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All the zeros xe~.i, i = 1(1)2  m, of the Chebyshev polyno- 
mials T ~ ( x )  ,m = 0 (1 )n ,  are found recursively iust by tak- 
ing n2 ~-~ real square roots. For interpolation or integration of 
f ( x ) ,  given f (x2,hl ) ,  only xe~.i is needed to calculate (a)  the 
(2 ~ - -  1)-th degree Lagrange interpolation polynomial, and 
(b)  the definite integral over [ - -1 ,  1], either with or without 
the weight function (1 - -  x s)-~, the former being exact for f(x) 
of degree 2 ~+1 - -  1. 
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F r o m  T,,,(x) ~ cos (m a rccosx)  and the  wel l -known 
T, , , ( x )  = T , / T n ( x ) ) ,  we have  

T2.(x) = T2 , - , (T2 ( z ) ) .  (1) 

The  zeros of T,, (x) in increasing order  are 

2i --  1 
Xm.~ = --COS - - ~ - - -  ~r, i = 1 , ' . .  , m. 

I f  y is a root  of 

T2(y) ~ - 2 y  ~ --  1 = x2,-~. , ,  (2) 

f rom (1) and (2), Te-(y) = T2--~(xe--ax) = 0; so y is a 
root  x2-.i. T h e  two roots  of (2) for  each x2,-~.¢, 
i = 1 , . - . , 2  "-l ,  give all the  roots  x~. ~ , i = 1 , . . - , 2  ". 
Solving (2) in succession for  n = 1, 2 , - . . ,  n, where  
x20.~ = O, we get  

X21 ,~ ~ ::~ ) X22,¢ 

(1 ?)o , . . ,  ( x 
::e 1+ ½ = ::~ • . . = ::~ ~ 2~-I ' '  

The (2 ~ -- 1)-th degree Lagrange interpolation poly- 

nomial L~,_~(x) which equals f(x) at the 2 ~ points 
x~.~, i = I, ... , 2 ~, is expressible as 

L2._~ ( x )  = ~_, A2.,,f(x~.,~)_ ____ A2., ,  (3)  
i = l  X - -  X 2 n , i  / ' = 1  X - -  X2n  l 
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where  

A2.,, = ( - 1 ) ~ ( 1  - x~.,,)i. (4) 

Also f rom (2), 

A2.,, = ( _ l ) i  - _2"-1,i ~ . (5)  

B u t  ne i ther  (4) nor  (5) is needed in the  c o m p u t a t i o n  of 
L2._a(x),  because,  f rom e lemen ta ry  t r igonomet ry ,  

A2-,, = (--1) ' -1x2-,2-- , - ,+i  = ( - 1 ) ' l  x~.,,+2.-1 [, 
(6a) 

i = 1, " ' "  , 2  "-I,  

A2-,i = ( - -1) ' - lx2- , , -2- - t  = ( - - 1 ) '  I x2-,i-2--~ l, 
(6b) 

i = 2 " - 1 +  1, . . . , 2  ". 

Fo r  x in the  in terva l  [ - -1 ,  1], 

/ ( z )  - L2,-x(x)  = T2 , (x ) f  (~") (~)/2v*-~(2 ") !, 
(7) 

- 1  ~,~=< 1. 

For  q u a d r a t u r e  using x~..~, 

1 (i --  x2) ½ dx = ~ ,=i ~ f(x2. . i )  + Re., (8a)  

where  
R2~ = ~fc2-+1)(~)/22-+1-1(2=+1)I, 

(Sb)  
- 1 < ~ < 1 .  

W h e n  (8) is appl ied to 

i rl (I - x~) ~ f 

f rom (4) and (6a) we obta in  
1 2 n-I 

f f(x) dx ~" r z2.,,+~.-, [ 
1 ~=1 ( 9 )  

• i f (x2 , .5  + f ( - x e , , , ) ]  + / ~ ° ,  

where/~2- is found  b y  replacing f ( x )  b y  (1 --  x~)~f(x) in 
(Sb) .  

Only n square  roots  for  each i are required for  x~,.~, for  
a to ta l  of n2 ~-1. For  n = 10, in terpola t ion  b y  (3) gives 
1023rd degree accuracy,  while q u a d r a t u r e  b y  (8) is exact  
up  to the  2047th degree in f (x ) ;  n = 20 gives 1,048,575th 
degree accuracy  in (3) and  2,097,151th degree accuracy  in 
(8). 
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