

Definition 5.1. Let £ be a DL. Then L-interpolant existence is the problem to decide for any £-
ontologies Oy, O, and L-concepts Cy, Cz, whether there exists an L(¥)-interpolant for C; T C,
under O; U Oy, where ¥ = sig(O1, C1) N sig(Oz, Cy).

In our proofs, we actually focus on a more general version of interpolant existence which has
been discussed in the previous section and in which we do not split O into two ontologies and in
which ¥ is arbitrary.

Definition 5.2. Let L be a DL. Then generalized L-interpolant existence is the problem to de-
cide for any L-ontology O, L-concepts Cy, C,, and signature ¥ whether there exists an L(X)-
interpolant for C; £ C, under O.

We also consider (generalized) L-interpolant existence with empty ontologies, called ontology-
free (generalized) L-interpolant existence, and with Rl-ontologies, called Rl-ontology (general-
ized) L-interpolant existence, both defined in the obvious way. Observe that in the ontology-
free case there is no difference between generalized interpolant existence and interpolant exis-
tence. In fact, also with ontologies generalized interpolant existence and interpolant existence are
interreducible.
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LeEmMA 5.3. Let L € DL,,. There are mutual polynomial time reductions between generalized L-
interpolant existence and L-interpolant existence.

Proor. The reduction from L-interpolant existence to generalized L-interpolant existence is
trivial: for input O4, O,, C1, C, to L-interpolant existence, set O = O; U O, and X = sig(O1,C1) N
Sig(Oz, Cg)

For the converse reduction from generalized interpolant existence to interpolant existence, as-
sume that an L-ontology O, L-concepts C;,Cy, and ¥ are given. Then, there exists an L(2)-
interpolant for C; T C; under O iff there exists an £(Z)-interpolant for C; € Cyx under O U Oy,
where Os, and Cy5 are obtained from O and C; by replacing every non-% symbol uniformly by a
fresh symbol. The latter is an instance of L-interpolant existence. O

Note that the reduction above works for all standard DLs including ALC. Recall that inter-
polant existence reduces to checking O; U O, |= C; T C, for logics with the CIP. Hence, for DLs
which enjoy the CIP such as ALC, interpolant existence and generalized interpolant existence
are ExpTIME-complete and ontology-free interpolant existence and generalized ontology-free in-
terpolant existence are PSPACE-complete.

We next introduce the relevant definition existence problems.

Definition 5.4. Let L be a DL. Projective L-definition existence is the problem to decide for any £-
ontology O, L-concepts C and Cy, and signature X, whether there exists an explicit £(2)-definition
of Cy under O and C.

(Non-projective) L-definition existence of concept names (nominals) is the sub-problem where C,
ranges only over concept names A (nominals {a}) and ¥ = sig(O, C) \ {A} (and T = sig(O, C) \ {a},
respectively).

We also consider the (projective) £-definition existence problems with empty ontologies, called
ontology-free (projective) L-definition existence, and with RI-ontologies, called RI-ontology (projec-
tive) L-definition existence, both defined in the obvious way. Similar to the case of interpolant
existence, definition existence reduces to checking implicit definability for logics with the PBDP.
We provide model-theoretic characterizations for the non-existence of generalized interpolants
and explicit definitions in terms of bisimulations.

Definition 5.5 (Joint Consistency). Let L € DLy,. Let O be an L-ontology, C;, C, be L-concepts,
and ¥ a signature. Then C; and C; are called jointly consistent under O modulo L(X)-bisimulations
if there exist pointed interpretations 7, d; and I, d, such that 7; is a model of O, d; € Cl‘r’ for
i=12, and Il, dl ~L3 .Zz,dz.

The associated decision problem, joint consistency modulo L-bisimulations, is defined in the ex-
pected way. The following result characterizes the existence of interpolants using joint consistency
modulo £(3)-bisimulations. The proof uses Lemma 3.1.

THEOREM 5.6. Let L € DL,,. Let O be an L-ontology, C1,Cs be L-concepts, and 3 a signature.
Then the following conditions are equivalent:

(1) there is no L(X)-interpolant for C; T C, under O;
(2) Cy and —C;, are jointly consistent under O modulo L(3)-bisimulations.

Proor. The proof is standard, and we refer the reader to the literature for similar proofs [40].
We only provide a sketch.
“1 = 2”. Assume there is no £(2)-interpolant for C; C C; under O. Let

I={D|0ECCD,De LX)
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Fig. 4. Interpretations 77 and 13 illustrating Example 5.7.

Then O £ D C Cy, forany D € T'. AsT is closed under conjunction and by compactness (recall that
ALCHOTI" is afragment of first-order logic), there exists amodel J of O and an elementd € A
such thatd € DY forall D € T butd ¢ Cg(]. Consider the set t5(d) = {D € L(Z) | d € D }. Then,
using again compactness, there exists a model 7 of O and an element e € A” such that e € Clj
ande € DY forall D € tg(d). Thus I,e =, 5 J,d. For every interpretation 7, there exists an
w-saturated elementary extension 7’ of I [24]. Thus, it follows from the fact that ALCHOI"
is a fragment of first-order logic that we may assume that both 7 and J are w-saturated. By
Lemma 3.1, 7,e ~r5 J,d.

“2 = 17. Assume an L(2)-interpolant D for C; € C, under O exists. Assume that Condition 2
holds, that is, there are models 7; and 7, of O and d; € A% for i = 1,2 such that d; € le‘ and
dy ¢ CZIZ and 11,dy ~ 5 Ip,ds. Then, by Lemma 3.1, I1,dy = 5 Iz, do. But then from d; € Ch we
obtain d; € D™t and so d, € D% which implies d; € CZIZ, a contradiction. O

Example 5.7. Consider again C; = {a} M dr.{a} and C, = {b} — Ir.{b} from Example 4.2 and set
% = {r}. The interpretations 73, I, depicted in Figure 4 (where we set a’i = a and b%i = b, for i =
1, 2) show that C; and —C; are jointly consistent modulo ALCO(X)-bisimulations. By extending
the bisimulation in Figure 4 to a relation S such that (b7, a’2) € S (so that the domain and range of
S contain A%t and A%, respectively), one can show that C; and —C, are jointly consistent modulo
ALCO"(2)-bisimulations. Moreover, by introducing an element e in 7 so that (e, b?) € r’2 and
(e,e) € r’2, and further extending S by adding (a’, e) € S, it can be seen that C; and =C; are jointly
consistent modulo ALCOJI*(X)-bisimulations (and hence ALCHOTI " (3)-bisimulations). 4

The following characterization of the existence of explicit definitions can be proved similarly to
Theorem 5.6.

THEOREM 5.8. Let L € DLy, Let O be an L-ontology, C and Cy L-concepts, and X C sig(O,C) a
signature. Then the following conditions are equivalent:

(1) there is no explicit L(X)-definition of Cy under O and C;
(2) CNCy and C 11 =Cy are jointly consistent under O modulo L(Z)-bisimulations.

Example 5.9. Consider O, C, and ¥ from Example 4.6. The interpretations 73, I depicted in
Figure 5 show that C 11 3r.T and C 1 =3r.T are jointly consistent under O modulo ALCH (2)-
bisimulations. Note that the ALCH (2)-bisimulation in Figure 5 is also an ALCH " (Z)-bisimula-
tion, but it is not an ALCH I (X)-bisimulation, since e; has both an r;- and an ry-predecessor,
whereas e; and e; lack an ry- and an ry-predecessor, respectively. To repair this, we replace 7, with
an interpretation 7 that is obtained by taking the union of 7, with a copy 171 of 17, and further
adding (di,e5) € rzj and (d,, e;) € rlj (where d; is the copy of di in 7). Then, we extend the
ALCH (3)-bisimulation in Figure 5 to a relation S that also connects the elements of 7; with the
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T rasens a
]-1 €1 .(\ //062 .e2 ]-2
rrry| el TALOHE -7 r;\/;g
dy o _ Ay
CN3rT - TALCHS -7 CPA-3rT

Fig. 5. Interpretations 77 and 13 illustrating Example 5.9.

respective copies in 7 . It can be seen that J is a model of O, d; € (Cr1=3r.T)Y, and (d;,d,) € S,
where S is an ALCH I (3)-bisimulation. .

Interpolant existence and explicit definition existence are closely linked. We use Theorems 5.6
and 5.8 to show the following reductions.

LEMMA 5.10. Let L € DLy, O be an L-ontology, C,Cy, C1, and C, be L-concepts, and 3. a signature.
Then the following conditions are equivalent:

(1) there is an explicit L(X)-definition of Cy under O and C;
(2) there is an L(3)-interpolant for CT1Cy & C — Cy under O.

Conversely, the following conditions are also equivalent:

(1) there is an L(X)-interpolant for C; & C; under O;
(2) O |= C;1 E C; and there is an explicit L(3)-definition of C; under O and C, — C;.

Proor. We show the second equivalence. Assume that (1) does not hold. To show that (2) does
not hold, assume O |= C; C C; (otherwise we are done). By Theorem 5.6, there exist pointed
interpretations 71, d; and 1, d, such that 7; is a model of O, d; € Cljl, dy, ¢ C{Z, and I1,d; ~zx
I,,d,. But then d; € ((C; — C;) M Cy) and dy € ((C; — Cy) M =C,) %2 which shows that (2) does
not hold by Theorem 5.8. The other direction is shown similarly. ]

Hence, we obtain the following corollary.

THEOREM 5.11. Let L € DL,,. Then there is a polynomial time reduction of projective L-definition
existence to L-interpolant existence (and thus to generalized L-interpolant existence). Conversely,
there is a polynomial time reduction of generalized L-interpolant existence (and thus L-interpolant
existence) to projective L-definition existence if an oracle for L-subsumption is admitted.

Both reductions also exist for the ontology-free case and for RI-ontologies.

We now formulate the main complexity results proved in this article.

THEOREM 5.12. Let L € DL,,. Then L-interpolant existence, generalized L-interpolant existence,
and projective L-definition existence are all 2ExpTIME-complete.

It follows that interpolant existence and projective definition existence are one exponential
harder than subsumption for logics in DL,,;. Our lower bound proofs rely on the presence of ontolo-
gies. To understand the ontology-free case (and the case with RI-ontologies) we first recall from
our introduction of DLs in DL, above that for DLs with the universal role or with both inverse
roles and nominals, the ontology can be encoded in a concept and so interpolant existence and pro-
jective definition existence are still 2ExpTIME-complete with empty ontologies and RI-ontologies,
respectively. For the remaining DLs in DL,,, interpolant existence and projective definition exis-
tence become coNExPTIME-complete. Thus, less complex than with ontologies, but still harder
than subsumption (which is PSPACE-complete), under standard complexity theoretic assumptions.

ACM Transactions on Computational Logic, Vol. 24, No. 4, Article 34. Publication date: October 2023.



Living without Beth and Craig 34:17

THEOREM 5.13. Let L € DL,,.

(1) If L admits nominals and the universal role, or nominals and inverse roles, then ontology-free L-
interpolant existence, generalized L-interpolant existence, and projective L -definition existence
are all 2ExpPTIME-complete.

(2) If L admits the universal role and RIs, then Rl-ontology L-interpolant existence, generalized
L-interpolant existence, and projective L-definition existence are all 2ExPTIME-complete.

(3) If L € {ALCO, ALCHO}, then ontology-free and RI-ontology L-interpolant existence, gen-
eralized L-interpolant existence, and projective L-definition existence are all CONEXPTIME-
complete.

4)If L € {ALCH,ALCHI}, then Rl-ontology L-interpolant existence, generalized L-
interpolant existence, and projective L-definition existence are all CONExPTIME-complete.

We have seen that with the exception of ALCO and ALCHO, all DLs in DL, enjoy the non-
PBDP. Hence checking the existence of a non-projective definition of a concept name is polynomial
time reducible to subsumption checking and so ExpTIME-complete in the presence of an ontology.
The following result states that even for ALCO and ALCHO checking the existence of non-
projective definitions of concept names is not harder than subsumption.

THEOREM 5.14. Let L € {ALCO, ALCHOY}. Then non-projective L-definition existence of con-
cept names is ExpPTIME-complete.

Interestingly, Theorem 5.14 is the only result where the lack of either the CIP of (P)BDP does
not lead to an increase in complexity of the interpolant/explicit definition existence problem. We
show Theorem 5.14 in the appendix provided as supplementary material as it uses techniques that
are slightly different from our other main results.

We next consider the non-projective explicit definability of nominals. We have seen in
Example 4.10 above that for nominals even the non-PBDP does not hold for any DL in DL,. In
fact, the following result states that the non-projective definability of nominals is as hard as their
projective definability.

THEOREM 5.15. Let L € DL, admit nominals. Then non-projective L-definition existence of nom-
inals is 2ExpTIME-complete.

Observe that the characterizations given in Theorems 5.6 and 5.8 provide mutual polynomial
time reductions of generalized interpolant and definition existence to the complement of joint
consistency modulo £-bisimulations. Hence, to prove Theorems 5.12 to 5.15, it suffices to prove
the corresponding complexity bounds for joint consistency.

We finally discuss an interesting consequence for Cl-interpolants. Let £ be a DL in DL, that
does not admit RIs. The Cl-interpolant existence problem in L is the problem to decide for £-
ontologies O and O’ whether there exists an £-CI-interpolant for O and O’.

THEOREM 5.16. Let L € {ALCO", ALCOTI"}. Then Cl-interpolant existence in L is 2ExPTIME-
complete.

Observe that the 2ExpTIME upper bound is an immediate consequence of Point 1 of Theorem 5.13
as we can give a polynomial time reduction of Cl-interpolant existence to ontology-free interpolant
existence. Assume L-ontologies O and O are given. Let ¥ = sig(O) Nsig(O’). We find L-concepts
D and D’ such that O is equivalent to {T C D} and O’ is equivalent to { T C D’}, respectively. Then,
there exists a L-Cl-interpolant for O and O’ iff there exists an L-interpolant for Yu.D & Yu.D’.

The 2ExPTIME lower bound is proved in Section 7 (Lemma 7.7) by adapting the 2ExpTIME lower
bound proof for interpolant existence in L.
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6 UPPER BOUND PROOFS WITH ONTOLOGY

We show the double exponential upper bound of Theorem 5.12 (and thus of Theorem 5.15) using a
new mosaic elimination procedure that decides joint consistency modulo £-bisimulations, for all
L € DL,,.

THEOREM 6.1. Let L € DL,,. Then joint consistency modulo L£-bisimulations is in 2EXpTIME.

To motivate our approach, reconsider Example 5.7. Notice that in interpretations 77, 7, witness-
ing joint consistency of C; and —Cj, a’! is bisimilar to both b and d. Moreover, it can be easily
verified that there are no witnessing interpretations where a”' is bisimilar to a single element in
T,. Using an ontology, one can extend this example so that a’! is enforced to be bisimilar to ex-
ponentially many elements in J; in any interpretations /3, 7, witnessing joint consistency of two
concepts (in fact, this will be the basis for showing the lower bound in the subsequent section).
Thus, we cannot consider (pairs of) elements in isolation, but instead need to consider sets of
elements. As usual in DLs, we abstract elements in interpretations by types, which syntactically
describe the behavior of these elements by listing the relevant concepts that are satisfied there.
Correspondingly, sets of elements are abstracted to sets of types. Since we need to coordinate two
interpretations I3, 7, we thus consider mosaics, which are pairs (T3, T;) of sets of types. The intu-
itive meaning of such a pair is that it describes collections of elements in two interpretations Z;
and 7, which realize precisely the types in T; and Ty, respectively, and are all mutually bisimilar.
Naturally, not all possible mosaics (Ty, T>) can be realized in this way and the goal is to deter-
mine the realizable ones. For this task, we use an elimination procedure. We start with the set of
all possible mosaics and drop the “bad” ones until a fixed point is reached. We will see that the
elimination conditions extend the conditions known from standard type elimination procedures
in a relatively natural way to mosaics. Then, concepts C;, C, will be jointly consistent under an
ontology O modulo bisimulations if there is a surviving mosaic (T3, Tz) such that C; is contained
in some type in T; and C; is contained in some type in T,.

We will now formalize our approach and start by introducing the relevant notions. Assume £ €
DL, and consider an L-ontology O, L-concepts Ci, Cy, and a signature 3. Let = = sub(O, Cy, C3)
denote the closure under single negation of the set of subconcepts of concepts in O, Cy, C,. A E-type
t is a subset of = such that there exists a model 7 of O and d € A with t = tpz(Z, d), where

tpe(Z,d) = {CeE|deCl)
is the E-type realized at d in I . Let Tp(Z) denote the set of all Z-types. We remark that the number
of Z-types is at most exponential in ||O]| + ||Cy|| + ||C,|| and, moreover, the set of all Z-types can
be computed in time exponential in ||O|| + ||Cy|| + ||C2|| for all considered logics [1, 9]. A mosaic
is a pair (T3, T;) of sets of types Ty, T, € Tp(E). For interpretations /7, 7, and i € {1, 2}, the mosaic
defined by d € A% in I, I, is the pair (Ty(d), T,(d)) where
Ti(d) = {tpz(Zj.e) | e € AV, I;,d ~ o 5 T e},

for j = 1,2. We say that a pair (T}, Ty) of sets Ty, T, of types is a mosaic defined by I, I, if
there exists d € A%t U A% such that (T}, Tz) = (Ty(d), To(d)). Clearly, there are at most doubly
exponentially many mosaics.

Example 6.2. Recall Cy, Cy, 3, and I3, I, from Example 5.7, and let O = (. The set = consists of
the concepts {a}, Ar.{a}, {b}, Ar.{b}, C1, C;, and negations thereof. We have that:

tpz (41, a™) = {{a}, Ar.{a}, ={b}, ~Ar.{b}, Cy, Cs}
tp (I3, b%2) = {={a}, =3r {a}, {b}, ~3r.{b}, ~C1, =C;}
(IZ,) {a}, —~3r {a}, ={b}, =3Ar.{b}, =C1, Cy}
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The mosaic defined by a’t in 17, T is (T;(a’t), Ty (a™)), where
Ti(a") = {tpe(F1,a™)) and  Ty(a") = (tpe(Zp, b™), tp= (L2, ). |

As announced above, the aim of the mosaic elimination procedure is to determine all mosaics
(T1, T») such that all t+ € Ty U T, can be realized in mutually £(X)-bisimilar elements of models
1, I of O. In order to formulate the elimination conditions, we define several compatibility condi-
tions between types and between mosaics, similar to the compatibility conditions that are used in
standard type elimination procedures. Throughout the rest of the section, we treat the universal
role u as a role name contained in ¥, in case £ admits the universal role. Note that u™ is equivalent
to u, and that O |= r C u, for every role r.

Let t1, t, be E-types. We call t1, t, u-equivalent if Ju.C € t; iff Ju.C € t,, for every Ju.C € E.
Notice that the condition is trivially satisfied if £ does not admit the universal role. For a role r, we
call t1, t, r-coherent for O, in symbols t; ~», ty,if 1, t5 are u-equivalent and the following conditions
hold for all roles s with O |= r C s: (1) if =3s.C € t;, then C ¢ t, and (2) if =ds™.C € t,, then
C ¢ t;. Note that t ~w», t" iff t' ~»,- t. We lift the definition of r-coherence from types to mosaics
(T1, T2), (T{, T,). Specifically, we call (T, T2), (T{, T,) r-coherent, in symbols (T1, T,) ~», (T{,T,), if
fori=1,2:

— for every t € T; there exists a t’ € T/ such that t ~», t, and
— if £ admits inverse roles, then for every ¢’ € T/, there is a t € T; such that t ~», t.

Note that (Ty, Tz) ~, (T}, T;) iff (T{,T,) ~,- (T, T2) in case £ admits inverse roles. Also, notice
that (Ty, Tz) ~w, (1], T,) implies (T1, Ty) ~, (T],T,), for every role r.

Example 6.3. Consider again interpretations 77,7, from Example 5.7 and the types t; =
tp= (41, al), 1, = tp= (L2, b%), and t; = tpz (L2, d). Then, t; ~, t1, t; v, t3,and t3 w, t3. Moreover,
the mosaic (71, T;) defined by a{ in Iy, I, satisfies (T1, Tz) ~», (T1, T2). 4

We are now in the position to formulate the mosaic elimination conditions. Let S C 23 x
2TP(E) be a set of mosaics. We call (T;, T,) € S bad if it violates one of the following conditions.

>-concept name coherence A € t iff A € t’, for every concept name A € X and every t,t’ €
T1 U Tz;

Existential saturation for i = 1,2 and dr.C € t € T, there exists (T{,T,) € S such that (1)
there exists t' € T with C € t" and t ~», t" and (2) if O |= r C s for a 2-role s, then
(T1, Tz) ~os (1], T5).

For didactic purposes and because we need it later in Section 10, we first give the mosaic elimina-
tion procedure for logics £ that do not admit nominals. The procedure starts with the set Sy of
all mosaics. Then obtain, for i > 0, S;4; from S; by eliminating all mosaics (T}, T) that are bad in
Si. Let §* be where the sequence stabilizes. The elimination procedure decides joint consistency
in the following sense.

LEmMA 6.4. If L does not admit nominals, the following conditions are equivalent:
(1) C1,C; are jointly consistent under O modulo L(3)-bisimulations;
(2) there exist (T1,T,) € S and E-typest; € Ty, t; € T, withCy € t; and C; € t;.

We refrain from giving the proof of Lemma 6.4 since it will follow from Lemma 6.5 below. We
note, however, that for £ as in the lemma, Theorem 6.1 is an immediate consequence of the pro-
cedure: there are only double exponentially many mosaics, so the elimination terminates after at
most double exponentially steps. It remains to observe that every elimination step can be executed
in double exponential time.
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This relatively straightforward elimination procedure does not quite work in the presence of
nominals. Intuitively, the reason is that in any two interpretations 73, 15, every nominal a is realized
(modulo bisimulation) in exactly one mosaic. Now, if the set S contains several mosaics mentioning
a, they possibly witness existential saturation of each other which, however, cannot be reflected in
an interpretation. Thus, for the mosaic elimination procedure to work (in the sense of Lemma 6.4)
one has to “guess” for every nominal a exactly one mosaic that describes a.

To formalize this idea, let us call a set S of mosaics good for nominals if for every individual
name a € sig(Z) and i = 1, 2 there exists exactly one ¢! with {a} € t € U, 1)es Ti and exactly
one pair (T1,T;) € S with tfl € T;. Moreover, if a € X, then that pair takes the form

— ({t1},{t?}) in case £ admits the universal role, and

— ({tL}, {£2)), ({tl}, 0), or (0, {t%}), otherwise.
We can now formulate the more general lemma.
LEmMMA 6.5. The following conditions are equivalent:

(1) Cy,C; are jointly consistent under O modulo L(3)-bisimulations;
(2) there exists a set S* of mosaics that is good for nominals and does not contain a bad mosaic,
such that there exist (T1, T,) € 8* and E-types t; € T, t, € T, withCy € t; and C; € t,.

Proor. “1 = 2”. Let I;,d; ~r 5 Ls, dy for models 7; and 7, of O such that dy, d, realize =-types
t,t, and C; € t1,Cy € t,. Let S* be the set of all mosaics defined by 73, I,. It is routine to show
that no (T3, T;) in S8* is bad and that S8 is good for nominals. Now, the mosaic (T3, T;) defined by
d{ in I3, I, witnesses Condition (2).

“2 = 17. Suppose there exist a good set S* of mosaics and (51, S;) € S* and E-types s; € Sy, s, €
S, with C; € sy and C; € s;. Let 1, for i = 1, 2 be interpretations defined by setting:

A= {(t,(T1,T2)) | (T1, T;) € S*,t € Ty, and
if £ admits the universal role, then (Sy, S2) ~», (11, T2) and t, s; are u-equivalent}
rli = {((t,p), (t'.p")) € AT x AT | t ~s, " and for all S-roles s : (O |= 7 C s) = p ~w p')}
Al = ((t,p)e AT |Act)
ali = (t,(T,T,)) e Al {a) et € T;
Note that the interpretation of nominals is well-defined since S* is good for nominals.
We verify that interpretations J; and 7, witness Condition (1). ]
Claim 1. Fori=1,2,allC € E,and all (¢,p) € ALt we have (t,p) € cliifcer.
Proof of Claim 1. Let i € {1, 2}. The proof is by induction on the structure of concepts in =.

— The claim holds for concept names C = A and all nominals C = {a}, by definition of 7;.
— The Boolean cases, =C and C 1 C’, are immediate consequences of the hypothesis.
—Let C = dr.D. (Recall that r is possibly the universal role u.)
“if”: Suppose r.D € t. By existential saturation, there is a p’ = (T],T,) € S* such that
(1) there exists t" € T/ with D € t" and t ~w»,,t" and (2) if O |= r C s for some X-role s, then
p ~g p’. Note that ¢, ¢’ are thus also u-equivalent, so (t/,p’) € Ai. We distinguish cases:
- If r is a role name, then by definition of r’i, we have ((t,p), (t’,p’)) € r’i. Since D € t’,
induction yields (t’, p’) € D%i. Overall, we get (¢, p) € (Ar.D)%:.
- If r = ry is an inverse role, then (1) and (2) above imply (1’) t" w», tand (2°)if O Ery E s
for some X-role s, then p ~» p’. As before, we can then conclude that ((t/,p’), (t,p)) € r()Ii.
Since D € t’, induction yields (¢',p’) € D%i. Overall, we get (t,p) € (EIrO‘.D)Ii.
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“only if”: Suppose (t,p) € (Ir.D)%i. Then, there is (', p’) € AL with ((¢,p), (t'.p’)) € r’i
and (t',p’) € D%i. By induction, the latter implies D € t’. We distinguish cases:
- If r is a role name, then by definition of r%i, t ~», t” and thus Ar.D € t.

- If r = ry is an inverse role, then by definition of rI’, t" ~p t. Thus, also dry.D € t.

This finishes the proof of Claim 1. Claim 1 implies that (s, (51, 52)) € Cl‘r1 and (ss, (S1,52)) € CZIZ.
Claim 1 also implies that the type realized by (t,p) in I; is t, for all (¢, p) € A%i. Since types are, by
definition, realized in models of O, it follows that both 7; and 7, are models of O.

Claim 2. The relation R defined by
R={((t.p).(t".p)) | (t.p) € AT (', p) € A"}

is an L(X)-bisimulation.

Proof of Claim 2. Clearly, R satisfies Condition [AtomC] due to 3-concept name coherence. Con-
dition [Atoml] follows from the fact that S* is good for nominals in case £ admits nominals.

For Condition [Forth], let ((t,p), (t’,p)) € Rand ((t, p), (t;,p1)) € r1, for some Z-role r, and let
p = (T1,T;) and p; = (T/,T,). We distinguish cases:

—If r is a role name, then by definition of r/1, we have (1) t ~», t; and (2) for all Z-roles s with
O = r E s,we have p v, p;.Since t’ € T, and p ~», p; there is some t” € T, with t’ ~», 1.
Thus, in particular, t” is u-equivalent to ¢" (and thus to s;), which implies (¢, p;) € A%, The
definition of % then implies that ((¢', p), (t”, p1)) € r’2. It remains to note that the definition
of R yields ((t1,p1), (t",p1)) € R.

—If r = ry is an inverse role, then by definition of r({l, we have (1) t; ~,, t and (2) for all -
roles s with O |= ry E s, we have p; ~», p. Since t’ € T, and p; s, p there is some t”” € T,
with t"” ~s, t’. Thus, in particular, ¢ is u-equivalent to ¢’ (and thus to s;), which implies
(t",p1) € A% The definition of r(f'z then implies that ((¢"/,p1), (t,p)) € rOIZ. It remains to
note that the definition of R yields ((¢1, p1), (t”,p1)) € R.

Condition [Back] is dual.

Finally, we verify that R and R~ are surjective if £ admits the universal role. Let (¢, (T, T)) € A%
Then, (S1,S2) ~»,, (T, T2), by definition of A1t This implies that there is a type t € T, which is u-
equivalent to s, and thus (¢', (T3, T;)) € A%2. The definition of R implies ((¢, (T1, T3)), (', (T1, Tz))) €
R. The other direction is dual.

This finishes the proof of Claim 2. By definition of R, ((s1, (51, S2)), (s2, (51,S2))) € R, and thus
14, (51, (51, 52)) ~ 2.5 Lo, (52, (51, 52))- O

It remains to argue that we can find in double exponential time a set S* as in Condition (2) of
Lemma 6.5. We use a suitable variant of the elimination procedure described after Lemma 6.4.

LEmMMA 6.6. Let L € DL,,. Then it is decidable in time double exponential in [|O|| + ||C1]| + ||C2]|
whether for an L-ontology O, L-concepts C1,C,, and a signature 3 C sig(=Z) there exists some S*
satisfying Condition (2) of Lemma 6.5.

ProoF. Let £ € DLy, and assume O, C;,C,, and ¥ are given. We can enumerate in double
exponential time the maximal good sets U C 27 x 2T by picking, for each nominal a € sig(E)
andi = 1,2, a type t., and a mosaic (T, Tz) with t} € T;. In doing so, we make sure that ({t}}, {t2})
is selected in case a € X. Crucially, there are only double exponentially many possibilities to make
this choice. Remove all mosaics that mention a nominal and have not been selected. The resulting
set is good for nominals.
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Then, we eliminate from any set U obtained in that process recursively all bad mosaics. Let
Sar € U be the largest fixpoint of that procedure. Then one can easily show that there exists a set
S* satisfying Condition (2) of Lemma 6.5 iff there exists a set U that can be obtained by the process
described above such that the largest fixpoint Sq; satisfies Condition (2) of Lemma 6.5. Since elim-
ination terminates after double exponential time, and there are only double exponentially many
possible choices for U, the lemma follows. O

Theorem 6.1 is a direct consequence of Lemmas 6.5 and 6.6.

7 LOWER BOUND PROOFS WITH ONTOLOGY

The goal of this section is to provide the proofs of the lower bounds in Theorems 5.12, 5.15, and 5.16.
We start with the former two. By Lemma 5.10 and Theorem 5.8, it suffices to consider joint con-
sistency. We will provide two reductions: in Section 7.1, we provide the reduction for DLs in DL,
that admits nominals and, in Section 7.3, the one for DLs that admits Rls. In Section 7.2, we will in-
vestigate the shape of the interpolants/explicit definitions that arise in the preceding lower bound
proof. In Section 7.4, we then show how to adapt the lower bound proof from Section 7.1 to the case
of Cl-interpolant existence. In all cases, we reduce the word problem for languages recognized by
exponentially space bounded alternating Turing machines (ATMs), which we introduce next.

An ATM is a tuple M = (Q,©,T, qo, A) where Q = Q3 W Qy is a finite set of states partitioned
into existential states Q3 and universal states Qy. Further, © is the input alphabet and I' is the tape
alphabet that contains a blank symbol O ¢ ©, q¢ € Qv is the initial state, and A € Q X I'X Q X T' X
{L,R} is the transition relation. We assume without loss of generality that the set A(g,a) :=
{(¢’,a’,M) | (q,a,q’,a’,M) € A} contains exactly two or zero elements for every ¢ € Q and
a € I'. Moreover, the state ¢’ must be from Qv if ¢ € Q5 and from Q5 otherwise, that is, existential
and universal states alternate. Acceptance of ATMs is defined in a slightly unusual way, without
using accepting states. Intuitively, an ATM accepts if it runs forever on all branches and rejects
otherwise. More formally, a configuration of an ATM is a word wgw’ with w,w’ € I’ and q € Q. We
say that wqw’ is existential if q is, and likewise for universal. Successor configurations are defined
in the usual way. Note that every configuration has exactly zero or two successor configurations.
A computation tree of an ATM M on input w is a (possibly infinite) tree whose nodes are labeled
with configurations of M such that

— the root is labeled with the initial configuration gow;

—if a node is labeled with an existential configuration wgw’, then it has a single successor
which is labeled with a successor configuration of wqw’;

— if a node is labeled with a universal configuration wqw’, then it has two successors which
are labeled with the two successor configurations of wgw’.

An ATM M accepts an input w if there is a computation tree of M on w. Note that we can convert
any ATM M in which acceptance is based on accepting states to our model by assuming that
M terminates on any input and then modifying it to enter an infinite loop from the accepting
states. It is well-known that there are 2"-space bounded ATMs which recognize a 2ExpTIME-hard
language [23], where n is the length of the input w.

7.1 DLs with Nominals
We start with DLs supporting nominals. By Theorem 5.8, it suffices to prove the following result.

LEMMA 7.1. Let £ € DL, admit nominals. It is 2ExpTIME-hard to decide for an L-ontology O,
individual name b, and signature ¥ C sig(O) \ {b} whether {b} and —{b} are jointly consistent under
O modulo L(X)-bisimulations. This is true even if b is the only individual in O and ¥ = sig(O) \ {b}.
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Fig. 6. Enforced bisimulation in lower bound.

As announced, we reduced the word problem for 2"-space bounded ATMs. Let us fix such an
ATM M = (Q,0,T,qo,A) and an input w = qy . . . a,—; of length n. We first provide the reduction
for £ = ALCO using an ontology O and a signature ¥ such that O contains concept names that
are not in ¥ and uses two role names r, s, and show later how to adapt this proof to = = sig(O)\ {b}
and DLs supporting inverses and/or the universal role.

The idea of the reduction is as follows. We aims to construct an ontology O such that M accepts
w iff {b} and —{b} are jointly consistent under O modulo £ (3)-bisimulations, where

S ={r,s,Z,By,B}, B4} U{A, | c e TU(QxT)}.

The ontology O enforces that r(b, b) holds in any model O using the CI {b} C Jr.{b}. Moreover, it
enforces that any element distinct from b with an r-successor lies on an infinite r-path p enforced
by the Cls:

-{b}nAr. T C I I, CAr.TOVr.

with I a concept name. Thus, if there exist models 7, J of O with 7, bt ~arco.s J.d for some
d # b7 and d € (Ar.T)7, it follows that all elements on the path p are ALC(Z)-bisimilar to b7
and thus mutually A LC(2)-bisimilar. The situation is depicted in Figure 6, where the trees T, and
T;,i > 0 starting in b? and on the path elements, respectively, are also mutually ALC(Z)-bisimilar.
These trees shall represent the computation tree of M on input w (using symbols from ¥) as follows,
cf. Figure 7, which shows the skeleton of a single tree T;. Configurations of M are represented as
paths of length 2" over a role s in which every element is labeled with a symbol A, o € TU(QXT)
that represents the content of a single tape cell (omitted in the figure for the sake of readibility).
In Figure 7, the start of a configuration is indicated by o and the s-path between consecutive
o has length 2". Every configuration is marked as existential or universal using concept names
By, B, B%; the superscript -'/-? indicates which successor is chosen for an existential configuration.
Existential configurations have a single successor configuration and universal configurations have
two successor configurations.

The structure of this computation tree can easily be enforced in A LC using standard techniques
(as we detail below). The difficulty is to achieve synchronization between successor configurations
in the tree. That is, if a configuration ¢ in the computation tree is followed by another configuration
¢’, then ¢’ is actually a successor configuration of ¢ according to M. To achieve this, we first ensure
thatin T;, for i < 2", the (2" —i)th cell of each configuration in the computation tree is synchronized
with the (2" —i)th cell of the next configuration(s), as indicated by the dotted lines in Figure 7. This
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Fig. 7. Computation tree of M.

can be realized in ALC using a set of concept names not in X. Then we exploit the fact that the
trees T; are mutually A LC(2)-bisimilar, which implies that in all T; all cells of all configurations
are synchronized. In more detail, we do this by using several counters modulo 2" as follows.

The first counter counts modulo 2" along the path p using concept names not in X. As an-
nounced, each point of p starts an infinite tree along role s that is supposed to mimick the compu-
tation tree of M on input w. Along this tree, two more counters are maintained:

— one counter starting at 0 and counting modulo 2", and
— another counter starting at the value of the counter on p and also counting modulo 2".

The first counter is used to divide the tree into configurations of length 2" and the second counter
is used to link the (2" — i)th cell of successive configurations in T; as described above.

We will next provide the CIs in O in more detail. The counter along p is realized using concept
names A;, 0 < i < n and by including the following (standard) ClIs, for every i with 0 < i < n:

L NA; 1| |4 EVr-4 L M-A; 1| ]A; EVr.A;
Jj<i Jj<i
I,MA; N U -A Cvra; I, =A; 1 L —A; € V-4,
J<i Jj<i

Using again the concept name I, we start the s-trees with two counters, realized using concept
names U; and V;, 0 < i < n, and initialized to 0 and the value of the A-counter, respectively, by
including the following CIs for every j with 0 < j < n:

I, C (U =0)
TLCds.T

Here, (U = 0) is an abbreviation for the concept |_|l'»’:_0l —U;; we use similar abbreviations below
without further notice. The counters U; and V; are incremented along s in the same way as A;
is incremented along r, so we omit details. Configurations of M are represented between two
consecutive points having U-counter value 0. We next enforce the structure of the computation
tree (recall that gy € Qv):

I; C By ()
(U < 2" —1) M By C Vs.By
(U <2"-1)n B, EVs.BY i€{1,2})
(U=2"-1)NBy C V¥s.(By L BY)
(U=2"-1)NB, C Vs.By ie{1,2)

(U=2"-1)nByC3ds.ZMn3s.~Z
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These Cls enforce that all points, which represent a configuration satisfy one of By, B, B indi-
cating the kind of configuration and, if existential, also a choice of the transition function. The
symbol Z € ¥ enforces the branching.

We next set the initial configuration, for input w = ay, ..., an-1.

LCA

qo: o
ISEVsk.Aak 0<i<n
I, C ¥s™.Blank
Blank C A
Blank m (U < 2" — 1) C Vs.Blank

To coordinate successor configurations, we associate with M functions f;, i € {1,2} that map
the content of three consecutive cells of a configuration to the content of the middle cell in the
ith successor configuration (assuming an arbitrary order on the set A(q, a), for all g, a). In what
follows, we ignore the corner cases that occur at the border of configurations; they can be treated
in a similar way. Clearly, for each possible triple (o1, 02, 03) € (I' U (Q x I))3, the A LC-concept
Co, 0005 = Ay T135.(Ag, M3s.Ap,) is true at an element a of the computation tree iff a is labeled
with A, , an s-successors b of a is labeled with A,,, and an s-successors c of b is labeled with A, . In
each configuration, we synchronize elements with V-counter 0 by including for every (o1, 02, 03)
and i € {1, 2} the following ClIs:

M Vs. A

f2(01,02,03)

(V=2"-1)n(U < 2" —2)NCq, 0,0, N By C ¥s.A]

fi(o1,02,03)
(V=2"-1)1(U < 2" =2)NCq, 0,0, N B} C Vs.Al

fi(o1,02,03)

At this point, the importance of the superscript in B becomes apparent: since different cells of a
configuration are synchronized in different trees Ty the superscript makes sure that all trees rely
on the same choice for existential configurations. The concept names A’ are used as markers (not
in ¥) and are propagated along s for 2" steps, exploiting the V-counter. The superscript i € {1, 2}
determines the successor configuration that the symbol is referring to. After crossing the end of a
configuration, the symbol o is propagated using concept names A, (the superscript is not needed
anymore because the branching happens at the end of the configuration, based on Z).

(U<2"-1)nAL CVs.AL
(U=2"-1)nBynAL CVs.(Z - A))
(U=2"-1)NByMNA% CVs.(~Z — A))
(U=2"-1)NByNAL CVs.A, ief{1,2)
(V<2"-1)NA, CVs.A,
(V=2"-1)NA_ CVs.A,
For those (q, a) with A(g, a) = 0, we add the CI
AgaC L.
The following lemma establishes correctness of the reduction.
LEmMA 7.2. The following conditions are equivalent:

(1) M accepts w;
(2) there exist models T and J of O such that I,b* ~a,rcos J.d, for somed # b7 .
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PrOOF. “1 = 2”. If M accepts w, there is a computation tree of M on w. We construct a single
interpretation 7 with 7, bl ~ arcoys 1.d for some d # bL as follows. Let j/\ be the infinite
tree-shaped interpretation that represents the computation tree of M on w as described above,
that is, configurations are represented by sequences of 2" elements linked by role s and labeled
by By, By, B4 depending on whether the configuration is universal or existential, and in the latter
case the superscript indicates which choice has been made for the existential state. Finally, the first
element of the first successor configuration of a universal configuration is labeled with Z. Observe
that interprets only the symbols in ¥ as non-empty. Now, we obtain interpretations Z, k < 2"
from J by interpreting non-X-symbols as follows:

— the root of J satisfies Ig;

— the U-counter starts at 0 at the root and counts modulo 2" along each s-path;

— the V-counter starts at k at the root and counts modulo 2" along each s-path;

— the auxiliary concept names of the shape A’ and A/, are interpreted in a minimal way so as
to satisfy the CIs starting from CI (). Note that, by definition of these CIs, there is a unique
result.

Now obtain 7 from J and the I by creating an infinite outgoing r-path p from some element
d # b’ (with the corresponding A-counter) and adding 7, k < 2" to every element with A-counter
value k on the r-path, identifying the roots of the 7} with the element on the path. Additionally,
include (b?,b7) € r¥ and add Jtol by identifying b? with the root of J .1t should be clear that

T is as required. In particular, the reflexive, transitive, and symmetric closure of

— all pairs (bI, e), with e on p, and
— all pairs (e, e’), with e in J and e’ a copy of e in some tree Jj

is an ALCO(Z)-bisimulation S on 7 with (b7, d) € S.

“2 = 17, Assume that 7, b? ~arco.s J,d for some d # b7 . As argued above, due to the r-self
loop at b?, from d there has to be an outgoing infinite r-path on which all s-trees are ALCO(X)-
bisimilar. Since 7 is a model of O, all these s-trees are additionally labeled with some auxiliary
concept names not in %, depending on the distance from their roots on p. Using the CIs in O and
the arguments given in their description, it can be shown that all s-trees contain a computation
tree of M on input w (which is solely represented with concept names in ). ]

The same ontology O can be used for the remaining DLs with nominals. For ALCO", exactly
the same proof works; in particular, note that both the bisimulation S constructed in “1 = 2” and
its inverse are surjective. For the DLs with inverse roles, the (one-way) infinite r-path p has to
replaced by a two-way infinite path in “1 = 2”.

Using the ontology O defined above, we define a new ontology O’ to obtain the 2ExpTIME lower
bound for signatures %" = sig(Q’) \ {b}. Fix a role name rg for any concept name E € sig(O) \ 2.
Now replace in O any occurrence of E € sig(O) \ = by drg.{b} and denote the resulting ontology
by O".

LEMMA 7.3. The following conditions are equivalent:

(1) M accepts w;
(2) there exist models I and J of O such that I,b% ~zrco.s J,d, for somed # b7 .

Proor. “1 = 2”. We modify the interpretation 7 defined in the proof of Lemma 7.2 in such a
way that we obtain a model of O and such that the ALCO(Z)-bisimulation S on I defined in

ACM Transactions on Computational Logic, Vol. 24, No. 4, Article 34. Publication date: October 2023.



Living without Beth and Craig 34:27

that proof is, in fact, an ALCO(Z’)-bisimulation on the new interpretation. Formally, obtain 7’
from 7 by interpreting every rg, E € sig(O) \ ¥ as follows:

(i) there is an rg-edge from e to b! foralle € EZ;
(ii) there is an rg-edge from e to all elements on the path p, for all (e, e’) € S and e’ € EZ;
(iii) there are no more rg-edges.

Note that, by (i), 7’ is a model of O’. By (ii), the relation S defined in the proof of Lemma 7.2 is
an ALCO(Y')-bisimulation. In particular, by (i), elements e’ € EY have now an rg-edge to b?, so
any element e bisimilar to e’, that is, (e,e’) € S, needs an rg-successor to some element bisimilar
to b?. Since all elements on the path p are bisimilar to b7, these rg-successors exist due to (ii).

“2 = 17. This direction remains the same as in the proof of Lemma 7.2. O

The extension to DLs with inverse roles and the universal role and the restriction to a single
role name are again straightforward.

We conclude the section with an observation that will be relevant for the application of our
results to modal logic in Section 11. More specificially, we strengthen the lower bound for the case

of L = ALCO" as follows:

LEMMA 7.4. Let L € {ALCO, ALCOY}. Then, it is 2ExpTIME-hard to decide for an L-ontology
O, individual name b, and signature 3 C sig(O) \ {b} whether {b} and —{b} are jointly consistent
under O modulo L(X)-bisimulations, even if O is allowed to use only a single role name.

Proor. We modify the ontology O and signature ¥ used in the proof of Lemma 7.1. Let O’ be
the ontology obtained from O by:

— replacing every subconcept of the shape 3r.C with Ir.(X, M C) and
— replacing every subconcept of the shape 3s.C with Ir.(X; 1 C),

for fresh concept names X, X, and set X’ = SU{X,, X;}. Itis routine to verify that Lemma 7.2 holds
for O, Y instead of O, X. In particular, we can obtain an interpretation 7’ from I as constructed
in “1 = 2” as follows.

— replace all s-connections by r-connections;

— every element that has an s-predecessor in 7 satisfies X; in 7, that is, XSII = (Hs_.'l')];

— b’ and every element on the infinite r-path p in I satisfy X, in I”, that is, X! = (3r.T)7
(the root of the infinite path has to satisfy X, since it is bisimilar to b which satisfies X).

]

7.2 Shape of Explicit Definitions in the Lower Bound

The goal of this subsection is to provide some intuition on the shape of the explicit definitions
that arise in the proof of Lemma 7.1. We note first that r(x, x) is an explicit FO(3)-definition
of {b} under O, regardless of whether the ATM accepts its input or not. This means that inter-
polant and explicit definition existence is 2ExpTIME-hard even under the promise that a fixed
FO-definition/FO-interpolant exists.

We now analyze the ALCO(Z)-definitions that arise in the proof of Lemma 7.1. Recall that
such a definition exists iff the ATM M does not accept its input w. So, for the rest of the dicussion,
we assume the latter. Instead of directly providing an explicit ALCO(Z)-definition of {b}, we give
a definition C_;, of —{b}, since the definition of C_; is close to the intuitions provided in the proof
of Lemma 7.1. Obviously, =C_; will be the desired definition of {b}. Let n be the length of the input
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word w and let k = [T U (Q XT')| be the number of possible labelings of a cell in some configuration
of the ATM. Moreover, set K = k2" + 27",
The concept C_, takes the shape

2n—1
Cop=Ar.T > (Ctree M Ctart 11 _‘Cstop r zltlo Ci)~

To understand the structure Ar. T — C’ of C_p, recall that the proof of Lemma 7.1 relies on the
assumption that an element d # b” has an r-successor. The concepts Ciree, Cstop» Cstart» Ci provide
an “approximation” of an accepting computation tree of the ATM M on its input w in the following
sense (Note that the definition of —{b} cannot describe the full accepting computation since it is
not entailed).

The concept Ciree enforces an s-tree of depth K that acts as the skeleton for encoding (an initial
fragment of) a computation tree. It is labeled with concepts Z, By, B, B in the expected way.
Formally, Ciyee is

Path?y m [ s’ (BV . (Hs.(Z n Pathinf%) n3s.(-ZnN Pathint)) n (B, UBY) — 3s.Path§j'Bv)
i=¢2n-1
i<K

where Path["y is a concept that enforces an s-path of length m with each element labeled with X.
We refrain from giving the precise definitions of the remaining concepts, and rather provide the
intuitions. Cyayt is a concept that enforces the initial configuration to be true in the computation
tree, and Cyop is a concept that is true if some element within K s-steps is labeled with a concept
name Ay 4 for which A(g, a) = 0. Moreover, each C; is a concept with O |= I, M (A = i) C C;; recall
that we denote with (A = i) that the A-counter has value i. The disjunction over all possible C; in
C-p is needed since the A-counter can take any value between 0 and 2" — 1 at a given element in
d # b’ . More precisely, each C; is a conjunction

2n—1

Ci= |_| Vrj-csi;?xf:j,

j=0
where @,, denotes addition modulo m, and for each m with 0 < m < 27, Cs’;’,nc is a concept that
coordinates the content of the mth cell in every configuration in the computation tree with the
same cell in the successor configuration(s). This can be easily realized using value restrictions Vs.

Observe that O |= ={b} E C_, regardless of whether the ATM accepts w or not. In particular,
in every model of O, each element d satisfying —{b} 1 dr.T satisfies the concepts Ciee, Cstart, and
~Ctop- Moreover, d satisfies I; and (A = i) for some i, and thus d also satisfies C;.

For the converse, O |= C., T —{b}, suppose that C_ is realizable in a model 7 of O in an
element d with (d,d) € rZ. We thus also have d € (Ctree M Cstart M= Stop)I, andd € CiI, for some i.
Due to the r-self loop, d € (CS’;I,HC)I, for all m with 0 < m < 2". But this means that at d starts the
initial segment of a computation tree of M which is not labeled with a halting configuration, and
all of whose cells are coordinated with the corresponding cell of the successor configuration(s).
By the choice of K, on every path there is a configuration that occurs twice. We can thus extend
the initial fragment of the computation tree to an infinite computation tree for the word w, in
contradiction to the fact that M does not accept w.

We conclude with observing that the size of the definition C_; of —{b} is double exponential in
the length n of the input word, due to the depth K of the enforced tree. This is in stark contrast with
the (constant!) size of the FO(X)-definition. We conjecture that one can enforce explicit definitions
of triple exponential size. For example, when using two roles sy, s, instead of s for encoding the
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computation tree, already the concept Cye Will be of triple exponential size. We leave a detailed
analysis for future work.

7.3 DLs with Role Inclusions
By Theorem 5.8, it suffices to prove the following.

LeEmMA 7.5. Let £ € DL, admit RIs. It is 2ExpTIME-hard to decide for an L-ontology O, con-
cept C, and signature 3 C sig(O) whether C and —~C are jointly consistent under O modulo L(X)-
bisimulations.

As in the proof of Lemma 7.1, we reduce the word problem for exponentially space bounded
ATMs, so let M be a 2"-space bounded ATM and w = ay . . . a;—1 an input of length n. In fact, the
only difference to the proof of Lemma 7.1 is the way in which we enforce that exponentially many
elements are £(X)-bisimilar. We first provide the reduction for £ = ALCH and

2 ={ry.r2,s,2Z,By, B}, B4} U{A, | o e TU(Q xT)}.

The symbols s, Z, By, Bla, B% and A;, 0 € TU(QXT), play exactly the same role as above. The main
difference is that we replace the nominal b by an r-chain of length n. The ontology O contains the
RIsr C ry,r C rp and the CI =3r". T M 3r[". T C R. As usual Ir" abbreviates a sequence of n times
dr.

To see how we use these inclusions, suppose there exist models 7 and J of O and d € A7,
e € AJ such that

—de@mT);
—ee (=3Ar.T)7;
—I,d~arcwus I e

then it follows that e € RY: due to 7,d ~arcys J.eandd € (Hrf.T)I, we also have e €
(Hrl”.T)I . Let now d’ be an element reachable from d via an r-path of length n (which exists due
tod € (Hr".T)I). Since r C r; for i = 1,2, there are also arbitrary ry/r;-paths of length n from
dtod’. Since I,d ~arcs J,e, there are also arbitrary ry/r;-paths of length n starting in e and
whose end points are all ALCH (2)-bisimilar to d’ and thus also mutually ALCH (X)-bisimilar.

The concept name R will enforce that

(*) the end point of any r; /r;-path of length n starting in e carries a counter value that describes
the path in a canonical way.

We can thus use these 2" different, but bisimilar end points to start the infinite trees which mimick
the computation tree of M as in the proof of Lemma 7.1. Along these, we maintain the same two
counters as there:

— one counter starting at 0 and counting modulo 2" to divide the tree into configurations of
length 27;
— another counter starting at the value of the counter on the leaf and also counting modulo 2".

Formally, the ontology O is constructed as follows. In order to realize (*) above, we use concept
names A;, 0 < i < nrealizing the counter and the following ClIs:

RCRy
Ri CVr.(Ai MRiy) MVr.(=A; MRiy) i<n
RiMA; CVYri.A;j M1V A 0<j<i<n
Ri M —A; CVri.—A; MVr.—A; 0<j<i<n
R, C Lg
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Using the concept name Ly, we start the s-trees with two counters, realized using concept names
U; and V;, 0 < i < n, and initialized to 0 and the value of the A-counter, respectively:

LR C (U=0)
LRCA; oV 0<j<n
TLCds. T

The structure of the computation tree, the initial configuration, and the coordination between
consecutive configurations is done using the same CIs as in the proof of Lemma 7.1, starting from
inclusion (1) and replacing I; with Lg. We can then prove the following very similarly to Lemma 7.2.

LEMMA 7.6. The following conditions are equivalent:

(1) M accepts w;
(2) there exist models I and J of O such that I,d ~garcws J e, for somed € @r*. 1) and
e¢ (Arm.T).

PrOOF. “1 = 2”. If M accepts w, there is a computation tree of M on w. We construct a single
interpretation 7 with 7,d ~g rca.x I, e for some d, e with d € (Ir".T)? and e ¢ (Ir".T)? as
follows. Let j be the infinite tree-shaped interpretation that represents the computation tree of
M on w as described above, that is, configurations are represented by sequences of 2" elements
linked by role s and labeled by By, BY, B4 depending on whether the configuration is universal
or existential, and in the latter case the superscript indicates which choice has been made for
the existential state. Finally, the first element of the first successor configuration of a universal
configuration is labeled with Z. Observe that T interprets only the symbols in ¥ as non-empty.
Now, we obtain interpretations 7, k < 2" from j by interpreting non-X-symbols as follows:

— the root of 7} satisfies Lg;

— the U-counter starts at 0 at the root and counts modulo 2" along each s-path;

— the V-counter starts at k at the root and counts modulo 2" along each s-path;

— the auxiliary concept names of the shape A’ and A/, are interpreted in a minimal way so as
to satisfy the CIs that enforce the coordination between consecutive configurations (cf. the
CIs in proof of Lemma 7.1).

Now obtain 7 from j and the 7 as follows: First, create a path of length n from some element
d so that consecutive elements are connected with r, 1, r,, and identify the end point of the path
with the root of JA . Then create a binary tree of depth n, rooted in e, in which left children are
always ry-successors and right children are always r,-successors. Label the nodes of the tree with
R; and A; as described above and identify the leaf having A-counter value k with the root of 7, for
all k < 2". I is as required since, by construction, d € (EIr”.T)I, eéd (EIr".T)I, and the reflexive,
transitive, and symmetric closure of

— all pairs (d’, ¢’) such that d” has distance £ < n from d and e’ has distance ¢ from e, and
— all pairs (b, b’), with b in J and b’ a copy of b in some tree Jj

is an ALCH (X)-bisimulation S on 7 with (d,e) € S.

“2=1”. Assume that 7,d ~ 4 sz J , e formodels I, J of O and some d, e withd € (Ir".T)
and e ¢ (Ar".T)J. As argued above, there are ry/ry-paths of length n whose end points carry all
possible counters < 2" and are all ALCH (2)-bisimilar. In addition, all these end points root s-
trees which are ALCH (2)-bisimilar. Since 7 is a model of O, all these s-trees are additionally
labeled with some auxiliary concept names not in %, depending on the value of the A-counter of
the corresponding leaf. Using the CIs in O and the arguments given in their description, it can be

ACM Transactions on Computational Logic, Vol. 24, No. 4, Article 34. Publication date: October 2023.



Living without Beth and Craig 34:31

shown that all s-trees contain a computation tree of M on input w (which is solely represented
with concept names in ). O

The same proof works as well for ALCH" as the relation S constructed in the direction “1 = 2”
above is actually an ALCH"(Z)-bisimulation. For £ € {ALCHI, ALCHI"}, we have to
slightly adapt the model construction in “1 = 2”, following the idea provided in Example 5.9 (ex-
cept that we do not need to take the union of 13, 7, here, since we construct a single interpretation
I =1, = I).Letd,, . ..,d, be the elements on the r-path that starts in d, that is, dy = d and dy has
distance ¢ from d. Recall that (d, e”) € S for every element e’ in level £ in the binary tree rooted at e.
Observe that S is not an £ (X)-bisimulation since, for £ > 0, dy has both an r; and an r,-predecessor
(both are d;—1), but elements in the binary tree lack either an r;- or an ry-predecessor. To repair
this, we add for every element e’ in level £ > 0 in the binary tree the following connections:

(de-y, e’y er]  and  (dp_y,e) erf.

It can be verified that the modified interpretation is still a model of O, and that S is an £(3)-
bisimulation as required.

We conclude the section by remarking that one can analyze the structure of the explicit
ALCH (X)-definitions that arise in the proof of Lemma 7.5 along the lines of Section 7.2. In con-
trast to that section, the size of the FO-definition

n-1
@(x1) = dxz ... dxp. /\ ri(xi, Xiv1) A ro (i, Xit1)
i=1

of Ar™.T under O is not constant, but depends on n.

7.4 Cl-Interpolant Existence

We show the 2ExPTIME lower bound for Cl-interpolant existence stated in Theorem 5.16. We em-
ploy the ontology O, individual b, and signature ¥ constructed in the proof of Lemma 7.2 and
remind the reader that the claim of Lemma 7.2 holds also for ALCO" and ALCOI". Let O; be
defined as O without {b} C Jr.{b} and with ={b}13dr.T C I, replaced by Ir.T C . Also, define O,
as O without {b} C 3r.{b} and with all concept and role names not in X replaced by fresh symbols.
Transform O, into an equivalent ontology of the form {T T D}. Observe that O; does not use b.
In fact, the shared symbols of O; and the CI Yu.D 11 {b} C —3r.{b} are exactly the symbols in .
The 2ExpTIME lower bound now follows from the following lemma.

LEMMA 7.7. Let L € {ALCO", ALCOI"}. Then the following conditions are equivalent:

(1) Point 2 of Lemma 7.2 holds; that is, there exist models I and J of O such that I, bt ~rx J.d,
for some d # bJ
(2) there does not exist an L-CI interpolant for O; andYu.D 1 {b} T —3r.{b}.

PrRooOF. Assume Point (1) holds and take 7, J, and d witnessing this. We may assume that
I = g is the interpretation constructed in the proof of “1 = 2” of Lemma 7.2. Assume for a
proof by contradiction that O’ is an £-CI interpolant for O; and Yu.D 1 {b} T —dr.{b}. Let I’
denote the restriction of I to elements that cannot be reached from b along a path following r*
or s7 and reinterpret b as an element of A?". Then 7’ is a model of O; by the definition of 7 and
since O; does not contain any CIs with the individual b. Moreover, we have 7, b ~ £,z 1’,dsince
b ¢ 3. Then, as L admits the universal role, 7 is a model of O’. We now reinterpret in 7 the fresh
concept and role names in O, in the same way as the original ones in 7 and obtain a model 7"
with AT = D" since T is a model of O. But then 7" | Yu.D1{b} C =3r.{b} and so (as I is still
a model of O’ since sig(O’) € 3) O’ |~ Yu.D 11 {b} C =3r.{b}, a contradiction.
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Conversely, assume there does not exist an £-Cl interpolant for O; and Yu.Dr{b} C —3r.{b}. As
in the proof of Theorem 5.6 and using the fact that £ admits the universal role, we obtain a model
J of 01,d € AY, and an interpretation 7 with 7 [£ VYu.D M {b} E —=3r.{b} and 7, bt ~rx J.d
We may assume that 7 and 7 are disjoint. Observe that J satisfies all CIs in O with the exception
of {b} C Ar.{b}. By reinterpreting in I the original concept and role names in O in the same way as
the fresh concept and role names in O,, we obtain a model 7’ of O. Take the union 7'UJ of 7’ and
J with b1"YJ defined as bY. Then 7’ U J is a model of O such that 7’ U g, b'VT ~rx1'UYT,d,
for some d # b7, as required for Point (1). O

8 UPPER BOUND PROOFS WITHOUT ONTOLOGY

The upper bound for Points 1 and 2 of Theorem 5.13 is a consequence of the respective upper
bounds in Theorem 5.12. For showing the upper bounds of Points 3 and 4 in Theorem 5.13, we
prove that joint consistency is in NExpTIME and then apply Theorem 5.6. Indeed, the NExPTIME
upper bound follows directly from the following exponential size witness model property.

LEMMA 8.1. Let L € DL,, admit neither the universal role nor both inverse roles and nominals
simultaneously. Let O be a set of RIs, C1,Cy L-concepts, and ¥ a signature. If C; and C, are jointly
consistent under O modulo L(X)-bisimulations, then there exist pointed interpretations I1,d; and
Iy, dy with 11, I, models of O and of at most exponential size in ||O|| + ||C1|| + ||Csl| such that
deCl dyeCl and 1,d, ~ 5 T, dy.

Before we prove Lemma 8.1, we introduce some notation. The depth of a concept C is the number
of nestings of existential restrictions in C. For instance, a concept name has depth 0 and 3r.3r.B
has depth 2. Given the ontology O, concepts C;,C,, and the signature X, we use the notation
introduced in Section 6. For instance, the set of concepts Z, Z-types t, and mosaics (Ty, T,) are
defined as in Section 6. While in Section 6, we used the relation ~», between mosaics to guide the
construction of interpretations, here we use a relation between mosaics that is directly induced by
interpretations. Assume interpretations 7; and 7, are given. Consider mosaics p = (T1(d), T>(d))
and g = (Ty(d’), Ty(d’)) such that there exists a role name r € 3 with (d,d’) € r’i, for some
i € {1,2}. Then define, for every role name s and i € {1, 2}, relations R;,”iq C Ti(d) x T;(d") by
setting (t,t") € R;;”;I if there exist e and e’ realizing t and t’, respectively, with (T;(e), Tz(e)) = p

and (Ty(e’), Tz(¢’)) = g, such that (e,e’) € s7i.

Now assume that C; and C, are jointly consistent under O modulo £(X)-bisimulations. By
definition, there exist pointed models 7;,d; and Z,,d; of O such that d; € CIT 1 dy € CZIZ, and
I, dy ~r3 I5,d;. Let k be the maximum depth of Cy, Cs.

We start with the case involving nominals and without inverse roles. We construct exponential
size 1, J> with the same properties as 73, 7, above. Intuitively, J; is obtained via a suitable un-
raveling operation up to the depth k of the concepts Cy, Cy; during the unraveling, we take care of
the nominals and, moreover, restrict the outdegree of the produced interpretation by keeping only
necessary successors. Formally, let 8 be some minimal set of mosaics defined by 77, Z; such that

— (Ti(d1), Tx(d1)) € B;

— B contains every mosaic generated by some nominal, or formally, (T;(d), T>(d)) € B for
every d € A%i such that d = a’i for some nominal a € sig(C;);

— for every type ¢ realized in 7; there exists (T1, Tz) € B with t € T;.

Intuitively, B serves to describe the behavior of the root of the unraveling (first item), of the nom-
inals (second item), and of potential witnesses for existential restrictions for non->-roles (third
item). Observe that the size of 8B is at most exponential in the size of O, Cy, C;. To restrict the
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Fig. 8. Interpretations J; and [ illustrating Example 8.2.

outdegree, select, for any mosaic p = (T,T;) defined by 73, I; and any ds.C € t € T; such that
there exists r € ¥ with O |= s C r, a mosaic ¢ = (T{,T,) such that (t,t) € R;”lq and C € t’, and
denote the resulting set by S(p). Form the set 7~ of sequences

o =po---p; = (I, T3) - (T].T))
with j < k, py € B and p;1 € S(p;) for i < j. Let tail(o) = p; and tail; (o) = Tl] We next define
the domain of ; and % as

AJe = ((t,p) | t € tail;(p),p € B}

U{(t,o) | o € T,t € tail;(0),|o| > 1,t contains no nominal}
and define the interpretation of individual, concept, and role names in 71, J; in the expected way:

— for any individual name a and (T, Ty) € B with {a} € t € T;, we set a¥i = (t,(T1, T));
— for any concept name A, (¢,0) € AT if A €t
— for any role name r, we let for op € 77,

- ((t,0), (t',op)) € rTiif (t,t') € R;;iil(o)’p and t’ contains no nominal;

- ((t,0), (t",p)) € rTiif (t,t") € Rtrz;iil(a),p and t’ contains a nominal.

Next assume that tail(c) = (T}, Tz) and o has length k. If tail(¢’) = (T}, T) for some |o’| < k,
then choose as r-successors of any element of the form (t, o) exactly the r-successors of
(t,0") defined above. If no such ¢’ exists, then all elements of the form (t, tail(c)) have
distance exactly k from the roots (since no nominal occurs in any type in any mosaic in o)
and no successors are added.

It remains to take care of existential restrictions dr.C for the role names r that do not entail
any role name in 3. If 0 € 7,3r.C € t € T; with tail;(0) = T, and O [ r C s for any s € 3,
we add ((t, o), (t',p)) to rJi (and all s%i with O |z r C s) for some p = (1/,T;)) € 8 and
t’ € T/ with C € t’ such that there are e, ¢’ realizing t,t" in 7; and (e, e’) € rli,

The following example illustrates the construction of 71, J; using the interpretations /7, Z; intro-
duced in Example 5.7.

Example 8.2. Let ty = tpz(I1,a”), t; = tp=(Ly, b%2), and t, = tp= (L2, d). We ignore the types
realized by b7 in I; and by a’? in T, as they are not relevant for understanding the construction.
Then only the mosaic p = (T1,Tz) with Ty = {t} and T, = {t, t,} remains and 9} and %, are
depicted in Figure 8. =

We show that J1, J; are as required. First, for i € {1, 2}, ; |= O follows from the definition of J;
and the fact that 7; |= O.Indeed, givenr C s € O, let ((t, o), (t’,0")) € rJi. This means that (t,t") €

tri;iil(g)’taﬂ(a,), that is, there exist e, e’ realizing ¢ and t’, respectively, with (T;(e), T»(e)) = tail(o)

and (Ty(e”), Tz(e’)) = tail(c”), such that (e, e’) € rfi. Since I; |= O, we obtain that (e, e’) € s%i as
well, and thus (£,¢') € Ry} ) (v meaning that (£, 0), (', 07)) € sJi. Hence, J; |= r C s.
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We next prove that, for every (t,0) € AJ and every concept C € E of depth < k — |a],
(t,0) e CTiff C e 1.

The proof is by induction on the structure of C. We consider the case C = 3r.D, where D has depth
< k —|o|. We can assume that |o| < k, since for |o| = k the claim holds trivially.

(=) Let (t,06) € Ar.DJi. Then Ir.D € t follows by construction of rJi as we only have
((t,0), (t',0") € rJi if there are e, e’ realizing t,t’ in I; such that (e, e’) € r%i.

(&) Let tail(o) = p = (T3, T2) and suppose that Ir.D € t € T;. We distinguish two cases.

— There exists s € X such that O |= r E s. Then, there exists ¢ = (T/,T,) € S(p) and t’ € T/
such that (¢,t") € R;,”; and D € t’. We distinguish two cases.
- t’ does not contain nominals. Then we have that ((t,0), (t’,0q)) € rJi. By inductive hy-
pothesis, (', oq) € D¥%, and thus (¢, o) € Ir.DJ.
- t’ contains a nominal. Then we have that ((t, ), (t’,q)) € rJ. By inductive hypothesis,
(t',q) € DY, hence (t,0) € Ar.DI:.
—For every s € X, O |£ r C s. By definition of J;, we have ((t,0), (t',q)) € rJi | for some
q = (T/,T)) € Band t’ € T/ such that D € t’. By inductive hypothesis, (t’,q) € D%. Thus,
(t,0) € Ar.DI:.

Next, observe that the relation
S={((t,0),(t",c") € AT x A | tail(c) = tail(c”)}
is an ALCHO(Z)-bisimulation. Indeed, for ((¢,0), (t',0")) € S, we have the following.

[AtomC] Let (¢,0) € AJ and A € 3. By definition of ;, we have that (¢,0) € AT If A €
t € tailj(0), and thus A € t’ € tail,(0) = taily(¢’), by definition of mosaics. But then
(t',0") € A%, The converse direction is analogous.

[Atoml] Let (t,0) = a7' and a € . By definition of F;, (t,0) = a7 iff {a} € t € tail;(¢), and thus
{a} € t’ € taily(o) = taily(c”’), by definition of mosaics. But then (t/,0’) = a.

[Forth] Suppose that ((t, o), (£,6)) € rJt with r € 3.

First, consider the case with |o|, |o’| < k. We have two possibilities.
—t does not contain nominals. The following proof is illustrated in Figure 9. There is a

mosaic p with 6 = op, and from ((t,0), (£,op)) € rJ we obtain (t,f) € Rtr;ill(o)p. This

means that there exist d,d realizing t and i, respectively, with (T;(d), To(d)) = tail(c)
and (Tl(cf),Tg(cf)) = p, such that (d, of) e rfi. As t’ € T,(d), there exists e € A% with
I,d ~arcHo.s 1z, e and e realizes t’. By the definition of bisimulations, there exists é
with (e, é) € r and 1;,d ~ 4 rcno.s T2, é. Assume that é realizes i’. Then # € T,(d) and

A A, r,2 . . B TEE PR
(t,t') € Rtail(a’),p' Now we consider again two possibilities.
-’ does not contain nominals. Then from (¢/,i’) € R"2 we obtain

tail(o”),p
((t',a"), (', a'p)) € rP. Since tail(op) = tail(c’p), we also obtain ((£, ap), (', 5'p)) € S.

— 1’ contains nominals. Then from (¢’,{’) € R"? we obtain ((t,¢’), (',p)) € r.

tail(c7), p
Since tail(ap) = p, we get ((£, op), (t',p)) € S as well.
In both cases, we obtain some (', 67) with ((¢’, o”), (i’,6")) € r% and ((£, 6), (i, 6")) € S,
as required.
— f contains nominals. In this case, & = p for some mosaic p, and from ((t, o), (£, p)) € r
we obtain (t,1) € Rtrl1
ail(o),p
Now consider the case with |o| = k and |0’ < k. As tail(o) = tail(c’), there exists ¢”’ such
that |0”’| < k and tail(c”’) = tail(c) and the r-successors of any node of the form (t, o) are

. Now we can reason as above.
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Fig. 9. Proof step to show that S satisfies [Forth], with 6 = op and 6’ = o’p (if i’ does not contain nominals)
and &’ = p (if ’ contains nominals).

exactly the r-successors of (t,c’’), and thus to show [Forth] one can proceed as above. The
same argument applies if |o| < k and |o’| = k and if |[o| = |o’| = k and there exists ¢ with
tail(c”’) = tail(o’) = tail(c) and |6”’| < k. Finally, if |o| = |o’| = k but there does not exist
any ¢ with tail(c”’) = tail(c’) = tail(o) and |6"| < k, then there are no r-successors to
consider.

[Back] Dual to [Forth].

Observe that the models 7;, i = 1, 2, are at most exponential in the size of O, Cy, C,. Moreover,
we have (Ty(d,), (Tz(d1)) € B and so (tpz (1, d1), Ti (d1)) € C, (tpz (L, d), To(dy)) € C57, and

((tp=(Z1,d1), Ti(d1)), (tp= (L2, d2), T2(d1)) € S,

as required.

We next consider the case with inverse roles, but without nominals. In this case, we let 8 be
some minimal set of mosaics defined by 13, J; containing (T;(d,), T>(d;)) and such that for every
type t realized in 7; there exists (T1,Tz) € B with t € T;. We extend the relations R;”; defined
previously to inverse roles s in the obious way and select for any mosaic p = (T, T;) and any
3ds.C € t € T; such that there exists a X-role r with O |= s £ r a mosaic ¢ = (T/,T,) such that
(t,t") e R;”iq and C € t’ and denote the resulting set by S(p).

Form again the set 7~ of sequences

o=po--pj =TT (T],T))
with j < k, po € B and p;41 € S(p;) for i < j. Let tail(o) = p; and tail;(0) = Tl] We next define
the domain of 97 and %, as

AT = {(t,0) | o0 € T,t € tail;(c)}
We define interpretations 71, > in the expected way.

— For any concept name A, (¢,0) € AT iff A et
— Let r be a role name. Then we let for op € 7,

- ((t,0), (t",0p)) € rTif (1,4) € RO ) s

- ((t',op), (t,0)) € rTiif (t,t) € R;’ii("a)’p.

— We still have to take care of existential restrictions dr.C with r a role that does not entail
any X-role. If 0 € 7, dr.C € t € T; with tail;(0) = T; and O £ r C s for any 2-role s, we
add ((t, ), (t',p)) to rJi (and all s7% with O |= r C s) for some p = (T{,T)) € Band t' € T/

with C € t’ such that there are e, e’ realizing ¢,¢" in Z; and (e, e’) € rli,

The fact that J; |= O, for i € {1, 2}, is proved similarly to the case with nominals. One can also
prove again by induction on the structure of C that for every (t,0) € A and every C € E of depth
<k-lol,

(t,o) e CTiffC e t.
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Next, we observe that the relation
S={((t,0),(t" o) e A x A% |5 €T}

is an ALCH I (3)-bisimulation. Indeed, it can be seen, similar to the case with nominals, that S
satisfies [AtomC]. We now give a proof of [Forth]. We provide the proof for role names; the proof
for inverse roles is similar.

[Forth] Let ((t,0), (t',0)) € S and ((t,0), (£,6)) € rJi. We distinguish two cases. Assume first

that there exists a mosaic p with 6 = op. Then (,7) € R} . Thus, there exist d, d realizing
tail(o),p

t, 1, respectively, such that (T, (d), To(d)) = tail(c), (Ty(d), To(d)) = p, and (d, d) € r’. Since
((t,0),(t",0)) € S, there exists e realizing t’ such that 7;,d ~grcnr.s 1z,e. Asd and e
are bisimilar, we also have some é € A% such that (e, é) € r’ and ]1,(3 ~arHr1.s L2, €
with é realizing some #’. Hence, (t’,1') € R:e’lizl(a),p’ and it follows that ((t’, o), (', op)) € r.
Moreover, ((£, op), (', op)) € S.

Assume now that ¢ = &p for some mosaic p. Then (£,t) € Rtri.ilA . Thus, there exist d, d

realizing 1, t, respectively, such that (T;(d), T5(d)) = tail(¢), (Ty(d), To(d)) = p, and (d,d) €
(r7)%1. Since ((t, ), (t, 0)) € S, there exists e realizing t’ such that I;,d ~ 7 rcx 1.5 T2, e. As
d and e are bisimilar, we also have some é € A% such that (é,¢e) € (r~)% and 1, d ~ALHIS
T, é, with ¢é realizing some ’. Hence, (i’,¢’) € R" -2 and it follows that ((’, 0), (i, 6)) €

tail(6), p°
r%: Moreover, ((f,6), (i, 6)) € S.

Observe that again the models J;, i = 1,2, are of at most exponential size in the size of O, Cy, C,.
We also have (T1(d)), To(dy)) € B and so (tpz(Z1,d1), Ti(dy)) € CF, (tp= (L, ds), To(dh)) € C37,
and

((tp= (41, d1), T (d1)), (tpz (L2, d2), T2(d1)) € S,

as required.

9 LOWER BOUND PROOFS WITHOUT ONTOLOGY

In this section, we first show (the hardness part of) Points 1 and 2 of Theorem 5.13 by a reduction
of the case with ontologies, and then show the nondeterministic exponential time lower bounds
for Points 3 and 4 of that Theorem. Points 1 and 2 of Theorem 5.13 are a direct consequence of the
following lemma.

LEMMA 9.1. Let L € DL,, admit the universal role or both inverse roles and nominals. Then the
following holds:

(1) if L admits Rls, then projective L-definition existence can be reduced in polynomial time to
RI-ontology projective L-definition existence;

(2) if L does not admit Rls, then projective L-definition existence can be reduced in polynomial
time to ontology-free projective L-definition existence.

Proor. Assume O, C, Cy, and ¥ are given. We may assume that O takes the form {T € D} U O’
with O’ a set of Rs.

Assume first that £ admits the universal role. Then one can easily show that there exists an
explicit £(X)-definition of Cy under O and C iff there exists an explicit £(2)-definition of C
under O’ and C M Vu.D.

Now assume that £ admits inverse roles and nominals. We use the spy-point technique to en-
code the universal role [1]. Introduce a fresh individual a and a fresh role name ry and define U as
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the conjunction of the concepts
{a}, 3droda}, ro.({b}13IArg.{a)), Vry.¥s.dry.lal,

forall s € {r,r } with r € sig(0,C,Cy) and b € sig(O, C, Cy). Observe that if d € (U 11 \er’.F)I
for some interpretation 7 and concept F, then e € F/ holds for all elements e in AZ that can be
reached in 7 from d or any bL with b € sig(0, C, Cp) along roles in sig(O, C, Cy). It follows that
for any L(3)-concept E, we have

OECC(C e E) iff O E(CNUNVYr.D)C (Cy e E).

Hence there exists an explicit £(X)-definition of Cy under O and C iff there exists an explicit
L(X)-definition of Cy under O’ and C U M Vry .D. O

We show the lower bound for Theorem 5.13, Points 3 and 4, by proving NExpTiME-hardness for
the version of joint consistency formulated in Theorem 5.8. We reduce the exponential torus tiling
problem. A tiling systemis atriple P = (T, H,V), where T = {0,. .., k} is a finite set of tile types and
H,V C TXT are the horizontal and vertical matching conditions, respectively. An initial condition
for P takes the form ¢ = (¢, ...,cy—1) € T". Amapping 7 : {0,...,2" =1} x{0,...,2" =1} = Tis
a solution for P and ¢ if 7(i,0) = ¢; for all i < n, and for all i, j < 2", the following conditions hold
(where @) denotes addition modulo k):

—ifr(i,j) = t; and 7(i @3 1,j) = ty, then (¢, £,) € H;
—if7r(i,j) = t; and (i, j ®yn 1) = t, then (11, 12) € V.

It is well-known that the problem of deciding whether there is a solution for given P and c is
NExpTimE-hard [8, Section 5.2.2]. For the following constructions, assume a tiling system P and
an initial condition c of length n.

For the reduction for ALCO, we give concepts C,Cy and a signature ¥ such that here exist
I,di ~arcos Lz, dy with dy € (C CO)I1 andd, € (CM —-CO)I2 iff P has a solution given c. We
start with setting

Co = Ar*" {a} NVr?" {a}

with a ¢ ¥ and r € X. In addition to r, ¥ contains concept names By, . . ., Bs,—; that serve as bits
in the binary representation of grid positions (i, j) with 0 < i,j < 2" — 1, where bits By, ..., B,
represent the horizontal position i and B, ..., By,—1 the vertical position j, and concept names
To, . . ., T representing tile types. We also use the following concept names that are not in X: an-
other four sets of concepts names A, ...,Az,-1 and Vp, ..., Vs,—; with V € {X,Y,Z} that also
serve as bits in the binary representation of grid position (i,j) with 0 < i,j < 2" — 1, and con-
cept names Ry, . . ., Ry, M, My, and M,. We now define the concept C as a conjunction of several
concepts. The first conjunct is
=Co M I T S Ry.

Intuitively, Ry generates a binary r-tree of depth 2n with R; true at level i for 0 < i < 2?" and each
leaf represents a grid position (i, j) using the concept names A;. To achieve this let C contain the
following conjuncts for generating the binary tree:

|_| Vri.<Ri 4 (Hr(A, [ Ri+1) [ Hr.(_!Ai M Ri+1))>

0<i<2n

|—| |_| Vri.((Aj - Vr.Aj)n(-4; — Vr.ﬂAj))

1<i<2n 0<j<i

As usual, Vr' abbreviates a sequence of i times V7.
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We next express using additional conjuncts of C that any leaf d representing (i, j) using A; has
the following properties (A)—-(C):

(A) d has an r-successor representing (i, j) using B; with a tile type T{; ;) true in it; moreover, no
r-successor of d representing (i, j) satisfies a tile type different from T; ;). This is achieved
using the marker M which holds in exactly those r-successors of d that represent (i, j) using
B;. The latter condition is expressed using the counter X; which represents (i, j) on all r-
successors of d. In detail, we add the following conjuncts to C:

vr2® Jr.M

vﬂ".( [ @i = vrX)n(-4; - Vr.—-X,—))

i<2n

N ian (M o [|xioB)n(-X; & ﬁB,-))

i<2n

vrn [ Yr (M — I_Ik T)n[ |3r(MOT) - vr.(M - T)
i<

i<k

Ve [T =(1 D)
i#]

(B) d has an r-successor representing (i ®,» 1, ) using B; with a tile type T(rili?t true in it such
that (T(;, j),T(rl_lfgj})lt) € H; moreover, no r-successor of d representing (i @,» 1,j) satisfies a
Tright
(i)
which holds in exactly those r-successors of d that represent (i ®;» 1, j) using B;. The latter
condition is expressed using the counter Y; which represents (i @, 1, j) on all r-successors

of d. The implementation of these conditions is similar to (A) and omitted.

(C) d has an r-successor representing (i, j®,» 1) using B; with a tile type T(I:pj) true in it such that

(Tii, ) T(I;pj)) € V; moreover, no r-successor of d representing (i, j ®,» 1) satisfies a tile type

tile type different from . This is achieved in a similar way as (A) using the marker M,

different from T;;pj). This is achieved in a similar way as (A) using the marker M, which holds
in exactly those r-successors of d that represent (i, j @;» 1) using B;. The latter condition is
expressed using the counter Z; which represents (i, j @;» 1) on all r-successors of d. The

implementation is again similar to (A) and omitted.

Finally, we ensure that the initial condition holds, that is T(; o) = ¢; for i < n. To this end, we add
the conjuncts

Vrin (A = (i,0) = (Vr.(M = ¢;)))

for i < n, where A = (i, 0) stands for the representation of (i, 0) using A;; for instance, A = (0,0)
stands for [ ], _;,, "Ai.

This finishes the definition of C, Cy and we verify next that they are as required.

Claim. There exist I;,dy ~arco,x 12,d, withd; € (C Co)'* and d, € (C M =Cy)%2 iff P has a
solution given c.

Proof of the Claim. Observe thatif 17, dy ~arco,s 12, d; withd; € (CI‘ICO)I1 andd, € (CI‘I—|C0)IZ,
then there are elements e(; ;), 0 < i, j < 2" — 1 such that

7
1,0 ~arcos 12, €, )
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Cncy Ccn-Gy
dq ~ALCOE o ds
r /QN\
: ~ALCOS . .
~ALCOS
,
: ~ALcos Ron p (0J) -+
I
a r r\r
.. I3 .
)< F e
M; P
(i®sn 1,))

Fig. 10. Interpretation I with elementsd; € (CI‘ICO)I anddj € (CI‘I—|C0)I suchthat I',dy ~qrco,x L. da.

and e(; j) has (at least) three r-successors satisfying Conditions (A) to (C) and the initial condition.
By X-bisimilarity and since r € %, all e(; j) have r-successors satisfying the same concept names in
3. Hence, since the concept names B; and T; are in %, for every grid position (i, j) every ey ) has an
r-successor representing (i, j) using B; and all r-successors representing (i, j) using B; satisfy the
T and T, joy) = T1°
(i.J) (@ 1) = 2 (i, j
7 defined by setting 7 (i, j) = T(; ;) is a solution of P given c.
Conversely, assume that P and ¢ have a solution 7. The definition of an interpretation 7 with
elements d; and d; such that 7,d; ~a,cox Z,d, withd;, € (C 1 CO)I andd, € (CnN —-CO)I is
rather straightforward. An abstract version is depicted in Figure 10. We omit the counters, and
note that a’ and all elements at level Ry, have, for all 0 < i,j < 2", an r-successor representing
(using concept names B;) grid position (i, j) which satisfies the concept name T ; ;). We show only
the three special successors from Conditions (A)—(C). This finishes the proof of the Claim and thus
the reduction for ALCO.

same tile type T(; ;). Moreover, T(;g,.1, /) = ) It follows that the mapping

We come to the lower bound for ALCH and ALCHIT . Let
O={rCr,rCry,r Cor Co}

and X contains ry, r; but not r nor v. In addition to r; and ry, ¥ contains exactly the same concept
names as in the ALCO proof and we also use the same concept names not in 3. We aims to
construct concepts C, Cy such that there exist models 73, 7; of O and d; € (C 1 Cy)?* and d, €
(cn —|C0)IZ with 13, di ~arcn.s 12, dy iff P has a solution given c.

We set Cy = Ir?".T. The concept C is again a conjunction of several concepts; we start in a
similar way as for ALCO with

_|C0 M 3,0271.-'— il RO
The concept name R, will enforce that

() the end point of any ry/r;-path of length 2n starting in an element satisfying Ry carries a
pair of counter values (i, j) represented by concept names A; which describe the path in a
canonical way.’

2Notice the similarity with Property (x) from the proof of Lemma 7.5.
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To achieve this, we include the following conjuncts in C:

|_| Vvi.(Ri - Vrl.(Ai Il Ri+1) [l Vrg.(—lA,' [l Ri+1))
0<i<2n

|_| |_| Vvi.((Aj = Yu.Aj) N (-A; — VU.—|A]-))

1<i<2n0<j<i

Note that we can use the role name v to address all elements reachable along r;/r;-paths of length
i via Yo'. We continue the definition of C in exactly the same way as for ALCO except that we
use Yo?" to reach the end points of the paths mentioned in () and r;-successors of the leaves to
encode a solution of the tiling problem. One can then easily prove the following.

Claim. There exist I1,d; ~arcw.s L2.dy with I3, I models of O, d; € (C M Hrzn.T)Il, and
dy € (C 11 =3r?".T)% iff P has a solution given c.

Proof of the Claim. Observe that if 11,di ~arcp.s 12, ds with 17, 1, models of O, d; € (C 1
3r? 7)1, and dy € (C M -3r?".T)%, then there exists an element e reachable from d; along an
r-path of length 2n in 7. Since d; € R({Z and e is reachable via arbitrary r;/r;-paths of length 2n
from d,, Property (++) implies that there are elements e(; ;, 0 < i,j < 2" — 1, reachable from d,
along a v-path of length 2n in 1, such that 11, e ~ 4 scw, 5 12, (i, j) and e;,j represents the pair (i, j)
using the concept names A;. The remaining proof is now essentially the same as for ALCO.

The converse direction is rather straightforward and similar to the proof for ALCO. The dif-
ference is that the binary tree over role r in the right side of interpretation 7 depicted in Figure 10
is now a binary tree over roles r; (left successor) and r; (right successor). This finishes the proof
of the Claim.

To prove the claim above for ALCH I, we adapt the model construction in a similar way as
in the case with ontologies (Section 7.3). More precisely, for each element e at level £ > 0 in the
binary tree below d,, add (d, e) € rlf and (d,e) € rzf, where d is the element in distance ¢ — 1 from
dy. One can then verify that I is as required, that is, 7,d; ~qrcnrs Z,ds, di € (CI CO)I, and
dy € (C r _|C0)I.

10 COMPUTATION PROBLEM

In the previous sections, we have presented algorithms for deciding the existence of interpolants
and explicit definitions, but these algorithms (and their correctness proofs) do not give immedi-
ately rise to a way of computing interpolants and explicit definitions in case they exist. Intuitively,
this is due to the fact that compactness is used in the proof of the model-theoretic characterization
of interpolant and explicit definition existence in terms of joint consistency modulo bisimulations
which was provided in Theorems 5.6 and 5.8, respectively. In this section, we address the com-
putation problem for logics in DLy, that do not admit nominals, by showing that we can actually
compute interpolants in case they exist. We use DAG representation for the interpolants; recall that
in DAG representation common sub-formulas are stored only once, and that thus DAG represen-
tation is more succinct than formula representation. Our approach is inspired by a recent note on
a type elimination based computation of interpolants in modal logic [87], which was originally
provided for the GF [15].

THEOREM 10.1. Let L € DLy, not admit nominals, O be an L-ontology, Cy,C, be L-concepts, and
3 be a signature. Then, if there is an L(X)-interpolant for C; & C, under O, we can compute the DAG

representation of an L(X)-interpolant in time 227" where p is a polynomial and n = ||0|| + ||Cy|| +
[1Call.
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Note that this implies that the DAG representation is also of double exponential size, and that
a formula representation of the interpolant can be computed in triple exponential time. Moreover,
this also allows us to compute explicit definitions since, given O, C, and X, any £(2)-interpolant
for Cs, £ Cunder OUOy is an explicit £ (2)-definition of C under O, where Oy, and Cy, are obtained
from O and C by replacing all symbols not in ¥ by fresh symbols. We conjecture that the triple
exponential upper bound on formula size is actually tight, given the discussion on the explicit
definitions that arise in the hardness proofs in Sections 7.2 and 7.3.

Let £, O, C1,Cy, and X be as in Theorem 10.1. By Theorem 5.6, the existence of an L(X)-
interpolant for C; T C, under O is equivalent to joint consistency of C; and —=C, under O modulo
L(Z)-bisimulations. Recall that we have provided before Lemma 6.4 in Section 6 a mosaic elimina-
tion procedure for deciding the latter. In fact, the computation of the £(X)-interpolant relies on a
finer analysis of that procedure. We need one more notion to formalize this analysis.

Let T be a set of Z-types. Let 7 be an interpretation and, for each t € T, let d; be a domain
element of 7. We say that 7 and the elements d;, t € T jointly realize T modulo L(X)-bisimulations
if, for all ¢,t" € T, we have that tpz(Z,d;) = tand 7,d; ~z5 I,dp. We call T jointly realizable
under O modulo L(X)-bisimulations if there is a model I of O and elements d; for eacht € T
that jointly realize T modulo £(X)-bisimulations. In contrast to the notion of joint consistency,
we require here a single model 7 of O. In what follows, let Real denote the set of all sets of types
T which are jointly realizable under O modulo £(X)-bisimulations. We can effectively determine
Real since joint realizability of a set T can be decided in double exponential time, similar to joint
consistency—we refrain from giving details.

In the (proof of the) following lemma, we show how to compute a concept differentiating be-
tween T; and T, when (Ti, T;) is eliminated for Ty, T, € Real. In Lemma 10.3 below, we show how
to assemble these differentiating concepts to an interpolant (in case it exists).

LEmMA 10.2. Let Ty, T, € Real. If (T, T2) is eliminated in the mosaic elimination procedure, then
we can compute an L(X)-concept Ir, 1, such that

(1) for all models I of O and elements d;, for each t € Ty, that jointly realize Ty modulo L(3)-
bisimulations, d; € II{,Tz for some (equivalently: all) t € Ty;

(2) for all models I of O and elements d;, for each t € T, that jointly realize T, modulo L(X)-
bisimulations, d; ¢ ITIbT2 for some (equivalently: all) t € T,.

Moreover, a DAG representation of Ir, 1, can be computed in time 22/ for some polynomial p and
n =0l +[IC1| + |Gl

Proor. We compute the Ir,, 7, inductively in the order in which the (77, T) got eliminated in
the elimination procedure. We distinguish cases why (71, T;) got eliminated.

Suppose first that (T, T;) was eliminated because of (failing) X-concept name coherence. Since
T;, T, are both jointly realizable, there are the following two cases.

(a) There is a concept name A € ¥ such that A € t forall t € Ty, but A ¢ ¢, for all t € T;. Then

IT],TZ = A.
(b) There is a concept name A € ¥ such that A € t forallt € T,, but A ¢ t, for all t € T;. Then
It 1, = A

Clearly, in both cases, Ir, 7, satisfies Points (1) and (2) of Lemma 10.2.

Now, suppose that (T3, T;) was eliminated due to (failing) existential saturation from S; during
the elimination procedure. Since Ty, T, are both jointly realizable under O, there are the following
two cases.
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(a) There existt € Ty, Ar.C € t,and a 3-role s with O |= r C s, such that thereis no (T{,T,) € S;
such that (i) (Ty, Tz) ~, (T],T,) and (ii) there is t' € T] with C € " and t ~», ¢ t’. Then,
take

ITl,Tz = ds. L |_| IT/,T’
T} €Real, T’ cReal vz

Tyos T), ¢ ', Cet’eT] 2 €Real

1wWsl vy o 1 TZWSTZ’

(b) There exist t € T, Ar.C € t, and a X-role s with O |= r C s, such that there is no (17,1)) € S
such that (i) (Ty, Tz) ~s (T}, T,) and (ii) there is t' € T, with C € t" and t ~», o t’. Then,
take

IT1,T2 =Vs. |_| |—| IT{,TZ’
T| €Real, ,
Ty T/ T, €Real,

U Ty Tyt ot ,Cet' €T

We show Points (1) and (2) of the lemma for Case (a); Case (b) is dual. So suppose Case (a) applies
and fix t € Ty, 3r.C € t, and a 2-role s witnessing that.

To show Point (1) of the lemma, let 7 be a model of O and fix d;, for each t; € T; such that 7
and the d,, jointly realize T} modulo £ (X)-bisimulations. It suffices to show that d; € I%l 1, for the
type t that was fixed in the application of Case (a). Since d; realizes t and 3r.C € t, there is some
e € CT with (ds,e) € r!.Since O |= r C s, also (ds,e) € sZ. Since the dy. t1 € Ty are mutually
L(Z)-bisimilar and s is a 2-role, we find elements e;,, t; € T such that:

— ey, 11 € Ty are mutually L(2)-bisimilar,
—(dy,,e) € s forallt; € Ty,
—er = e.
Let
T) = {tp=(L,es) | 1 € T},
and let further T, € Real be arbitrary with T, ~»; T,. By definition of 7|, we have T] € Real and

Ty ~»; T,. Thus, (T], T;) has been eliminated before (11, T3): otherwise, Case (a) would not apply

to the fixed ¢, Ar.C, s. By induction, we can conclude thate = ¢; € I{, s and hence d € ITI1 1,
1’72 ’

To show Point (2) of the lemma, let 7 be a model of O and fix d;, for each t, € T, such that 7
and the d;, jointly realize T, modulo £(X)-bisimulations. Suppose, to the contrary of what has to
be shown, that d; € Ié,Tz for some t € Ty. Then, there is an e with (d7e) € s’ and a T] € Real
with Ty ~w»s T/ and a type ¢ € Ty with t ~», o t] and C € t] such that

(%) e ITI, r forall T € Real with T ~w T.
I

Since 7 and the elements d;,, t; € T jointly realize T, modulo £(X)-bisimulations and s is a £-role,
there are elements e, t; € T; such that:

— ey, 2 € T, are mutually L(2)-bisimilar,
— (dy,, eq,) € st forallt, € Ty,
—ep=e.
Let
Tz, = {tpE(I,etz) | iy € Tz}
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By definition of T,, we have T, € Real and T, ~», T,. Thus, (T],T,) has been eliminated before
(T1, T): otherwise, Case (a) would not apply to the fixed ¢, Ar.C, s. By induction, we obtain e =

e ¢l £, in contradiction to (x).
8

z
T

For the analysis of the DAG representation, observe that we can use a single node for every
I7, 1,. Moreover, Ir, 1, looks as follows:

—If (T1, T;) was eliminated due to failing ¥-concept name coherence, Ir, 7, is a single concept
name A or its negation -A.

— Otherwise, it is a node labeled with s (resp., ¥s), which has a single successor labeled with
LI. This successor has then at most double exponentially many successor nodes, each labeled
with [ ] and each having at most double exponentially many successor nodes I, 1.

Overall, we obtain double exponentially many nodes in the DAG and the DAG can be constructed
in double exponential time (both in p(||O|| + [|Cy || + ||C2])). |

LEMMA 10.3. Suppose the result S* of the mosaic elimination procedure does not contain a pair
(T1, T;) € Real x Real such that Cy € t; and ~C; € t; for some typest; € Ty and t, € T,. Then,

C= LJ I, 1,
T; €Real:
thereist; € Ty withCy € t ) TZERea_I:
there is ty € Ty, with=Cy € t,

is an L(X)-interpolant for C; T C, under O. Moreover, a DAG representation of C can be computed
in time ZZP("),for some polynomial p and n = ||O|| + ||C1]| + ||C2]|.

Proor. We have to show that O = C; C Cand O |= CC C,.

For O |= C; C C, let T be a model of O and suppose d € Cf. Let Ty = {tp=(Z,d)} consist of the
single type of d. Clearly, T; € Real. Let T, € Real be arbitrary such that =C; € t, for some t € T.
By assumption of Lemma 10.3, (T;, T;) got eliminated in the elimination procedure. Point (1) of
Lemma 10.2 implies d € Ile,Tz‘ Hence, d € C*.

For O |E C C Cy, let 7 be a model of O and let d € (—|C2)I. Now, let T} € Real be arbitrary
such that C; € t for some t € Ty, and set T; = {tpz(Z,d)}. Clearly, T, € Real. By assumption of
Lemma 10.3, (T;, T;) got eliminated in the elimination procedure. Point (2) of Lemma 10.2 implies
dé¢ I{I’TZ. Hence, d ¢ CL.

For the analysis of the DAG representation of C, it suffices to recall that the DAG representations
of the Ir, 1, provided in Lemma 10.2 can be computed in time 22" and to observe that C adds
only one I node and at most double exponentially many [ ]-nodes. O

To conclude the section, we give some intuition as to why the proof of Theorem 10.1 cannot be
easily adapted to logics from DL, that admit nominals. Recall that in any two interpretations 73, 15,
every nominal a is realized (modulo bisimulation) in exactly one mosaic. We addressed this by
starting the elimination procedure for all possible choices of mosaics realizing the nominals. More
specifically, in the proof of Lemma 6.6, we showed there is an interpolant for C; C C, under O iff,
for all maximal sets U of mosaics that are good for nominals, the mosaic elimination procedure
started with U leads to an S* which does not satisfy Condition 2 of Lemma 6.5, which is akin
to the precondition of Lemma 10.3 above. It is, however, unclear how to combine these different
runs of the elimination procedure in proving analogs of Lemmas 10.2 and 10.3. An alternative
approach might be to derive the interpolants from a suitably constrained proof of O |= C C D in
an appropriate proof system [81].
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11  SOME CONSEQUENCES FOR MODAL AND HYBRID LOGICS

In this section, we formulate a few consequences of our results in terms of modal and hybrid logics.
We focus on interpolant existence and do not discuss the transfer of results on explicit definition
existence as they can be obtained in a similar way. We consider the local consequence relation
and formulate results for standard hybrid modal languages without the backward modality but
with any combination of nominals, the @-operator, and the universal modal modality. We also
briefly discuss the reformulation of description logics with Rls into modal logic with inclusion
conditions on the accessibility relations. For detailed introductions to (hybrid) modal logics, we
refer the reader to [2, 4].
Let MLg, denote the modal hybrid language constructed using the rule

ey = plTlil=pleAy 00| @i¢lOue,
where p ranges over a countably infinite set of propositional variables, i ranges over a countably
infinite set of nominals, O ranges over an infinite set of modal operators O, . . ., and O, denotes

the universal modality. The fragment of MLg without the universal modality is denoted ML@, the
fragment of ML without the operators @; is denoted ML, and the fragment of ML, without
nominals is the standard language of polymodal logic and denoted ML. By MLY% we denote the
fragment of MLG without the operators @; and by ML the extension of ML with the universal
modality.

The signature sig(¢) of a formula ¢ is the set of propositional variables, nominals, and modal
operators (without the universal role) occurring in it.

The language ML, and its fragments are interpreted in Kripke models M = (W, (Ri)i<w, V)
with W a nonempty set of worlds, R; € W X W accessibility relations, and V a valuation such that
V(p) € W for every propositional variable p, and V(i) € W a singleton for every nominal i. Then
the truth relation M, w |= ¢ between pointed models M, w with w € W and formulas ¢ is defined
inductively as follows:

Mwl=T,

M, wl=p iff w e V(p),
M, wl=i iff V(i) = {w},
M, w =y iff N, wlE Y,

MwlEYAy iff M, wl=yand M, w = y,

M, w = Oy iff M, v |= ¢, for every v € W such that (w,v) € Ry,
M,w = @y iff M, v |= ¢, for the unique element v € V (i),

M, w = Ouy iff M, v |= ¢, for every v € W.

We set Mt |= ¢ if M, w |= ¢ for all w € W. Observe that the @-operator can be defined using the
universal modality as @;¢ = Ou(i — ¢) and so ML} and ML have the same expressive power.

There are two natural notions of consequence studied in modal and hybrid logics, local and
global entailment, which also give rise to different notions of interpolants. We focus here on local
entailment and briefly discuss global entailment at the end of this section. We say that ¢ locally
entails i/, in symbols ¢ |=jo. 1, if for all pointed models M, w, if M, w = ¢ then M, w |= . We
note that deciding |=j,. is PSPAcE-complete for any of the languages introduced above without
the universal modality and ExpTIME-complete for any of the languages introduced above with the
universal modality [4].

We formulate the interpolant existence problems for hybrid modal logics in the expected way.

Call a formula y an interpolant for ¢,y if sig(y) C sig(@) N sig(¥), ¢ Fioc x and x =Fioc ¥
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Definition 11.1. Let L be any of the languages introduced above. Then the interpolant existence
problem for L is the problem to decide for any ¢, € £ whether there exists an interpolant for
o, ¢ in L.

Observe that since ML and ML¥ enjoy the CIP (if ¢ |=jo. ¥ then an interpolant for ¢,y ex-
ists [37]), the interpolant existence problem reduces to checking ¢ |=;,. ¥ and is PSPACE-complete
for ML and ExpTiME-complete for ML*. The following tight complexity bounds for their exten-
sions with nominals and the @-operator are the main result of this section.

THEOREM 11.2. (1) Let L € {ML,,MLg}. Then the interpolant existence problem for L is
CONExPTIME-complete.

(2) The interpolant existence problem for ML}, is 2ExPTIME-complete.

These results also hold if one considers the language with a single modal operator only.

PROOF. (1) Let -™ be the obvious bijection between ALCO-concepts and ML, -formulas and
denote by . jts inverse. Then |= C C D iff C™ |=;,. D™ for any ALCO-concepts C, D. Hence the
following conditions are equivalent, for all formulas ¢,y € ML,:

— there exists an interpolant for ¢, 1 in ML,;
— there exists an ALCO(X)-interpolant for ¢¢, ¢, where 3 = sig(p?) N sig(y?).

The coNExpTIME-completeness for interpolant existence for ML, now follows from Point 3 of
Theorem 5.13. We now come to MLg. We did not consider the operator @ for DLs as it does
not play a large role in description logic research.® Note, however, that ALCO can be extended
to the DL ALCOg with @ in a straightforward way by setting @,C := Yu.({a} — C). The
expressive power of ALCOg-concepts is characterized by ALCO @ (X)-bisimulations, where an
ALCO(Z)-bisimulation S between interpretations 7 and J is an ALCOg(2)-bisimulation if
(af,a7) € S for any a € ¥. Then one can prove Lemma 3.1 also for ALCOg. Next one can
prove the characterization (Theorem 5.6) for ALCO g in exactly the same way as for ALCO, and
finally one can extend the NExpTIME-upper bound proof for joint consistency modulo ALCO(X)-
bisimulations to joint consistency modulo ALCO g (2)-bisimulations (Lemma 8.1) by observing
that for all nominal generated mosaics (T;(d), T>(d)) we now have that T;(d) # 0@ fori = 1, 2. Hence
(aI Jad ) € S for any a € 3, for the bisimulation S constructed in the proof of Lemma 8.1.

The lower bound proof for Theorem 5.13, Point 3, provided in Section 9 still goes through as it
does not use any nominal in the shared signature and so using @ does not make any difference.
Note, moreover, that it uses only a single role name r which corresponds to using a single modal
operator.

(2) can be proved in the same way as (1) by observing that there is a bijection -™ between
ALCO"-concepts and MLY-formulas, that = C T D iff C" |=j,. D™ for any ALCO"-concepts
C, D, and then applying Point 1 of Theorem 5.13. Note that the lower bound holds for a single role,
see Lemma 7.4, which again translates to a single modal operator (and the universal modality). O

DLs with RIs correspond to modal logics determined by Kripke models satisfying inclusions
R; C R; between accessibility relations R; and R;. For any finite set I of pairs (i, j) let M; denote
the class of Kripke models satisfying R; C R; for all (i, j) € I. Define the consequence relation |={OC
in the usual way by setting ¢ |=foc  if for all pointed models M, w with M € My, it M, w |= ¢
then M, w |= . We then obtain the following complexity result directly from Points 4 and 2 of
Theorem 5.13, respectively.

3An exception is the investigation of updates for description logic knowledge bases where the expressive power of the
@-operator plays a significant role [66].
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THEOREM 11.3. For all finite I, the interpolant existence problem for |=foc in ML is in coNExPTIME.
There exists a finite I such that the interpolant existence problem for |={OC in ML is coONExPTIME-hard.
For all finite I, the interpolant existence problem for |=! in ML* is in 2ExPTIME. There exists a

loc
finite I such that the interpolant existence problem for I:{OC in ML* is 2ExPTIME-hard.

We close this section with a brief discussion of interpolant existence for the global consequence
relation. We say that ¢ globally entails 1/, in symbols ¢ =45, ¥, if for all models 9 from M |= ¢
it follows that M |= . Call a formula y a global interpolant for ¢, if sig(y) C sig(e) N sig(y),
¢ Eglo ¥ and x [=q10 ¥. The global interpolant existence problem for L is the problem to decide for
any ¢, € L whether there exists a global interpolant for ¢, ¥ in L. It is straightforward to show
that global interpolant existence corresponds to CI-interpolant existence in DLs in the same way as
interpolant existence for the local consequence relation corresponds to ontology-free interpolant
existence in DLs. We, therefore, obtain 2ExpTIME-completeness of global interpolant existence
for the language MLY from Theorem 5.16. We conjecture that the same result holds for global
interpolant existence for ML,, and MLg but leave the proofs for future work.

12 CONCLUSION

We have investigated the problem of deciding the existence of interpolants and explicit defini-
tions for description and modal logics with nominals and Rls, and we also presented an algorithm
computing them for logics with RIs. There are many challenging problems left for future work,
for instance, an algorithm computing interpolants for logics with nominals and the design and
implementation of practical algorithms that could be applied in supervised concept learning and
referring expression generation. From a theoretical viewpoint it would be of interest to gain a bet-
ter understanding of when the existence of interpolants is computationally harder than entailment,
for logics that do not enjoy the CIP. Logics to consider include more expressive DLs with nominals
such as those also admitting qualified number restrictions and/or transitive roles and extensions
of the two-variable fragment of FO with counting and/or further constraints on relations [53]. An-
other class of interest are decidable fragments of first-order modal logics and products of modal
logics which both often do not enjoy the CIP [32, 73]. Here, it would be of interest to consider
logics such as the one-variable or monodic fragments of K and S4 for which the complexity of
interpolant existence was left open [61]. Finally, is it possible to prove general transfer results (for
example, for families of normal modal logics) stating that decidable entailment implies decidability
of interpolant existence?
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