
There is also only one zero (near bl) if 6 < 0. Providing 
a correct  zero for all cases entails a sharp distinction on 
8 a t 0 .  

Our  solution procedure  to this problem employs a 
slight variat ion of  the Dekker  a lgori thm [4], by which 
the zero of  f ( x )  is enclosed in successive subintervals 
[a i ,  b i] where f ( a  i) andf(b~) are always o f  opposite sign. 
When  the width o f  the interval [a~, b~] is sufficiently 
small, depending on the number  of  decimal places 
requested, an n decimal place approximat ion  to the 
zero may be obtained f rom ai (or hi). However ,  when a 
point  a~ or b~ is encountered such that  its function 
value is so extremely small in absolute value that  its 
sign can not  readily be determined (as criterion we 
again employ the outcome of  a floating point  de- 
termination),  then the procedure  is halted. The value 
a~ or b~ is printed since this informat ion may be useful, 
but  no claim is made that  a zero has been found.  

Received December 1973; revised March 1974 

References 
1. Aberth, O. Analysis in the computable number field. J. ACM 
15, 2 (Apr. 1968), 275-299. 
2. Aberth, O. The concept of effective method applied to 
computational problems of linear algebra. J. Comput. S yst. Sci. 5 
(1971), 17-25. 
3. Chartres, B.A. Automatic controlled precision calculations. 
J. ACM13, 3 (July 1966), 386--403. 
4. Dekker, T.J. Finding a zero by means of successive linear 
interpolation. In Constructive Aspects of the Fundamental Theorem 
of Algebra. Wiley-Interscience, New York, 1969, pp. 37-61. 
5. Fox. L. An Introduction to Numerical Linear Algebra. Oxford 
Univ. Press, New York, 1965. 
6. Hill, I.D. Procedures for the basic arithmetical operations in 
multiple-length working. Computer J. 11 (1968), 232-235. 
7. Moore, R.E. htterval Analysis, Prentice-Hall, Englewood 
Cliffs, N.J., 1966. 
8. Pope, D.A., and Stein, M.L. Multiple precision arithmetic. 
Comm. ACM3, 12 (Dec. 1960), 652-654. 
9. Richman, P.L. Automatic error analysis for determining 
precision. Comm. ACM15, 9 (Sept. 1972), 813 817. 
10. Richman, P.L. Private communication, 1969. 
11. Stein, M.L. Divide-and-correct methods for multiple 
precision division. Comm. ACM 7, 8 (Aug. 1964), 472-474. 

513 

Scientific R.J. Hanson  
Applicat ions  Edi tor  

An Interactive 
Graphic Display for 
Region Partitioning 
by Linear 
Programming 
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University of Alberta 

Using linear programming, an interactive graphic 
display system has been implemented to solve the region 
design problem of partitioning a region into N 
nonoverlapping subregions in such a way that their 
areas are in specified proportions and that the total cost 
of  servicing them is a minimum. In a conversational 
manner, a user can easily obtain different partitionings 
by specifying and modifying the boundary, the service 
centers' locations, the area proportions, and the cost 
functions. Examples are included. 

Key Words and Phrases: interactive graphic display, 
region partitioning, area specification, linear 
programming 

CR Categories: 5.41, 8.2, 8.3 

I. Introduction 

In the study of  region design problems such as 
urban  planning,  districting, warehousing,  and facility 
allocation, the following problem often arises: Given a 
region R and N "service centers,"  it is required to 
part i t ion R into N nonover lapping  subregions R i ,  
j = 1, 2 , . . . ,  N, in such a way that, Rj., being serviced 
by t h e j t h  center, has a specified p ropor t ion  of  the total  
area, and the total " cos t "  of  providing these services is a 
minimum. For  example, the service centers may be 
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fire stations and the cost may be the response time to 
fire alarms. For  operational or financial reasons, the 
area sizes of the subregions are often prespecified. 

To date, there appears to be relatively little work 
published on this problem. A purely graphical technique 
was discussed by Keeney [3] for a very particular case 
where the cost function is the Euclidean distance and no 
area sizes are specified. Some theoretical results are 
given in [1]. 

In the system described in this paper an interactive 
display provides a user with the desirable features of 
the graphical description of the partitions and the 
possibility of obtaining different solutions with relative 
ease. Approximating the region's boundary by polygons, 
a user first types in the coordinates of their vertices. In 
response, the system (hereafter referred to as DESIGN) 
displays the polygons and the input data. The names 
and locations of the service centers, the discretization 
intervals, and the cost functions are then entered. 
Throughout  the whole process a user may insert or 
delete some of the vertices or service centers by using 
the lightpen and the keyboard. On obtaining these 
data, DESIGN will determine and display the partition- 
ing. The user may request that the partitioning be sub- 
ject to specified ratios or that two partitionings be dis- 
played at the same time. 

As pointed out by Rosen [7], application of linear 
programming using interactive graphic display is a 
potentially promising area for future research. This 
paper describes one such contribution. Application to 
data fitting and the approximate solution of boundary 
value problems were discussed in [4, 5, 6]. 

In Section 2 we formulate the problem and discuss 
its mathematical foundation. In particular, the dis- 
cretized problem with area specification will be shown 
to be equivalent to a transportation problem. Section 
3 describes the interactive program DESIGN. Two ex- 
amples are given in Section 4. 

valued and L-integrable over R; Corley and Robert  
[1] obtained some theoretical results--they proved the 
existence of a minimal partition to problem (1) and 
gave the necessary and sufficient conditions for such a 
solution. 

A practical computational method for obtaining an 
approximate solution is now described. Let R lie com- 
pletely within a rectangle. Discretize this rectangle by 
dividing its sides into equidistant intervals. The case 
without area specification is simple. A discrete point P 
is assigned to Ri i f f i (P )  < fk(P) for all k ~ j,  and to 
either Rj or Rk (but not both) i f f j (P )  = fk(P).  In the 
following, the more general case (1) will be formulated 
as a transportation problem. 

Let D be the set of discrete points which lie within R 
and M denote the number of points of D. We shall 
determine a set of integers {a j} j=l in the following way: 
Let ai be the integer closest to M A i / A  (e.g. if 99.5 _< 
M A j / A  < 100.5, set a i = 100). Set k = M - -  ~ = 1  a j .  
If k > 0 (k < 0), add 1 to (subtract 1 from) k of the 
a / s  randomly. If k = 0, do nothing. In this way, we get 
M =  ~ = l a j a n d a l : a 2 : ' "  : a N ~ A I : A 2 : . . .  :AN. 

For  any point (xi , Yi) C D, denote cij = f i ( x l  , yi). 
Problem (1) can then be approximated by the following 
linear program 

min 2 ~ t , jcq (2)  

ti~ 0 or 

where t~i is equal to 1 if (x~, y~) is assigned to the j th  
center and is equal to 0 if not. 

Problem (2) is the personnel classification problem, 
a particular case of the well-known transportation 
problem. The method we use for solving problem (2) is 
an implementation of the algorithm given by Dennis 
[21. 

2. Formulation as a Transportation Problem 

Let A~ : A2 : . . .  : AN be the ratios of the areas of 
the subregions. Set A = ~f=~ Aj .  Then A j / A  is the 
area proportion of subregion Rj .  Let f i (x ,y)  denote 
the "cos t "  of servicing a location (x,y) C R by t h e j t h  
center and P(R) denote the set of all possible parti- 
tions of R into N nonoverlapping subregions with the 
area of Rj proportional to Aj .  Our problem is to find a 
partition which minimizes the total cost, i.e. 

min(R1,Rz,... ,R,v) E P(R ) f.jf,(x, y) 1 (1)  

A global minimum to problem (1) is called a minimal 
partition. Under the general assumptions: (i) A~-, 
j = 1, 2, - - .  , N, are positive real numbers; (ii) R and 
R j ,  j = 1, 2, - . . ,  N, are bounded and Lebesque- 
measurable; and ( i i i ) f j ,  j = 1, 2, . . .  , N, are real- 
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3. Interactive Program 

The interactive program DESIGN is written in Fortran 
and implemented on an IBM 360/67 computer, using a 
CDC graphic terminal. At the beginning, DESIGN asks 
the user to type in the vertices of the polygons. The 
following types of constants are acceptable: 

Type Example 

Integer 104, -- 115 
Floating-point 2.1, --9.1 
Exponential 2.8E-2, -- 1.01E30 

After the polygons are displayed, a user may make 
modifications, or type in the sizes of the discretization 
intervals, the names and locations of the service centers 
and the area ratios. The cost functions are entered (as 
data) symbolically as follows. DESIGN accepts elementary 
functions, which, by definition, are obtained by addi- 
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Fig. l(a). Regional division for helicopter emergency system at 
Eastern Canada (with area proportions 2:2:1 : 1 : 1). 
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Table l(a). Vertices of  Boundary Polygons 

Polygon Vertices (in counterclockwise order) 

1 (4,49), (0,46), (4,46), (8,42), (7,26), (13,19) 
(24,21), (41,32), (36,34), (33,46), (35,53), 
(28,51), (24,54), (4,54) 

2 (37,29.4), (34,24), (46,24), (38,20), (37,22), 
(24,13), (21,6), (25,0), (40,12), (66,24), (59,29), 
(53,26), (39,30.7) 

3 (68,42), (62,32), (64,26), (72,27), (75,30), 
(72,34), (69,34), (70,40) 

4 (40,44), (38,39), (41,34), (52,30), (53,33), 
(57,36), (49,36), (40,40) 

Table I(b). Service Centers 

Label Location 

1 (30.0,42.0) 
2 (20.0,21.0) 
3 (42.0,14.0) 
4 (50.0,26.0) 
5 (72.0,32.0) 

Cost Function 

((X--30) !2-5 (Y-42)!2)10.5 
((X--20) ]2-5 (Y--21)!2)10.5 
( (X-42)  ! 2-5 (Y-14)  !2) !0.5 
( (X-50)  !2 -5 (Y-26)  !2) t0.5 
( (X-72)  !2 -5 (Y-32)  !2) !0.5 

Fig. l(b). Regional division for a helicopter emergency system at 
Eastern Canada (no area specification). 
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Fig. 1 (c). Regional division for a helicopter emergency system at 
Eastern Canada (no area specification). 
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t ion,  subtraction,  mult ipl icat ion,  division,  exponent ia-  
t ion,  and c o m p o s i t i o n  o f  the variables x , y  and constants ,  
and the funct ions  e", sin(v),  cos(v) ,  arctan(v) ,  log(v) 
and I v I, where v itself is an e lementary  funct ion.  The 
fo l lowing  symbols  are used for operat ions:  

Symbols Operations 

+ ,  -- addition, subtraction (or negation) 
• , / ,  ! multiplication, division, exponentiation 
SIN, COS, ATAN sin() ,  co s ( ) ,  arctan( ) 
LN, FXP, ABS log ( ) ,  exp(),  absolute value 

Examples  o f  e lementary  funct ions  are: 

( ( X - - 3 1 . )  !2  + ( V - - 1 5 )  ! 2) ! 0.5 
--0.31 + (SIN(ExP(X+ Y) + .5E4) * 4.) ! 0 . 1 /2  

When  the user types in the instruction " P A R T I T I O N " ,  

DESIGN will start the partit ioning process.  It will dis- 
cretize the region and evaluate the funct ion values at the 
interior discrete points.  Since the funct ions  are also 
input data, they have to be evaluated interpretively, 
using a method  similar to the Pol ish notat ion.  (See, for 
example ,  LaFata  and R o s e n  [4].) DESIGN will then 
partit ion these discrete points  by the method  as de- 
scribed in Section 2, plot  the numeric  labels o f  the 
service centers at the discrete points,  and draw the 
subregion boundaries .  These  graphs are created in 
different display files and transmitted to the terminal  
for display. The user can then make  any necessary 
modif icat ions ,  using the l ightpen and the keyboard,  and 
cont inue  the conversat ion  until satisfied with the 
part i t ioning obtained.  

4. Examples  

The data used in the fo l lowing  examples  are chosen  
arbitrarily, for the purpose  o f  i l lustration only.  Dur ing  a 
n o r m a l  load o f  the c o m p u t i n g  system, each problem 
takes  about  3 minutes .  
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Table lI(a). Vertices of Boundary Polygons 

Polygon Vertices (in counterclockwise order) 

1 (2,28), (2.5,22), (0,14), (3,8), (10,5.5), (18,0), 
(18,2), (29.5,4), (31.5,0.5), (32.5,2), (31.5,5), 
(35.5,10), (34.5,10.9), (38.5,19.5), (39.18), 
(42,21), (41,21.5), (39.5,20), (38,23.5), (41,25), 
(41,28), (29,28), (28.5,26), (29,23), (28,22.5), 
(26.5,25.5), (22,28) 

2 (8,21.5), (15,20.7), (14,14), (15.5,13.7), (15.4,13), 
(20,12.7), (20.5,12), (20.5,10), (10,ll), (10.5,14), 
(9.5,14.5), (10.17.5), (9,17.6), (7.5,20.5) 

3 (24,20.5), (26,19.5), (27,18.5), (22,18.5) 
4 (27,18.5), (29,18), (29.5,17), (28.5,15.5), 

(26.5,17.5), (26,14.5), (25,13.5), (25,17.5) 
5 (30.5, 16.5), (31.5,16.5), (29,14), (28,14) 

Table II(b). Service Centers 

Label Location 

1 (32.0,19.0) 

2 (10.0,25.0) 

3 (19.5,14.0) 

4 (7.5,8.0) 
5 (28.5,7.5) 

Cost Function 

( (X-32)  [ 2 +  ( Y - 1 9 ) t 2 ) 1 0 . 5  
+ 0.2*ABS(Y-- 19) 

((X--IO) t2+ (Y--25) !2) !0.5 
+ 0.15,ABS(Y-25) 

((X--19.5) t2 + ( Y -  14) 12) 10.5 
+ 0 .1 ,ABS(Y-  14) 

( (X-7 .5)  l 2 + (Y--8) t2) [0.5 
((X-28.5)  [ 2 + (Y-7 .5)  [ 2) 1 0.5 

Example  1. Suppose  the Marit ime provinces  (except  
Newfoundland)  of  Eastern Canada want to set up a hel- 
icopter emergency system. The helicopter stations are 
located at Newcas t l e ,  Lancaster,  Halifax,  N e w  Glas-  
gow,  and Sydney. Assume that the response time to an 
emergency call is proportional to the distance between 
the place where the accident occurs and a station.  T w o  
cases are considered, the first with area proportions: 
2:2: 1:1:1,  and the second without area specification. 
The data shown in Table I(a) were first typed in. In 
less than one minute, the region's boundary (in dashed 
l ines o f  Figure 1 (a)) appeared. The area ratios 2 : 2 : 1 : 1 : 1 
and the data shown in Table l(b) were then entered. 
After about  3.5 min,  the graph in Figure l (a)  was 
displayed. Next,  DESIGN was instructed to partition the 
same region without area specification. Figure 1 (b) was 
then shown. Using the lightpen, the user eliminated 
the two  service c e n t e r s - - N e w  G l a s g o w  and S y d n e y - -  
and inserted a new o n e - - A n t i g o n i s h .  Figure 1 (c) shows  
the display after such modification. 

Example .  2. Suppose  the southern part of  Canada 
and the mainland of  the Uni ted  States plan to establish 
a jo int  env ironmenta l  control  and deve lopment  project.  
The states Montana ,  W y o m i n g ,  Co lorado ,  and Kansas  
do not participate. (This assumption is purely for the 
purpose  of  mak ing  the problem more  complex . )  The 
centers are set up at Ottawa,  E d m o n t o n ,  Omaha ,  
Phoenix ,  and Atlanta.  The data for this prob lem are 
shown in Table II(a)  and Table II (b) .  Area ratios are 
2 : 2 : 2 : 3 : 3 .  The interactive process  was similar to 
Example 1. Displayed graphs are shown in Figure 
2(a) and Figure 2(b) .  

Fig. 2(a). Regional division for an environmental control and 
development project in Southern Canada and the United States 
(area proportions 2 ." 2: 2: 3 : 3). 
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Fig. 2(b). Regional division for an environmental control and 
development project in Southern Canada and the United States 
(no area specification). 
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