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ABSTRACT

Termination is a central property in sequential programming mod-
els: a term is terminating if all its reduction sequences are finite.
Termination is also important in concurrency in general, and for
message-passing programs in particular. A variety of type systems
that enforce termination by typing have been developed. In this
paper, we rigorously compare several type systems for z-calculus
processes from the unifying perspective of termination. Adopting
session types as reference framework, we consider two different type
systems: one follows Deng and Sangiorgi’s weight-based approach;
the other is Caires and Pfenning’s Curry-Howard correspondence
between linear logic and session types. Our technical results pre-
cisely connect these very different type systems, and shed light on
the classes of client/server interactions they admit as correct.
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1 INTRODUCTION

The purpose of this paper is to present the first comparative study
of type systems that enforce termination for message-passing pro-
cesses in the z-calculus, the paradigmatic model of concurrency.
Termination is a cornerstone of sequential programming models:
a term is terminating if all its reduction sequences are finite. Ter-
mination is also an important property in concurrency in general,
and in message-passing programs in particular. In such a setting,
infinite sequences of internal steps are rather undesirable, as they
could jeopardize the reliable interaction between a process and its
environment. That is, we would like processes that exhibit infinite
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sequences of observable actions, possibly intertwined with finite
sequences of internal/unobservable steps (i.e., reductions).

In the (un)typed r-calculus, infinite behavior can be expressed
via operators for recursion (or recursive definitions) or replication.
We are interested in replication, and in particular in input-guarded
replication, denoted !x(y).P. Input-guarded replication neatly cap-
tures the essence of servers that are persistently available to spawn
interactive behavior upon invocations by concurrent clients. This
way, it precisely expresses the controlled invocation of (shared) re-
sources. To understand its operation, let us write x(z) to denote an
output prefix, intended as an invocation to a server such as !x(y).P.
The corresponding reduction rule is then roughly as follows:

Ix(y).P | x(2).0 — x(y).P| P[#Fy] | Q

Thus, after a synchronization on x, the server !x(y).P continues to
be available, and a copy of P is spawned (where [%/y] denotes the
substitution of y with z, as usual), enabling interaction with Q.

In this setting, an obvious source of non-terminating behaviors
is when clients and servers invoke each other indefinitely. This
situation arises, in particular, when client invocations occur in
the body of a server, which can easily trigger infinite “ping-pong”
reductions, as in the following process (where 0 denotes inaction):

Ix(y).x(y).0 | x(w).0 — Ix(y).x(y).0 | x(W).0 |0 — --- (1)

The challenge of statically ruling out processes such as (1) while en-
abling expressive client/server interactions has been addressed by
multiple authors via various type systems, see, e.g., [5, 6, 9, 10, 13—
15, 17]. Their underlying approaches are vastly diverse. For instance,
Yoshida et al. [17] adopt a type-theoretical approach based on logical
relations and linear action types. Deng and Sangiorgi [6] transport
ideas from rewriting systems (well-founded measures) into a 7-
calculus with simple types. Caires and Pfenning’s Curry-Howard
correspondence between linear logic and session types [1] repre-
sents yet another approach: their type system enforces termination
based purely on proof-theoretical principles, by interpreting the
exponential ‘!A’ as the type of a server and by connecting cut elim-
ination with process synchronization. Several natural questions
arise. How do these type disciplines compare? What are their rela-
tive strengths? More concretely, are there terminating processes
detected as such by one type system but not by some other? If so,
where is the difference?

As inviting and intriguing these questions are, a technical ap-
proach to a formal comparison is far from obvious. An immediate
obstacle concerns the underlying formal models: all the type sys-
tems mentioned above operate on different dialects of the r-calculus,
involving, e.g., synchronous/asynchronous communication, and
monadic/polyadic message passing. These differences quickly esca-
late at the level of the respective type systems, with the presence/ab-
sence of linearity unsurprisingly playing a key distinguishing role.
How do we even start formulating the intended comparison?
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We frame our formal comparison as follows. As baseline for
comparison we take the 7-calculus processes typable with Vascon-
celos’s session type system [16]. This is a quite liberal type system,
which induces a broad class of session processes (including non-
terminating ones), which is convenient for our purposes. In the
following, this baseline class of processes is denoted S.

We then consider two representative classes of processes, both
terminating by typing. One is based on Deng and Sangiorgi’s weight-
based type system; the other is Caires and Pfenning’s linear-logic
type system. Because these type systems are so different from Vas-
concelos’s, to connect them with S we require typed translations.
This leads to two classes of terminating processes:

e W contains all processes in S (i.e., typable under Vasconce-
los’s type system) which are also typable (up to a translation)
under the weight-based type system.

e [ contains all processes in § which are also typable (up to
another translation) by the Curry-Howard correspondence.

This way, because Vasconcelos’s system can type non-
terminating processes, both ‘W c S and £ c S hold by definition.
Our technical contributions are two-fold.

(1) Because the type systems by Vasconcelos and by Deng and
Sangiorgi are so different, to define ‘W we develop a new
weight-based type system that combines elements from both:
it ensures termination by enforcing well-founded measures
(as Deng and Sangiorgi’s) while accounting for linearity
and sessions (as Vasconcelos’s). The translation involved in
bridging S and this new type system determines a technique
for ensuring termination of session-typed processes, which
is new and of independent interest.

(2) We prove that £ ¢ ‘W but W ¢ L, thus determining the
exact relationship between these classes of typed processes.
Our discovery is that there are terminating session-typed
processes that are typable with the weight-based approach
but not under the Curry-Howard correspondence. In other
words, techniques based on well-founded measures turn out
to be more powerful for enforcing termination than proof-
theoretical foundations.

Next, we introduce the class S. §3 develops the new weight-based
type system and §4 studies its corresponding class ‘W. The Curry-
Howard correspondence for concurrency is recalled in §5, and
its corresponding class L is presented in §6. Finally, §7 collects
concluding remarks. The full version of the paper [11] contains
omitted technical material.

2 THE CLASS S OF SESSION PROCESSES

We present the process language that we shall consider as reference
in our comparisons, and its corresponding session type system. We
distinguish between (i) the processes induced by this process model
and (ii) the class of well-typed processes (Definition 2.8); in the
following, these classes are denoted by 75 and S, respectively. We
consider the type system by Vasconcelos [16], which ensures com-
munication safety and session fidelity, but not progress/deadlock-
freedom nor termination. Our presentation closely follows [16],
pointing out differences where appropriate.
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P,Q = (Processes)
x(v).P (output)

q x(y).P (input)

P|Q (composition)
(vxy)P (restriction)

0 (inaction)

q = (Qualifiers)
lin (linear)

un (unrestricted)

v u= (Values)
x (variables)

Figure 1: Syntax of the session 7-calculus g

2.1 The Process Model g

DEFINITION 2.1 (PROCESSES). Let x,y, ... range over variables,
denoting channel names (or session endpoints), and v,v’, ... over
values; for simplicity, the sets of values and variables coincide. Also,
let P, Q, ... range over processes, defined by the grammar of Figure 1,
which induces the class rg.

The output process x(v).P sends value v across channel x and
then continues as P. In the input process q x(y).P, the qualifier
q can be either lin (denoting a linear input) or un (denoting an
unrestricted input, i.e., a replicated server). In either case, x expects
to receive a value that will replace free occurrences of y in P. Parallel
composition P | Q denotes the concurrent execution of processes P
and Q. The process (vxy)P denotes the restriction of the co-variables
x and y with scope P. This declares them as dual endpoints, which
are expected to behave complementarily to each other. We write
(vzo : S)P when either z or v have session type S in P. As we will
see, a synchronization always occurs across a pairs of co-variables.
Finally, the inactive process is denoted as 0.

As usual, the set of free variables in a process P is denoted
fv(P), and similarly bv(P) for bound variables. The capture-free
substitution of the variable z by the value v is denoted as [?/z]. We
adopt Barendregt’s variable convention.

With respect to [16], the above the process syntax leaves out
boolean values, conditional expressions, and labeled choices, which
are all inessential for our comparative study of termination.

DEFINITION 2.2 (REDUCTION SEMANTICS). The reduction relation
— of s is defined in Figure 2.

The reduction semantics for x5 follows standard lines for (ses-
sion) z-calculi; it is closed under a structural congruence, denoted
=, which captures expected principles for parallel composition and
restriction. The reduction rule (r-Lincom) captures the linear com-
munication across co-variables x and y, appropriately declared by
restriction, in which value v is exchanged. Similarly, rule (r-Uxcom)
denotes unrestricted communication across co-variables; in this
case, the input prefix is persistent, and remains ready for further
synchronizations after reduction. The contextual rules (r-par) and
(r-Res) express that concurrent processes can reduce within the
scope of parallel composition and restriction. Finally, rule (r-stz)
denotes that reductions are closed under structural congruence.
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P|Q =Q|P P|o =P
(PIQ)IR =P|(QIR) (vxy)0 =0
(vxy)(vzw)P = (vzw)(vxy)P (vxy)P = (vyx)P
((vxy)P) [Q = (vxy)(P| Q) [x,y & fv(Q)]

(vxy)(x(v).P | liny(2).Q | R)
— (vxy)(P | Q[Yz] | R)
(vxy)(x(v).P | un y(2).Q | R)
— (vxy)(P | Q[Yz] | uny(2).Q | R)
(rRPar) P—Q=P|R— Q|R
(Rks) P —> Q = (vxy)P — (vxy)Q
(Rsm) P=P,P—Q, Q0 =Q0=P —(Q

(R-LINCOM)

(R-UNCOM)

Figure 2: Reduction semantics for g

q = (Qualifiers)
lin (linear)
un (unrestricted)

T,S == (Types)
end (termination)
qp (pretypes)
a (type variable)
pua.T (recursive types)

pu= (Pretypes)
?T.S (receive)
IT.S (send)

T = (Contexts)
0 (empty)
Ix:T (assumption)

Figure 3: Session Types of g

2.2 Session Types

We endow s with the session type system by Vasconcelos [16],
which ensures that well-typed processes respect their protocols
but does not ensure deadlock-freedom nor termination guarantees.
With respect to the syntax of types in [16], we only consider channel
endpoint types (no ground types such as bool).

DEFINITION 2.3 (SEssioN TyPEs). The syntax of session types
(T, S, ...) is given in Figure 3.

Session types T, S describe protocols as sequences of actions for
an endpoint; they do not admit the parallel usage of an endpoint.
They have the following forms:

(1) Type end is given to an endpoint with a completed protocol.
(2) Type q p denotes pre-type p with qualifier g, which indicates
either a linear or an unrestricted behavior (lin and un, re-
spectively). The pre-type ?T.S is given to an endpoint that
first receives a value of type T and then continues according
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to type S. Dually, the pre-type !T.S is intended for an end-
point that first outputs a value of type T and then continues
according to S.

(3) Type pa.T is a recursive type, with type variable a. A re-
cursive type is required to be contractive, i.e., it contains
no subexpression of type paj....pan.a1; and a is bound
with scope T. Notions of bound and free type variables,
alpha-conversion and capture-avoiding substitutions (de-
noted [S/a]) is defined as usual. Type equality is based on
regular infinite trees [16].

Recursive types that are tail-recursive are expressive enough to

type servers and clients; we have a dedicated notation for them.

NoTATION 2.1 (SERVER AND CLIENT TYPES). We shall write « ?T
to denote the server type pa.un ?T.a, where variable a does not occur
in T. Similarly, we write T to denote the client type pa.un 'T.a

In the following, we shall work with tail-recursive types only. A
central notion in session-based concurrency is duality, which relates
session types offering opposite (i.e., complementary) behaviors; it
stands at the basis of communication safety and session fidelity.

DEFINITION 2.4 (DuALITY). Given a (tail-recursive) session type
T, its dual type T is defined as follows:
end = end TS = ?TS *?T = T
3P = qp TS = ITS  *IT = =T
We now collect definitions and results from [16] that will lead
to state the main properties of typable processes.

DEFINITION 2.5 (PREDICATES ON TYPES/CONTEXTS). We consider
two predicates on types, denoted lin(T) and un(T), defined as follows:
o un(T) ifand only if T = end or T = un p.
e lin(T) if and only if true.
The definition extends to contexts as follows: we write q(T) if and
onlyifx : T €T implies q(T).

This way, to express that T defines strictly linear behavior we
write —un(T) (and similarly for a context I'). The following notation
is useful to separate the linear and unrestricted portions of a context:

Notation 2.2. We writel ® I ifun(T') A —un(T").

DEFINITION 2.6 (CONTEXT SPLIT AND UPDATE). The split and
update operations on contexts, denoted o and +, are defined as follows.
IHol =T un(T)

Dod=0
Ix:T=([T,x:T)o(I,x:T)

1"101"2:1"
Ix:linp={,x:linp)oly

F1 Orz =T
I[,x:linp =T 0 (Iy,x:linp)

x:U¢r un(T)
F'+x:T=T,x:T Cx:T)+x:T={,x:T)

The typing system considers two kinds of judgments, for pro-
cesses and for variables, denoted ' +s P and T s x : T, respectively.
We write +s P when T is empty. The typing rules are given in
Figure 4. We will explain Rule [S:In]: it is parametric on the qual-
ifiers g1 and g2 and covers three different behaviours depending
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un(T) un(T)
[svar] ——— [S:Nil]
Ix:Trsx:T T'rs 0
ks P ks Q [,x:T,y:T ks P
[sPar] — <~ > < [SRes] —— 2~
Tiolb ks P Q T +s (vxy)P
[S:In]
ql(l“l Orz) I7 ks x:qz?T.S (1"2 +x:S),y:TI-5P
I oo ks q1 x(y).P
IN+sx:q'TS rso:T I3+x:Sk P
[S:0ut] —
Ty ol oI5 kg X{v).P

Figure 4: Typing rules for 7 (cf. [16]).

on whether g; is lin or un, for i = 1,2. In the case q; = lin, to
prove I't o Iy ks lin x(y).P, we need to prove Iy +s x : g2?T.S and
(To+x:85),y : T +s P;note that lin(Ty oI) is true, by Definition 2.5.
In the case g2 = lin, both judgments hold if T} = Fl',x : lin?T.S,
the assignment x : lin?T.S does not occur in I, by Definition 2.6,
and x : S is added to I} for the continuation. Differently, when
g2 = un, both judgments hold if T} = I}, x : *?T, the assignment
x : % ?T also occurs in I; which with the addition of x : Sin I}
implies S = * ?T. Notice that the case q; = un and g2 = lin is not
possible since un(I o Iy) implies that all assignments in I} o I}
have types end or with ‘un’; thus, in that case we cannot prove
Ty ks x : lin?T.S.

Similarly, Rule [S:0ut] is parametric on the qualifier g.

The main property of the type system concerns well-formed
processes, which are defined next.

DEFINITION 2.7 (REDEXES AND WELL-FORMEDNESS). A redex is a
process of the form q x(v).P | y(z).Q. Processes of the form q x(v).P
and y(z).Q have prefix x and y, respectively.

A process is well-formed if, for each of its structurally congruent
processes of the form (vx1y1) - - - (vxnyn) (P | Q | R), the following
conditions hold. (1) If P and Q are processes prefixed at the same
variable, then they are of the same nature (input, output). (2) If P is
prefixed at x1 and Q is prefixed at y; then P | Q is a redex.

THEOREM 2.1 (PROPERTIES OF THE TYPE SYSTEM). The type system
satisfies the following properties (see [16] for details):

o IfT+s PandP = Q, thenT s Q.
o [fT+s PandP — Q, thenT +s Q.
o If s P then P is well-formed.

For technical convenience, we rely on the refined typing rules
for input and output in Figure 5, which are equivalent (but more
fine-grained) than those in Figure 4.

We close this section by defining the class of processes S.

DEFINITION 2.8 (S). We defineS = {P € g | Al s.t. T +5 P}.

ExAMPLE 2.1 (A NON-TERMINATING PROCESS IN S). Consider the
process P21 = (vxy) (y(w).0 | un x(z).y(w).0), which invokes itself
ad infinitum. Process Py 1 is in S because w : end +s P2 1 holds with

[S:iLin — Inq]
T, x: lin?T.S ks x : lin?T.S pyx:S,y:Trs P

I, x : in?T.S o Iy ks lin x(y).P

Ty,x:%?T kg x 0 %?T Dx:«?T,y:T+s P

[S:Lin — Inz]
(T1,x :%?T) o (Ip, x : % ?T) ks lin x(y).P

kg x:x?T Iy:Trs P

[S:Un —In]
T +s unx(y).P

I ks x0T rso: T

Iy ol oI5 kg x{0).P

I3+ P

[S:Un — Out]

[S:Lin — Out]
Tiks x: lin!T.S Drso: T

IMolyols kg ?(v).P

I3,x:Sks P

Figure 5: Refined typing rules for input and output.

the following derivation:
un(T)

Tk x:x?end
[S:Un —In]

T ks un x(z).y(w).0
T ks g{w).0 | un x(z).5(w).0

[S:Par]

[S:Res] — —
w:end ks (vxy)(y(w).0 | un x(z).y(w).0)

withT = x : % ?end, y : *lend, w : end and Il is the derivation

un(T”) un(T”) un(T”)
I’ ks y:=«lend I'" s w: end Ik 0
[S:Un — Out] —
I ks y(w).0

withT” = x : % ?end,y : = !end, w : end, z : end.

3 A WEIGHT-BASED APPROACH TO
TERMINATING PROCESSES

We move on to consider a type system that ensures termination for
a class of 7-calculus processes. Following Deng and Sangiorgi [7],
the type system uses weights (or levels) to avoid infinite reduction
sequences. This type system will induce a class of terminating g
processes, denoted W (Definition 4.1), obtained via appropriate
translations on processes and types. To ease the definition of such
translations, here we define a type system that mildly modifies the
system of [7] to account for linearity and synchronous/polyadic
(tuple-based) communication. Our main result is that the weight-
based system ensures termination (Theorem 3.2).

3.1 Processes

We introduce a process model for the weight-based type system,
denoted myy, formally defined next. In the following, we write g to
stand for the finite tuple yy,- - - , yn.

DEFINITION 3.1 (PROCESSES). The syntax of 7y processes is given
by the grammar in Figure 7 (top).
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7y is designed to stand in between 75 and the process model
in [7]. Communication in my is polyadic, i.e., exchanges involve
a tuple of names, rather than a single name as in Definition 2.1
and [7]. We shall often consider tuples of length two (i.e., dyadic
communication), as this suffices for a continuation-passing encod-
ing of sessions [2]. Another difference with respect to [7] is that
inputs can be linear or unrestricted; this will facilitate the formal
connection with 7g and its type system. The role of linearity is
more prominent at the level of types, defined later on.

We give the operational semantics of myy in terms of the (early)
labeled transition system (LTS), with the following labels for input,
output, bound output, and silent transitions (synchronizations):

a == x(8) | X(G) | (vy, DX (@) | T

The rules, given in Figure 6, are standard. Rules [W:Par] and
[W:Tau] can be applied symmetrically across parallel composition.

3.2 Types

DEFINITION 3.2 (TYPES FOR my). The syntax of weight-based
types for my is given by the grammar in Figure 7 (bottom).

As in [7], our link types for my are simple, i.e., they do not admit
the sequencing of actions enabled by session types. Our syntax of
types extends that in [7] to account for (i) dyadic communication
and (ii) explicit types for clients and servers. Concerning (ii), we
purposefully adopt the tail-recursive types for clients and servers
defined for s, rather than more general recursive types.

We introduce some notions borrowed from the type system from
§2.2: duality, contexts, predicates on types, operations on contexts.

DEFINITION 3.3 (DUALITY). Duality on linked types is defined as:
#1(V1, V) = #"(V1, V&)
*#1 (V) = ##"(V)

#1(V1, V) = #"(V1,V2)  unit = unit
(VY = «#(V)
DEFINITION 3.4 (CONTEXTS). Contexts are given by the grammar:
[LAz=-|Lx:VI|Lx:(V,V)

whereT,x : L andT,x : (L, L) imply x ¢ dom(T').

Following the sorts of [8], the assignment x : (L, L) denotes the
pairing of x with two complementary protocols, where (L, L) = (L, L).
We use x :: L to stand for x : (L, L) when L is the main object of
interest. We write x o T if eitherx : T orx :: T holds (i.e, o € {:,::}).

DEFINITION 3.5 (UNRESTRICTED TYPES). Predicate un(T) holds if
T = «#™(V), T = «#"(V), T = unit, or x:(L, L) with un(L). We write
un(T) ifun(T) holds for everyx o T € T.

Following Definition 2.6, the following definitions gives a rela-
tion to split contexts into two parts.

DEFINITION 3.6 (SPLIT RELATION ON CONTEXTS). The relation o
on contexts is defined in Figure 8.

We now introduce notions on processes that are essential to
Deng and Sangiorgi’s approach to termination by typing.

DEFINITION 3.7 (LEVEL FUNCTION, I(x)). Let N denote the set of
all names. We define the function I(-) : N — N to map names of
a process (free and bound) to naturals. We assume a-conversion is
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silently used to avoid name capture and ensure uniqueness of bound
names. Given a (typed) process, we define this function as follows:

n ifx:Torx=T
with T € {#"(V1, V2), #7(V1, V), =#"(V), x#" (V) }

m  ifx : unit, foranym e N

I(x) =

DEFINITION 3.8 (AcTIVE OUTPUTS, 0s(-)). Given a process P, the
set of names with active outputs os(P) is defined inductively:

os(x(g).P) = {x} U os(P)

os(P | Q) = os(P) U os(Q)
0s(0) =0

os(x(g).P) = os(P)
os((vx)P) = os(P)
os(!x(§).P) =0

Typing judgments are of the form T +, P, with corresponding
typing given in Figure 9. Typability is contingent on a level function:
we say a process P is well-typed if there exists a level function I(-)
such that a typing derivation I I, P holds, for some I'.

We comment on some of the rules in Figure 9 for my, contrast-
ing them with those in Figure 4 for 7s. Rule [W:Varq] is similar to
rule [S:Var]. Rule [W:Var;] is the corresponding rule for comple-
mentary interaction: if x : (V, V), then we can assign the type x : V.
Intuitively, name x encapsulates the types of its two endpoints,
denoted as V and V. As long as x respects one of these types, the
channel is considered correctly typed.

Rule [W:Lin — Inq] acts as the linear counterpart to [S:In]. Im-
portantly, there is no direct counterpart for x as a linear comple-
mentary interaction. Instead, the context split T, x : (V, V) = (T, x:
V)o(Tz,x : V) allows for the application of rule [W:Lin — In]. This
structural mechanism operates silently within the rules where V
is linear, achieved through context split. As a result, this disallows
linear channels from consuming linear complementary interactions.

Rules [W:Lin —Iny] and [W:Lin — Ins], the first with > and
the second with “:’, are counterparts to rule [S:In] for un-
restricted types with linear qualifier. Similarly, [W:Lin —Out],
[W:Un — Outq], and [W:Un — Out;,] represent the rule [S:Out]. Fur-
thermore, [W:Un — Inq] and [W:Un — In;] are the unrestricted coun-
terparts to rule [S:In] with unrestricted qualifier. These rules adopt
the main condition from [7], i.e., the weight of types of the active
outputs must be strictly less than the weight of the type of the
channel of the server providing them. Finally, rule [W:Res] types a
restricted channel through a complementary interaction.

We state the type preservation property:

THEOREM 3.1 (TYPE PRESERVATION). SupposeI' +y, P for a level
function . IfP 5> P’ thenT ry, P’ for the same level function I.

3.3 Termination by Typing

A process terminates if all its reduction sequences are finite. We
show that our formulation of the type system in [7] also enforces
termination by typing. The proof follows the same lines as in [7]: a
weight is associated with a well-typed process; this weight is then
shown to strictly reduce when the the process synchronizes. The
weight is actually a vector constructed from the observable active
outputs of a channel within a typed process.

DEFINITION 3.9 (VECTORS). We define vectors and their operations:
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[W:Par] [W:Res]
[W:In] pLp bn(a) Nfn(Q) =0 PSP x ¢ n(a) [W:Rep]
- p p -
<(@).2 22 Pl ][9] PIQSPIQ ()P = ()P’ e(@)-P 2% (). | P[0/ ]
[W:Tau] [W:0pen]
b)X(d 7 - b)x (5 -
[W.out] p O 5 XD B Afa(Q) =0 p IO e (fn(or) U (o)) — {B,x)}
—_— o~ T —_— TN=—/ ~
2P =2, p PIQ = (h)(P'1Q)) (rgyp LEDF,
Figure 6: An LTS for my
P,Q = (Processes) Do=0 fiolp =T un(T)
x{y1,y2).P (output) Lx:T=T,x:T)o(Tzx:T)
x(y1,y2).P (linear input)
PO (parallel) Lol =T un(V)
x(y1. y2)-P (server) T,x: (V,V) = (T,x: (V,V)) o (Ty,x: (V,V))
(vx)P (restriction)
0 (inaction) ol =T —un(V)
ST.V.Lu= (Link Types) Lx:(V,V)=(T1,x:V)o(Ip,x:V)
#(V1, Vo) (linear input type) N
#1(V1, Vo) (linear output type) 0 OEZ =T ﬁun(l/)
##1(V) (unrestricted server type) Lx:(V,V)=(T,x:(V,V)) oIy
«# (V) (unrestricted client type)
unit (termination) ol =T —un(V) ol =T =un(T)
ni= 1,2,--- (weights) T,x:(V, V> =Tjo(Iyx: (V,‘_/>) Tx:T=TLx:T)ol;
. d " ol =T —un(T)
Fi 7: Synt .
igure 7: Syntax of processes and types for my Tx T=To@px:T)

e Given k > 1, we write 9; to denote the vector

(g, ng—1, -+ ,n1) wheren; = 1 andnj = 0 for every other j.
Also, @ denotes the zero vector where n; = 0 for every i.

e Given wvectors vi = (Mg Ng_1,---,n1) and vy =
{mp,my_y,- -+ ,mq), withk > 1, the sum vy + vy is defined in

two steps. Firstly, if k > | then the shorter vector vy is extended
into v, by adding zeroes to match the size of vy, ie., vy =
(mp, myg_q,+ -+ ,my, -+ ,my), with (mg,mg_q,--+ ,mpy) =
0. Then, addition of v1 and v}, is applied pointwise.

e Given wvectors v1 = (Mg, Ng_1,- - ,n1) and vy
{(mp,mp_q,--+ ,my) of equal size k, the ordering v1 < vy is
defined iff 3i < k, n; < mj andVj > i, nj = mj.

Using vectors, we define the weight of a well-typed process:

DEFINITION 3.10 (WEIGHTS). Given a well-typed process P with
level function I, the weight of P is the vector defined inductively as:

wt(0) =0 wt(!x(§).P) =0
wt(x(7).P) = wt(P) wt(x(§).P) = wt(P) + 0y(x)
wt(P | Q) = wt(P) +wt(Q)  wt((vx)P) = wt(P)
We have the following results, whose proof is as in [7]:
ProrosITION 3.1. IfT vy P and P L P’ then wt(P’) < wt(P).

THEOREM 3.2 (TERMINATION). IfT y, P then P terminates.

Figure 8: Splitting of Contexts for my

4 “W:A CLASS OF TERMINATING PROCESSES

Here we define and study W, a class of terminating s processes
induced by the weight-based type system given in §3, which lever-
ages translations on processes and types/contexts, denoted ( - |)
and (- ), respectively. Concretely, ‘W is defined as follows:

DEFINITION 4.1 (W). We define:
W={Pens |3 lst (TrsP)A (T); Fw (P}

Hence, ‘W contains those processes from S (Definition 2.8)
whose translation gives typable my processes. By Theorem 3.2,
‘W thus provides a characterization of terminating processes in
S. In the following we formally define the translations { - ) and
() ;> and establish their main properties. Our main result is that
‘W c S (Theorem 4.3): there are typable processes in S which are
not terminating under the weight-based approach.

4.1 The Typed Translation

Our translation is typed, i.e., the translation of a g process depends
on its associated (session) types. We first present the translation on
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[W:varq] [W:var;] [W:Nil] [W:Par] [W:Res] _
un(T) un(T) un(T) Ty by P Iy Q L,x:{(V,V)ry P
Tx:Vigx:V Lx:(V,V)kyx:V Ty 0 ol ky P|Q Iy (vx)P
[WLin - Im] Iy, x : #7(V1, Vo) by x: #7(V1, V) D,y1:V,y2: Vo by P I(x) = 1(y2)
Lin—1m
I'i,x: #n(Vl,Vz) oIy ky x(yl,yg).P
[ | Ty, x : ## (V) by x 0 5#2™(V) I, x : «#"(V),y; : V,yp : unit by, P
W:Lin — Inp
(Ty,x : «#™(V)) o (Tz, x : ##™(V)) ky x(y1,y2).P
T,x o x# (V) by x 2 x#™(V) T,x = ##"(V),y; : V,yz : unit by, P
[W:Lin — Ins] -
Tox = ##" (V) Fy x(y1,y2).P
Ty, #7(VL, Vo) by xc #7(V, V) Doy Virtwyr1: V1 I3,y2: Vo by P I(x) = 1(y2)

[W:Lin — Out]

T, x : ## (V) by x 0 =#(V)

Dx:#+#"(V),y: Vigwy:V

(T, x : #(V1, Vo)) o (T, y1 : Vi) © (I3, 42 = Va) by X{y1, y2).P

T3, x : ##"(V),ys : unit +, P

[W:Un — Outq]

T, x o s # (VY by x 0 s# (V)

Ty, x - ##™(V)) o (I, x : =#"™(V),y : V) o (Ig, x : ##™(V)) by X{y1,y2).P

Oy, x st (V),y:Viyy:V I3, x = ##*(V),ys : unit +, P

[W:Un — Out;] —
(Ty, x 2 ##™(V)) o (T, x = =# (V) y : V) o (I3, x = ##(V)) by X(y1, y2).P
[ | Lx: ##™(V) by x 2 5#(V) Tx:«#(V),y; : V,yo : unit by, P Vb € os(P), I(b) < n
W:Un — In
1 Lx 0 ##(V) by 'x(y1,y2).P
L,x i ## (V) by x 0 x#™ (V) Tx = ##"(V),y1 : V,yz : unit +y, P Vb € os(P), I(b) <n
[W:Un = In;]

Tx = #+# (V) by '%(y1,y2).P

Figure 9: Typing rules for my

processes and types separately; then, we combine them to define
the translation of a typing judgment.

DEFINITION 4.2 (TRANSLATING PROCESSES). The translation (- |) :
7g — 7y is given in Figure 10 (top), where we assume z is fresh.

We discuss some interesting cases in the translation of processes:

e The shape of process {lin x(y).P) depends on whether x
has a linear or an unrestricted type: this is due to rule [S:In]
(Figure 4) which depends on a qualifier ¢, that can be lin-
ear or unrestricted. If x : lin?T.S then the translation is
x(y, z).({P[#x]], with the continuation along z; otherwise,
in case x : * ?T, the translation is x(y, z).{P]), since there is
no continuation in x, as explained in the description of rule
[S:In] in Figure 4.

e The process (un x(y).P] is simply an unrestricted input
process 'x(y, z).{P).

o The process {x(y).P]), the translation of a bound send, also
depends on the type of x and the justification for it is similar
to the translation of linear inputs described above.

e The process ((vxy)P) is simply (vz)(P[?/x][#/ y]]): the co-
variables x, y are replaced by the restricted (fresh) name z.
The duality between the types of x and y, say x : Land y : L,

must be preserved by the type of z in ;. This correspon-
dence will become evident when discussing the translation
of judgements (Definition 4.4).

DEFINITION 4.3 (TRANSLATING TYPES/CONTEXTS). The transla-
tion (| — Dl of session types and contexts is given in Figure 10 (bottom).
The translation of contexts is parametric on a level function l. In
particular, the translation of a type assignment (x : TDI, relies on
an auxiliary translation x : (]TD;‘ which is deemed to be assigned
a level I(x) in the translated type (T)}, depending on the shape of
T. Other names, denoted a, B,y . .., are necessary when translating
within types.

The translation (- ; follows the continuation-passing approach
of [2] to encode session types into link types. The translation of
tail-recursive types is rather direct, and self-explanatory.

By combining the translations of types and processes in Figure 10
we obtain a translation of type judgements / derivations in 75 into
type judgements / derivations in 7y . We use an auxiliary notation:

DEFINITION 4.4 (TRANSLATING JUDGEMENTS/DERIVATIONS). The
translation of a type judgment for s into a type judgment for my is
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o) = o
(PIOd = (PD QD
{(vxy)Ph = (v2){P[#=][%y]D
. 3 x(y,z).{P[#/x]) Ifx:lin?T.S
{lin x(y).Pb = {x(y, 2).4P) Tfx:#?T
(unx(y).P) = x(y.2).4P)
_ (vo)x(y,z).(P[#/x]) Ifx:lin!T.S
{xw)-PD %(y, 2).4P) Tfx:#!T
), =0T xn : T,
(x:T), =x:(T)f
(end); = unit
(lin 2T.8)x = #C)((T), (S)7)
(linT.5)x =+ ()7, (5)%)
(+27)% == (1))
(*'T)% ==

Figure 10: From 75 to my (Definition 4.2 and 4.3)

parametric on the level functionl : N — N, and is defined as:
[T +s P]]l = (]FDI Fw (PD
[C,x:Trsx:T]; = (T2 : (T)] +w x: (T)]

This translation induces an inductive construction of the translation
of type derivations in my from type derivations in s, denoted as:

Y; Viel [:], Viel

Lk P qul Fw (PD
where Y; denotes a set of derivations used to proveT + P.

The translation, of which Figure 11 gives an excerpt, relies on
analyzing the last rule [S:Rule] applied in the derivationT s P and

the unfolding of the translation of judgements, mapping to a derivation
(]1"[)1 Fw (PD in my, in which the last rule applied is [W:rule].

|[[S:Ru|e] ﬂl = [W:Rule]

4.2 Results

In general, the translation of a P € S is not necessarily typable in
mmy; this occurs when, e.g., P is non-terminating. We focus on pro-
cesses in S that are typable in my, and therefore, are terminating.

Notation 4.1. We write (T), +w (P} if [T ks P]; holds, for
some l.

Our translations are correct, in the following sense:

THEOREM 4.1 (OPERATIONAL COMPLETENESS). Let P € ‘W such
that (T)), Fw (PD, for some level function I. Then there exists R € ‘W

such thatP — Q = (P) 5 {R) andR = Q.

THEOREM 4.2 (OPERATIONAL SOUNDNESS). Let P € ‘W with

(T); +w (PD, for some level function L. If {P)) 5 U Then there
exists R,Q € W such thatP — QAR=Q AU = (R).

An immediate corollary of Theorem 4.1 is that our translation
preserves (non-)terminating behaviour, i.e., does not map non-
terminating processes in S into terminating processes in myy.

Paulus et al.

COROLLARY 4.1. ( - |) preserves (non-)terminating behaviour.

The following result corroborates our informal intuitions about
S and ‘W. It also precisely characterizes a class of terminating
processes based on our correct translations { - ) and (-,

TueoreMm 43. W C S.

Proor (SKkETCH). The inclusion ‘W C S is immediate by defini-
tion. To prove that the inclusion is strict, we consider a counterex-
ample, i.e., a process P typable in 75 but not typable in 7y, . Process
Py 1 from Example 2.1 suffices for this purpose. ]

5 PROPOSITIONS AS SESSIONS

We now introduce 7zp) |, the process model induced by the Curry-
Howard correspondence between linear types and session types
(propositions-as-sessions) [1]. zpjL is a synchronous n-calculus
extended with (binary) guarded choice and forwarding.

DEFINITION 5.1 (PROCESSES AND TYPES). Processes in mpj L are
given by the grammar in Figure 12 (top). Types coincide with linear
logic propositions, as given in the grammar in Figure 12 (bottom).

DEFINITION 5.2 (REDUCTION IN 7p ). The reduction seman-
tics of mpyLL is defined in Figure 13 (bottom), relying on structural
congruence, the least congruence relation defined in Figure 13 (top).

NOTATION 5.1 (PROCESS ABBREVIATIONS). We adopt the following
abbreviations for bound outputs and replicated forwarders:

x(2z).P = (vz)x(z).P
x &yl =ly(2) X(k).[k & 2]

As usual, a type environment is a collection of type assignments
x : A where x is a name and A a type, the names being pairwise
disjoint. The empty environment is denoted ‘-’. We consider un-
restricted environments (denoted I',I’) and linear environments
(denoted as A, A’); while the former satisfy weakening and contrac-
tion, the latter do not.

We denote by dom(T'), the domain of T, the set of names whose
type assignments are in T, i.e., dom(T') = {x | x : A € T'}. Also,
I'(x) denotes the type of the name x € dom(T), i.e., T'(x) = A, if
x : A € T. The domain of A and A(x) are similarly defined.

Typing judgments for zp | are of the form I';A +, P = x :
A. Such a judgment is intuitively read as: “P provides protocol A
along x by using the protocols described in the assignments in
I' and A”. The domains of T', A and x : A are pairwise disjoint.
The corresponding type rules are given in Figure 14. Each logical
operator is represented by right and left rules: the former explains
how to offer a behavior (according to the operator’s interpretation,
cf. Figure 12 (bottom)); the latter explains how to make use of
a behavior typed with the operator. In particular, the behavior
of clients and servers is governed by four typing rules: [L:cut'],
[L:copy], [L:!L], and [L:R].

The Curry-Howard correspondence connects the logical prin-
ciple of cut elimination with process synchronization. As a result,
we have the fundamental property ensured by typing:

THEOREM 5.1 (TYPE PRESERVATION). IfT;A +¢ P :: x : A and
P— QthenT;Arp Q ux:A.
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where I} =Tj,x : #?T and I = Iy, x : # 7T

[S:Un — In]
T/ ks x:%?T I',y:Tts P
T,x:%?T +s unx(y).P

/ =

where IV =T, x : «?T

[[S:Lin = Inq] I ()Y, z: (S)? Fu (P[Fx I(x)=1(z
I} bs x : [in?T.S L,x:S,y:T+s P _ [WLin—Inq] (e y (érl,)g ,O (]15] DDIF wx<(| [zg (le[z/x] |§ ——
I} oL ks lin x(y).P ! B 2 Fw X28-2)-
where I} =Ty, x: lin?T.S where (T}), = ([1),, x : #l(x) (QTDIy, (sh7)
LS:Lin = In;] (), ko x = (T)Y) (T2 unit k(P
I bsx:#?T  Tjy:TrP  [WLin—Inp] —-E s (]F’Dl - Zz)’ T i
Ij o Ty b lin x(y).P ! 191 © Taby Fw 23523

where (I, = (T1) , x : ##! ) ((T)}) and (T;), = (T2, x = ) ((T) )

'), ko x s C0 (1))

’ . y . .
= g 09 (D2 unit ey P

Vb € os((PD), 1(b) < I(x)

where (['), = (T),, x : eyl () (]T[)ly

(0D = 50 ((T)Y) Fuo tx(5,2).(P])

Case: Output

[S:Lin — Out]
I ks x : lin!lT.S Lksy:T I3,x:Sk P
I ol ol ks ¥(y).P L

where I =T, x : lin!T.SandT; =L,y : T

where I} =T, x:#!T, I; =L, x : %!T,y: T
[ =Dpx:#!T

(]FfDl Fw X : #l(x) <qTD1y> (]SD12>
@D rw y: (1)) (GDpz: (S)F Fw (PE/XTD L(x) =1(2)

() o (T3)y 0 (T5)p), 2 = (SDF +w Xy, 2)-(P[#/x]1))

[W:Lin — Out]

where (I7); = ([1),, x : #l(x)(QTDly, (S)7) and (57D, = (&), y (]T[)ly

(), x0T}
qrzl)l Fw Y GTDI

(7D © (13D, 0 (Ts); Fw (v2)x(y. 2).((P[#/x]]))

(]1"3/[)1,2 : unit +y, (| P[)

[S:Un — Out]
I ks x 0 %I T Lksy:T I ks P [W:Un — Outq ]
T o) o] k¢ X(y).P ! N

where (]Tl’Dl = qul)l,x : *#l(x)QTDly, QFZ’[)I = (]FZDl,x sl (0) (]T[);J, y: (T)7
(50, = (T3 x + #1007}

(T{D; o (T5D; o (5D, Fw %{y, 2)-(PD

1

Figure 11: From derivations in 75 to derivations in my (excerpt, cf. Definition 4.4)

The type system enforces also progress and termination. The
latter property can be proven using logical relations [12].

6 L: A CLASS OF TERMINATING PROCESSES

We now study L, another class of terminating s processes. This
class is induced by the Curry-Howard system given in §5, which
leverages translations on processes and types/contexts, denoted
(-] and (- ), respectively. Roughly, £ is defined as follows:

L={Pens| T@Ars P A (T);(A) r¢ (PD = u: (S)}

Definition 6.7 will give a formal definition. In the following we

define the translations ( - ) and ( - ), and establish their properties.

Our main result is that £ ¢ ‘W but ‘W ¢ L (Theorems 6.3 and

6.2): there are terminating processes detected as such by the weight-

based approach but not by the Curry-Howard correspondence.
We require some auxiliary definitions. The following predicates

say whether a session type contains client or server behaviors.

DEFINITION 6.1. Given a session type T, we define predicates
svr(T) and cli(T) as follows:

svr(x?T) = true cli(x!T) =true

svr(end) = false clilend) = false
svr(q!S.T) =svr(T) cli(q!S.T) =cli(T)
svr(q ?S.T) =svr(T) cli(g?S.T) =cli(T)

svr(x1T) = svr(T) cli(x?T) =cli(T)

These predicates extend to contexts I' as expected. This way, e.g.,
svr(I') stands for Axedom(r) T (x). Also, we write svr(I'; P) to stand
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P.Q = ()P (Prz)cetssei; x(y).P (linear input)
XY outbub) - p | O (composition)
x(y).P (server) (inaction)
(vx)P (restriction) . .

. x.inr; P (select right)
x.case(P,Q) (branching) [xoy] (forwarding)
x.inl; P (select left) y &

A B:= (Types)
1 (Termination) 'A  (Shared)
A—B (Receive) A®B (Send)
A®B (Selection) A&B  (Branching)

Figure 12: Processes and types of the session 7-calculus 7p |

Plo=P P=,Q = P=Q
(vx)0=0 Pl(QIR=(P|Q)IR
x¢fm(P) = P|(vx)Q = (vx)(P|Q)

PlQ=Q]|P
(vx)(vy)P = (vy)(vx)P

(o) (vx)([x © y] | P) — P[Y/x]
(re)  x(y).P | x(2).Q — P | Q[Y/2]
(R)  x(y).P|x(2).0 — P | Q[Yz] | 'x(2).Q
(rt)  x.inl; P | x.case(Q,R) — P | Q
(rr)  x.inr; P | x.case(Q,R) — P |R
(R]) Q—R = P|Q—P|R
(rv) P—Q = (vx)P — (vx)Q
(R2) P=P AP —-Q ANQ' =Q = P—Q

ifx#y

Figure 13: Structural congruence and reductions for 7p |

for Axe(fn(P)ndom()) SVI(T'(x)), returning true when (fn(P) N
dom(T")) = 0. Analogous definitions for cli(-) , =svr(-), and =cli(-)
arise similarly.

This way, intuitively:
o —svr(T) A —cli(T) means that T is an always-linear behavior,
i.e., it does not contain server and client actions.
o svr(T) A—cli(T) means that T contains some server behavior
and that it does not contain client behaviors.
e —svr(T)Acli(T) means that T will at some point exhibit client
behaviors and that it does not contain server behaviors.
Also, svr(T) A cli(T) means that T contains both server and client
actions; this combination, however, is excluded by typing.

EXAMPLE 6.1. We further illustrate Definition 6.1 by example:
T ‘ svr(T) ‘ cli(T)

1 = !(lin!1(%1S9).(lin ?2(%?R).(%?Tp))) | true | true
2 lin !1(%1S5).(lin 2(x ?R).(* ?Tp)) true | false
3 x!(lin!1(%!S).(lin ?(* ?R).end)) false | true
4 lin !(x!S).(lin ?(* ?R).end) false | false

Both (1) and (2) return true forsvr(T) because of their final behavior
(i.e, %?Ty’), whereas (3) and (4) return false, because their final
behavior isend. Both (1) and (3) return true forcli(T) as their initial
type behavior (i.e., *\T’’) is that of a client, whereas (2) and (4)
return false as they do not contain any client behavior.

Paulus et al.

6.1 The Typed Translation

DEFINITION 6.2 (TRANSLATING PROCESSES). The translation (- |) :
s — 7mp|LL IS given in Figure 15.

The translation of processes relies on type information; in par-
ticular, the translation of outputs and unrestricted inputs depends
on whether the overall behavior of channels exhibits server or
client behaviors (cf. Definition 6.1). In translating outputs, we check
whether the output is free or bound. The translation of free outputs
is further influenced by whether the sender is associated with a
linear connection or acts as a client connected to a server. There
are 5 cases to consider, and the translated processes are designed
to preserve typability. Similar conditions apply to the translation
of bound outputs.

REMARK 1. To ensure typability of the translated process, we ex-
plain some of the choices in Figure 15:

(1) In a free output x(z).P the value z cannot have a server behav-

ior. In Figure 15, this is ensured using the predicate —svr(T).

(2) In an unrestricted bound output (vxy)z(y).P, the value y can-

not have a client behavior. In Figure 15, this is ensured using
the predicate —cli(T).

We illustrate what we mean by “client behavior” above. Consider
the process P = (vxy)((vwo)x(v).un w(a).0 | un y(c).c(b).0). In P,
the output action on x is an unrestricted bound output, whose object
v has a client behavior: after one reduction, an output on v will be
ready to invoke the server on w. Notice that P € S, as P is typable
with b : end +s P and x : !(x!end), y : *?(*lend), w : = ?end and
v : *lend.

We want a typable translation of the judgement [T +s P],,. Con-
sider the partial translation of P, i.e., (P)) = (vx)({P1) | (Q1)[*/y]),
where we use the abbreviations

e P; = (vwo)x(v).un w(a).0, and

e Q1 =uny(c).c(b).0.
Suppose we can apply [L:cut], then there are derivations I1; and I,
such that

H1 HZ
b:1;- ko ((O1D[¥y] my:!(1—o1) b:1;x:(1—01) ko (P1|) nu:T
bt ke (vx)((Pi) | Q1D [Xy]) =u:T
Consider the partial translation ((vwo)x(v).un w(a).0) =

X(w).("w(a").P]) for some P| that we will leave opaque for now.
Notice, however, that the following derivation is not possible: to type
'w(a").P| we would need u = w to apply [L:'R] (the application of
[L:copy]), but w already occurs in the context and this contradicts
the domain restriction of ¢ judgements.

b:1,x:(1—o1);w: (1-1) tp!w(a).0 zu:T
b:l,x:(1—1); ko w(a).Pyuu:T
b:1;x:(1—1) bp X(w).("w(a’).P)) zu: T

[L:copy]
[LaL]

A similar argument and example can be used to justify the first item
of this remark.

While the translation of linear inputs is straightforward, in trans-
lating unrestricted inputs we check whether the synchronization
concerns a bound or free output. When the unrestricted input can-
not discern the client or server behavior from the type, it offers both
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;AR P:T

L] ——
;Ax:1vpPT

[LIR] —————
ok 0x:1

APy A T5A2Fp Qux:B
A1, A2 Fp X(y).(P|Q) ux:AQ®B

[L: ®R]

IAy:Ax:BreP:T

[L:fwd]
ix:Abp[x o yluy:A

Nu:AANy:Avp PT

[L:®L]
T;Ax:A®Bvrpx(y).P =T

;A1 Pux: A LA, x:Avp QT
L AL A ke (vx)(P Q) = T

[L:cut]

T,u:A;A vy P[Yx] =T

Lu:A;Avrpu(y)P =T

DebpPuy:A Tu:AA QT
[L:cut’] [L:copy]
L;A e (vu)(lu(y).P| Q) = T
I'FQuy:A I’A,x:AvP:T
[L:'R] [L&L]]

[L:L]
;A x:'Arp P T

T;Ax:Avp PT T;Ax:BrpP::T

Uk Ix(y).Qux A

;A x: A&B +p x.inl;P :: T

[LeL]

[A,x: A® Bty x.case(P,Q) = T

I';ArpPiix: B

[L: ®R2]

I';A b xinr;P:x:A®B

Figure 14: Type rules for np | (selection)

x(2).([y & z] | {P)) If x : lin!(T).S A —un(T) A —svr(T).
x(2).("y © z] | (P)) If x : lin!(T).S A un(T) A —svr(T).
_ x(z).z(w).([y & w] | (P]) If x : % !T A =un(T) A =svr(T) A cli(T)
x@).Ph = 3_,  _ .
x(z).z(w).('ly & w] | (P)) If x : 1T Aun(T) A =svr(T) A cli(T)
x(z).z.ink;z(w).([ly & w] | (P)) Ifx:=!T Aun(T) A =svr(T) A =cli(T)
X(z).z.inLZ(w).([y & w] | ({P)) Ifx:!T A—=un(T) A =svr(T) A —=cli(T)
_ z(x).x.inr; (P) Ifz: =T A =svr(T) A =cli(T).
((vxy)z(y)-P) 2(x).(P) T2 : % 1T A svr(T) A =cli(T).
{(vxy)z(x).(P | Q)) = z(y).({P)|(Q)) Ifz:Ilin'T.SAz¢fn(P)Ay¢fn(Q)
(linx(y).P) = x(y).(P) Ifx:Ilin?T.S
x(z).{P[# y]) If x : 2T A svr(T) A —cli(T).
qunx(y).P) = 1{'x(z2).z(y).{P) If x : % 2T A =svr(T) A cli(T).
x(z).z.case(z(y).(P), (P[Fy])) Ifx:%?T A=svr(T) A —cli(T).
(xy)(P1Q)) = (vx)((P) [QD[¥y]) Ify ¢ fn(P)Ax¢fn(Q)
P1O) = (vw)((P)|{Q)) Withw fresh
qop = o

Figure 15: Translating processes in 75 into 7p |

behaviors using a branching construct; the synchronizing party
(i.e. the translation of output, free or bound) then determines the
desired behavior using a corresponding selection construct.

ExaMPLE 6.2. Consider P = (vxy)(un x(z).0 | y(w).0), a ns pro-
cess that implements a simple server-client communication. As in
Example 2.1, one can verify that x : * ?end, y : = !end, w : end and
z : end, which entail w : end +s P. Sincey ¢ fn(un x(z).0) and
x & fn(y(w).0), the translation of P is as:

(P) = (vx)(Jun x(2).0) | (x(w).0))
Note that —cli(end) A —svr(end) A un(end) holds (cf- Definition 2.5
and Definition 6.1). Thus,
(un x(2).0) = 'x(v).v.case(v(z).0,0)
({x{w).0) = x(2).z.inl; z(v).("[w & v] | 0)

DEFINITION 6.3. Given a session type/linear logic proposition A,
we write T(A) to denote A without top-level occurrences of ‘!, ie.,
t(1A) = A and is the identity function otherwise.

DEFINITION 6.4 (TRANSLATING TYPES/CONTEXTS). The transla-
tion (-] from session types in s to logic propositions in mpLL is given
in Figure 16. The translation of types extends to contexts as expected;
we shall write (T))" to stand for 7((T)).

The translation of end and linear input/output types is standard.
As for client and servers, the translation of types follows the trans-
lation of processes. When the type of the client or server exhibits
a server behavior, the type is encoded into an unrestricted type.

Notice that a client type * !T is translated into its dual behavior !(T]),
but a server is not. This has to do with the left/right interpretation




PPDP 2023, October 22-23, 2023, Lisboa, Portugal

(end) =1
(lin!S.T) = (S)—(T)
(in?S.T) = (S) ® (T)
(T If svr(T) A —cli(T).
(=?T) =41((T)®1) If =svr(T) A cli(T).
((T)®1) & (T)) If =svr(T) A —cli(T).
I(T) If svr(T) A =cli(T).
(=T) =1W(T)—1) If =svr(T) A cli(T).
W((T) 1) &(T)) If ~svr(T) A =cli(T).

Figure 16: Translating session types into logical propositions

of judgments in 7py | : servers always occur on the right-hand side;
to provide a dual behavior, the client should itself be dual.

ExAMPLE 6.3 (CONT. EXAMPLE 6.2). Consider the type assignments
x : *?end,y : *!end, w : end and z : end. Since —cli(end) A
—svr(end), the translation in Figure 16 gives:

o x:(*?nd) =!(((end) ® 1) & (end)) =!(("1®1) & 1);
e y: ( lend) = !(((end)—1)&(end)) = 1((11—01)& 1)

The translations toz : 1 and w : 1 are trivial.

Armed with the translations of processes and types given in Fig-
ure 15 and Figure 16, we are now ready to translate a judgment
T, A+ Pinto (T)"; (A) ¢ (P) : u = A, for some name u. This trans-
lation requires that un(T’) and —un(A), i.e., T is unrestricted and A
is ‘not’ unrestricted; this is the abbreviation I' @ A (Notation 2.2).

The following auxiliary notion relates contexts that may differ
in exactly one assignment:

DEFINITION 6.5. Given contexts I',T’, we write x% I’ if (T =
I"Az¢dom(D)) v (T =T',z:T) for some typeT.

DEFINITION 6.6 (TRANSLATING JUDGEMENTS). Given a judgment
I ® A +s P and a name u, its translation [T ® A vs P|ly, is defined as

GF,D+2QA’D be(P) zu:A

where I/, A’, and A are subject to one of the following conditions:

o A= (T) when{u:T} cT,A with (T =ET)A(A =Y A ) or
e A=1whenu ¢ dom(T,A) with (T =T') A(A=A").

Table 1 defines the translation by induction on P, assuming that
the contexts satisfy the appropriate requirements, i.e, un(I,I’) A
—un(A, Ay, A’) and A,T” and A’ are as one of the cases above.

Using this translation of judgments, a translation of derivations
can be defined exactly as in Definition 4.4.
We discuss some entries in Table 1 with the following example.

EXAMPLE 6.4 (CONT. EXAMPLE 6.2). The translation of judgments
defined in Table 1 relies on the typability in the source language
(S) to determine the exact conditions to the typability of the trans-
lated process in mpy L. First, the type derivation of w : end ks
(vxy)(un x(2).0 | y(w).0) is essential to build a type derivation for

Paulus et al.
the translated judgment (if one exists):
I'ks y:*lend
TFs x:x?end T,z:end+ 0 Trs w:end Trs 0
T'tsunx(z).0 T ks y(w).0

I'Fsunx(z).0 | y(w).0

w:end ks (vxy)(un x(z).0 | g(w).0)

wherel = x : % ?end, y : *lend, w : end
Second, the translation [w : end s (vxy)(un x(z).0 | 5{w).0)[,
corresponds to entry 3 of Table 1,

w:1;- kp (vx)(Qun x(2).0) | {(x(w).0)) =u:A

and we have previously observed that the side conditions hold. Since
u is not in the type context, we have A = 1. Now we proceed to build a
type derivation for the translated judgment by applying rule [L:cut]:

11,
1T w:ly:B;-kp (Y(w).0)) mu:1

w:l -k Junx(2).0) =x:!'B w:Lx:'Br, (x(w).0))) zu:1
wi sk (vx) ((un x(2).0)) | (3(w).0)) =u:1

and we will show that there exist derivations I1; and Il such that the
derivation holds. We recall the translations (un x(z).0)) and (x{w).0)
in Example 6.2.

Third, the left premise is the translation [T +s un x(z).0]x and
corresponds to entry (4) of the Table 1. We recall Example 6.3 for QF[)'I' =
w:lx:(1®1)®1),y: (('1—-1)&1) and use the abbreviation
B = ((11—01)&1) and strengthening onFDT. The derivation I1; is as
follows:

w:l-Fp0z0:1

w:l;z:1+,0::0:11

w:l-Fp00:1
w:l;-kp0(2).0:0: 1101

w:1;- +, v.case(v(2).0,0) zv: (11—-o1)&1
w:1;- kp 1x(0).0.case(v(2).0,0) = x : 1(("1—1)&1)

[L:&R]

[L:IR]

Fourth, the right premise is the translation [T +s y{w).0[%/y]]
and corresponds to the entry (11a) of the Table 1. The derivation I,
is as follows:

) ke lwo ol o (U)iz:1r,0u:1

()12 (M—1) 1 2(0).([weo 0] |0) mu:1
(') ¥z : (1M—1)&1 +¢ z.inkZ(0).([w o 0] | 0) =u: 1
(') ke G(z).2.inl Z(0).(w o 0] | 0) u:1

[L:copy]

where we strengthen (T)" to (T’) " =y : ((M1—1)&1),w : 1.

We have the following property, which holds by definition of
the entries of Table 1:

THEOREM 6.1 (TYPE PRESERVATION). If I ®@ A s P then

(T'D"5 (A") ke (PD == u: A is well-typed in mpy L, with A,T" and A’
as in Definition 6.6.

Notice that the translations of typable g processes are not nec-
essarily typable in zp; | . We shall concentrate on processes in S
that are typable in 7py| | :
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[ ] T®Ar, P [ (D)5 (A) ke (P =u:A
1 IT'®- -+ 0 QFD%;-I—(;O::M:I
2 T®A,L, A+ P|Q (')"; (A1), (A") ke (vw) (P | OI) =u:A if we dom(T,A;,A) Au ¢ fn(P)
) If (u'¢ fn(P)) A ((mun(V)) V (un(V) Ao ¢ fn(P) Az & fn(Q)))

P retean eI )t A, &) e (v2) (AP | AQDIF0]) u: A

Ifu =XAX ¢ fn(P) and one of the following holds: B

(s ke b () wecase(w(y)-(PD, (PLYYID) = : ((IT)-eD&(T)) _ i 2svr(T) A ~eli(T)
4 [x:%?T®- ks unx(y).P (T)%; - re te(w).(P[Wyl]) = u: \(T) if svr(T) A =cli(T)

(1) ke te(w).w(y)-(P) = s 1((T) 1) if Zsvr(T) A eli(T)
) ) ()75 (A) Fo x(y).(P]) = u: (T)—o(S) ifu=x

5 I @x:lin?T.S,A rs linx(y).P S T T — — - — - — - — - — ==

(') "5 (A ), x : (T) ® (S) ke x(y).(P) zu:A otherwise

6 Iz:*!T®A¥rs (vxy)z(y).P

If (=un(T)) V (y ¢ fn(P) Aun(T)) and:
('), z : (T)—~ (1) &(T);: (A’) F¢ Z(x) x.inr; (Pl) 1 : A

(]F’Di‘,z S(T); (A) ke Z(x). Py = u: A

if =svr(T) A =cli(T)
if svr(T) A =cli(T)

(vxy)z(x).(P | Q)

If (=un(T)) V (x ¢ fn(P) Ufn(Q) Aun(T)) and:
7 F®z:liniT.S, A, A Fs (T)': (A1), (A) e Z(y)-((PD | QD) =z : (T) ® (S)

ifz=uAuz¢f(P)Ayé¢fn(Q)
ifz#uAuz¢fn(P)Ay¢fn(Q)

8 IT'®o:T,x:lin!(T).S,A +s x(v).P

(D5 (A1), (A'), 2 = (T)=(S) ¢ Z(y)-(UPD | |QD) = u: A
()50 (T), (A) ke %(y)-([0 © y] | (PD) = u: (T) @ (S)

)"0 (T), (A'),x : (T)—(S) Fe X(y).([o & y] | P) = u: (R)

ifu=xA=-un(T) A =svr(T)

if =un(T) A =svr(T)

9 | Lo:T@x:lin(T).S,Ars %¥(0).P

T) 0 (7); (8) v %(9)-(o & yl | IP)) = x : (T) ® (3)

GI‘ID-}»U (T (A),x: (T)—(S) ke x(y).(Ho e y] | P) zu: A

ifu=xAun(T) A =svr(T)
ifun(T) A =svr(T)

10 T,x:x!T®o:T,A+s x{(v).P

If —|syr(T) A =cli(T) A=un(T) Az & fn(P)
()", x : (T)—1&(T); 0 : (T), (A') ¢ X(2).2.inL,Z(w).([0 < w] | (P)) =u:A

If —|syr(T) Acli(T) A —un(T) Az ¢ fn(P)
()" x s (T)—130: (T), (A) ko X(2) Z(w).([0 & w] | (P]) zu:A

11 T,x:%!T,0: T®A+s x{(v).P

If =svr(T) A =cli(T) Aun(T) Az ¢ fn(P)
QI"D';',x S(T)—1&(T); 0 : (T)); (A) ¢ X(2).z.inL;Z(w). ("o & w] | ({P)) =u:A

If —\syr(T) Acli(T) Aun(T) A z ¢ fn(P)
()", x : (T)—o1,0: (T); (A') +e x(2).Z(w).("[o < w] | {P])) =u:A

Table 1: From judgments in 75 to judgments in 7p| | (Definition 6.6).

NOTATION 6.1. We write (I')"; (A’) +¢ (P) = u : (S) whenever
[T, A ks PJly holds, withT xg T’ and A xg A

We can finally define £:
DEFINITION 6.7 (L). Let u be a name. We define:
L={P€7r5|T®AI—SP/\FXEI"/\AXZA'
A5 (A) ke 4P = s (S)}

where contexts and types mentioned are existentially quantified.

6.2 Results

THEOREM 6.2 (L C ‘W). Let P € S such thatT +s P, for some
context I. If there exists u such that [T +s PJ, holds, then there exists
a level function | such that [T +s P], holds.

The proof of Theorem 6.2 is by induction on the structure of
the typed process P. To show that the typing discipline for zp |
induces an appropriate level function / in the setting of my, we
first construct a strict partial order >1, based on the structure of
P. Then, we define a flattening procedure on >1, which works on
so-called connected channels, i.e., names that occur in a restriction

or as the subject of an input or an output prefix. This flattening
procedure returns a strict partial order, denoted >3, that we use to
represent a level function. Intuitively, the level function induced
by >, measures the number of channels that a given channel can
relate to. Finally, we show that this level function can be used to
correctly encode P into ‘W.

THEOREM 6.3 (W ¢ £). 3P € W withT +s P and [T s P]]I for
somel such that Az s.t. [T s P|,.

To prove Theorem 6.3, it suffices to consider the g process

P = (vxy)(lin x(z).un z(w).0 | (vst)y(s).((vuo)(£{u).0) | 0))
Clearly, P is terminating:

P — (vst)(un s(w).0 | (vuo) (t(u).0)) — (vst)un s(w).0
Process P can be typed so as to establish P € S. Also, there is a level

function that makes its translation into 7y, typable. Hence, P € “W.
However, its translation into zp | is not typable, so P ¢ L.
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7 CLOSING REMARKS

We presented a comparative study of type systems for concurrent
processes in the z-calculus, from the unifying perspective of termi-
nation and session types. To our knowledge, this is the first study
of its kind.

Even by focusing on only three different type systems, we were
confronted with technical challenges connected with the intrinsic
differences between them. The typed process model 75 [16], fo-
cused on session-based concurrency, admits a rather broad class
of processes, exploiting a clear distinction between linear and un-
restricted resources, implemented via context splitting. The typed
process model 7y combines features from type systems that tar-
get the termination property [7] and type systems for sessions.
Finally, the typed process model zpy | [1] rests upon a firm logical
foundation, and its control of clients and servers is directly inher-
ited from the logical principles of the exponential !A. Notice that
7pILL is unique among type systems for the z-calculus in that it
ensures protocol fidelity, deadlock-freedom, confluence, and strong
normalization/termination for typed processes.

The main take-away message is that the Curry-Howard corre-
spondence is strictly weaker than weight-based approaches for en-
forcing the termination property. Hence, the control of server/client
interactions that is elegantly enabled by the copying semantics of
1A turns out to be rather implicit when contrasted to weight-based
techniques. Interestingly, Dardha and Pérez arrived to a similar
conclusion in their comparative study of type systems focused on
the deadlock-freedom property [3, 4]: type systems based on the
Curry-Howard correspondence can detect strictly less deadlock-
free processes than other, more sophisticated type systems. Notice
that the study in [3, 4] considers only finite processes, without
input-guarded replication (so all process are terminating).

Immediate items for current and future work include incorpo-
rating other type systems into our formal comparisons. The type
systems by Sangiorgi [14] and by Yoshida et al. [17] are very ap-
pealing candidates. Also, Deng and Sangiorgi proposed several type
systems for termination. Here we considered only the simplest
variant, which induces the class ‘W and is already different from
L; it would be interesting to consider the other variants.
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