
Moving from theory to practice, and 
looking at problems more realistically, 
the size of the exponent in a polynomi-
al-time algorithm matters a lot. In the 
era of big data, when  n  is, say, the num-
ber of users of Facebook or Twitter, an  
Θ( n   3 ) - or even  Θ( n   2 ) -time algorithm 
might be too slow. In such applications 
where the input size  n  is very large, any 
practically efficient algorithm that 
solves a problem to optimality can only 
afford a linear or almost linear-time 
complexity. While the distinction be-
tween computationally infeasible and 
feasible problems has classically been 
“NP-hard vs. polynomial-time solv-
able,” in the big data era it becomes 
“polynomial-time vs. (quasi-) linear-
time solvable.”

Parameterized algorithmics for poly-
nomial problems. When a fast algo-
rithm (polynomial) is not fast enough 
(that is, not linear) and when plausible 
relative lower bounds speak against 
further speedups for important algo-
rithmic problems, what can one do?a 
For NP-hard (traditionally computa-
tionally infeasible) problems, there are 
several established coping strategies, 
including heuristics (fingers crossed 
that a worst case does not appear), 
approximation (polynomial-time al-
gorithms that provide approximate 
instead of optimal solutions), and pa-
rameterized algorithmics (be fast if 
the input instance carries a small pa-
rameter value); see Roughgarden36 for 
an overview. With the advent of big 
data it has become apparent that we do 
not only face speed issues for NP-hard 

a While all our examples will relate to graph al-
gorithms, our general message certainly is not 
limited to these.

A HOLY GR A I L of theoretical computer science, with 
numerous fundamental implications to more applied 
areas of computing such as operations research and 
artificial intelligence, is the question of whether NP 
is equal to P. Much of modern technology is based on 
the so-called Cobham-Edmonds’ thesis (named after 
Alan Cobham and Jack Edmonds), which states that 
algorithmic problems can be feasibly computed on a 
computational device only if they can be computed 
in polynomial time. In a nutshell: P means “feasible” 
while NP-hard means “infeasible” to compute.
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 key insights
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problems become relevant for 
polynomial-time solvable problems.

 ˽ Parameterized preprocessing is a general 
approach to speed up algorithms.

 ˽ We review three directions of 
parameterized preprocessing, each 
exemplified on a natural problem.
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problems, but also for problems solv-
able in polynomial time. For instance, 
the classic Cocke-Younger-Kasami al-
gorithm for parsing context-free lan-
guages is not used in practice due to 
its cubic running time, thus resorting 
to constrained context-free languages 
and corresponding linear-time pars-
ing algorithms such as LL- and LR-
parsing. Indeed, with the recent advent 
of fine-grained complexity analysis,10,38 
we have clear indications that some 
of our beloved polynomial-time algo-
rithms cannot be further improved 

without implying unlikely conse-
quences in computational complexity 
theory. Prominent examples in this 
direction include all-pairs shortest 
paths,39 Fréchet distance,9 and longest 
common subsequence in strings.11

Two recent trends in theoretical 
computer science toward addressing 
this challenge are again approxima-
tion algorithms and parameterized al-
gorithms. For instance, Duan and Pet-
tie16 developed a linear-time algorithm 
for computing near-maximum weight 
matchings. Iwata et al.26 developed an  

O(k(m log n + n  log   2  n ) ) -timeb exactc pa-
rameterized algorithm for computing 
maximum-weight matchings, where  k  
is the treewidth of the given graph. No-
tably, while no quasi-linear-time algo-
rithm is known to compute maximum-
weight matchings in the general case, 
the mentioned algorithms achieve 

b Here and subsequently in this work,  n  denotes 
the number    |  V |     of vertices and  m  denotes the 
number    |  E |     of edges in the input graph   G =  (  V, E )    ,  
respectively.

c By an exact algorithm we understand one that 
solves an optimization problem to optimality.

APRIL 2024  |   VOL.  67  |   NO.  4  |   COMMUNICATIONS OF THE ACM     71

I
M

A
G

E
 F

R
O

M
 S

H
U

T
T

E
R

S
T

O
C

K
.C

O
M



such a running time in relaxed settings 
(approximate solutions or input graphs 
with small parameter values). In what 
follows, we want to review and discuss 
possibilities of a parameterized view 
on bypassing established complexity 
barriers for polynomial-time solvable 
problems. More specifically, we focus 
on the power of (linear-time) param-
eterized preprocessing in combination 
with a rigorous mathematical analysis, 
which may guide algorithm design. To 
this end, we present, illustrate, and 
discuss three basic concepts of param-
eterized preprocessing in the context 
of polynomial-time solvable problems.

Three directions of parameterized 
preprocessing. Our focus is on decreas-
ing the algorithmic complexity by pro-
cessing the input without giving up the 
possibility to find an optimal solution 
for the problem for any input instance. 
That is, we exclude approximation al-
gorithms or considerations in the di-
rection of approximation-preserving 
preprocessing. We identify and delin-
eate three fundamental approaches for 
parameterized preprocessing which 
helped to gain significant (practical) 
improvements in algorithmic perfor-
mance over previously existing ap-
proaches. The basic common aspects of 
these three preprocessing variants are, 
on the one hand, their focus on high ef-
ficiency of preprocessing (typically lin-
ear time) and, on the other hand, their 
use of appropriate problem-specific pa-
rameters (that is, some numbers mea-
suring specific, algorithmically crucial, 
features of the input) to obtain an over-
all efficient algorithm with mathemati-
cally provable performance guarantees. 
With the vision of systematizing and 
unifying existing ideas and approaches, 
we use in the remainder of our article 
illustrative examples from graph algo-
rithmics to delve deeper into the fol-
lowing three fundamental directions 
of parameterized preprocessing. In the 
following, we abstain from a discussion 
of the art of problem parameteriza-
tion—while some parameterizations 
are more or less obvious, others (in-
cluding guarantee parameterization or 
distance-from-triviality parameteriza-
tion) leave quite some room for creative 
explorations.34,35

 ˲ Parameterized size reduction. This 
approach originally stems from pa-
rameterized algorithmics for NP-hard 

problems and is known as kerneliza-
tion. The point here is to efficiently 
preprocess the input by trying to 
identify and remove unnecessary or 
nonmeaningful parts, thus hopefully 
shrinking the input size considerably. 
To this end, one replaces the input in-
stance by an “equivalent” one whose 
size can be upper bounded by a hope-
fully small function of the chosen 
parameter only. In this way, one may 
obtain a rigorous way of provably effec-
tive preprocessing. Moreover, this is a 
universal approach in the sense the re-
sulting reduced instance, also known 
as “(problem) kernel,” can be typically 
attacked with any known solving strat-
egy (such as exact, approximation, or 
heuristic algorithms). We exemplify 
this preprocessing approach in the 
context of computing a maximum-
cardinality matching in undirected 
graphs, using the parameter feedback 
edge number of the graph.

 ˲ Parameterized structure simplifi-
cation. This approach is perhaps the 
most natural alternative to kerneliza-
tion: instead of shrinking the size of 
the input, simplify its structure. That 
is, we replace the original input with 
an equivalent one having a simpler 
structure, which we can then algorith-
mically exploit. Here “simpler” typi-
cally means that, apart from some few 
bad substructures, the rest of the input 
has nice properties that allow for an 
efficient algorithm to be applied. The 
fewer these bad substructures in this 
simplified (but equivalent) instance, 
the more efficient this algorithm will 
be. The chosen parameter comes natu-
rally into play: we demand the number 
of bad substructures in the simplified 
instance (which is the only cause of 
inefficiency) to be upper bounded by 
a function of the parameter only. We 
exemplify the structure simplification 
approach in the context of computing 
longest paths in interval graphs, using 
a very natural parameter.

 ˲ Parameterized data structure de-
sign. This approach is sort of closest to 
classic approaches of preprocessing 
and has been extensively used for query-
based problems. The scenario is that we 
have an input on which many queries 
are expected to be asked later. The ap-
proach here is to first design and imple-
ment an auxiliary data structure by pre-
processing the given fixed input, and 

Moving from 
theory to practice, 
and looking at 
problems more 
realistically, the size 
of the exponent in 
a polynomial-time 
algorithm matters  
a lot.  
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Figure 1. Left: Input graph. Middle/right: The graph after applying Data Reduction Rule 
1 once/twice. Bold dashed edges are remembered as contained in the matching. Dotted 
and dashed edges are removed.

⇝ ⇝

Figure 2. Left: Input graph where the edge    {  u, w }     may or may not exist. Right: The graph 
after applying Data Reduction Rule 2 (folding  v ). Bold edges indicate one possible match-
ing in each side.

� w

v

context of (typically) exhaustively ap-
plying all data reduction rules.

Our key illustrating example here is 
Maximum-Cardinality Matching: Given 
an undirected graph  G = (V, E) , the task 
is to find a maximum matching, that 
is, a maximum-cardinality edge sub-
set  M ⊆ E  such that no two edges in  M  
share an endpoint. The (theoretically) 
fastest algorithm for this problem runs 
in  O( √ 

_
 n  m)  time (see Blum6 and the dis-

cussion therein).
The kernelization algorithm we con-

sider for Maximum-Cardinality Match-
ing consists of two simple data reduc-
tion rules already considered by Karp 
and Sipser in the early 1980s.27 The first 
rule removes degree-one vertices from 
the input graph (see also Figure 1):

Data Reduction Rule 1. Let  v  be a de-
gree-one vertex with neighbor  u . Then 
select the edge    {  u, v }     for the maximum 
matching and delete  u  and  v .

First, let us convince ourselves that 
the data reduction rule is correct. A 
maximum matching for the initial 
graph  G  can have at most one more 
edge than a maximum matching for 
the reduced graph   G ′   . Given a maxi-
mum matching   M ′    for   G ′   , we can con-
struct a matching   M ≔  M ′   ∪  {  u, v }     for  G .  
Thus,  M  is a maximum matching.

Second, as to efficiency, it is straight-
forward to implement the rule so that 
it can be exhaustively applied in linear 
time.

As mentioned, the effectiveness 
shall be analyzed in combination with 
the second data reduction rule that 

then to have an algorithm that quickly 
answers each query by operating exclu-
sively on this auxiliary data structure. 
Here, the parameter comes into play in 
a more subtle way by measuring favor-
able properties of the data structure. 
We exemplify this preprocessing strat-
egy in the context of computing short-
est paths in edge-weighted, undirected 
graphs, using the parameter treewidth 
which measures how close an input 
graph is to being a tree.

Here, we discuss these three direc-
tions in more detail.

Parameterized Size 
Reduction (Kernelization)
It is fair to say the method of kernel-
ization is the practically most relevant 
method developed in parameterized 
algorithmics for NP-hard problems.17 
Here, we want to advocate kernelization 
in the context of polynomial-time solv-
able problems, an issue that has been 
rarely touched so far but opens several 
theoretically and practically promising 
research and application avenues.

Recall that a kernelization algo-
rithm is a preprocessing algorithm 
that applies a set of data reduction rules 
to reduce a large problem instance to 
an equivalent smaller instance—a so-
called kernel. We call an instance re-
sulting from the application of a data 
reduction rule a reduced instance. The 
kernel can be seen as the final reduced 
instance, in which no data reduction 
rule can be applied any more. On this 
kernel, one can use any known exact, 
approximation, or heuristic algorithm 
to solve the problem. Recently, data re-
duction rules received a lot of attention 
in practice as well.21,24

Data reduction rules are evaluated 
in terms of correctness, efficiency, and 
effectiveness. A data reduction rule is 
correct if any optimal solution of the 
reduced instance can be extended to 
an optimal solution of the original 
input instance. Correctness is a nec-
essary requirement for all data reduc-
tion rules used in kernelization. It 
is efficient if it can be applied much 
faster than the algorithm solving the 
problem instance, while it is effective 
if the size of the kernel is smaller than 
the original instance size. While cor-
rectness and efficiency are analyzed 
for each data reduction rule separate-
ly, the effectiveness is analyzed in the 

removes degree-two vertices from the 
input graph. To this end, folding a 
degree-two vertex  v  means to delete  v  
and its two neighbors and introduce 
a new vertex adjacent to all vertices at 
distance two from  v  (see Figure 2).

Data Reduction Rule 2. Let  v  be a 
degree-two vertex. Then fold  v .

The idea is as follows: In a maximum 
matching we can always match  v  with 
either  u  or  w . Which of these two cases 
applies is not easy to decide in advance. 
However, if we have a matching where 
at least one of  u  and  w  is not matched, 
then the choice is trivial: match  v  with 
(one of) the non-matched neighbors. 
In any case, since Data Reduction Rule 
2 deletes both vertices  u  and  w , it en-
sures at most one of the edges incident 
to  u  and  w  can be in a matching of the 
resulting graph. Exhaustively applying 
Data Reduction Rule 2 in linear time is 
non-trivial but doable.2

Now we analyze the effectiveness of 
the two data reduction rules, that is, 
the size of the final reduced instance 
after applying them exhaustively. To 
this end, we make use of the kerneliza-
tion concept from the toolbox of pa-
rameterized algorithmics and, to keep 
things simple, we only consider a very 
basic and typically large parameter: In 
the worst case, the graph does not have 
any degree-one or degree-two vertices 
and the reduction rules are not ap-
plicable. If, however, the graph is very 
tree-like in the beginning, namely, 
there are only a small number of edges 
to be removed such that the graph be-
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Figure 3. Speed-up factors obtained by using Data Reduction Rules 1 and 2 in a prepro-
cessing phase before Kececioglu and Pecqueur’s28 algorithm on graphs from the SNAP30 
dataset collection. A speed-up factor below one is a slowdown. The colors indicate the 
kernel size, that is, the percentage of vertices and edges of the original graph not re-
moved by the data reduction rules.
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improve even a sophisticated match-
ing implementation on real-world 
graphs with many low-degree vertices. 
Of course, reduction rules are used for 
many further problems, including lin-
ear programs or SAT solvers.5,23 Data 
reduction rules that can be exhaustive-
ly applied in time linear in the input 
size of the original instance are partic-
ularly attractive: even if there is no ef-
fect on the input instance, then there is 
no large penalty in the overall running 
time of solving the problem at hand.

Overall, kernelization is a very uni-
versal and flexible approach interest-
ing for theory and practice: the param-
eterized framework allows us to get 
theoretical guarantees that yield good 
predictions on the efficiency and ef-
fectiveness of data reduction rules in 
practice.

Parameterized Structure 
Simplification
To gain fast algorithms, a key approach 
is to exploit some specific structural 
property of the input. However, in prac-
tice, the input often does not directly 
have such a special property that we can 
use, which makes this approach often 
not applicable in real-life scenarios. 
Indeed, detecting such useful proper-
ties can be an algorithmic challenge 
on its own. The idea we put forward 
here is like the kernelization approach 
in that we also rely on exhaustively ap-
plying the rules that modify the input 
instance. The difference is that, using 
a problem-specific parameterization, 
we simplify the structure of the input 
instead of shrinking its size; thus, we 
call these rules data simplification 
rules. Once this preprocessing phase 
is done, we can then use another algo-
rithm which is efficient on inputs hav-
ing the desired special property. In this 
algorithmic scheme, the preprocessing 
approach helps to constrain the search 
space (using a function of the param-
eter) for a subsequent algorithm, thus 
leading to overall faster algorithms in 
the case of small parameter values.

Our key illustrating example for the 
structure simplification approach is 
Longest Path on Interval Graphs: Given 
an undirected interval graph  G , the 
task is to find a longest path, that is, 
a path in  G  whose length is as large as 
possible; if every vertex of  G  addition-
ally has a positive weight assigned to 

104 to 108 edges, once with and once 
without exhaustively applying the two 
data reduction rules before running 
their algorithm. The effect of the pre-
processing ranged from a slow down 
by a factor 3 to up to 60 times faster. 
On average the speed-up factor was 4.7 
(see Figure 3 for some details).

These experimental results reflect 
the theoretical prediction as follows: 
For “bad” instances (all of these have 
high parameter value) the data reduc-
tion rules do not reduce the input size 
by much; however, since these rules 
are relatively easy, it does not take 
much time to apply them. In contrast, 
for “good” instances (with small pa-
rameter value) where most of the graph 
is reduced by the rules, the overall al-
gorithmic speed-up is pronounced. 
As the subsequent algorithm that we 
apply to the kernel has usually a non-
linear running time, the exhaustive ap-
plication of the data reduction rules in 
linear time basically comes for free in 
terms of the overall algorithmic com-
plexity, for both good and bad instanc-
es. Notably, for our example, Kececio-
glu and Pecqueur28 state a worst-case 
running time of   O  (  nm · α  (  n, m )   )     for 
their algorithm, where  α  is the inverse 
of Ackermann’s function. This is worse 
than the theoretically best bound of  
  O (    √ 

_
 n  m )    ,6 but in practice Kececioglu 

and Pecqueur’s algorithm is still state 
of the art. Altogether, we conclude that 
even moderately shrinking the input 
has a significant impact on the run-
ning time.

To summarize, the simple kernel-
ization algorithm can significantly 

comes a tree, then in the intermediate 
reduced instances there will be many 
degree-one and/or degree-two vertices 
and, thus, the number of vertices in the 
resulting kernel will be small. Next, we 
formalize the statement;33 herein, the 
feedback edge number  τ  denotes the 
minimum number of edges one must 
remove from a connected graph to ob-
tain a tree. Exhaustively applying Data 
Reduction Rules 1 and 2 on graph  G  
produces a reduced graph   G ′    such that:

1. The graph   G  ′    contains  2 · τ  verti-
ces, where  τ  is the feedback edge num-
ber of  G , and,

2. Given a maximum-cardinality 
matching   M ′    for   G ′   , one can compute 
in linear time a maximum-cardinality 
matching  M  for  G .

The argument for the upper bound   
O (  τ )     on the number of vertices of the 
resulting graph   G ′    is as follows: The 
minimum vertex degree in   G ′    is three. 
As none of the two reduction rules in-
troduces new cycles,   G ′    has still feed-
back edge number at most  τ . Thus, re-
moving  τ  edges results in a tree   T   G ′      (or 
a forest) in which at most  2τ  vertices of 
degree one and two exist. Since   T   G ′      is a 
tree, it follows by a simple counting ar-
gument that it has at most  2τ  vertices 
of degree at least three. Hence,   G ′    con-
tains at most  4τ  vertices.

Besides this theoretical measure 
for the effectiveness of Data Reduction 
Rules 1 and 2, there is also strong ex-
perimental evidence:29 The probably 
still fastest practical algorithm, due to 
Kececioglu and Pecqueur,28 was tested 
on real-world graphs from the SNAP30 
large network dataset collection with 
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Figure 5. An interval graph  G  whose vertex cover number is four (see the four thick intervals).

Figure 4. Interval and proper interval graphs. (a) An interval graph, (b) a proper interval 
graph.
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Fact 2. For a proper interval graph  G  
with  n  vertices, a longest path in  G  can 
be computed in   O  (  n )     time.

Consequently, although interval 
and proper interval graphs are super-
ficially similar, they appear to behave 
very differently when trying to com-
pute a longest path in them.

What makes it substantially more 
difficult to compute a longest path in 
an interval graph? The intuition for 
this is illustrated by a simple exam-
ple in Figure 6. In this figure the only 
source of complication comes from the 
fact there is one long interval   I   v  0      and 
we must decide which of the smaller 
subgraphs   G  1  ,  G  2  ,  G  3    (each of them be-
ing proper interval) will connect their 
Hamiltonian paths using   I   v  0      as a con-
nector interval. The situation becomes 
even more complicated when we have 
more long intervals and more proper 
interval subgraphs, all of which can be 
interconnected in many different ways. 
The fastest known way to deal with 
such cases is to recursively check the 
appropriate points where these con-
nector intervals (that is, the long ones) 
connect the parts of the various proper 
interval subgraphs to combine them 
appropriately to build a longest path.

This discussion naturally leads to 
the appropriate parameter that mea-
sures the backdoor40 or distance to 
triviality22 for the problem Longest Path 
on Interval Graphs: the size  k  of a mini-
mum proper interval (vertex) deletion 
set, that is, the minimum number  k  of 

in  G  can be computed in   O  (    𝓁   3  n )     time.
Moreover, the same refined algo-

rithm correctly computes a longest 
path of  G , even if  G  has positive weights 
on its vertices. It is worth noting here 
that, since we always have that  𝓁 ≤ n ,  
the running time   O  (    𝓁   3  n )     becomes  
  O  (    n   4  )     in the worst case, and thus it is 
asymptotically tight with respect to the 
currently best-known algorithm for 
general interval graphs.

The main idea for our illustrating 
example of structure simplification 
lies in the fact that, after appropriately 
preprocessing the input interval graph  
G  (which has a potentially very large 
vertex cover number, for example,  
  Θ  (  n )   )    , we compute a new graph   G ′    with 
small vertex cover number; then we 
can apply the   O  (   𝓁   3  n )    -time algorithm 
to   G ′    to compute a longest path in both  
G  and   G ′   , as we will describe. That is, 
the desired “special property” after the 
preprocessing phase is having small 
vertex cover number.

The pre-processing uses the fact that 
a longest path in a proper interval graph 
can be trivially computed in linear time. 
Indeed, due to the monotone arrange-
ment of the intervals, every connected 
proper interval graph has a Hamilto-
nian path, that is, a path that traverses 
each vertex exactly once.4 Such a Hamil-
tonian path can be found by traversing 
all intervals from left to right, and thus 
a longest path of a proper interval graph 
can be computed by just finding its larg-
est connected component.

it, then the task becomes to compute 
a path having the largest total weight 
on its vertices. Since this is a funda-
mental NP-hard problem on general 
graphs, which directly generalizes 
the famous Hamiltonian Path prob-
lem, researchers have tried to identify 
“islands of tractability,” that is, ap-
propriate graph families  ℱ  such that, 
for every graph  G ∈ ℱ  with  n  vertices, 
a longest path in  G  can be computed 
in time that is polynomial in  n . One of 
the well-known graph families  ℱ  for 
which this is possible is the class of 
interval graphs, where a longest path 
can be computed by a dynamic pro-
gramming algorithm with running 
time   O (    n   4  )    .25 Although this running 
time is polynomial, the degree of the 
polynomial is too high for being prac-
tical when the number  n  of vertices 
becomes large; however, to date this 
remains the fastest known algorithm 
for the problem. We will see that some 
acceleration can be achieved if the in-
terval graph is close to the special case 
of being a proper interval graph.

A graph   G =  (  V, E )     is an interval 
graph if one can assign to every vertex  
v ∈ V  exactly one closed interval   I  v    on 
the real line  ℝ  such that  u  is adjacent 
to  v  if and only if   I  u   ∩  I  v   ≠ Ø  (see Fig-
ure 4a). If such a collection of intervals 
exists such that none of them is prop-
erly included in another one, then  G  is 
called a proper interval graph (see Fig-
ure 4b). Interval graphs have received 
a lot of algorithmic attention due to 
their applicability in DNA physical 
mapping, genetics, molecular biology, 
and scheduling problems.19,20

By closely analyzing   O  (   n   4  )    -time dy-
namic programming algorithm,25 it 
turns out a very slight refinement of it 
runs in   O  (    𝓁   3  n )     time whenever in the 
input interval graph  G  has at least  n – 𝓁  
vertices that are independent, that is, 
pairwise non-adjacent; that is, if the in-
tervals associated with these  n – 𝓁  ver-
tices are pairwise nonintersecting.18 In 
such a case, we say the parameter ver-
tex cover number of the graph is upper-
bounded by  𝓁  (see Figure 5): the vertex 
cover number of a graph   G =  (  V, E )     is the 
size of the smallest vertex subset  S ⊆ V  
such that every edge is incident with at 
least one vertex of  S . We can conclude 
the following:

Fact 1. For an interval graph  G  with 
vertex cover number  𝓁 , a longest path 
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tervals of the proper interval deletion 
set (which we have already computed 
in linear time) divide the real line  ℝ  
into at most  4k + 1  disjoint parts. For 
each of the   O  (   k   2  )     pairs of these disjoint 
parts of  ℝ , we consider the intervals of 
the graph that have their left endpoint 
in the one part and their right endpoint 
in the other one. As it turns out, we can 
just replace all of these (potentially  
  O (  n )     many) intervals with few new in-
tervals (in fact,   O  (  k )     many), each of 
them having an appropriate positive 
weight. Thus, we have in total   O (   k   3  )     
new weighted intervals after exhaus-
tively applying the second simplifica-
tion rule. This in turn implies the ver-
tex cover of the resulting (weighted) 
interval graph is   𝓁 = O  (   k   3  )    . Thus, we can 
now apply the refined dynamic-pro-
gramming algorithm, obtaining over-
all an algorithm that computes a lon-
gest path of the input interval graph in   
O  (   𝓁   3  n )   = O (   k   9  n )     time in total.

In summary, structure simplifica-
tion is a natural “sister approach” to 
kernelization in the sense of focusing 
on creating nice structure instead of 
merely shrinking size in the reduced 
instance. Both however, make decisive 
use of appropriate problem-specific 
parameters (with hopefully instance-
specific small values) to perform a 
rigorous mathematical analysis pro-
viding theoretical (worst-case) guaran-
tees. As to structure simplification, we 
also point to the concept of treewidth 
reduction used in the context of NP-
hard problems;32 treewidth will also be 
a key concept in the main illustrating 
example for the third direction of pa-
rameterized preprocessing.

Parameterized Data 
Structure Design
A classic approach to faster algorithms 
is to first build up appropriate clever 
data structures, and then to design 
algorithms that exploit these data 
structures to solve the target problem. 
Correspondingly, fundamental data 
structures such as heaps are discussed 
in every basic textbook on algorithms 
and usually have very well understood 
guarantees. Our goal here is to exhibit 
a strategy based on classic pre-process-
ing (that is, by first building up a help-
ful data structure) in conjunction with 
a parameterized analysis of the com-
putational complexity.

vertices we have to delete from an inter-
val graph  G  to obtain a proper interval 
graph.18 As it turns out, given an inter-
val graph  G , a proper interval deletion 
set  S  of size at most  4k  can be computed 
in linear time by appropriately travers-
ing the intervals from left to right.18

Based on this distance-to-triviality 
parameter, Giannopoulou et al.18 pro-
vided a polynomial-fixed parameter al-
gorithm for interval graphs that com-
putes a longest path in   O (    k   9  n )     time, 
implying linear time for constant val-
ues of  k . In summary, the main idea of 
this algorithm is as follows:

1. Exhaustively apply two data sim-
plification rules in total   O  (  kn )     time to 
obtain an interval graph   G ′    (with ap-
propriate vertex weights) that has ver-
tex cover size   𝓁 = O (    k   3  )    .

2. Apply to   G ′    the algorithm be-
hind Fact 1 with running time   O (    𝓁   3  n )   =  
O (    k   9  n )     to compute a longest path of   G′, 
and thus at the same time also a lon-
gest path of  G .

The details of the two data simplifi-
cation rules of this preprocessing phase 
are quite delicate; therefore, we focus 
here on highlighting the main ideas 
behind them. The first simplification 
rule deals with specific sequences of 
intervals of  G  that have the all-or-none 
property; that is, a longest path con-
tains either all intervals of the sequence 
or none of them; note this property gen-
eralizes the idea behind Fact 2. In each 
of these sequences, the intervals form a 
proper interval subgraph. Once we have 
identified these sequences, we replace 
each one of them with one single inter-
val having an integer weight equal to the 
number of intervals of the sequence. 
The important structural property of 
these new weighted intervals is they are 
mutually non-intersecting (that is, they 
are independent), and thus they cannot 
be connected to each other directly in 
any path (see Figure 7 for a visualiza-
tion). That is, in contrast to the kernel-
ization approach, here by exhaustively 
applying this first simplification rule 
we do not upper-bound the number of 
these new intervals (in fact, there can be   
O (  n )     many), but we simplify their struc-
ture instead. Moreover, as these new 
intervals are mutually non-intersecting, 
all other intervals form a vertex cover of 
the graph, see Figure 5.

The second data simplification rule 
proceeds as follows. The (at most)  4k  in-

A classic approach 
to faster algorithms 
is to first build up 
appropriate clever 
data structures, 
and then to design 
algorithms that 
exploit these data 
structures to solve 
the target problem. 
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Figure 7. The weighted interval graph resulting from applying the first data simplification 
rule on the graph of Figure 6. The new weighted intervals   v  1–4  ,  v  5–6   , and   v  7–9    replaced the sets 
of intervals    {    v  1  ,  v  2  ,  v  3  ,  v  4   }  ,  {    v  5  ,  v  6   }    , and    {    v  7  ,  v  8  ,  v  9   }     and took weights 4, 2, and 3, respectively.

�0

�1 – 4 �5 – 6 �7 – 9 

weight: 2weight: 4 weight: 3

Figure 6. A (non-proper) interval graph  G  with only one long interval   I   v  0      which properly 
contains some other intervals. All other intervals (without   I   v  0      ) induce three connected 
proper interval graphs   G  1  ,  G  2  ,  G  3   , each having a Hamiltonian path. To compute a longest 
path, we just need to detect the two largest graphs among   G  1  ,  G  2  ,  G  3    (here   G  1    and   G  3   ); then 
glue their Hamiltonian paths together using the long interval   I   v  0      as a connector. In this 
case the longest path is    (    v  1  ,  v  2  ,  v  3  ,  v  4  ,  v  0  ,  v  7  ,  v  8  ,  v  9   )     and contains eight vertices.
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 ˲   V ′    contains neither  s  nor  t  (see left 
side in Figure 8).

We can simplify the graph as shown 
in Figure 8 (right side). Our goal is to 
delete   V ′    from  G . Since a shortest path 
might pass through   V ′   , however, we 
need to keep the information about 
all possible paths through   V ′   . To en-
code this information, we use that ev-
ery sub-path of a shortest path is also 
a shortest path and combine this with 
Fact 4: Compute all pairwise distances 
for vertices in the separator  W  within 

can answer every distance query in 
constant time.

The table size of   n   2  , however, is pro-
hibitively large for real-world applica-
tions. This leads us to our next and last 
fact. Assume there is a vertex subset   V ′    
in the graph such that:

 ˲   V ′    is connected to the rest of the 
graph via a small separatord  W  and

d That is, removing the vertex set  W   from the 
graph disconnects   V ′    from the rest of the 
graph.

Our key illustrating example here 
is the computation of shortest paths, 
known to be solvable in   O (  n log n + m )     
time using Dijkstra’s classic algorithm. 
This running time is fast, however, 
sometimes not fast enough when used 
in modern applications such as real-
time route planning, where  n  is huge 
(for example, all cities in the U.S.). We 
describe an approach that efficiently 
computes shortest-path queries using 
tree decompositions—a data structure 
originating from algorithmic graph 
theory frequently used in parameter-
ized algorithmics to cope with NP-
hard problems. The approach to be 
described will not provide good worst-
case guarantees in general; however, 
a parameterized analysis using tree-
width,1,12 combined with the fact that 
many infrastructure networks have 
small treewidth,31 shows its benefits. 
Indeed, the described ideas are used 
in practice on quite large datasets, for 
example in Microsoft’s Bing Maps.3,14

In our setting, the input graph  G  is a 
static, edge-weighted graph represent-
ing, for example, a road network. The 
task is to quickly report the distance—
the length of a shortest path—between 
different pairs of vertices. To this end, 
we will compile  G , that is, we build in 
a preprocessing step a data structure 
on which the subsequent algorithm 
can quickly answer distance queries 
between any pair of vertices of  G . We 
remark that the approach allows for 
queries reporting the shortest path 
and fast weight updates without com-
piling  G  repeatedly.3,4

We first present three simple facts 
that are exploited in the approach. 
Then, we give a high-level description 
of the concepts of tree-decomposition 
and treewidth. Finally, we explain how 
the overall approach works.

First, assume the input graph is a 
tree. Then, computing the distance 
between  s  and  t  boils down to finding 
the lowest common ancestor of  s  and  t . 
Consequently, the following holds:

Fact 3. In a tree of height  h , the dis-
tance between  s  and  t  can be computed 
in   O (  h )     time.

Second, simply computing the dis-
tance between all possible pairs of 
vertices in the graph and storing the 
results in a table of size   n   2   yields the 
following:

Fact 4. Using a size-  O  (   n   2  )     table, one 

Figure 8. Left: Input graph  G . Right: The graph  G  shrunk on its separator  W . For computing 
the distance between  s  and  t , it suffices to know the pairwise distances between the 
vertices in the separator  W  in the induced subgraph   G [  W ∪  V  ′   ]    . The graph can be shrunk 
on the separator  W  by deleting   V ′    and providing all edges within  W  with proper weights as 
shown on the right.
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Figure 10. A tree-decomposition of a graph  G  (black vertices and black, dotted, and solid 
edges). The thick red (weighted) edges encode a shortest path between the vertices 
within the subgraph of  G  (dotted edges).

s

t
3

2

in  P  (see thick red edges in Figure 10).
4. Compute and return an  s-t -dis-

tance in   G ′    using Dijkstra’s algorithm.
An extension of the preprocessing 

allows to return not only the distance 
but also a shortest path between  s  and  
t. The algorithm here requires a tree-de-
composition, which can be computed 
once in the preprocessing. Computing 
an optimal tree-decomposition is NP-
hard. However, there are practically 
useful heuristics computing tree-de-
compositions.13,37 Moreover, any tree-
decomposition can be transformed 
efficiently into another tree-decompo-
sition with depth   O (  log n )     and approxi-
mately three times larger bags.7 This 
ensures the path  Q  found in Step 2 is of 
length   O  (  log n )    .

For the computation of   G ′    in Step 3, 
one needs the precomputed distances 
in the separators. More precisely, for 
each pair of adjacent bags  b,  b ′    one 
must compute for all vertex pairs in   
V  b   ∩  V   b ′      the pairwise distances in both 
subgraphs that got disconnected by 
the separator. For each pair of bags, 
these pairwise distances will be stored 
in tables to allow constant-time access. 
Overall, these computations can be 
done using dynamic programming in   
O (    k   3  n )     time,1 where  k  is the treewidth 
of the graph.

Next, we analyze the running time 
of this algorithm. Since the depth of  
T  is   O  (  log n )    , it follows that the path  
P  contains   O (  log n )     bags and can, by 
Fact 3, be found in   O (  log n )     time. By 
definition of treewidth,   G ′    contains    
O (  k log n )     vertices and   O  (    k   2   log n )     edg-
es. Thus, using Dijkstra’s algorithm 
in   G ′    requires   O (  k log n log (  k log n )   +  
k   2   log n )     time to obtain the distance 
between  s  and  t . For moderately small  
k , this is a sub-linear running time. In 
infrastructure networks the treewidth 
is typically   O (    

3
 √ 
_

 n   )    .31 Hence, in such 
networks the query time is usually  
  O (    n   2/3   log n )    .

Overall, the parameterized analysis 
yields a very good theoretical explana-
tion and predictor for the practically 
observed efficiency. To the best of our 
knowledge, there are only few exam-
ples of similar data-structure-driven 
preprocessing algorithms combined 
with a parameterized analysis. One of 
these is given by a study with Gomory-
Hu trees to compute minimum cuts.8

Notably, the presented preprocess-

precisely, each bage  b  of  T  contains a 
vertex subset   V  b   ⊆ V  of  G  and, in par-
ticular, the following conditions are 
fulfilled (see Figure 9 for an example):

a. Every vertex of  G  appears in at 
least one bag of  T .

b. For any two bags  b,  b ′    that are ad-
jacent in  T , the intersection of their 
vertex sets   V  b   ∩  V   b ′      is a separator in  G .

The treewidth of a graph  G  is  k  if 
there exists a tree-decomposition  T  
such that each of the (at most   O  (  n )   )     
bags in  T  contains at most  k  vertices 
(thus the separators are small).

Now the algorithm for answering  s-t 
-distance queries by using a (properly 
preprocessed) tree-decomposition and 
Facts 3 to 5 works as follows:

1. Find two bags containing  s  and  t , 
respectively.

2. Find the shortest path  P  between 
these two bags in the tree  T  (see gray 
bags in Figure 10).

3. Take the graph   G ′    induced by the 
vertices in the bags of  P . Based on Facts 
4 and 5, add to   G ′    the weighted edges en-
coding all paths in  G  that go via bags not 

e The nodes of tree  T  are usually called bags.

the induced graph  G [ W ∪  V ′  ] . and store 
the obtained distances using weighted 
edges with both endpoints in  W , see 
Figure 8 (left side). After that, one can 
remove   V ′    without changing any dis-
tance between the vertices  s, t ∈ V\ V ′   .

Fact 5. Let  W ⊆ V \ V ′    separate   V ′   ⊆ V  
from  V\ V ′    with  s, t ∈ V \ V ′   . Then remove   
V ′    and add edges representing shortest 
paths within  G [ W ∪  V ′  ]  as displayed in 
Figure 8.

We now combine Facts 3 to 5 into 
an algorithmic strategy. Note that 
the usefulness of a separator (in Fact 
5) depends on  s  and  t . Moreover, our 
data structure shall support very fast 
distance queries for all pairs  s, t ∈ V .  
But which separators should be used 
in the preprocessing (before  s  and  t  
are known)? Considering all separa-
tors is clearly too expensive because 
there can be exponentially many of 
those. Instead, we need a relatively 
small set of not-too-large separators. 
A tree-decomposition provides such 
a set (given that the input graph has 
small treewidth).

A tree-decomposition of a graph    
G =  (  V, E )     is a tree  T  containing  G . More 

Figure 9. Left: Input graph  G . Right: A tree-decomposition of  G . The bags are represented 
by ellipses; each bag contains the vertices lying inside its corresponding ellipse. The 
edges of  G  are not part of the tree-decomposition and are thus only dotted in the right 
side. For the sake of simplicity, we omit the weights on the edges.
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mostly NP-hard problems. Taking up 
their ideas and trying to make them 
work in the world of polynomial-time 
problems is promising; indeed, in 
the era of big data, polynomial time 
frequently is just not enough to repre-
sent efficiency. Parameterized (quasi-)
linear-time preprocessing, as we dis-
cussed, might contribute to remedy-
ing this situation.
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ing approach only works in conjunc-
tion with the algorithm answering the 
shortest path queries with the tree-
decomposition. This is like structure 
simplification but in stark contrast to 
kernelization, which can be used as a 
preprocessing step before exact, ap-
proximate, or heuristic algorithms. We 
mention in passing, however, that the 
shortest path setting discussed here 
seems to be resistant to kernelization 
as any vertex in the graph can be the 
start or the end vertex of a query.

Summary and Outlook
Parameterization enjoyed great suc-
cess in refining the computational 
complexity analysis of NP-hard prob-
lems, leading to an extremely rich area 
with a wealth of results and techniques. 
In this article, we wanted to steer the 
view also to the area of polynomial-
time solvable problems. More specifi-
cally, we focused on parameterized 
preprocessing, highlighting the po-
tential of parameterized algorithm de-
sign for speeding up slow polynomial-
time algorithms. The overall message 
we offer here is that looking through 
parameterized glasses, one may find 
promising avenues toward (provably) 
accelerating algorithms for fundamen-
tal computational problems.

Our studies are closely linked to the 
somewhat more general framework 
of studying fixed-parameter tractabil-
ity for polynomial-time solvable prob-
lems18 and the fine-grained complexity 
analysis framework.38 The latter offers, 
based on assumptions such as the Ex-
ponential Time Hypothesis, fresh ideas 
for proving the worst-case optimality 
of several known polynomial-time al-
gorithms. Notably, parameterization 
again may break these fine-grained 
barriers by adding new dimensions of 
analysis, that is, problem-specific pa-
rameters that help to further refine the 
analysis and to design parameterized 
and multivariate algorithms.

Already in their path-breaking 
textbook on parameterized complex-
ity in 1999, Downey and Fellows15 
complained about the lack of predic-
tive power of classic computational 
complexity analysis (and, correspond-
ingly, algorithm design). Their param-
eterized complexity ideas enabled 
new views on the (worst-case) com-
putational complexity landscape of 
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