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procedure EXPAND(M); integer  M; 
commen t  This algorithm algebraically expands arbitrarily 

parenthesized expressions into monomials. Distribution is direct, 
without intermediate expansion of lower level expressions. The 
algorithm has been used as a part of algebra programs in the- 
oretical physics [2, 3]. I t  was devised by H. J. Kaiser [1] and re- 
constructed by M. J. Levine. Expansion proceeds in two steps: 
First,  parsing an input expression into a sequence of variable- 
operator pairs with associated parenthesis-level information, 
and then picking out the variables which belong together as 
factors of monomial terms. EXPAND accepts an abbreviated 
ALGoL-like syntax: 

(variable) : := A [B I C ] D  [ E ] F I G  
(primary) : := (variable) I ((expression)) 

(term) : := (primary) I (term) × (primary) 
(expression) : := (term) I (expression) + (term) 
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J. Computat. Phys. 4, 1 (1969), 171; 
begin 

integer LVL, N, T, U; Boolean array MULT[O:M]; 
integer array V, VL, OPL, INDEX[O: M]; 
integer procedure CHAR; 
begin 

integer C; 
A: insymbol (2, 'X) + (ABCDEFGu;', C); i f  C = 12 t hen  go 

to A; 
CHAR := C 

end CHAR; 
procedure DISTRIBUTE(N); integer N; 
commen t  There are two problems in distribution: first, to se- 

lect the variables in an expression which belong together as 
factors of the current monomial, and then to alter the reference 
marks in USED to indicate the next monomial. A Boolean 
value in USED is associated with each variable-operator pair. 
The expression is scanned from the left to select the first un- 
used variable, and then any variables in an additive relation 
to the selected variable are skipped before continuing the 
scanning for other factors. For the next monomial, the first 
selected variable followed by a "-t-" is marked used, and the 
marks on all the variables to the left are altered, depending on 
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the i r  operator  type  and level re la t ion to the  "+" .  Dist r ibu-  
t ion is f rom lef t  to r ight  (init ial  factors  change mos t  of ten) ;  

b e g i n  
i n t e g e r  I, J, K, L, LEVEL; 
B o o l e a n  ALTER, PRODUCT, TERM; 

B o o l e a n  a r r a y  USED[O:N]; 
for  K := 0 s t e p  1 u n t i l  N do  USED[K] := f a l se ;  

NEXT: ALTER :=  t r u e ;  J :=  I :=  --1;  
FACTOR: I := I -4- 1; i f  USED[I] t h e n  go to  FACTOR; 

J : = J - 4 - 1 ;  INDEX[J]:= I; 
SKIP:  i f  MULT[I] t h e n  go t o  FACTOR; LEVEL := OPL[I]; 

i f  LEVEL > 0 t h e n  
b e g i n  

i f  ALTER t h e n  
b e g i n  

L :=  LEVEL; LEVEL := VL[I] + 1; 
USED[I] :=  PRODUCT := TERM := t r u e ;  
ALTER := f a l se ;  
for  K : = I - 1 s t e p  - 1 u n t i l  0 do 
b e g i n  

i f  OPL[K] < LEVEL t h e n  
b e g i n  

LEVEL := OPL[K]; PRODUCT := MULT[K]; 
i f  PRODUCT t h e n  LEVEL := LEVEL + 1; 
i f  LEVEL __< L t h e n  TERM := f a l s e  

e n d ;  
i f  PRODUCT t h e n  USED[K] := TERM 

e n d  
e n d  
e l se  
b e g i n  

R: I := I +  1; i f  LEVEL =< OPL[I]then go t o R  
e n d  ; 
go t o  SKIP  

e n d ;  
PROCESS(J); i f  -~ ALTER t h e n  go to  NEXT; 

e n d  DISTRIBUTE; 
p r o c e d u r e  PROCESS(J); i n t e g e r  J ;  
c o m m e n t  A skeletal  o u t p u t  rout ine  (normally,  monomials  are 

fu r ther  manipula ted ,  sorted,  and accumula ted) ;  
b e g i n  

i n t e g e r  I ;  outstring (1, ' + ' ) ;  
for  I := 0 s t e p  1 u n t i l  J do 
b e g i n  

outsymbol (1, "X)  + (ABCDEFG", V[INDEX[I]]); 
i f  I ~ J t h e n  outslring (1, "X")  

e n d  
e n d  PROCESS; 
c o m m e n t  The following s t a t emen t s  parse the  input .  A full- 

fledged input  rout ine  would extend <primary) to include num-  
bers and would class bo th  . . . . .  and "+"  toge ther  as <adding 
operators).  DISTRIBUTE sti l l  works wi th  only  "+"  and " X "  
since a "--" is e i ther  absorbed into a following unsigned num-  
ber  or replaced by  the  s t r ing  "-- 1 X " .  Only a single subexpres-  
sion, followed by an  unparen thes ized  "+" ,  is expanded at  a 
time. M l imits  the  size of this  subexpression.  A syn tax  error or 
a semicolon t e rmina tes  the  processing of inpu t ;  

LVL := N :=  0; U :=  CHAR; i f U  < 4 t h e n  go t o  ERR ; 
A:  T := U; i f  U = 13 t h e n  T := 3 e l s e  U :=  CHAR; 

i f  U >= 4 t h e n  
b e g i n  

i f  T = 1 t h e n  
b e g i n  

MULT[N] := t r u e ;  OPL[N] := LVL; N := N + 1 
e n d  
e lse  i f  T = 3 t h e n  
b e g i n  

MULT[N] := f a l s e ;  OPL[N] := LVL; 
i f  LVL = 0 t h e n  b e g i n  DISTRIBUTE(N); N := 0 e n d  

e l s e N  :=  N +  1 
e n d  
else  i f  T = 4 t h e n  LVL := LVL + 1 
else  go t o  ERR 

e n d  
e l s e  
b e g i n  

i f T  = 2 A L V L > 0 t h e n L V L  := LVL- -  l e l s e  
i f  T ~ 5 t h e n b e g i n  V[N] := T; VL[N] := L V L e n d  
else  go to  ERR; 

e n d ;  
i f  U ~ 13 t h e n  go t o  A e l se  i f L V L  = 0 t h e n  go t o  B;  

ERR: outstring (1, 'syntaz error') ; 
B: e n d  E X P A N D  
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Algor i thm 310 was coded in ALGOL 60 reference language and 
run  on an I B M  360/65. The  a lgor i thm was tes ted  for a large range 
of values including m = 5, 10, 501, and 2000. Reference [1] was 
uti l ized to ver i fy  the  theory  involved in the  a lgor i thm before actual  
machine test ing.  

The  in ten t ion  of Algor i thm 310 is to give only the  n u m b e r  of 
primes less t h a n  or equal  to m. Actual  confirmation in the  ini t ial  
phases  was accomplished th rough  addi t ional  ins t ruc t ions  t h a t  
p r in ted  the  array of pr ime numbers ,  p, and the  n u m b e r  of primes,  
k. B o t h  references l is ted were useful in subs t an t i a t i on  of the  pr ime 
numbers  given. These  references were again  useful in ver i fying t h a t  
all the  pr imes in the  array had  been discovered and pr in ted.  

Each  t e s t  produced the  correct  number  of primes, k, for the  
specified range, m. When the  pr imes were l isted, the  to ta l  t a k e n  by  
hand  agreed wi th  the number ,  k, given by  the  a lgor i thm.  
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The  a lgor i thm as publ ished contains an  error on the  11th l ine 
following the  line labled XD, which reads:  

i f  del = abs(cok) /k . . .  
Th is  l ine should  read 

i f  del > abs(eok) /k . . .  
For tuna te ly ,  this  error does not  inva l ida te  the  a lgor i thm bu t  may  
in some eases lead to addi t ional  operat ions.  
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