2210.17335v2 [cs.PL] 14 Aug 2023

arxXiv

Polymorphic Typestate for Session Types

Hannes Saffrich
University of Freiburg
Germany
saffrich@informatik.uni-freiburg.de

ABSTRACT

Session types provide a principled approach to typed communica-
tion protocols that guarantee type safety and protocol fidelity. For-
malizations of session-typed communication are typically based
on process calculi, concurrent lambda calculi, or linear logic. An
alternative model based on context-sensitive typing and typestate
has not received much attention due to its apparent restrictions.
However, this model is attractive because it does not force pro-
grammers into particular patterns like continuation-passing style
or channel-passing style, but rather enables them to treat commu-
nication channels like mutable variables.

Polymorphic typestate is the key that enables a full treatment
of session-typed communication. Previous work in this direction
was hampered by its setting in a simply-typed lambda calculus.
We show that higher-order polymorphism and existential types en-
able us to lift the restrictions imposed by the previous work, thus
bringing the expressivity of the typestate-based approach on par
with the competition. On this basis, we define PolyVGR, the sys-
tem of polymorphic typestate for session types, establish its basic
metatheory, type preservation and progress, and present a proto-
type implementation.
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1 INTRODUCTION

When Honda and others [18, 35] proposed session types, little did
they know that their system would become a cornerstone for type
disciplines for communication protocols. Their original system de-
scribes bidirectional, heterogeneously typed communication chan-
nels between two processes in pi-calculus. It also contains facilities
for offering and accepting choices in the protocol.

Subsequent work added a plethora of features to the original
system. One strand of ongoing work considers session-typed em-
beddings of communication primitives in functional and object-
oriented languages, both theoretically and practically oriented [15,
19, 22, 24, 32]. These embeddings impose particular programming
styles, following the structure of session types. For example, em-
beddings in linear functional languages [15, 22] impose writing
code in what we call channel-passing style as demonstrated in List-
ing 1.
let (x, c2) = receive c1 in
let (y, c3) = receive c2 in
let c4 = send (x + y, c3) in

Listing 1: Channel-passing style
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fun server u = fun server' () =
let x = receive u in
let y = receive u in

send x + y on u

let x = receive u in
let y = receive u in
send x + y on u

Listing 3: Example server Listing 4: Example server

with capture

We enter this code with the typing c1 : ?Int.?Int.!Int.s0, which
means that c1 is a channel ready to receive two integers, then send
one, and continue the protocol according to session type s@. In
these systems, channels are linear resources, so c1 must be used
exactly once: it is consumed in line 1 and cannot be used there-
after. The operation receive has type ?T.S — (T X S). When it
consumes c1, it returns c2 of type ?Int. ! Int. s@, which is further
transformed to c3 of type ! Int. s@ by the next receive, and finally
toc4 : s@ by the send operation of type (T x !T.S) — S.

Writing a program in this style is cumbersome as programmers
have to thread the channel explicitly through the program. This
style is not safe for embedding session types in general program-
ming languages because most languages do not enforce the linear-
ity needed to avoid aliasing of channel ends at compile time (some
implementations check linear use at run time [24, 32]). Wrapping
the channel passing in a parameterized monad [4] would accom-
modate the typing requirements and ensure linearity by encapsu-
lation, but it is again cumbersome to scale the monadic style to
programs handling more than one channel at the same time. Never-
theless, Pucella and Tov [26] developed a Haskell implementation
of session types in this style. In object-oriented languages, fluent
interfaces enable the correct chaining of method calls according
to a session type [20], but have similar issues as channel-passing
style when scaling to multiple channels and new issues with receiv-
ing values which seems to require mutable references as shown in
Listing 2.

var x = new Ref<Int>();

var y = new Ref<Int>();

var c4 = cl.receive(x).receive(y)
.send(x.val + y.val);

Listing 2: Fluent interface with references

An alternative approach is inspired by systems with typestate
[34]. Vasconcelos et al. [37] proposed a multithreaded functional
language on this basis. Their language, which we call VGR, enables
programming in direct style; it does not require linear handling of
variables; and it scales to multiple channels. Listing 3 contains a
program fragment in VGR equivalent to the code in Listing 1. The
parameter u of the server function is a channel reference of type
Chan «, where « is a variable representing a channel identity. The
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operation receive takes a channel reference associated with ses-
sion type !Int.S and returns an integer. The association is main-
tained at compile time in a typestate X = {a +— !Int.S} that maps
channel identities to session types. As a compile-time side effect,
receive changes the typestate to ¥’ = {a + S}. Thus, we can
describe the action of receive by the typing:

receive : {a — !Int.S};Chan ¢ — (Chan a X Int); {a — S}

The general shape of a function type in VGR is thus: 21;T; —
Tz; X2. Here, T1 and T are argument and return type of the function.
The typestate environments X1 and £2 map channel identities to
session types. They reflect the state (session type) of the channels
before (£1) and after (22) calling the function. Channels in T; refer
to entries in X1 and channels in T refer to entries in 2.

Similarly, the function send_on_ takes an integer to transmit
and a channel reference associated with session type !Int.S. It
returns a unit value and updates the channel’s type to S. Putting
these typings together, we obtain the VGR type of the server func-
tion in Listing 3:

{a: ?Int.? Int.! Int.S};Chan @ — Unit;{a : S}, (1)

for some channel name « and session type S. Listing 3 also demon-
strates that VGR does not impose linear handling of channel ref-
erences, as there are multiple uses of variable u. Instead, it keeps
track of the current state of every channel using the typestate %,
which is threaded linearly through the typing rules, at compile
time.

As VGR is based on simple types, the typing (1) is severely re-
stricted.

(1) The function server is tied to a single continuation session
type S, a restriction shared with many functional systems
[12, 15].

(2) The function server can only be called on the single chan-
nel identified by a.

The language PolyVGR that we propose here fixes all those draw-

backs, and more. The PolyVGR type for server abstracts over con-
tinuation sessions and channel identities:

V(o : Session). Y (a : Dom(X)).
{a: ?2Int.? Int.! Int.c};Chan ¢ — I - {a : o};Unit  (2)

Quantification over session types, as in V(o : Session), has been
considered and analyzed in other recent work [1, 22].

The quantification of « is novel to PolyVGR. Its kind, Dom(X),
indicates that « ranges over all channel identities. We call X a shape.
Shapes allow us to talk about and quantify over the (channel) re-
sources embedded in a value in PolyVGR. For example, X § X is
the shape to describe a value with two embedded channels. This
facility enables PolyVGR to provide a single typing rule for the op-
erations receive and send_on_: In VGR, there are two separate
typing rules, one to transmit data values and another to transmit
one single channel. Shapes also facilitate an extension of PolyVGR
with algebraic datatypes like lists, which was not considered in
previous work.

1Boxes with a frame highlight types and expressions of PolyVGR.
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A final ingredient of the function type in PolyVGR is the innocu-
ous existential right of the function arrow in (1). The existential
addresses another shortcoming exhibited by this VGR type:

{};Unit — Chan ¢;{« : S} 3)

A function of type (3) must create a new channel of session type S.
But lacking polymorphism, each invocation of this function has to
create a channel with the same identity «. To avoid this limitation,
PolyVGR handles newly created channels (and other resources) us-
ing existential quantification:

{};Unit — 3(a : Dom(X)). {« : S};Chan « (4)

Every use of a function of this type gives rise to a new channel iden-
tity. Thanks to the existential, this identity is renamed as needed
to avoid clashes with any existing channel identity in the context.

Coming back to the examples, let us have a look at function
server' in Listing 4. This function contains a free variable u with
a channel reference of type Chan «. It can only be used in a context
that provides the same channel @, which is somewhat hidden in the
VGR type of server':

{a: ?Int.? Int.! Int.S};Unit — Unit; {« : S}, (5)
but which becomes very clear in its PolyVGR type:

V(o : Session).

{a: ?Int.? Int.! Int.o};Unit — 3. {a : o};Unit. (6)

The lack of quantification over « indicates that it is not safe to use
this function with any other channel, because it is not possible to
replace a channel reference captured in the closure for server'.In
any case, we can invoke a function of type (5) or of type (1) any
time the channel « is in a state matching the “before” session type
of the function.

Contributions

e We define PolyVGR, a novel session type system based on
polymorphic typestate that lifts all restrictions imposed by
earlier related systems, but still operates on the basis of the
same semantics. Our type system exhibits a novel use of
higher-kinded polymorphism to enable quantification over
types that contain an a-priori unknown number of channel
references.

o We establish type preservation and progress for PolyVGR on
the basis of a standard synchronous semantics for session
types (see Section 4).

o Type checking for PolyVGR is decidable and implemented
(see Section 5). We plan to submit the implementation for
artifact evaluation.

o We informally sketch an extension of PolyVGR for sum types
that may contain channels (see Section 6).

Proofs and some extra examples may be found in the supplement.

2 MOTIVATION

We demonstrate how polymorphism in the form of universal and
existential quantification lifts various restrictions of the VGR cal-
culus. In particular, VGR is monomorphic with respect to channel
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names and states and it requires different operations (with differ-
ent types) to transmit data and (single) channels. All these restric-
tions disappear in PolyVGR. Moreover, universal and existential
quantification gives us fine grained control over channel identity
management, channel passing between processes as well as chan-
nel creation.

The next few subsections systematically explain the innovations
of PolyVGR compared to VGR. Types and code fragments for the
new calculus PolyVGR appear in boxes with a frame. PolyVGR of-
fers the following key benefits over previous work.

o A function can be applied to different channel arguments if
its type is polymorphic over channel names (see (1) and (5);
Section 2.2).

e A function can abstract over the creation of an arbitrary
number of channels because the names of newly created
channels are existentially quantified (see (7) and (12); Sec-
tion 2.1).

e Arbitrary data structures can be transmitted. Ownership of
all channels contained in the data structure is transferred to
the receiver (see (10); Section 2.3).

e Abstraction over transmission operations is possible. In par-
ticular, a type can be given to a fully flexible send or receive
operation (see (10)).

2.1 Channel Creation

Channel creation in VGR works in two steps. First, we create an ac-
cess point of type [S], where S is a session type. This access point
needs to be known to all threads that wish to communicate and it
can be shared freely. Second, the client thread requests a connec-
tion on the access point and the server must accept it on the same
access point. This rendezvous creates a communication channel
with one end of type S on the server and the other end of type S
(the dual type of S) on the client.

C-AcCCEPT
T;0 - [S] freshc

T;3;accepto +— X;Chanc; {c: S}

C-REQUEST
T;0 0 [S] freshc

I;3; request o — 3;Chan ¢; {c : S}

In the VGR typing rules for these operations, new channels just
show up with a fresh name in the outgoing state of the expression
typing. Similarly, if a function of type 31;T1 — Tp; 32 creates a
new channel, then its name and session type just appear in X,.
Incoming channels described in ; are either passed through to
3, or they are closed in the function. All channels mentioned in
Y, but not in X1 are considered new.

As the channel names in states must all be different, the num-
ber of simultaneously open channels in a VGR program is bounded
by the number of occurrences of the C-Accerr and C-RequesT rules.
VGR has recursive functions, but they are monomorphic with re-
spect to incoming and outgoing states. In consequence, abstraction
over channel creation is not possible.

In contrast, PolyVGR’s function type indicates channel creation
explicitly using existential quantification. As an example, consider
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abstracting over the accept operation:

acc = A(o: Session).A( -; x: [o]).accept x
: Y(o: Session).( -; [0] = Jy: Dom(X).y — o; Chany)
(7)

The core of this type still has a shape like the VGR type 21;T; —
T; 37, but with some additions and changes. The most prominent
change is that the outgoing type and state are swapped in a func-
tion type resulting in a structure like this:

(21; T1 — Ja: Dom(n).2g; To). (8)

The incoming state X1 specifies the part of the state that is needed
by the function; it can be applied in any state ¥ that provides the
required channels or more. On return, a function can provide new
entries in the state, which are disjointly added to the calling state,
by way of the existential 3a : Dom(n).

The type of acc in (7) is universally quantified over a session
type, o : Session, to work with arbitrary access points. Left of the
arrow, the required incoming state is empty - and argument of
type [o] is an access point for o. Right of the arrow, the existen-
tial quantification Jy : Dom(X) abstracts over the created channel.
The kind Dom(X) indicates abstraction over exactly one channel
name.2 Hence, the variable y can be used like a channel name in
constructing a state. The returned value is a channel reference for
v- The existential serves as a modular alternate of the fresh ¢ con-
straint. So we can invoke acc multiple times and obtain different
channels from every invocation.

2.2 Channel Abstraction

The discussion of VGR’s function type 21; T — T; 23 in the intro-
duction shows that a function that takes a channel as a parameter
can only be applied to a single channel. A function like server
(Listing 3) must be applied to the channel of type Chan «, for some
fixed name a.

To lift this restriction, we apply the standard recipe of universal
quantification, i.e., polymorphism over channel identities as out-
lined in the introduction. Thus, the type of server generalizes as
shown in (1) so that it can be applied to any channel of type Chan «
regardless of the name « and the type of server', which captures
a channel, is shown in (5).

2.3 Data Transmission vs. Channel
Transmission

VGR can pass channels from one thread to another. The session
type !5’.S classifies a channel on which we can send a channel of
type S’. Here is the VGR typing rule for the underlying operation:

C-SENDS
T;0+— Chan

I3 a:15.5,8:5;sendvond’ — 3;Unit;ar : S

I';0" — Chan

The premises are value typings that indicate that v and v are refer-
ences to fixed channels § and « under variable environment I'. The

2We defer further discussion of other shapes n and the meaning of Dom(n) to Sec-
tions 2.3.3 and 2.3.4.
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conclusion is an expression typing of the form I';Z;e — 21,753,
where X is the incoming state, 1 is the part of X that is passed
through without change, and 3 is the outgoing state after execut-
ing expression e which returns a result of type T. The rule states
that channels f and a have session type S’ and !5’.S, respectively.
The channel f is consumed (because it is sent to the other end of
channel ) and « gets updated to session type S.

Compared to the function type, sending a channel is more flex-
ible. Any channel of type S’ can be passed because f is not part
of channel o’s session type. If the sender still holds references to
channel f, then these references can no longer be exercised as f§
has been removed from X. So one can say that rule C-SenDS passes
ownership of channel f to the receiver.

In addition, VGR implicitly transmits a channel reference which
is captured in a closure. To study this phenomenon, we look at
VGR’s rules for sending and receiving data of type D.

C-SEnDD
I';o— D

I;% a:!D.S;sendvono’ = X;Unit;a : S

T;o’ — Chan a

C-REcEIVED
T';o — Chan o

;2 a:?D.S;receivev — %;D;a : S
One possibility for type D is a function type like
Dy ={B:S5};Unit — Unit;{B:5"}.

A function of this type captures a channel named f which may or
may not occur in X. It is instructive to see what happens at the
receiving end in rule C-RecewveD. If we receive a function of type
D; and ¥ already contains channel f of appropriate session type,
then we will be able to invoke the function.

If channel f is not yet present at the receiver, we may want to
send it along later. However, we find that this is not possible as the
received channel gets assigned a fresh name d:

C-RECEIVES
T;0+ Chan a freshd

;3 a:?5 .S;receivev — ¥;Chand;d : S’,a : S

For the same reason, it is impossible to send channel f first and
then the closure that refers to it: § gets renamed to some fresh d
while the closure still refers to f. Sending the channel effectively
cuts all previous connections.

To address this issue, PolyVGR abstracts over states in session
types and lifts all restrictions on the type of transmitted values (aka
the payload type), so that a channel and a function that refers to it
can be transmitted at the same time. Here is the revised grammar
of session types:

S :=!(Ja: Dom(N).2%; T).S | ?(Ja: Dom(N).3; T).S | ...

A channel package can be instantiated by a state X and a payload
type T. All channels referenced in T must be bound in ¥ so that
the sending and the receiving end of the channel agree about the
channels sent along with the value of type T. That is, sending any
value that contains channel references also transfers the underly-
ing referenced channels to the receiver. Thus, sending a reference

Hannes Saffrich and Peter Thiemann

transfers ownership of the underlying channel. Moreover, a value
may contain several channel references.

The “size” of ¥ is gauged with « which determines its domain
as indicated in its kind Dom(N) where N is the shape of the do-
main. Shapes range over I (the empty shape), X (the shape with
one binding), and Nj § N2 which forms the disjoint combination of
shapes N1 and N».

2.3.1 No channels. To gain some intuition with this type construc-
tion, we start with a type for sending a primitive value of type Int.
In the general pattern !(3a: Dom(N).Z; T).S we find that

o T =Int;

e X = -, the empty state, as an Int value contains no channels;

o the type variable « specifies the domain of -, which is also
empty, indicated with N = L.

Here is the resulting term and type, where we quantify over a
continuation session type o and a channel name c (its kind Dom (X)
indicates that it is a single channel):

send0 = A(c: Dom(X)).A(o: Session).
AC-;5 x: Int).A(c = (Fa: Dom(I). - ; Int).o; y: Chanc)

sendxony
:¥(c: Dom(X)).V(o: Session).

(+;Int—> -;

(¢ = !(a: Dom(I). - ; Int).o; Chanc — ¢ +— o; Unit))

©)

2.3.2  One channel. We instantiate the general pattern
!(3a: Dom(N).2; T).S

as follows to send a channel of type §’.

e X is now a state with a single binding, so that « must range
over Dom(X);

e consequently, > has the form « — S§’; and

e T =Chana;

We omit the term, which is similar to the one in (9), and just spell
out the type. We quantify over the continuation session type and
the names of the two channels involved. There is one novelty: we
declare that the channels « and c are different, so that they can be
used as keys in the state. The disjointness constraint (a #c) speci-
fies that names in @ are disjoint from names in c.

sendl: ¥ (a: Dom(X)).V(c: Dom(X)). (a#c) = VY (o: Session).
(-; Chana — -;
(a8, ¢ (Ja: Dom(X).a +— S’; Chana).o; Chanc —
¢ — o; Unit))

2.3.3  Two channels. Sending two channels of type S’ and S’ re-
quires new ingredients and illustrates the general case. The instan-
tiation of the pattern !(Ja: Dom(N).2; T).S is as follows:

o the state ¥ must have two bindings, one for each payload
channel, so that « must range over a two element domain,
e.g., Dom(X 3 X);
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o to write down X, we need notation to address the X-shaped
components of @ as in 71 @ and 2 @, so that we have ¥ =
ma— S ma—S";

e to send a pair of channels: T = Chan (1 ) X Chan (13 ).

let S(o) =!(3a: Dom(XsX).mat+> S, ma > S7;
Chan (1 @) X Chan (2 @)).0 in
V(a: Dom(X)).Y(B: Dom(X)). (a#f) =
V(c: Dom(X)). (a#c,f#c) = V(o: Session).
(-; ChanaxChanf — -;
(a8, 8", c> S(0); Chanc — ¢ — o; Unit))

We use the let-notation informally to improve readability. It is not
part of the type system. Close study of the type reveals a discrep-
ancy between the “curried” way to pass the arguments «: Dom(X)
and f: Dom(X) and the “uncurried” kind Dom(X § X) expected
by the existential. To rectify this discrepancy, the term pairs the
two domains to obtain some y = (a, f) with y: Dom(X§X) as
needed for the existential. This definition of y implies that & = 1 y
and f§ = mp y which are needed to obtain the correct state and type
for the body of the existential.

2.3.4 The general case. In general a value can refer to an arbitrary
number of channels, which should not be fixed a priori. We exhibit
and discuss the type of a general send function gsend and show
how to obtain the previous examples by instantiation.

gsend: Y(n: Shape).V(a: Dom(n)).
¥(2: Dom(n) — State).V(T: Dom(n) — Type).
V(c:ADom(X)). (a#c) = Y(o: Session).

(Ta— -
(3 a,c+ !(3a: Dom(n).3 a; T a).0; Chanc — ¢ — o;
Unit)) (10)

We abstract over the shape, n, and the corresponding domain. As
the state depends on the domain &, we supply it as a closed function
3 from the domain so that its components can only be constructed
from the domain elements. We supply the type in the same way
as a closed function T from the domain. The remaining quantifi-
cation over the channel name and the continuation session is as
usual. The disjointness constraint forces the channel name to be
different from any name in a. In the body of the type we have a
function that takes an argument of type T . It returns a function
that takes a channel ¢ along with the resources provided by the
state 3 a. It returns the updated channel type and removes the re-
sources which are on the way to the receiver.

The previous examples correspond to the following instantia-
tions of gsend:

o send0=gsendl * (A_.-) (A_.Int)
where *: Dom(I) is the unique value of this type;
e sendl = A(a: Dom(X)).
gsend X a (Aa.a — S’) (Aa. Chan a);
e send2 = A(a: Dom(X)).A(f: Dom(X)).
gsend (XsX) (o, ) Aymy—= S, my—S")
(Ay.Chan (71 y) X Chan (m2y))

PPDP 2023, October 22-23, 2023, Lisboa, Portugal

Kinds K ::= Type | Session | State | Shape |
Dom(N) |K - K
Labels =12
Types T,S,N,D,>:=a | TT| Ala: Dom(N)).T |
Expression Types V(a:K).C=>T| (> T—-3Irx; 7) |

ChanD | [S] | Unit | TX T |

Session Types !(3a: Dom(N).2; T).S |
?(Ja: Dom(N).Z; T).S |
S®S|S&S|End|S|
Shapes I|X|N§N|
Domains | D,D | my D |
Session State | D—S|32
Type Environments Tu=-|I,x:T|T,a:K|T,D#D
Constraints =-|I,D#D
Expressions ex=v|letx=eine|ovov|mro|o[T] |
forkov | new Saccepto | requesto |
sendvonu | receiveuv | selectfonu |
casev of{e; e} | closev
Values v ==x | chana | unit | (v,0) |
AC; x:T)e | Al(a: K).C=0
Configurations Cu=e| (C||O)|va,a—>S.C|vx:[S].C
Expression Contexts Eu=0|letx =&ine

Configuration Contexts C =:=0|va,a = S.C | vx: [S].C | (C||C)

Figure 1: Syntax of PolyVGR

3 FORMAL SYNTAX AND SEMANTICS OF
POLYVGR

3.1 Syntax

Figure 1 defines the syntax of PolyVGR starting with kinds and
types. Different metavariables for types indicate their kinds with T
as a fallback. Kinds K distinguish between plain types (Type), ses-
sion types (Session ranged over by metavariable S), states (State
ranged over by X), shapes (Shape ranged over by N), domains
(Dom(N) ranged over by D), and arrow kinds. The kind for do-
mains depends on shapes. This dependency as well as the intro-
duction rules for arrow kinds are very limited as they are tailored
to express channel references as discussed in Section 2.3.

The type language comprises variables a, application, and ab-
straction over domains to support arrow kinds. Universal quan-
tification over types of any kind is augmented with constraints C,
function types contain pre- and post-states as well as existential
quantification as explained in Section 2.1. There are channel refer-
ences that refer to a domain, access points that refer to a session
type, the unit type (representing base types), and products to char-
acterize the values of expressions. Session type comprise sending
and receiving (cf. Section 2.3), as well as choice and branch types
limited to two alternatives, End to indicate the end of a protocol,
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and S to indicate the dual of a session type (which flips sending
and receiving operations as well as choice and branch). Shapes
comprise the empty shape I, the single-channel shape X, and the
combination of two shapes _ § _. The corresponding domains are
the empty domain *, the combination of two domains _, _, and the
first/second projection of a domain. The latter selects a component
of a combined domain. A session state can be empty, a binding of a
single-channel domain to a session type, or a combination of states.
Most of the time, the domain in the binding is a variable.

Type environments I' contain bindings for expression variables
and type variables, as well as disjointness constraints between do-
mains. Constraints C are type environments restricted to bindings
of disjointness constraints.

Following VGR [37], the expression language is presented in
A-normal form [11], which means that the subterms of each non-
value expression are syntactic values v and sequencing of execu-
tion is expressed using a single let expression. This choice simpli-
fies the dynamics as there is only one kind of evaluation context
&, which selects the header expression of a let. The type system
performs best (i.e., it is most permissive) on expressions in strict
A-normal form, where the body of a let is either another let or
a syntactic value. Any expression can be transformed into strict
A-normal form with a simple variation of the standard transfor-
mation from the literature. Strict A-normal form is closed under
reduction.

Besides values and the let expression, there is function appli-
cation, projecting a pair, type application, fork to start processes,
accepting and requesting a channel, sending and receiving, selec-
tion (i.e. sending) of a label and branching on a received label, and
closing a channel.

Values are variables, channel references, the unit value, pairs of
values, lambda abstractions, and type abstractions with constraints
— their body is restricted to a syntactic value to avoid unsoundness
in the presence of effects.

Configurations C describe processes. They are either expression
processes, parallel processes, channel abstraction — it abstracts the
two ends of a channel at once, and access point creation.

We already discussed expression contexts. Configuration con-
texts C enable reduction in any configuration context, also under
channel and access point abstractions.

3.2 Statics for types

Many of the judgments defining the type-level statics are mutually
recursive. We start with

e context formation r T,
e kind formationT + K,
o type formationT + T : K.

All judgments depend on context formation, which depends on
kind and type formation. Based on these notions we define

e type conversion T =T,

e constraint entailment I + C,

e context restriction operators |[I'| and [I'],
o disjoint context extension operator I, T.

Context formation (Figure 2) is standard up to the case for dis-
jointness constraints. For those, we have to show that each domain
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CF-ConsKIND

CF-EMPTY cT TrFK a ¢ dom(T)
'_ .
FT,a: K
CF-ConsTypPE
T T+T:Type x ¢ dom(T)

FLx: T

CF-ConsCsTRr
FT T'rDyg: Dom(Nl)

FTI,Dq#D2

T'kDsy: Dom(Nz)

Figure 2: Context formation (- I')

KF-TyPE KF-Session KF-STATE KF-SHAPE
I' + Type T + Session I' + State T + Shape
KF-Dom KF-Arr
T + N : Shape TrKy THK
T+ Dom(N) I'rKi - K>

Figure 3: Kind formation (T + K)

is wellformed with respect to the current context I', which may be
needed to construct the shape and then the domain.

Kind formation is in Figure 3. Most kinds are constants, domains
must be indexed by shapes, arrow kinds are standard.

Figures 4 and 5 contain the rules for type formation and kinding.
The rules for variables and application are standard. Abstractions
(rule K-Lam) are severely restricted. Their argument must be a do-
main and their result must be Type or Shape. Moreover, the body
can only refer to the argument domain; all other domains are re-
moved from the assumptions. Constrained universal quantification
(rule K-Ary) is standard.

To form a function type, rule K-Arr asks that the argument state
and type are wellformed with respect to the assumptions. The re-
turn state and type must be wellformed with respect to the assump-
tions extended with the state I; of channels created by the func-
tion. This state must be disjoint from the assumptions as indicated
by I' .. Iz (see Figure 8). We also make sure that I'; only contains
domains.

A channel type can be formed from any single-channel domain
of shape X (rule K-Cuan). The rules for access points, unit, and
pairs are straightforward and standard.

The rule K-Senp and K-Recv control wellformedness of sending
and receiving types. In both cases, we require that both the state
and the type describing the transmitted value can only reference
the domain abstracted in the existential. This restriction is nec-
essary to enforce proper transfer of channel ownership between
sender and receiver.

The remaining rules for session types are standard.

Figure 5 contains the rules for shapes, domains, and states. We
discussed shapes with their syntax already. The domain rules are
similar to product rules with the additional disjointness constraint
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KV, K-Arpr K-SHAPEEMPTY K-SHAPECHAN
VAR T+Ti: K > K TrTp:K : ;
Fa:Kba:K 1: K 2 2 1K1 T +1:Shape I + X : Shape
I'"T1 T2 : Ky
K-SHAPEPAIR K-DoMEMpT
. . o MEMPTY
K-LAM T + Nj : Shape T + N : Shape It s : Dom(D)
T + N : Shape T + Ny ¢ Ny : Shape
[T],a¢:Dom(N)+T:K K € {Type, State}
K-DoMMERGE
I'+Aa: Dom(N)).T : Dom(N) — K T+Dy:Dom(N;) TFDy:Dom(N;) T rDi#Dy
K-ALL K-CHAN T+ D1,D; : Dom(N;7 § N2)
FT,a:K,C ILa:K,C+T:Type I'+ D : Dom(X)
K-DomProy
I'+V(a:K).C=>T:T I'+ChanD: T
(a: K) ype an ype I+ D : Dom(Ni § No) K-STEmMPTY
'k - : State
K-ARr T+ 7y D : Dom(Np)
I + 21 : State I v 17 : Type
I1,. Iy + 2y : State I, +F T : Type K-AccCESSPOINT K-STCHAN
FIp LI I; = [Ty] TFS: Session I'+ D : Dom(X) I'+S: Session
Ok (S Ty — 303y T) : Type T+ [S]: Type 'k D §: State
K-PaIr K-STMERGE
K-Un1T T+T;: Type T'+Ty:Type I'+ %y : State
T+ Unit : Type T T x T : Type T+ 3y : State I + dom(21) * dom(X2)
I'+ 21,29 : State
K-SEND
I+ N : Shape [T],a : Dom(N) + X : State . .
IT), & : Dom(N) r T : Type TES: Session Figure 5: Type formation, Part II (T + T : K)
I+ !(Ja: Dom(N).2; T).S : Session
TC-TArpr TC-Proj
K-Recv (A(a: Dom(N)).T1) Tz = {Tz/a}Ty 7 (D1,Dz) = Dy
T + N : Shape IT|, : Dom(N) + X : State
[T], ¢ : Dom(N) + T : Type I'+ S: Session TC-DUALEND TC-DUALVAR
End = End a=a

T+ ?(3a: Dom(N).X2; T).S : Session
TC-DUALSEND

K-BRANCH K-DuaL —
T + S; : Session I'+ S, : Session T+ S: Session !(3a: Dom(N).%; T).S = ?(3a: Dom(N).%; T).S
I+ Sy &Sy : Session T+ S: Session TC-DuALRECV
?(3a: Dom(N).%; T).S = !(3a: Dom(N).3; T).S
K-Cuoice KE
'+ 5y : Session '+ S5 : Session N . TC-DUALCHOICE TC-DuaLBRANCH
T + End : Session o kol
THS1®S;: Session S1DS, =51 &S, 51&S, =510,
Figure 4: Type formation, Part I (T + T : K) Figure 6: Type conversion (T = T)

the operator cannot be fully eliminated as in @. Once a type appli-

on the components of the combined domain. Empty states are triv- cation instantiates @, we invoke conversion to enable pushing the
ially wellformed. A single binding is wellformed if it maps a single- dual operator further down into the session type.
channel domain to a session type. The conversion judgment does not destroy the simple inversion
Figure 6 defines type conversion, where we omit the standard properties of the expression and value typing rules as it is explic-
rules for reflexivity, transitivity, symmetry, and congruence. Con- itly invoked in just two expression typing rules: T-Senp for the
version comprises beta reduction for functions and pairs, and sim- send - on - operation and T-TArp for type application (see Figure 10).
plification of the dual operator: End is self-dual, the dual operator Constraint entailment is defined structurally in Figure 7. Dis-
is involutory, for sending/receiving as well as for choice/branch jointness of domains can hold by assumption. Disjointness is sym-
the dual operator flips the direction of the communication. metric. The empty domain is disjoint with any other domain. Dis-
Conversion is needed in the context of the dual operator, be- jointness distributes over combination of domains and is compat-
cause a programmer may use the dual operator in a type. If this ible with projections. It extends to conjunctions of constraints in

type is polymorphic over a session-kinded type variable «, then the obvious way.



PPDP 2023, October 22-23, 2023, Lisboa, Portugal

CE-Sym
CE-Axiom T+ Dy#Dy CE-EmpPTY
I,D1#Dy + D1 #Dy R — T'rD#=x
I'FDj#Dy
CE-SpLIT CE-MERGE
T +D#(D1,D7) T+D#D;q TrD#Dy
T'rD#Dy TrD#Dy T+ D#(D1,Dy)
CE-PROJMERGE CE-ProjSpLIT
I'tD1# m Dy I'tD1# m Dy T'+D1#Dy
T'+D1#Dy I'Dq# mp Do
CE-Cons
EE‘EMPTY T+C  TrDy#Dy
l_ .
I'+C,D1#Dy

Figure 7: Constraint entailment (T + C)

I, Iz = I, Iz, Cy, Cy where

Co={ar1#az | a1, a2 € dom([T2]), 1 # a2}
Ciz ={a1*az | &1 € dom([T1]), a2 € dom([T2])}

Figure 8: Disjoint context extension (T ,,I')

T-PAIR
TVar Towr = Tro:Ty Trop: T
I'x:Trx:T T F unit : Unit
T+ (01,02) T X Ty
T-TAsBs

IT'tVY(a:K).C=T:Type Ia:K,Cro:T
I'tA(e: K).C=0v:VY(a:K).C=T

T-AsBs
T-CHAN I+ (31; T — 3I.3g; T) - Type
T'vD: Dom(X) I,x:T1;2 Fe: A3

IT'rchanD:ChanD Ty F A(Zy; x: Th).e: (B1; Th — 3n.2; T2)

Figure 9: Value typing (T + v : T)

The context restriction operators, |I'] and [T'], are a technical
device. Both operators keep only bindings of type variables. One re-
moves all domain bindings and the other removes all non-domain
bindings.

Figure 8 defines the operator I ,, I. The assumption is that I}
is known to contain disjoint bindings. The generated constraints
C, make sure that I';’s bindings are also disjoint and C;3 ensures
that they are also disjoint from I ’s bindings.

3.3 Statics for expressions and processes

As the syntax of expressions obeys A-normal form, there are three
main judgments

e value typing ' -0 : T,
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o expression typing I'; X + e : AI.3; T, and
e configuration typing I'; 2 + C.

The rules in Figure 9 define the value typing judgment that applies
to syntactic values. The most notable issue with these rules is that
they do not handle states. As syntactic values have no effect, they
cannot affect the state and this restriction is already stated in the
typing judgment.

The rules for variables, unit, pairs, and type abstraction are stan-
dard. Channel values refer to single-channel domains. Rule T-Ass
for lambda abstraction checks wellformedness of the function type
and invokes expression typing to obtain the return state and type.

Figure 10 contains the rules for expression typing. We concen-
trate on the state-handling aspect as the value level is mostly stan-
dard. Recall that we assume expressions are in strict A-normal
form, which means that every expression consists of a cascade of
let expressions that ends in a syntactic value. Rule T-VaL embeds
values in expression typing. It is special as it threads the entire
state X even though it makes no use of it. This special treatment
is needed at the end of a let cascade because rule T-Ler splits the
incoming state for let x = ej in ez into the part ¥1 required by the
header expression e; and X3 for the continuation ez, but then it
feeds the entire outgoing state of e; combined with X, into the
continuation ez. All remaining rules only take the portion of the
incoming state that is processed by the operation, so they are de-
signed to be applied in the header position e; of a let. Thankfully,
this use is guaranteed by strict A-normal form.

The remaining rules all assume the expression is used in header
position of a let. Projection (rule T-Proj) requires no state. Type
application (rule T-TArp) checks the constraints after instantiation
and enables conversion of the instantiated type. Conversion is needed
(among others) to expose the session type operators (see discussion
for Figure 6).

Function application (rule T-Arp) just rewrites the function type
to an expression judgment. The existential part of this judgment is
reintegrated into the state in the T-LeT rule, which inserts the neces-
sary disjointness constraints via the disjoint append-operator _,, _.
As the T-Let rule presents the function application exactly with the
state it can handle, we must delay the creation of the constraints
to the let-expression because it is here that the return state must
be merged with the state for the continuation, which may contain
additional domains. Given that the existentially bound domains
are subject to ¢-renaming, we can freely impose the correspond-
ing disjointness constraints to force local freshness of the domains.
Explicit disjointness is required because of the axiomatic nature of
our constraint system.

The new expression creates an access point which requires no
state (rule T-New). The rules T-Request and T-Accept type the estab-
lishment of a connection via an access point. They return one end
of the freshly created channel, so that the channel’s domain is ex-
istentially quantified. The kind of this domain is Dom(X) (omitted
in the rules as it is implied by the binding).

The rule T-Senp for sending is particularly interesting. It splits
the incoming state into the channel D on which the sending takes
place and the state X, which will be passed along with the value.
The rule guesses a domain D’ such that the state expected in the
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T-LET
I3 Fep: A3 T Iy, Dox i 11532, 35 Feg - A13.35; T
Ii . T, x : Ty - 25,35 ¢ State

;21,22 Fletx =ejiney : AL, [3.23; o

T-VAL T-Proyj T-NEW
I'ro:T I'ro:T1i XTh T'+ S : Session
I;2vro0:33;T T;-Fmpo: 34Ty T;-FnewS: 3. [S]
T-Arpr
INror: (21; T — dI.2,; Tz) Nro:T

I;21 ko100 AR 20 T

T-TArp
Tro:Y(a:K).C=T
I'rT :K I'+{T"/a}C {T"]e}T =T
I;-+o[T']:3.5T”
T-REQUEST

T+to:[S]
T;- + requesto : 3o : Dom(X).a +— S;Chana

T-AccerT

T+to:[S]
T;- F accepto : 3o : Dom(X).a — S; Chana

T-SEND
'+ D’ : Dom(N) {D' ]’} =% {D' /YT =T
T'+ D : Dom(X) Tror:T I'+op:ChanD

I;%,D !(3a’: Dom(N).2"; T’).S + sendv; onvy : 3-.D & S; Unit
T-Recv
I'+ D : Dom(X) I'+ov:ChanD

I;D — ?(3a’: Dom(N).2'; T').S + receiveo :
3(a’ : Dom(N)).2', D+ S; T’

T-CLOSE
Tro:ChanD

I';D > End + closew : 3-.-; Unit

T-Fork
T+o: (3 Unit > -; Unit)

;2 F forko : 3-.; Unit

T-SELECT
Tro:ChanD

T;D > S; @S2 +selectfono : 3-.D +— Sp; Unit

T-CASE
It +o:ChanD (V&) T1;21,D > Sp +ep : A1 395 T

I';2,D— 51 &Sz + casevof{el; 62} A3 T

Figure 10: Expression typing (T; X + e : AT.3; T)

session type matches the state ¥ and the type expected by the ses-
sion type matches the type of the provided argument. This match-
ing is achieved with a type conversion judgment that implements
reduction for functions and pairs at the type level (see Figure 6).
The outgoing state only retains the channel D bound to the contin-
uation session S.
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T-Exp T-Par
I;Ste:3arV.T ;21 C ;3 - Co
I'Xre F;21,22|-C1||C2
T-NuCnHaN

a,a’ not freein T T'+S:Session
T,.a:Dom(X),.d :Dom(X);%,a+— S,a’ —S+C

I;Xrva,a’ — S.C

T-NuCHANCLOSED

a, o’ not free in T I',.a:Dom(X),a :Dom(X);Z+C

;2 Fva,a’ — End. C

T-NUAccEss

x not free in T I'+S: Session

;2 Fvx: [S].C

Ix:[S;Z+C

Figure 11: Configuration typing (T; 2 + C)

ER-BETAFUN
(A(Z; x: T).e1) vg —e {v2/x}er

ER-BETAPAIR
7 (v1,02) e Vg

ER-BETAALL
(A(a: K).C = 0)[T] —e {T/a}v
ER-LIFT
ER-BETALET

. €1 e €2
letx = vy iney =, {v1/x}es

letx =ejine <. letx =esine

Figure 12: Expression reduction (e < e)

Receiving (rule T-Recv) is much simpler: we treat the received
channels like new created one in the existential component of the
typing judgment.

Forking (rule T-Fork) starts a new process from a Unit — Unit
function. The new process takes ownership of all incoming state.
Closing a channel (rule T-Crosk) just requires a single channel with
type End and returns an empty state.

Rule T-Serect performs the standard rewrite of the session type
for selecting a branch in the protocol. The dual rule T-Cask is slightly
more subtle. It requires that both branches end in the same state,
that is, they must create channels and operate on open channels in
the same way (or close them before returning from the branch).

Figure 11 contains the typing rules for PolyVGR processes. They
are straightforward with one exception. In rule T-NuCHAN, we need
to make sure that the newly introduced channel ends are disjoint
(i.e., different) from each other and from previously defined do-
mains. Rule T-NuCuanCrosep replaces T-NuCHAN after the channel
is closed. The difference is that it no longer places the channels in
the state 3. This way, operations on the closed channel are disabled,
but it is still possible to have references to it in dead code.
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CC-LirT
CC-NuLL CC-Comm =
Ci1=Cy
Cllunit=C CilC=CllCr P ——
C[C1] = C[C2]
CC-Assoc CC-Swap

Ci(C2lIC3) = (C1IC) 1 C5 va,a’ = S.C=va',a—S.C

CC-Scopre-CHAN
a,a’ not free in C;

Ci||(va,a’ — S.C) =va,a’ — S. (C1]|C2)

CC-ScoPE-ACCESS
x not free in C;

Cill (vx: [S]. C2) = vx: [S]. (C1 ]| C2)

Figure 13: Configuration congruence (C = C)

CR-Fork
Cl&l[forkv]] —¢ C[(v unit) || E[unit]]

CR-NEw CR-ExPr

€1 e €2

Cle1] =—c¢ Clez]

x fresh

C[&E[new S]] <—¢ Clvx: [S]. E[x]]

CR-REQUESTACCEPT
a,a’ fresh
C =C[vx: [S]. (&1[request x] || Ez[accept x] || C')]

C ¢ Clvx: [S]. va,a’ — S. (E1[chana] || Ez[chana’] || C)]

CR-SENDRECV
C=Clva,a’ = !(3a: Dom(N).2; T).S. ( E1[sendvonchan ]

|| &2 [receive chana’] || C)]

C —>c Clva, o’ = S. (&1 [unit] || E2[0] | CH]

CR-SELECTCASE
C=Clva,a — S1®S;. ( E1[select fonchana]
|| &2 [case chan &’ of{ey; e2}] || C')]

C —¢ Clva,a’ + Sp. (E1[unit] || Ez[er] || C)]

CR-CLOSE
C =C[va,a’ — End. (&;[close chan a] || E;[close chana’] || C')]

C ¢ Clva, o — End. (& [unit] || & [unit] || C))]

Figure 14: Configuration reduction (C —¢ C)

3.4 Dynamics

Figure 12 defines expression reduction, which is standard for a
polymorphic call-by-value lambda calculus. Recall that an evalu-
ation context just selects the header of a let expression.

Figure 13 defines a congruence relation on processes. This stan-
dard relation (process composition is commutative, associative with
the unit process as a neutral element, and compatible with channel
and scope abstractions) enables us to reorganize processes such
that process reductions are simple to state. Channel abstraction
may swap the channel names.
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Figure 14 defines reduction for processes. Rules CR-Fork and
CR-New apply to an expression process. The fork expression cre-
ates a new process that applies the fork’s argument to unit while
the old process continues with unit. The new expression creates a
new access point and leaves its name in the evaluation context.

The remaining rules all concern communication between two
processes. Our rules have explicit assumptions that congruence
rearranges processes as needed for the reductions to apply. All
these rules involve binders and assume an additional process C’
running in parallel with the processes participating in the redex,
which keeps the processes with references to the binder.

Rule CR-REQUESTAccePT creates a channel when there is a re-
quest and an accept on the same access point. The reduction cre-
ates the two ends of the new channel and passes them to the pro-
cesses.

Rules CR-SexpRecv and CR-SELecTCasE are standard. They could
be blocked without the congruence rule CC-Swar in place.

Rule CR-Crosk is slightly unusual for readers familiar with linear
session type calculi. The rule does not remove the closed channel
from the configuration because the process under the binder may
still contain (dead) references to the channel. This design makes
reasoning about configurations in final state slightly more involved.

4 METATHEORY

We establish session fidelity and type soundness by applying the
usual syntactic methods based on subject reduction and progress.
Our subject reduction result for expressions applies in any context.
As the type system of PolyVGR includes a conversion judgment,
we can only prove subject reduction up to conversion. Subject re-
duction also holds for configurations.

All proofs along with additional lemmas etc may be found in
the supplemental material.

LEMMA 4.1 (SUBJECT REDUCTION).
I
I1 + X : State T2 ke : A3 T
IT. T332k e AN T AT =T
'+ X : State ;2 C C—cC
I, R

’
e <—>ece

FT
@)

As configuration reduction is applied modulo the congruence
relation, we also need to show that congruence preserves typing.

LEMMA 4.2 (SUBJECT CONGRUENCE).
FT T+ X : State ;2 C c=C
L;2rC

It is tricky to state a progress property in the context of pro-
cesses, in particular when deadlocks may occur. Hence, we define
several predicates on expressions to state progress concisely. The
Value e predicate should be self explanatory. The Comme predi-
cate characterizes expressions that cannot reduce at the expression
level, but require reduction at the level of configurations. Of those,
the fork _ case is harmless, but the other cases require interaction
with other processes to reduce.

Definition 4.3. The predicates Valuee and Comm e are defined
inductively.
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o Valuee if exists v such that e = v.
e Comm e if one of the following cases applies

e = selectfonchan D,

e = casechan D of{ey; ez},
e = closechan D, or
e=letx=ejiney

where Comm ey.

e =forkA(Z; x: T).eq, -
- e=newsS, -
— e = acceptuo, -
— e =requestuo, -
- e=sendvonchanD,

— e = receivechan D,

We also need a predicate that characterizes contexts built in
a configuration. Besides type variables and constraints, they can
only bind access points.

Definition 4.4. The predicate Outer T is defined by

e Quter -,

e Outer (T, a : K) if OuterT,

e QOuter (I, x : T) if OuterT and T = [S], and
e OQuter (T, Dy ,, Dy) if OuterT.

We are now ready to state progress for expressions. A typed
expression is either a value, stuck on a communication (or fork),
or it reduces.

LEMMA 4.5 (PROGRESS FOR EXPRESSIONS).
FT Outer T I+ > : State Xke: A0V T

Valuee V Comme V e’. e <, €’

We also need to characterize configurations. A final configura-
tion cannot reduce in a good way: All processes are reduced to
values, all protocols on channels have concluded as indicated by
their session type End, and there may be access points.

Definition 4.6. The predicate Final C is defined inductively by
the following cases:
Final v (an expression process reduced to a value),
Final (C1 || C2) if Final C; and Final Ca,
Final (vx: [S]. Cy) if Final Cy, or
Final (va, @’ +— End. Cy) if Final C;.

The other possibility is that a configuration is deadlocked. The
following definition lists all the ways in which reduction of a con-
figuration may be disabled.

Definition 4.7. The predicate Deadlock C holds for a configura-
tion C iff:
(1) For all configuration contexts C, if C = C|e], then either
Value e or Comme and e # forkv and e # new S.
(2) For all configuration contexts C, if C = C[vx: [S]. C’], then
e if C’ = C1[&1[request x]], then there is no Cy, 2 such
that C’ = C2[E2[accept x]],
e if C’ = C1[&E1accept x]], then there is no Cz, & such
that C’ = C2[E2[request x]].
(3) For all configuration contexts C, if C = C[vay, az — S. C’],
then
e if C’ = C1[&1[send v on chan ay]], then there is no Cy, E;
such that C’ = C;[&E; [receive chan as_¢]],
e if C’ = C1[&1[receive chan ay]], then there is no Cz, &
such that C’ = C2[Ez[send v on chan a3_¢]],
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e if C’ = C1[&1[select £’ onchan ay]], then there is no Cy,
&y such that C’ = C,[E3[case chan as—¢ of {e1; e2}]],
e if C’ = C1[&1[case chan ay of{e1; e2}]], then there is no
Cy, &2 such that C’ = C2[E;[select ¢ on chan as—_¢]],
e if C’ = C1[&E1[close chan a,]], then there is no Cy, &
such that C’ = Cy[&Ez[close chan a3_]].
LEMMA 4.8 (PROGRESS FOR CONFIGURATIONS).
T Outer’ T+ X : State I'>+C

Final C V Deadlock C vV 3C’. C < C’

5 IMPLEMENTATION

We have implemented a type checker and an interpreter for PolyVGR
in Haskell. The syntax accepted by the implementation is exactly
as presented in this paper, ie., type annotations are required at
lambda abstractions for input type and input state.

The implementation of the type checker requires an algorith-
mic formulation of the typing. We briefly sketch how to make the
declarative typing presented in this paper algorithmic.

o The rules for type conversion give rise to a type normal-
ization function. Type conversion can then be decided by
checking alpha-equivalence of normalized types.

o Constraint solving I' + C is decidable by normalizing and
decomposing I' and C into closed sets of atomic constraints
Ar and Ac and checking Ar 2 Ac. Decomposition is done
according to CE-SpriT and CE-SyM, yielding constraints of
form dq #dy where d; = mp, ST, A Then the closure is
taken with respect to CE-PROJMERGE, CE-PROJSPLIT, and
CE-Sym.

o The T-LET and T-PAR rules non-deterministically split the in-
put state X1, 32 between the subterms. The implementation
threads the entire input state through the first subterm and
uses the resulting output state as the input for the second
subterm.

o In T-Caske we have to check if the existential parts 3I;.3;; T;
of both branch typings are equal. This equality should be up
to alpha-renaming and reordering of the variables bound in
I'1 and I; and up the reordering of the bindings in ¥; and
3. This equality can be decided by computing a renaming
p on type variables such that pTy = T. If all variables in the
domain of p are bound in I} and pIy = Iy and p%; = 3
up to reordering, then both existential packages are equal.
A similar approach is used in T-SEND, where the existential
package of the session type needs to be matched against the
current context and state.

6 EXTENSIONS

Typestate is notoriously difficult to scale up to sum types or, more
generally, to algebraic datatypes. In this section, we sketch our ap-
proach to add sum types to PolyVGR and offer some insights into
the additional problems involved in handling recursive datatypes
like lists.

To understand the issues arising with sum types, consider the
type Chan & + Chan f in the context of state X. The situation is
clear at run time: we either have a channel described by & or one
described by f. But which channel should be described in the state
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>? Clearly, X = a +— S1; f — Sz does not work because it does not
express the mutual exclusiveness of the presence of ¢ and . In fact,
if we matched against a value of type Chan « + Chan f, we would
only consume one of « or f§ and leave the other channel identity
dangling in the outgoing state.

Instead, we propose to add new shapes and domains to the type
system along with the sum type. As we will see, the remaining
features needed to deal with sum types are already provided for.

T,N,D ::

Expressions e:

Types -+-|T+T|N+N|D+D|¢eD

-+ |injyou | matchvof{x:e; x:e}

Sum types come with the usual introduction and elimination forms,
a sum shape N + N, the domain of a sum shape, and two sum
extractors ¢1 D and @3 D pronounced “from”. The domain of a sum
shape is a pair of the domains of the two alternatives of the sum.
The extractors are only applicable to domains of sum shape and
behave like projections as becomes clear from the formation rules
(extending Figure 4):

K-Sum
I'FTy: Type

K-DomFrom
'+ D :Dom(Nj + N2)

T'kFeeD: Dom(N[)

I't T : Type

I'tT1 + 713 : Type

K-DomSum
(V&) T + Dy : Dom(Np)

I'rD1+Ds: Dom(N1 +N2)

K-SHAPESUM
I' - Ni : Shape I' - N2 : Shape

I' v Ni + N : Shape

The typing of sum introduction and elimination needs to be adapted
to account for shapes.

T-INjy1
(VO) T + 3 : Dom(N) — State
FTro:T T+D:Dom(N;) D=3 T D=T

(V&) T + Ty : Dom(Ny) — Type

[;3 Finj,o: 38 : Dom(N2).31 D, % Ty D+ Tz B

In rule T-Inj1, we are given a value v : T along with some ¥ that
describes the channels contained in v. We assume that the shape
of ¥ is described by N and corresponding domain D. We further
assume that the alternatives of the sum are described by type func-
tions 31, T and 35, T. The point is that the pair labeled 1 describes
the real resources in v represented by X and the pair labeled 2 de-
scribes virtual resources that serve as placeholders to describe the
(non-existent) other alternative of the sum. The two conversions
determine the connection to the real resources.

Injecting the value into the sum type creates a virtual resource
for the non-existing alternative, which is represented by domain f.
The real part—labeled 1—continues to refer to the same resources
D, so that the sharing semantics of further channel references for
those resources is preserved. The virtual part—labeled 2—is never
exercised because the run-time value has the form inj; v.

The alert reader might wonder why we do not treat inj; v as a
value. Indeed, inj; v comes with a reduction to create the virtual
resource f§, which returns a syntactic value vinj; v. We elide the
corresponding value typing rule, which is obtained from T-Inj1 by
stripping the ¥ components and assuming the presence of both
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domains inT.
T-MATCH
I'+ D :Dom(Ny+N3) (V6) T F 3¢ : Dom(N;) — State
(VO) T+ Tp : Dom(Ng) — Type  (¥0) Ty(p¢ D) = Ty
Tro:Ty+T; (VO Txp: Te(p¢D); S, S¢(pe D) b ep: ATV T

T;2, ﬁ‘,l((pl D), 3, (@2 D) + matchoof {x; : e1; x3 : ep} : AT X/ T

To match on a value v of sum type the elimination rule T-Marcu
requires a corresponding domain D of sum shape and we must be
able to partition the incoming state according to its two alterna-
tives. (If one of the alternatives carries no channels, then its shape
is I and the corresponding state is empty.) As in the introduction
rule, the type and state functions Ty and 3, describe the partition-
ing. The match keeps the selected part of the state, which corre-
sponds to the real resources, and drops the other part, which cor-
responds to the virtual resources.

The same general approach would also work for lists. However,
due to the recursion in the list type, we cannot allow sharing be-
tween values in the list and outside of it. Essentially, a channel
value that is incorporated in a list has to give up its identity, but
at the same time the identity has to be remembered so that the
channel can be reconnected when extracted from the list.

7 RELATED WORK

We do not attempt to survey the vast amount of work in the session
type community, but refer the reader to recent survey papers and
books [3, 6, 13, 21]. Instead we comment on the use of polymor-
phism in session types, the modeling of disjointness in the context
of polymorphism, and potential connections to other work.

7.1 Polymorphism and Session Types

Polymorphism for session types was ignored for quite a while, al-
though there are low-hanging fruit like parameterizing over the

continuation session. The story starts with an investigation of bounded

polymorphism over the type of transmitted values to avoid prob-
lems with subtyping in a 7-calculus setting [14].

Wadler [38] includes polymorphism on session types where the
quantifiers V and 3 are interpreted as sending and receiving types,
similar to Turner’s polymorphic n-calculus [36]. Caires et al. [7],
Pérez et al. [25] consider impredicative quantifiers with session
types using the same interpretation.

Dardha et al. [9] extend an encoding of session types into 7-
types with parametric and bounded polymorphism. Lindley and
Morris [22] rely on row polymorphism to abstract over the irrele-
vant labels in a choice, thereby eliding the need for supporting sub-
typing. Their calculus FST (lightweight functional session types)
supports polymorphism over kinded type variables a :: K(Y,Z)
where K = Type, Y = o, and Z = x indicates a variable rang-
ing over session types; choosing K = Row yields a row variable.
Almeida et al. [1] consider impredicative polymorphism in the con-
text of context-free session types. Their main contribution is the
integration of algorithmic type checking for context-free sessions
with polymorphism.

All practically oriented works [1, 22] rely on an elaborate kind
system to distinguish linear from non-linear values, session types
from non-session types, and rows from types (in the case of FST).
PolyVGR follows suit in that its kinds distinguish session types and



Polymorphic Typestate for Session Types

non-session types. Linearity is elided, but kinds for states, shapes,
and domains are needed to handle channels. As a major novelty,
PolyVGR includes arrow kinds and type-level lambda abstraction,
but restricted such that abstraction ranges solely over domains.

7.2 Polymorphism and Disjointness

Alias types [33] is a type system for a low-level language where the
type of a function expresses the shape of the store on which the
function operates. For generality, function types can abstract over
store locations & and the shape of the store is described by alias-
ing constraints of the form {a@ + T}. Constraint composition re-
sembles separating conjunction [27] and ensures that locations are
unique. Analogous to the channel types in our system, pointers in
the alias types system have a singleton type that indicates their (ab-
stract) store location and they can be duplicated. Alias types also
include non-linear constraints, which are not required in our sys-
tem. Alias types do not provide the means to abstract over groups
of store locations as is possible with our domain/shape approach.
It would be interesting to investigate such an extension to alias
types.

Low-level liquid types [28] use a similar setup as alias types with
location-sensitive types to track pointers and pointer arithmetic as
well as to enable strong updates in a verification setting for a C-like
language. They also provide a mechanism of unfolding and folding
to temporarily strengthen pointers so that they can be strongly up-
dated. Such a mechanism is not needed for our calculus as channel
resources are never aliased.

Disjoint intersection types [8] have been conceived to address
the coherence problem of intersection type systems with an ex-
plicit merge operator: if the two “components” of the merge have
the same type, then it is not clear which value should be chosen
by the semantics. They rule out this scenario by requiring differ-
ent types for all components of an intersection. Disjoint polymor-
phism [2] lifts this idea to a polymorphic calculus where type vari-
ables are introduced with disjointness constraints that rule out
overlapping instantiations. Xie et al. [39] show that calculi for dis-
joint polymorphic intersection types are closely related to poly-
morphic record calculi with symmetric concatenation [16].

Disjointness constraints for record types are related to our set-
ting, but the labels in the records types are fixed and two records
are still deemed disjoint if they share labels, as long as the corre-
sponding field types are disjoint. In contrast, we have universal
and existential quantification over domains (generalizing channel
names) and single-channel domains disjoint by our axiomatic con-
struction when composing states.

Morris and McKinna [23] propose a generic system Rose for typ-
ing features based on row types. Its basis is a partial monoid of
rows, which is chosen according to the application. Using rows for
record types, Rose can be instantiated to support symmetric con-
catenation of records, shadowing concatenation, or even to allow
several occurrences of the same label. While channel names are
loosely related to record label and states might be represented as
records, our axiomatic approach to maintaining disjointness is sig-
nificantly different from their Rose system.
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7.3 Diverse Topics

Pucella and Tov [26] give an embedding of a session type calcu-
lus in Haskell. Their embedding is based on Atkey’s parameter-
ized monads [4], layered on top of the IO monad using phantom
types. Their phantom type structure resembles our states where
de Bruijn indices serve as channels names. Linear handling of the
state is enforced by the monad abstraction, while channel refer-
ences can be handled freely. The paper comes with a formalization
and a soundness proof of the implementation. Sackman and Eisen-
bach [29] also encode session types for a single channel in Haskell
using an indexed (parameterized) monad.

A similar idea is the basis for work by Saffrich and Thiemann
[30, 31], which is closely related to our investigation. They also
start from VGR, point out some of its restrictions, but then con-
tinue to define a translation into a linear parameterized monad,
which can be implemented in an existing monomorphic functional
session type calculus [15], extended with some syntactic sugar in
the form of linear records. They prove that there are semantics-
and typing-preserving translations forth and back, provided the
typing of the functional calculus is severely restricted. Our work
removes most of the restrictions of VGR’s type system by using
higher-order polymorphism. It remains to complete the diagram
and identify a polymorphic functional session type calculus (most
likely FST) which is suitable as a translation target.

Hinrichsen et al. [17] describe semantic session typing as an al-
ternative way to establish sound session type regimes. Instead of
delving into syntactic type soundness proofs, they suggest to de-
fine a semantic notion of types and typing on top of an untyped
semantics. Their proposal is based on (step-indexed) logical rela-
tions defined in terms of a suitable program logic [10] and it is
fully mechanized in Cogq. Starting from a simple session type sys-
tem, they add polymorphism, subtyping, recursion, and more. It
seems plausible that their model would scale to provide mecha-
nized soundness proofs for PolyVGR.

Balzer and Pfenning [5] considers a notion of manifest shar-
ing in session types. Their notion is substantially different from
our work. PolyVGR facilitates (local) variables, not constrained by
linearity, bound to channel references. Thanks to typestate, the
same reference can refer to a channel in different states at different
points in a program. In manifest sharing, there are globally shared
channels which always offer the same state. Processes can pick up
a shared channel, run an unshared protocol on it, and return it in
the same shared state as before.

8 CONCLUSION
We started this work on two premises:

e We believe it is important to map the unexplored part of the
design space of session type systems based on typestate.

e We believe that there are practical advantages in being able
to write programs with session types in direct style as in
Listing 3.

Looking back, we find that the direct style is scalable, it should be
on the map as it more easily integrates with imperative program-
ming styles and languages, and PolyVGR explains in depth the type
system ingredients needed to decently program with session types
in direct style. On the other hand, the amount of parameterization



PPDP 2023, October 22-23, 2023, Lisboa, Portugal Hannes Saffrich and Peter Thiemann

required in PolyVGR is significant and may be burdensome for pro-
grammers. We are just starting to gather practical experience with
our implementation of PolyVGR, so we cannot offer a final verdict
at this point.
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A APPENDIX
A.1 Channel Aliasing
The VGR paper proposes the following function sendSend.
fun sendSend u v = send 1 on u; send 2 on v
It takes two channels and sends a number on each. This use is reflected in the following typing.
sendSend : X1;Chan u — (Z1;Chan v — Unit;3;); 2, (11)

with 31 ={u: !Int.Sy,0: ! Int.Sy} and 3y = {u: Sy,0: Sp}.

Ignoring the types we observe that it would be semantically sound to pass a reference to the same channel w, say, of session type
!Int.!Int.End for u and v. However, sendSend w w does not type check with the type in (11) because w would have to have identity u
and v at the same time, but state formation mandates they must be different.

In PolyVGR, the type for sendSend would be universally quantified over the channel names:

V(a: Dom(X)).Y(B: Dom(X)). (a#f) = VY(o1: Session).V(oz: Session).

a — !(3a: Dom(D). -; Int).o1, | a oy,
B (3a: Dom(l). -; Int).oy |’ Chanf — B o2

(+; Chana — ~;({ }; Unit))

Wellformedness of states requires that « and f are different because they index the same state. Hence, sendSend w w does not type check
in PolyVGR, either.

Another VGR typing of the same code would be sendSend : 31;Chan w — (Z1;Chan w — Unit; 33); 3 with 1 = {w : ! Int.! Int.S,,}
and 3y = {w : S,,}. With this typing, sendSend w w type checks. Indeed, the typing forces the two arguments to be aliases!

A similar type could be given in PolyVGR:

V(a: Dom(X)).V(o: Session).
(-;Chana — -; (a +— !(Ja: Dom(I). -; Int).!(Fa: Dom(I). -; Int).c; Chana — « — o; Unit))

Presently it is not possible to give a single type to both aliased and unaliased uses of the function.

A.2 Higher-Order Functions

Section 2 has shown that VGR lacks facilities for abstraction. In this subsection, we give further indication of the flexibility of our system
by discussing different typings for a simple higher-order function.

Consider a higher-order function that is a prototype for a protocol adapter. Given an argument function that runs a protocol, the adapter
adds a prefix to the protocol, perhaps for authentication or accounting. To keep our example simple, the prefix consists of sending a single
number, but more elaborate protocols are possible. The implementation is straightforward:

fun adapter f c =
send 32168 on c;
f c

The first type for f combines the channel creation pattern from Section 2.1 with the flexibility of supporting arbitrarily many channels as
in Section 2.3.4.

¥(n: Shape).V(3: Dom(n) — State).¥(T: Dom(n) — Type).
V(y: Dom(X)).Y(c: Session).Y(o” : Session).
(+; (y = 0; Chany — 3a: Dom(n).2 a,y — o’; Ta) -
-; (y = !(3a: Dom(). - ; Int).o; Chany — Ja: Dom(n).S a,y — o’; T a))

(12)

With this PolyVGR type, the function parameter f can create arbitrary many channels and it can return arbitrary values that may or may
not include channels. In the degenerate case where n is I, the universal quantification V(T: Dom(I) — Type).... quantifies over types that
do not contain channel references. Existentially quantified variables, like @, carry an implicit disjointness constraint with any other domain
variable in scope. This constraint ensures that 3 a, y — o’ is wellformed.

However, there is an issue that the type in (12) does not address. The function parameter f cannot be closed over further channels! To
address that shortcoming requires another style of parameterization over the incoming and the outgoing state of f. The shapes of these
states are unknown and the may be different, so we need two shape parameters. Moreover, these two states never mix, so their domains &’
and a”’ need not be disjoint. For simplicity, we first consider functions that do not create new channels, although both parameterizations
can be combined.
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Removing bindings, which might contain free domain variables

if [ =-
[I"],a: K ifT =T',a:K AK € {Shape, Session, Dom(N) — Type, Dom(N) — State}
[T]=11T"] ifT =T’,a: K AK € {Dom(N), State, Type}
(I’ fT=T/,x:T
i if T =T7,D; # Dy
Removing non-domain bindings
if [ =-
[T’],a : Dom(N) ifT =TI',a:Dom(N)
[r] =1{[r1 ifT =T",a: K AK # Dom(N)
[T’ T =T/,x:T
T’ if T =T”,D; # Dy

Figure 15: Context restriction (|I'| and [T'])

V(n’: Shape).V(3’: Dom(n’) — State).
¥(n'': Shape).¥ (3" : Dom(n’") — State).V(T”’: Dom(n’") — Type).
V(a’: Dom(n’)).Y(a’": Dom(n")).¥(y: Dom(X)). (&’ #y,a” #y) =
V(o: Session).Y(c’: Session).
(-5 o',y o; Chany — PN oy 7o) -
o (& o,y - (Fa: Dom(l). -; Int).o; Chany — 3 o’y — o’; T” ')

(13)

To parameterize over functions with arbitrary free channels and which may create channels, we need one more ingredient to describe
the shape of the new state that contains the descriptions of the newly created channels. This extra shape and its use is highlighted in the type.

¥ (n’: Shape).V (3’ : Dom(n’) — State).
V(n” : Shape).
V(n: Shape).V(3”: Dom(n §n’’) — State).V(T”: Dom(n sn’") — Type).
V(a’': Dom(n")).Y(a” : Dom(n”)).Y(y: Dom(X)). (¢’ #y,a” #y) = (14)
V(o: Session).Y (o’ : Session).
(-3 (f]’ o',y = o; Chany — Ja: Dom(n).i” (a, "),y = 0’5 T (a, ")) -
N o',y = 1(3a: Dom(l). - ; Int).o; Chany — Ja: Dom(n).3" (a, a’),yw o' 7 (a,a”)))

This example relies on shape combination with the _§ _ operator: in this case, the shape of the state captured in the closure and the shape
of the state of newly created channels. Domain variables are combined accordingly using the _, _ operator.

A remaining restriction is that the number of channels that are handled is always fixed at compile time. Lifting this restriction would go
along with support for recursive datatypes, a topic of future work.

A.3 Context Restriction Operators

Figure 15 contains the definition of the context restriction operators, which are mainly technical. Both operators keep only bindings of type
variables. One removes all domain bindings and the other removes all non-domain bindings.

A.4 Metatheory
In this formalization we use inference rule notation to state lemmas and use proved lemmas in proof trees. While this notation is uncon-
ventional, we found that it significantly improves readability.

LEMMA A.1 (CONTEXT RESTRICTION PRESERVES KIND FORMATION).

I'+T : Shape 'K FT
1) —— 2
()[FJI—T:Shape ()LFJl—K F LT

Proor.
18
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(1) Straightforward induction on the derivations with kind Shape. The case of type application is not possible, since type lambdas cannot
have codomain Shape.

(2) Straightforward induction on the kind formation using (1) in the case KF-Dom.
(3) Straightforward induction on + T. Since |I'| removes all value-level and constraint bindings, only the well-kindedness of bound
type-variables needs to be preserved, which follows via (2). O

OPE
Definition A.2 (Order Preserving Embedding (OPE)). Ty is an Order Preserving Embedding of Ty, written asI'1 = I, iff
1) rh
() rI
B)Vbeybely

LEMMA A.3 (CONTEXT RESTRICTION PRESERVES OPE).

OPE
In =0

YRy

Proor. Axioms (1) and (2) follow via Lemma A.1.3; axiom (3) holds, because if | -] removes a binding from I';, then that binding is either
not present in I or also removed in [T} ]. O

LEMMA A.4 (CONTEXT EXTENSION PRESERVES OPE).

OPE OPE
()Fl =D Iy, I3 k1,13 ()1‘1 = FI7,.13 FIy,. I3
1 2
OPE OPE
(M,G) = (I, T3) (T1.:13) = (T2..13)

ProOOF.

(1) Same as (2) but without the additional complication of constraints.
(2) OPE Axiom (1) and (2) follow by assumption. For Axiom (3) we need to show that

Vb € I'1,13,Cy3,Cs. b € I, I3,Cy3,C3

OPE
where the C; are defined as in Figure 8. Any binding from I is also contained in I';, due to Axiom (3) of I} = I}. Hence, it also
holds that dom(T}) € dom(I2), which implies C;3 C Cas. ]

LEMMA A.5 (CONTEXT FORMATION AND CONCATENATION). + I[1,I; &= +11,. I

Proor.

<: Straightforward, because I'1 ,, I, = I, I3, C12, Ca, so we can just split off the constraints from the context formation by repeated case
analysis.

=: To append the constraints Ci2 and C; to the context formation, we need to repeatedly apply CF-ConsCsTR, which requires all
constraint axioms to use well-kinded domains. By definition of C13 and Cy, all domains are type variables from dom(I'1) U dom(I?),
and are hence well-kinded. ]

OPE
LEMMA A.6 (WEAKENING). IfT} = Iy then

I‘1|-C Iy, I3 FI1,. 13 IN+FK F1|-T:K
(1) 2 (3) (4) (5) ———
L+C 1o, I3 FIp,. I3 I +K L +rT:K
ro:T ;21 ke dl3.30; I; 2 C
6) ——— @) @) ——
Lro:T I3 Fe: 3.3 T, ;2 C

ProoF. By mutual induction on the derivation to be weakened:

. . OPE
(1) e Case CE-Axiom. Direct consequence of Axiom (3) of I} = T.
o All other cases are immediate by the induction hypotheses.
(2) By induction on I3:
OPE
e Case I3 = -. Immediate from Axiom (2) of I} = Iy.
19
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e Casels = FS’, a : K. In this case we have

|—F1,F3’ Fl,F,j’»-a:K

CF-ConsKIND

F I, 1"3’, a:K
and need to show
A B
()I—rz,ré rz,rél—a':K()
n CF-ConsKIND
FIo T a: K

(a) follows from the inner induction hypothesis; (8) follows from the outer induction hypothesis for (5).
o The cases for value-level and constraint bindings are analogous to the previous case.
(3) Follows by applying Lemma A.5 to both the premise and conclusion of (2).
(4) All cases are immediate by the induction hypotheses.

. . OPE
(5) ® Case K-Var. Follows directly from Axiom (3) of T} = I3.
e Case K-LaMm, K-SEND, K-Recv. Here we have assumptions using context restriction, like | Ty |, @ : Dom(N) + X : State. In order to

OPE OPE
apply the induction hypothesis on those assumptions, we rely on Lemma A.3, which givenI1 = Iy yields [I}] = [I2].
e Case K-ARr. Here we have assumptions using disjoint context concatenation, like I ,,T; + X3 : State. In order to apply the

induction hypothesis on those assumptions, we rely on Lemma A.4.(2), which given I}y O:P>E T, yields (T 4 Ty) O——P>E (T2, T).
o All other cases are immediate by the induction hypotheses. Going under binders requires the Barendregt Convention and Lemma A.4.(1)
to extend the OPE.
(6) e Case T-VAR. Same as K-VAR.
e All other cases are immediate by the induction hypotheses. Going under binders requires the Barendregt Convention and Lemma A.4.(1)
to extend the OPE.
(7) ® Case T-LET. Same as K-ARR.
o All other cases are immediate by the induction hypotheses.
(8) e Case T-NUCHAN. Same as K-ARR.
o All other cases are immediate by the induction hypotheses. Going under binders requires the Barendregt Convention and Lemma A.4.(1)
to extend the OPE. m]

Definition A.7 (Substitution Typing). We write - o : I1 = Iy iff
(1) +1

(@) T

B)V(x:T) ely. Iy +ox : 0T,

(4) Y(a:K)eTl1.To + oa : 0K, and

(5) Y(D1#D3) € Iy. Iy + D1 #0Ds.

LEMMA A.8 (TYPING OF THE IDENTITY SUBSTITUTION). If+ T, thent id:T = T.

ProoF. (1) and (2) follow by assumption.
(3), (4), and (5) follow via T-VAR, K-VAR, and CE-Ax10M, respectively. m]
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LEMMA A.9 (EXTENDING SUBSTITUTION TYPINGS).
to:T1 =D I+ T:Type Lto:oT x ¢ dom(Iy)

1)

F(oo,x—0): (T,x:T) =1
to:T1 =D L +K I+ T:0K a ¢ dom(Ty)
F(o,a—>T):(T,a:K) =1
Fo:IT =1 F1h,C I+ oC
Fo:(T,C) =1

@)

®)

ProoF. Straightforward case analysis and rule applications.

LEMMA A.10 (WEAKENING SUBSTITUTION TYPINGS).

Fo: 1 =1y H“z,l“z’

Fo:Ty = T

ProoF. By Definition A.7, we have to prove:

(1) + Ty, which follows by + 0 : I1 = Iy.
(2) + Iy, FZ’ , which follows by assumption.
() V(x:T) € I1. I, Ty + ox : oT. Let (x : T) € I, then by + o : T} = I it follows that

Ibrox:oT
which by weakening via Lemma A.6 yields
LTy Fox:oT
(4) Y(a: K) €I7. Iy, FZ’ F oa : oK, which follows similarly by weakening.
(5) V(D1 #Dg) € Ty. Iy, FZ’ + oD # Dy, which follows similarly by weakening.

LEMMA A.11 (LIFTING SUBSTITUTION TYPINGS).
Fo:I1 =1 I+ T:Type Iy + oT : Type x ¢ dom(I}) x ¢ dom(Iy)
M F(o, x> x): (T,x:T) = (Ip,x:0T)
Fo:I1 =1 I K I F oK a ¢ dom(Ty) a ¢ dom(Iy)
F(o,a—a): (T, a:K) = (Ip,a: oK)
Fo:IT =1 +14,C kI, 0C
Fo:(I1,C) = (I»,C)
Fo:I1 =1 FILT F Iy, oT
F (o,id) : (I1,T) = (I, 0oT)
Fo:T1 =h FIp LT k12, 0T
F(o,id) : (I ,T) = (I ,, 0T)

@

®)

©)

®)

Proor.
(1) First, we weaken the substitution typing
FI Iy + oT : Type x ¢ dom(I?)

Fo:I1 =1y FIy,x:0T

CF-ConNsTYPE

LemMma A.10

Fo: TN =Iv,x:0T

Then we extend the weakened substitution typing

—— T-Var
to:T1 =>D,x:0T T + T : Type D,x:0T+x:0T x ¢ dom(Iy)

Fox x:I,x:T=1Iy)x:0T

(2) Same as (1).
(3) First, we weaken the substitution typing

Fo:I1 =1y F Iy, 0C

LEmMmA A.10
Fo:Th = Iy,0C

21
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Then we extend the weakened substitution typing
Fo:T1 = 1Ih,0C 1, C I, 0C+ oC

Fo,x—> x:I1,C =1y 0C

LemMma A9

where Iy, 0C + oC follows via repeated applications of CE-Sprit, CE-Ax10M, and CE-MERGE.
(4) Follows from (1) to (3) by induction on T
(5) In this case we have

I, I=T,T,Cy,C]
L, ol =Ty, 0T, Cy, C,

with
Ci={m*az | a1,az € dom([T]), a1 # a2}
Cy={a1#az | a1, a2 € dom([0T']), o1 # az}
Cl={a1#az | @1 € dom([T11), 22 € dom([TT)}
C)={a1#az | a1 € dom([T2]), a2 € dom([cT 1)}
Via (4) follows

Fo:I1,T = Iy,0l

We have 0C; = Cy, because C; contains by definition only variables from I', so o behaves as the identity. Furthermore, we have
Cy = Cy, because dom([oT']) = dom([T']). Hence, we can apply (3) to the previous result and rewrite 0C; to Cy, which yields

Fo:I,T,C, = Iy,olL,Cy
To conclude with
Fo:T1,T,C1,C] = Iy, 0T, Cp, C)
we need to show that for any (Dg # Dy) € I, T, Cq, C’l it holds that
Iy, 0T, C2, C) + oDy # 6D3

If the constraint axiom is in I', T, Cq, then the result follows by the previous substitution typing and weakening. If the constraint
axiom is in C}, then oD; contains only variables from [T2] and ¢D; contains only variables from [oT, so (6D # 6D2) is part of C
and can be proved via CE-AXIOM. m]

LEMMA A.12 (CONTEXT RESTRICTION PRESERVES SUBSTITUTION TYPING).
Fo:I1 =D
Fo: | = [I2]
Proor.

e Axioms (1) and (2) follow via Lemma A.1.3.
e Axiom (3) and (5) hold trivially, since | -] removes all value-level and constraint bindings.
e For Axiom (4), let (a : K) € [I'1]. From } ¢ : [} = I we know I + oa : oK, but we need to prove |I2] + o : oK. By definition of
L-], we know that
K € {Shape, Session, Dom(N) — Type, Dom(N) — State}.
Types of those kinds, like o, have free type variables only at positions, which are themselves restricted with |- |, so [I2]| F oa : 0K
is a valid strenghtening of I + o« : oK. m]

LEMMA A.13 (SUBSTITUTION PRESERVES DERIVATIONS). Ift 0 : T} = Iy, then

I +C 11,13 FI7,.13 I+ K N+T:K
1 2) —— (3) ——— (4 (5) ————
I - oC F Iz, 013 F 1z, 003 Ib koK Ib +oT : 0K
Iro:T ()Fll—Zl:State I;21 ke dl3.30;T ® =T
_— 7 §) —— —
Ibrov:oT Iy; 021 + oe : dol3.022;0T oTy = ol

ProoF. By mutual induction on the derivations subject to substitution:
(1) By induction on I} + C:
22
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e Case CE-Axiom. Here we have I} = Fl’, D1 #Dy and
Fl’,Dl #D9 + D1 # Dy
We need to show
Ib v oDy #0Dg
which follows immediately from Axiom (5) of the substitution typing:
V(D1#D2) €Ty. Iy + 0Dy #0D>

e Case CE-Sym, CE-EmpTY, CE-SpLIT, CE-MERGE, CE-EMPTY, CE-CoNs. Immediate from the induction hypotheses.
(2) Analogous to the corresponding case in Lemma A.6 (Weakening).
(3) Follows by applying Lemma A.5 to both the premise and conclusion of (2).
(4) o Case KF-TyPE, KF-SEss1oN, KF-STATE, KF-SHAPE. Trivial.
o Case KF-DoM, KF-ARR. Immediate from the induction hypotheses.
(5) ® Case K-VAR. Immediate from Axiom (4) of the substitution typing.
e Case K-App. Immediate from the induction hypotheses.
o Case K-Lam. We first apply the induction hypothesis to the first subderivation

It - N : Shape
which yields
Iy + oN : Shape.

To be able to apply the induction hypothesis to the second subderivation, we first lift the substitution typing and kindings over
the context restriction

I1 + N : Shape I + oN : Shape
— KF-Dom —  KF-Dom
Fo:T1 =k It + Dom(N) Iz + Dom(oN)
————  1EMMA A12 ———  Lemma Al ——— Lemma Al
Fo: |l = [T2] [T1] + Dom(N) [I2] + Dom(oN)

and then lift the substitution typing over the new domain binding
Fo: |y = [I2] [T1] + Dom(N) Iz | + Dom(oN) a ¢ dom(T7), dom(T?)
Fo:|I1],a:Dom(N)= |[I2],a: Dom(cN)

LEMMA A.11

where the fourth assumption follows via the Barendregt convention.
The result then follows by reconstructing the K-Lam rule.

o Case K-ALL. For the first subderivation, we can directly apply the induction hypotheses and obtain + I, a : 0K, oC. For the second
subderivation, we have to lift the substitution typing

to:I1 =0 tI,a:K,C Iy, a: oK, oC a ¢ dom(I7), dom(Ty)
to:T,a: K,C=ID,a:o0K,oC

LEMMA A.11

where the fourth assumption follows from the Barendregt Convention.
The result then follows by reconstructing the K-ALt rule.
o Case K-ARr. For the premises

Ih + 21 : State Ih FTq : Type FI7 T
we directly apply the induction hypothesis and obtain
Iy + 0X : State Iz + o1y : Type FIy,. 0T
For the premises
I1,.T + Xy : State I1,.T 13 : Type

we first lift the substitution typing
Fo:Ti =D FI LT FTp, 0T

LEMMA A.11.5
Fo:I1,, I =1y,,0l
and then apply the induction hypothesis to obtain
Iy ,. ol + 02y : State Io,: ol + 0Tz : Type

Finally, we reconstruct the K-ARRr rule from the above results.
e Case K-SEND, K-REcv. Same as K-Lam.
e The other cases follow immediately from the induction hypotheses.
23
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(6) ® Case T-VAR. Immediate from Axiom (3) of the substitution typing.
o The other cases follow immediately from the induction hypotheses using Lemma A.11 and the Barendregt convention to lift the
substitution typing when going under binders.
(7) e Case T-TApp. In this case we have the premise {T’/a}T = T’ for which the induction hypothesis yields o({T’" /a}T) = oT’”" which
is equivalent to the required conclusion {oT’ /a}(cT) = 0T’ due to the Barendregt convention.
e Case T-SEND. Same as T-TAPpp.
o Case T-CAsE. Here we have the assumption Iy + 21,D — S; & Sy : State. In order to apply the induction hypothesis to the branch
expressions, we need to prove

I +21,D +— Sy : State I1 +21,D +— Sy : State

which follow by simple case analysis of the assumption and K-STMERGE.
e The other cases follow immediately from the induction hypotheses using Lemma A.11 and the Barendregt convention to lift the
substitution typing when going under binders.
(8) Straightforward induction due to the Barendregt convention. O

LEmmA A.14 (REMOVAL OF IMPLIED CONSTRAINTS). IfT + C, then

I,CrC I'CrK ICrT:K ICro:T IC;X1ke:Al.20T
D) —— @) B @) —— 5
' C I'+rK I'+rT:K T'ro:T ;31 Fe: .30 T
Proor. This is a corollary of Lemma A.13 due to the substitution typing - id : I,C =T O

LEMMA A.15 (EVALUATION CONTEXT TYPINGS FOR EXPRESSIONS).
I3+ 8[6] :Al3.35; T

311, B12, o1, Tz, 2o, T7 21 =211, 212 I3 =T, I22
;3 Fe: A .20 T I, x T 5312, 32 F &(x] : A 25T

1)

;3 Fe: A .20 T I, x T ;312,32 F 8[x] : A 25T
[1;211, 212 + Ee] : A1, T52.33; T

@)

Proor.

(1) By induction on the evaluation context &:
e Case O. The assumption is

I; 21 ke:dl3.23;T

By choosing 11 = 31, 212 = -, Ip1 = I3, Ihy =+, 3y = 33, T = T the goals become

=3 1)

=03 ()

T2 Fe:A3.35; T 3)

I I3,x:T;23 Fx: 333, T (4)

(1) and (2) are trivial, (3) follows by assumption, and (4) by T-VAR and T-VAL.
e Case letx = Eine. The assumption is

T-LET
I;;211 F Ele] - 3F21.22;T’ I, I, x: T’;212,22 Fe: dly.23; T I, I, x: T r 12,29 : State

;210,212 F letx = Ele] ine’ : ATy, 122.33; T

From the induction hypothesis follows

I; 2+ 8[8] : E|r21.22;T,

32111, 2112, D1, T2, 25, T 211 = 2111, 2112 o1 =To11, To12
[; 3001 F e A 3 T T Dy : T3 2112, 25 F 8yl : 312 325 T/

IH

24
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By choosing %11 = 2111, 212 = 2112, 212, T21 = To11, o2 = To1z, To2, B2 = %), T = T the goals become
211, 212 = 2111, 2112, 212
21, T22 = o11, o1z, T2z
I'i; 211 ke 3r211.2’2;T”
I, D11y T3 2112, D12, 55 + letx = E[e] iny : Az, 122.33; T
(1), (2) and (3) are direct consequences of the IH; (4) follows via

I, D11,y : 7758112, 35 F Ely] : A2 3p; T DDy : T, x:T;212, 8 e’ : A 33T
T,y : T, x: T+ 212, %5 : State

T, T211,y s T3 8112, 212, 25 + letx = E[e] iny : 3M212, 22335 T

T-LET

where the typing of e’ and the kinding of 313, 33 follow by weakening for y : T/ via Lemma A.6.

(2) Analogous to (1).

LEMMA A.16 (EVALUATION CONTEXT TYPINGS FOR CONFIGURATIONS).

;3 + C[C]
ar’, s’ I’ v C vC'. (I C) = (T2 - CIC'))

Proor. By induction on the evaluation context:

e Case C =0O. We choose I’ =T and ¥’ = X, which reduces our goals to assumptions and tautologies.
e Case C = va,a’ — S. C. Here the assumption has the form

a, o’ not freein T T+ S: Session Ty;2q F C[C]

T-NuCHAN
va,a’ — S.C[C]

where [, =T ,, a: Dom(X) . &’ : Dom(X) and S¢ = 3,0 > S,a’  S.
From the induction hypothesis follows

ar,s’ ;3 FC VO (I3 + C) = (Tu; Za F CIC'])
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1)
@)
®)
©

For the goal we choose the same I'” and ¥’. Let C’ be some configuration such that ;3" + C’. From the result of the induction
hypothesis follows

T3 F C[C']

which allows us to reconstruct the T-NUCHAN rule.
e Case C = vx: [S]. C. Similar as the previous case.
e Case C = C|| C. Similar as the previous case.

LEMMA A.17 (WELLFORMED INPUTS IMPLY WELLFORMED OUTPUTS).

1)

@)

FT 'rT:K

I'rK

FT T'ro:T

I'+T:Type
FT T'+ 3 : State ;% |—e:3F’.22;T2

®)

[ N T,.I”+3,: State Ir.I'vTy: Type

Proor.

(1) By induction on the kinding derivation:

Case K-VAR. Follows from the context formation due to CF-CoNsKIND.
Case K-App. The induction hypothesis for T' + T1 : K1 — K3 yieldsT' + K1 — K3 which by case-analysis yields I' + K».

Case K-LaM. From I' + N : Shape follows T + Dom(N). From K € {Type, State} follows I' + K. Via KF-ARR follows I' +

Dom(N) — K.

Case K-DOMMERGE. Applying the induction hypothesis to I' + D; : Dom(N;) yields I' + Dom(N;), which by case analysis on

KF-Dowm yields T + N; : Shape. The result then follows from the following proof tree:
I' - Ni : Shape I'+ N3 : Shape
I' - Nj § Ny : Shape

T + Dom(Nj § N)
25
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KF-Dom



PPDP 2023, October 22-23, 2023, Lisboa, Portugal Hannes Saffrich and Peter Thiemann

e Case K-DoMProj. By induction hypothesis we know I' + Dom(Nj § N3), which by case analysis gives us I’ + Nj § Ny : Shape,
which by further case analysis gives us ' + Nj : Shape and I’ + N : Shape, which via KF-DoM gives us I' - Dom(Np).
o All other cases follow immediately via KF-TypE, KF-Sess1oN, KF-STATE, or KF-SHAPE.
(2) By induction on the value typing derivation:
o Case T-VAR. Follows from the context formation due to CF-CoNSTYPE.
e Case T-Uni1t. Follows directly from K-UNiT.
o Case T-PaIR. The induction hypothesis yields I’ + T; : Type and T + T : Type, which via K-PaIr yields T + T1 X T : Type.
o Case T-ABs, T-TABs. Follows directly from the first assumption of their case’s rule.
e Case T-CHAN. Follows directly from the assumption via K-CHAN.
(3) By induction on the expression typing derivation:
o Case T-VaL. Follows from (2) and the assumption Iy X : State.
e Case T-LET. From the assumption I'1 + X1, 33 : State follows by case analysis I'1 + X : State and I} + Xy : State.
We then apply the induction hypothesis on the typing of e;:

I I + 3 : State I;21Fer: 3F2.2/2;T1
FO .2 I, T2 k25 : State  Tp,.Tpk Ty Type

and extend the context formation as follows:
FIie I I, v Tp : Type
F F1 ,#rz,x : T1

CF-ConsTYPE

We then apply the induction hypothesis on the typing of e;:
Iy, x:Th Inn,.Ip,x: 1 + 22,2’2 : State In,.Ip,x: T1;22,2,2 Fep:dl3.23; T
IH
F o, x:Th,. I3 In,.Io,x:Ty,,I3 + X3 : State IeTo,x:Th I3 F To : Type

As value-level bindings do neither affect context formation nor kinding relations, we can safely remove the x : T; binding from
the conclusion and obtain

FIy 1,13 In,.I,.I5 F 23 : State IN..12,. I3 -T2 : Type

Since (I ., I2) . I3 is equivalent to Iy ,,(I2, I3) up to the order of the constraints (which is irrelevant) the result follows.

o Case T-Proj. The first two results follow trivially. The third result follows from the induction hypothesis and subsequent case
analysis.

e Case T-Arp. Applying the induction hypothesis on v1 yields I1 + (21; Ty — JI,.33; T2) : Type, which by inversion yields the
results.

e Case T-TApp. From the induction hypothesis on the typing of v and subsequent case analysis follows I',a : K,C + T : Type. By
Lemma A.13.5 and Lemma A.14.3 then follows T + {T’/a}T : Type. By Lemma A.13.8 for {T”/a}T = T"’ then follows our result
T +T"” : Type.

e Case T-SEND, T-SELECT. The first and third results follow trivially. Repeated case analysis on the kinding of the input state yields
I'+D:Dom(X)andT + S : Session, which allows to construct the second result T + D + S : State via K-STCHAN.

o Case T-REcv. Repeated case analysis on the kinding of the input state yields

I'+D : Dom(X) I'+S: Session T+ N : Shape T|,a" : Dom(N) + %’ : State [T],a’ : Dom(N) + T’ : Type

The first result + T',, @’ : Dom(N) follows via CF-CoNsKIND and CF-CoNSCSTR.

Applying Lemma A.6 (Weakening) on the kindings of 3’ and T’ yields

I,a' : Dom(N) + %’ : State I,a' : Dom(N) + T’ : Type
Further weakening yields
I',.a :Dom(N)+ X :State T,,a :Dom(N)+ T :Type

from which the second result T ,, &’ : Dom(N) + 3/, D + S : State and third result T ,, &’ : Dom(N) + T’ : Type can be constructed.

o Case T-Case. From T X, a — S; & Sy : State follows I’ + 3, a +— S; : State via case analysis and kinding rules. The results then

follow by the induction hypothesis on e;.
e Case T-Fork, T-CrLosk. Follows immediately from K-STEmPTY and K-UNIT. m]
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LEmMA A.18 (SuBJECT CONGRUENCE).

FT T+ X : State ;2 C c=C
;S C

Proor. By induction on the congruence derivation:

o Case CC-L1rT. Follows from the induction hypothesis in combination with Lemma A.16 to reach into the evaluation context.
o All other cases are straightforward by reordering the derivation trees of the configuration typings.

LEMMA A.19 (SUBJECT REDUCTION).
Iy I1 + 34 : State I;21 ke A2y T e —e e

1
( ) ar’. I;21 F e’ :31}.22;7" AT =T
()»—F I+ : State I;>+C Cesc C’
2

.03
ProOF.

(1) By induction on the e <>, ¢’ derivation:
e Case ER-BETAFUN. The assumptions have the following structure:
T-ABs Ik (21T — 3.3 T) : Type T,x:T;381 Fep: A2 Ty

TFAC; x:T).er: (21T — 3.3 T T ko T
ER-BETAFUN TApp 1F A2 1).e1: (2 Th 2.22; T) 1Fo: Ty
(A(Z1;x: T).e1) vz e {v2/x}er T3 - (A x: Ty)eer) vz : A2.525To

The result follows via Lemma A.13:
I+ X : State
Ty,x: Ty + 3 : State T, x:T1;31 Fep: A3y T F{op/x}:T,x: 1 =Ty
;21 F {og/x}e; : A2y T

LemMmA A.6
LEMMA A.13

o Case ER-BETAALL. The assumptions have the following structure:

ER-BETAALL > >
(A(@: K).C= 0)[T'] —¢ {T'/a}v

FT,a:K,C T,a:K,C+T:Type

T-KALL
T.TAps —1LF V(@ K).C=T:Type Ta:KCro:T

NrA@K) CooV@K).C=T LeT K L (T/a)C (Ta)T U T
T-TArp

I F (A(a: K).C=0)[T]:3-.5T"
The result follows via Lemma A.13 and A.14:

e LEMMAALS “"’:K’C*U}T Tﬂg/a}Ti <F1,g:§30>?<rz,<r'/a}c>
Lemma A14 1P T/® __ L (T @)C (T Jajo {1/}
T-VaL 1k {7: Jato: {T /a,)T
Iy;- v {T Ja}o: 3.5 {T a}T

o Case ER-BETALET. The assumptions have the following structure:

Nro: Ty

ER-BETALET TLeT Iy;- ko357 T,x:T1;32 Fep: Al3.33: T I,x:Th + 2y : State
letx = vy iney e {0v1/x}er Ti;3 Fletx =oyiney : A3.33; Ty

The result follows via:
I + Xy : State
Ty,x: Ty + 3 : State T, x:T1;3 Fep: Al3.33; T F{o/x}:T,x: 1 =Ty
T1;32 F {o1/x}ey : A3.33; T

LEmMmA A.6
LEMMA A.13

e Case ER-BETAPAIR. The assumptions have the following structure:

Tro: T Tro: T
T-PAIR — "L ~"%°°2

ER-BETAPAIR T-Proy _Tree) TixT
me (v1,02) e Ve T; ke (o1,02) : 33 Tp

The result follows via

Trop: Ty
Ti-rop:3-.5Tp
27
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o Case ER-LIFT. The assumptions have the following structure:
ER-LIFT

€] e €2

Ii; 2+ 8[61] :Al3.33; T

letx =ejine e letx =eyine
We first extract the typing of e; from the evaluation context:

;21 + Eley] : 33355 T

LEmma A.15.1 - - 0
3%11, 212, To1, T2, 22, T 21=211,212  D3=Dn Tz TisZpkep: 3 2T Ty Do, x : T 5202, 3 - E[x] - 30233, T

From X1 = %11, 212 and I} + X : State follows via inversion
I1 + X311 : State I1 + 212 : State
Then we apply the induction hypothesis:

FI I} F Xq; : State T30 F ey : A .20 T e} e €
T1;211 Feg: 3.3 T

IH

Then we plug the typing of ez back into the evaluation context:

T2 Feg: AT .2 T/ T, Dopx T30, 20 F E[x] : App.33; T

LEMMA A.15.2 -
T3 - Elep] : A3.335 T

(2) By induction on the C <>¢ C’ derivation. For the sake of readability, we apply Lemma A.15 and A.16 informally to talk about the
typings inside evaluation contexts.
e Case CR-Expr. Immediate from (1).
o Case CR-Fork. The assumptions have the following structure:

T+ o:(21; Unit —> -; Unit)

Tooyrforko 3T LTORK
PO T Lemma A15
T;%1,3 + Elforko] : AT T
- = Tforkc T-Exp
CR-Fork [:%1,%; + E[fork o] LEMMA A.16
Cl&[forkv]] <=¢ C[(v unit) || E[unit]] To; 2o + C[E[fork v]]
The result follows via
) . ——— T-UnIT
T+ o:(Z; Unit > -; Unit) T F unit : Unit
T-Arp T';31 F ounit: 3-.-; Unit
T-Exp s o . it’ 55, 7 60x] LEMMA A.15
T-Par : lrzuuzm% G =
;21,22 F ouni X
Lemma A-16 To: % + Clounit] 8[x1]
e Case CR-NEw. The assumptions have the following structure:
T'+ S : Session
T-NEW ——MM
LEMMA A.15 L% rnews: 35081 F newS: 3. [,S]
TExp T;3+F E[newS] : 30T
CR-NEw T;Z+ E[new S]
xfreh LM A6 — s CTE newST]
C[E[new S]] —c Clvx: [S]. &[x]] 020 ’
The result follows via
—— T-Var
T xrt )ES][S]F:CX 3[51 5] VAL
r - [‘S]'Z’l— 6‘[‘] »Aa,r' T Lenvia A15
) xR el ~__ T-Exp
xfresh T+ S : Session Ix:[S];2+ &[x]
T-NUACCESS -
LEMMA A 16 T;3F vx: [S]. E[x]
: To; 3 F Clvx: [S]. E[x]]
o Case CR-REQUESTACCEPT. The assumptions have the following structure:
CR-REQUESTACCEPT . .
a, o fresh C = C[vx: [S]. (&E1[request x] || Ez[accept x] || C")] Li2r vx: [5].C LEmmA A.16

To;Zo + Clvx: [S]. C]

C —c Clvx: [S]. va, &’ +— S. (E1[chana] || Ex[chana’] | C")]

Applying Lemma A.18 to the configuration typing and the congruency yields a configuration typing, which by inversion has the
the following structure, where 3 = 31, 3, 33 are the channels used by &;, &; and C’, respectively:

(1) (2)
T-PAR ,
T,x:[S];31,22 + (E1[request x] || E2[accept x]) T,x:[S];33+C T-Par
X not free in I T+ S: Session T,x:[S];31,22,53 F (&1 [request x] || E[accept x] || C’
not free in [S]:21, 32,33 + (E1req 11l &2[acceptx] || C") TNUACCESS

T;%1, %9, %3 F vx: [S]. (E1[request x] || Ex[accept x] || C”)

where
28
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T,x:[S]Fx:[S]

T-REQUEST
T,x:[S]; -+ tx : Ja: D X). S;Ch
x:[S] requ‘es x: da om(/ ).a— ana LEMMA A 15
T,x:[S];21 F &1[request x] : 3], a : Dom(X).; T
- T-Exp
T,x:[S];21 + &1[request x]
T,x:[S]Fx:[S
@) . 5 X [3] ; L ;g SCr T-AccepT
,X 50k tx: : . H
x:[S] acce‘p x: da om(/ ).a > ana LEMMA A 15
T,x:[S];21 + Ex[accept x] : 3T, o : Dom(X).; T
T-Exp

T,x:[S];21 + Exfacceptx]
The result follows via
a, o fresh T+ S : Session

(3)
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T-NuCHAN

x not free in I’ T'+S: Session

Tx:[S];21,32,%3 F v, &’ = S. (E1[chana] || Ez[chana’] || C")

T-NUAccess

T;31, 52,53 F vx: [S]. va, @ + S. (&1[chanal] || E[chana’] || C)

To; 0 F Clvx: [S]. va, &’ — S. (&1[chana] || Ez[chana’] || C")]

where
(3) TPar OEEO)
I';31, 5, a S, a’ = Sk (& [chana] || &[chana’]) ;%3 C
T-PAr

I';%1,82, 33, a - S, a’ — S+ (E[chana] || E[chana’] || C")

forT/ =T,x: [S] s & : Dom(X) ,, &’ : Dom(X)

T-TVar
T-CuaN

©

I’ o : Dom(X)

I’ + chana : Chana

I’; rch T Chana [ VA
;- kchana: 3-.-;Chana
" " LEmmaA A.15
T;%,a+ S+ &[chana] : . T
T-Exp

T;%,a - S+ & [chana)

(5) Similar to (4).
Note that the channels, which in the pre-reduction tree are introduced existentially by the

LEMMA A.16

request - and accept - operations, are in

the post-reduction tree provided from the outside via the v-Binder. Lemma A.15 is strong enough to support this.

e Case CR-SENDREcV. The assumptions have the following structure:

C = (&1[send von chan a] || E;[receive chana’] || C7)

CR-SENDRECV

va,od = S'.C—>c va,a’ - S. (&1lunit] || E[0] | C)

I'+S :Session F';Z,aHS’,a'HS_’r—C

I;iS+vaad —»S.C

a, & not free in T

T-NuCHAN
LEmMmA A.16

To; 30 F Clva, @’ = S'.C]

where I” =T ,, « : Dom(X) ,, &’ : Dom(X) and $’ = !(Ja”": Dom(N).2"; T’).S.

Applying Lemma A.18 to the configuration typing of C and the congruency yields a configuration typing, which by inversion
reveals the following structure with ¥ = 3,21, 32, 23, where X, are the channels that are sent and received, and X1, X2, and 23

are the channels used in &1, &2, and C’, respectively:

1 2
— @) @ T-Par
73,21, 3, S, o’ — S" + (E1[send vonchana] || & [receive chan &’ ]) I35 C TPa
— -FAR
I';3,%1,32, 33,2 = S, — S’ + (E1[send von chan a] || &z [receive chana’] || C")
where
(1) T+ D:Dom(N) {D/a"}3 =3, {D/a”}T =T"” Tro:T” T+ chana: Chana
. n - T-SEND
I3, a— S Fsendvonchana : 3-.a — S; Unit
- > . LEmmA A.15
T;3,3,a— S + E1[sendvonchana] : T TE
-EXP
I’;%, %, a+— S + & [send vonchan a]
T+a :Dom(X T+ chana’ : Chana’
(2) I'ia —» 5+ receivecilari o :3a” :Dom(N).Y, o +— S;T' TRecy
- — — ~— LEmMmaA A.15
T/, %5, a’ — S’ + Ey[receive chana’ ] :ETZ', " :Dom(N).; Tp T-Exp
I7;3,a +— S’ + Ez[receivechana’ ]
The result follows via
3 4
I3, 5,5 (s)’ (3)5[ ]|\E[]T—P11\"I’{2 c’
32,21, 20, = S, — SE Ep[unit So[v ;23 k
’ not fi I TFS:S r!’zlzzzz S’1§ S[Z]n&[]ng’ TPar
a, o t i F S : Session (2,215,200, 23, S,a > Sk unit v
— TR T 2((93[ &l ]nc’)1 : TNUCHAN
321,21, 22, va, o S, uni v
bRLo ! 2 LEmmA A.16

To; 2o F Clva,a’ + 8. (& [unit] || E2[0] || C7)]
29
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where
(3) —— T-UnIT

I’ + unit : Unit
——  T-VaL
T'’;- Funit: 3-.-; Unit

T2, a S+ & [unit] : EIFI’A-;TI
I/;2, - S+ & [unit]

LemMma A.15
T-Exp

Tvro:T
(4) —— T-VaL
I'';-ro:3-.4T

;2,50 > St &fo] - 30, .5 T
/53,3, = St &y o]
e Case CR-SELECTCASE, CR-CLOSE. Similar to the previous cases.

LEmma A.15
T-Exp

m]
LEMMA A.20 (CONTEXT INVERSION).
+T Outer T T+ X : State ;2 Cle]
a3 1. v 17 Outer I' I’ + 3 : State I’':>+re:3-.T
Proor. By induction onT'; X + Cle]. m]
LEmMA A.21 (CANONICAL FORMS). Suppose thatT +o : T and OuterT.
o IfTis(X; T — AT'.3; T'), thenv is A(Z; x: T).e, for somee.
o IfT isTy X Ty, thenv is (v1,v2), for some vy and v,.
o IfTisV(a: K).C= T, thenv is A(a: K). C = vy, for some v;.
o IfT is Unit, then v is unit.
e IfT isChan D, thenv is chan D, for some D.
o IfT is[S], thenv is x, for some x € dom(T).
ProoOF. By inversion of the value typing judgment T+ v : T. m]
LEMMA 4.5 (PROGRESS FOR EXPRESSIONS).
T Outer T’ T+ X : State T;Zre:30V3;T
Valuee V Comme V Je’. e <, ¢’
Proor. The proof is by induction on the expression e.
Case v: Value o holds.
Case let x = e1 in ep: By the IH for e; we have three cases:
e if Valueey, then letx = e; iney <, {e1/x}ez by ER-BETALET;
e if Commeq, then Comm (let x = e1 inez);
e ife; —, e{, then the let reduces, too.
Case 01 v: Inversion of T; 3 + 01 v : AT.3/; T/ yields
Trop: (3 T— 3y, T) (15)
Frop: T (16)
By Lemma A.21, v1 = A(3; x: T).eq, for some e;. Hence, v1 v2 <>, by ER-BETAFUN.
Case 7y v: Inversion of ;3 + 7p 0 : 30735 T/ yields
F'ro: 1 xXT, (17)

By Lemma A.21, v = (v1,02), for some v and vy. Hence, 7y v <> by ER-BETAPAIR.
Case o[T”]: Inversion of ;3 + o[T”"] : AT".3/; T’ yields

l'+tov:Y(a@:K).C=T (
'vT":K (19)

I'+{T"/a}C (

{T"/a}T =T (

By Lemma A.21, v is A(a: K). C = vy, for some v1. Hence, v[T”’] <>, by ER-BETAALL.
Case fork v: Inversion of T'; 3 + forko : AT'.3/; T’ yields I’ = -, 3’ = -, T’ = Unit, and

T Fo: (3 Unit — - Unit) (22)
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By Lemma A.21, v is A(Z; x: Unit).eq, hence Comm (fork v).
Case new S: Inversion of I; 2 + new S : 3I7.3"; T’ yields ¥ = -, I’ = -, 3’ = -, and T’ = [S]. Hence Comm (new S).
Case accept v: Inversion of T'; 3 + accepto : AT’.3/; T’ yields

Tro:[S] (23)

By Lemma A.21, v is x, hence Comm (accept v).
Case request v: by similar reasoning, v = x and Comm (request v).
Case send v; onvy: Inversion of T; ¥ + send o1 onoy : AI7.3; T yields

e >=31,D+ !(3a’: Dom(N).2'; T").S,

oIV =,
e =D,
e T’/ = Unit, and
T'+ D’ : Dom(N) (29)
{D'/a'}3 =34 (25)
{D'}a’}T" =T (26)
I'+ D : Dom(X) (27)
Tro:T (28)
I'+op:ChanD (29)
By Lemma A.21, vz is chan D, hence Comm (send v1 on vy).
Case receive v: by similar reasoning as in the previous case, v = chan D and Comm (receive v).
Case select £ on v: by similar reasoning, v = chan D and Comm (select £ onv).
Case casev of{e1; e2}: by similar reasoning, v = chan D and Comm (case v of {e1; e2}).
Case close v: by similar reasoning, v = chan D and Comm (close v). m]

LEMMA 4.8 (PROGRESS FOR CONFIGURATIONS).
T OuterT T+ X : State I'>rC
Final C vV Deadlock C v 3C’. C < C’

PRroOF. Suppose that - Final C and — Deadlock C. Hence, one of the three items in Definition 4.7 must be violated and we show that C
reduces in each case.

Suppose item 1 is violated. Hence, there is some C such that C = C[e] and - Valuee and - Comme or e = E[fork v] or e = E[new 5],
for some &, v, S.

If e = E[forkv], then v = A(Z; x: Unit).e; and C reduces as follows

C[&[fork A(Z; x: Unit).e1]] <=¢ C[E[unit] || (A(Z; x: Unit).e1) unit]

If e = E[new S], then C reduces by CR-New.

Otherwise, by Lemma 4.5 (which is applicable because of context inversion, Lemma A.20), there exists some e’ such that e <, ¢’. Hence,
Cle] =c Cl€’].

Suppose item 2 is violated. That is, there are configuration and evaluation contexts C, Ci, C2, &1, and &y such that C = C[vx: [S]. C’]
and C’ = C1[&1[requestx]] and C’ = Cy[E2[accept x]]. Exploiting congruence we can find a configuration context C’ and process C”’
such that C = C’[vx: [S]. &1[requestx] || Ez2[accept x] || C”’], which reduces by CR-REQUESTACCEPT.

Suppose item 3 is violated. Consider the case for send _on _ and receive. That is, there are configuration and evaluation contexts C,
Ci1, Cy, &1, and & such that C = C[vay, az — S. C’] and C’ = C1[E1[sendvonchan ay]] and C’ = Cy[E[receive chan as_,]]. Exploiting
congruence we can find a configuration context C’ and process C’”” such that

C =C'[vay,az — S. E1[send von chana;] || &2 [receive chan as—;] || C”']

which reduces by CR-SENDREcv.
The remaining cases are similar.

31



	Abstract
	1 Introduction
	2 Motivation
	2.1 Channel Creation
	2.2 Channel Abstraction
	2.3 Data Transmission vs. Channel Transmission

	3 Formal Syntax and Semantics of PolyVGR
	3.1 Syntax
	3.2 Statics for types
	3.3 Statics for expressions and processes
	3.4 Dynamics

	4 Metatheory
	5 Implementation
	6 Extensions
	7 Related Work
	7.1 Polymorphism and Session Types
	7.2 Polymorphism and Disjointness
	7.3 Diverse Topics

	8 Conclusion
	References
	A Appendix
	A.1 Channel Aliasing
	A.2 Higher-Order Functions
	A.3 Context Restriction Operators
	A.4 Metatheory


