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A m~hod of core storage olJocafion in a certain iterative 
process is described and estimates of the machine time required 
are 91v~n, The method is appNcabte to iterative processes in 
which ir~put do~c~ items once chosen ore never  again needed, 
M this method ihe input data is continuously relocated and the 
s p o c e  m o d e  o v o i t ~ b t e  apportioned to the output tables when  an 
ov~rfflow occurs, Some important speciol cases a r e  cons idered  

m wB~A~ conrSd~robt@ dmpti f icahon occurs, 

t~ ~. .u~m't , ,~ t/alq~Pn~ i h n t  tw~wossmg ~ i a l / [ e  {}f d~l, ta  
; ;~ )ml  c{mf-4!,~lS ttt ..... t,~,-i,{'t)l]V{ }t,qsse',-t l l W O l l g ] ]  l ] l e  t .ahle,  

m .swh of  w h i c h  v f - r l : l l l ,  i l l ' I l l s  (tile <)I' l i l(}l '{ '  ('oriIigtaotl:q 
,,*<f:{i> / ;CPt' I h i , s t i l t  l i i l "  I} IoCI' , ;4~fl t}{ l t( ' { ' () l ' { I ] l / l~ 1¢) ;'g()/))t!' I ' t i l e  lL l ld  

t i~: l /  i l ia r e M l e r  Ihc  IP I I ] >  } i ' / 'O l l lP  "Ol , .~{ l ] { ' i (  . "  i,(%, D,I'{' IIO¥'OF 

7tJ./zt/~ {Qli;lff-PIG lJltl" l ' ) te l l  l t t q / i  ( ' }HIs I ) I I .  { r l l . { "  ~ll" III(,HX{ o / l { , i i t a t  

~];d~t 11{.it]$, : t re ;zet~el'~tlCotJ m d  s/Pe l 'e l~i l l led l/rt ]t111,-;1, le l l ipO-- 
] 'SIFI]\  !I1 I ' /} l ' f '  41~}Fal~f*, 

Slum~<l u }ml)l~ea ih:tt t lu'rv ~s il/sti/l]cleiil t'()~%1 stora.g'e 
>lmcP ~IVelIIa~IItP Io  }lOis'] }}tlJ}l I}1¢' }Ill}tit {).tilt O t l i p l l [ ,  (]Hlla 
l'tt l/'> t}lil >/ll]/Cil'VIl bq~ncl, lttl' Ill? tlal li/ll dni~t ttlollP, then  
tt~>l~,=~t*t ~tf /i<q/* K pel ' /  }}wF~'tt Sli~V:14g,. w h i c h  I'tl~t)/ })o / l l l do -  

>lt°~':t/~]~ ° *v eU~l/  t/i/poS~cltl/p) t~, I'~lli l / l I i ke  n v a i l M l i e  t h e  

<,,f}{t{-4 ~}<,l,l]llil ~J l~t the o}}si}lelo {l;t l~t i te t l l s .  T h i s  is dotie by 
c{~,~{L~m~ lt~ r~qoP; l l l tm {~1 the  l lo l /HJ)so ie lo  i l lp ta{  d.~t.laL in  t h e  

eu, u r ~  4" :~ pa,~o: ~,, I hn /  t)ot~tor the  {ttl(t ot" It. [J~tss :L ~l>p 

,-.,*uv~ t,~(,l~vi,en l h ,  ~o .o l ,> , , l e la ,  (I<M:~ ,,trill the (I<~;l~i y e t  t o  

h .  t , x . 'm~m~i  h I } .  t}ass. A I  t he  end  <,i a ptcs8 the  i l t [ ) l l t  

ts t l } t l  - SI I I )P iPf tO,{  t~v I l ia ,  17t l l l i i )Of  o f  i { e l i lS  c h o s e n  m i d  the 
slmv~ ~i~t~te :~V~l i / : t / t I ( ,  {-~ t lScf t  fOP | l i e  St:or,<tTe Of  O l l { , i 0 / l t ,  

"t'~ :t{1 , l l l p l t s t /  i b i s .  wt ,  :ti-l'<~tllg{( , l h o  irltmt and O'tll~[)ta(, 

{:tt~IP~ ls~ :~ C{}I/{igtlO/l$ t'ItS}ti(HI {)II{t W]lOIleVOF ttlt OV(:)|'{:[O~V 

,,, ~i~ *,lt~pul IM)h's ,,<','its if t}efore the elad of It p{18s we. 
~.>~ oh>.. i t .  g:tl) u, Ih,, mln~i (:thh, hy '( ol'~ttiug the 
~t,~.,.~ v ,q  f~ hP c x a l n t u u d  /n l t m i  t):~ssl we. r e l o c a t e  the 
4t11111111 ~{[tttltt%~. ~ lpD( 'q ' { , IO l l i t lg  l i l  ( ) [ te l l  i t})+l ie (}i" the sl)ace 

m:,d~ :~xailabte. All addn, ,~ m<~,{ifi(,a.G(ms a.re, of eourse> 
d~)h, ]~% t}w, mnch]Ia 

"J+}~ ~ pF()CesS S ( ) l i l le  jllex~K~tlSiVe ( l i l l e \v i s e  {ltltt(, ] (}ail 

.*e P;~r~m!m; o f  M a l h e r l l a t i t ,  s 
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in m o v i n g  the  t.aE~es i~x core ~i~rage. 

I,eI, A be t h e  t o t a l  availat)]( ~-ru ~ l ~ ) ~ e  :sI),~ce if<, 
})ol]<1 ilU)tlt iLl)c) fnt tpla{);  Lf~, {he ]el~}1 o{' t}le i~x!)uI Itl}~l~. 
L , , - . . ,  Le ,  ~fhe aeag{hs gd ih (  1: ~l t l>~t  *a}~les. l,,,r 

/~ ...... [4 "+ . . . .  -'k-' L;.. , t~t~(] l~eee>>tl~]]y L ~ ~1. If .~ .... L, .... 

t})e ecmtn~ry, l , e t  us ~,ssum{ ~ha~ fi~r enl:h w~rd &H~it +, 
core s torage)  ,c,~" {11t~11~ t}ta¢ is (>}loselt (l~at~{]e {}}~s~)ht~{, 

L1, 5 ~ s , ' . - ,  L~:, l't~?.q~l{f{v~ly. ~Ue shall as>lmm t}l~! 

t)raeessing a,!/(tl }/ePeat'ter it {s a:~s~lm~d t}mt {h{<e art, t)}~+ 
colasLal~ {. ~werage8 ~(~v { 1t( pr~ wens. J gl}i i~*}13', >' e :q~p¢~r{ }~i 
the simee [ tkn ~ t},e ~ud)l~s l .a ,  Le,  . , , ,  /,~. 7'~1 }he la~i,, 
rq:'n~: . . .  :n,.:, r esp t !e t ive ly ,  :x~id i,i the :mat3>i> l}u,~ 
follows i t  is a s s t m t e d  t})al t he  ~n~U,ut !M)h> ma i~ la}~  {h},,, 

[ is reB, s0n lc t ) l y  g / 'e~d er t }Y~m n :-:: n l + . . . . . .  + n } 

W h e n  t h e  {}tlilm¢ t a b l e s  ~)verfl~}v., l l l e  f~:stl in t h e  7~it),lll 
table (it' we a t {  tw},{ a'l 'the end ~}i' :~ p:a~-s) b,. dose(S, i}~e {}tl~ 

p/It t~ables ~cre reh~ca~td  and  ihe ~pa<'~, m a d e  a~Id lah le  i.. 

a p p o r t i ( m e a l  Lo (Kt,(t]~t ~: t~; l ] l l  i l l  {1/( ~ Fi;t l ] f) /<~i]/2~+" . . .  : / / ~  

l;'h'st ~e compu te  the ntm~ber o} tinie:~ 3/ {}la~ :t~l <}~(,r 
fh}w {if the o t l t p m  tables (':m ~m'm'+ A~Jqmii/ t /  l lu~ 
n, > i ,  the f i r s (  i ; i m {  t h a i  a~i overll~}w { ,ecurs ,  i lae t {d : l ]  

l eng th  (if the  ot l t t ) t t t  i:l~t)]es Js 1; / ~ !  w(}l'~ls }rove } )ecn ~'(' 
lliOVed fl'Olal {tllD i~l~)tl{ {',.l.!)[e ttlt{l t fw sDv~(~e l~tat{~e ~x':l.{i 
ttbie for tile OClbp/it {al)i(ts. T i le  sce~md t ime  lt~ {}verfh}~ 
Ol'('lll'S, t/'H, -H [-#~2 W()FdN b.{ave })el!It l'eil(~glv(~([ fP~}I)l {11( ~ 

i l l l ) t l t  table, etc. T h e  maMnmm smmb.er of t imes thai  the, 
OCitt}ttt, t~tble.s o v e r f l o w  is t h e  sil~d/es~< i~ . teger  N sttel~ t h a t  

I / n  q" [/~/~ + . . . .  + 1:~." :~ L, 

Summing and  us ing  the relsti~ms Lon :.~ L an,7 
I = A ~ L ~ ,  w e  o b t a i ] ~  [ /n  v~~ ~7~ ( t  - L)"(.q ....... L+,'~. 

Thus  N is ),he smal les t  i~,teger such that  

A ...... L,, 

FoP n = 1 we  dis t  v~gu{sh two <lses. k ~= t rm{l k # t. 
F o r  k = t the o u t p u t  table witl ~>t  over'g,:)B, i~ n(} m o r ~  

t h a n  I w o r d s  a r e  : removed from the h@ut table in ~ p~>~s. 
I n  *,his e a s e  w e  d e g ~ m  N as  ~..1,e mmtt )eP o f  t imes tea t  a ~  
overflow c o u l d  o c c u r ,  t ~  the ease  k # 1, o v e r f l o w s  sha ] t  
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a(*ually oc(:ur. In either case it is not difficult to see that  
N is the smallest izlt;eger such tha t  

L0 
N ~  . . . . . . .  1. 

- A - Lo 

To write N :in a more suitable form, let us define: 
p0 = Lo/A = fraction of total available core storage 

required for the input data, 
p ~ - - L / A  = fraction of total  available core storage 

required for the input data, 
q0 = 1 - p0 = fraction of total  core storage initially 

empty, 
qt = 1 - - p ~  = fraction of total  core storage finally 

empty. 
Then n = p~/po and we can write 

(log (q0/qi) I 7, 1, = p,/p0 > 1, 
N ] 

Applying l?Hospital ' s  rule, we can easily see that  the 
second of these expressions is the limit as pl --~ p0 of the 
lit'st. 

To obtain the time required, we first compute the total 
number Jl'[, of words moved in relocating the output  data 
tables. It, is not difficult to see tha t  

21,I~ = N I - t -  ( N  - -  1 ) I / n - t -  " "  q - [ I n  N-~, n = 1, 

= N [  q- (iV -- 1)I q- (N -- 1)I -f- . - .  --k [ ,  

n =  l,  k ¢ l .  

In the case n = 1 and lc = t, the output  table is never 
relocated. 

The total number Me of words moved in relocating 
the input data is 

M.2 = C(Lo - l / n )  ÷ . . .  + C(Lo - I / n  . . . . .  I/nN), 

n ~ l ,  

= C ( L o -  I )  + . . .  + C ( L o - N I ) ,  n = 1, 

where0  -< C ~ 1 (C = 0 in the ea se tha t  each time an 
overflow of the output  tables occurred, we were at the 
end of a pass through the input table; C = 1, near the 
beginning). We obtain for the sum M = M~ + M~, 

21I = CNLo ,+- [(1 - C/n) (N  q- (N - 1)/n - t -" '"  

+ 1/n~-~), n # 1, 

= IN(N-+- 1)/2 ÷ CN(Lo -- (N -V 1)//2),  

n = 1, I c ¢ 1 .  

It' we sum the second tet'n~ in the first of the above formu- : 

las for ' we see .ell, easily that the second of these is the 

limit of the first as n --> 1. Indeed, 

3,: + (N - 1 ) / n  + . . .  + 1/nN-~ 
N 

= ~ (~ - : t / , ~ ' 3 / ( 1  - 1/.n), 
a:=-~ t 
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and the assertion easily follows by applying L'Hospital 's  
rule. The maximum and minimum vatues of M corre- 
spond to C = 1 and C = 0, respectively; the average 
value of M corresponds to the average value C = ½. 

It, is convenient to consider m = M / A ,  the number 
of relocations per word of total available core storage. 
Let  us define N1 and N2 as the least integrM upper bounds 
of (log (1 - po)/(1 - p0) / log  p{po and p/(1 - p) 
(pc = px = p), respectively. 

Let us compute the maximum and average values of m 
corresponding to C = 1 and C = ½, respectively. 
Assuming that  1/n ~+1 is approximately equal to 
(1 - p0 / (1  - p0), we obtain after a somewhat lengthy 
eMeulation: 

I N1 - -  (p0 + p l ) ,  ~ # 1, 

m a x m =  [N2p- -  p, n = 1, k ¢ 1; 

½N~(1 -f- pt(1 - po)/(p~ - pc)) 

- -  ½(Po q-  p ,  q-  p 2 / ( p ~  _ p c ) ) ,  n ~ 1, 
a r m  = 

~N~2(1 - p) -t- lN~(3p - 1) - ½p, 

n =  1, k ~ l .  

The ease k = 1 and n = 1 is somewhat trivial and we 
shall not discuss it in detail. In  this ease, M = M~ and 
m can be easily found. 

The preceding formulas for max m and av m are not 
too accurate for n approximately equal to unity, and in 
this ease they should be replaced by the exact formulas: 

m a x m  = N p~-/~702 i 1 X ~ /  / n ¢ 1, 

1 ( p a i l -  p0) '/ 
av m = ~ N -1  q- (p{po ~)pi] 

(1 - po)(Pl/Po - ½) ( ~Po~N~ 

where N is the number of times that  the output  tables 
have to be relocated. The preceding formulas for max m 
and av m and n ¢ 1 are exact. 

The value of the constant C deserves comment. The 
value of C depends principally upon the rate at which 
words are removed from the input table. Indeed, if we 
assume that  the rate of removal is constant and that  
s I /n  words are removed in the first pass through the input 
table, then assuming that s is an integer and that  s I /n  
is an integral multiple of L0, the value of C is easily seen 
to be ½(1 - 1/s). Thus if s = 1, C = 0, and in general 
one would probably be worldng with a value of C that  is 

less than ½. 
Two time-saving variations of the basic procedure can 

often be employed: 
(A) Suppose the exact lengths of the output  tables 

L t ,  . . .  , Lk, is known beforehand. Then if I is large 
enough we can set the first/~ output tables to their full 
lengths and will need to relocate only the remaining 
k--lc~ tables, This decreases M t .  
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(B) Suppose as in (A) that  the lengths of the ou tpu t  
tables are known b u t  [ is not large enough to set a ny  o:t" 
the ou tpu t  tables to their frill lengths initially. T h e n  if 
considerable space is made available in the lirst few 
passes through the inpu t  table, some of the ou tpu t  tables 
can then be set, to their full lengths. This  again decreases 
M ~  . 

These variations are part icularly useful if all but  one of 
the ou tpu t  tables can be set to their full lengths.  This  
could decrease the value ot7 the cons tan t  C in  the sub- 
sequent  processing. 

We have taci t ly  assumed throughout  tha t  index registers 
are at  our disposal for the relocation of the da ta  and the 
locat ion of tile ou tpu t  tables. If  this were no t  so, t ime 
would be lost. 

The  advantages  or disadvantages  of cont inuous  reloca- 
t ion of the inpu t  data  also depend on the relat ive price 
of moving  items and  examining them.  

The  t ime 7' required for the relocation of the  ou tpu t  
and  inpu t  tables is given by  77' = M T 0 ,  where To is the  
t ime required to move one word. For a 1 address fixed- 
word length machine  77'0 would usual ly  be 4 machine  
cycles. 

I t  may  be remarked here t ha t  cont inuous  relocation 
of the inpu t  da ta  reduces the n u m b e r  of i tems tha t  are 
examined. Indeed,  assuming tha t  P passes are made 
through the inpu t  table arid t h a t  the n u m b e r  of i tems 
processed in each pass is the same, a to ta l  of LoP i tems 
would be examined without  cont inuous  relocation as 
against  a total  of Lo(P + 1)/2 i tems with cont inuous  
relocation. 

For  example, taking A = 25,000, p0 = 0.48, Ih = .96, 
we find 2.21 =< m ~ 2.54 attd a v m  = 2.38. T h u s  
Tm~x = 2.54 X 2.5 X 104T0. We find M2 = .17 X 25,000 
and  cont inuous relocation of the input  da ta  would break 
even after two passes through the i npu t  data .  

I t  mus t  be pointed out  tha t  N was computed  on the 
assumpt ion  tha t  the ou tpu t  tables grow at  a uni form 
rate.  If this is no t  the case, the value of N cart be con- 
siderably larger. I n  some cases this can be overcome by  
using one of the var ia t ions  of the basic procedure de- 
scribed above. For  example, if only  one of the tables does 
no t  grow unifor ln ly  and  we call use var ia t ion  (A), them 
N would remain  unchanged.  

A short  table of values of av m as a func t ion  of p0 and  
pl is given beIow. 

2.17 
1.42 
1.54 
0.74 
0.81 

J ¢,o 

0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 

_ _  ° 5  . . . .  0.' 2 

5.35 3.03 
4.35 1.80 
2.84 1.98 

1.29 
0.69 
0.65 
0.72 

0.7 

2.27 
1.77 
1.15 
0.53 
0.57 
0.62 

............. Z . . . .  0 : Z ,  . . . . .  0/_ ....... 

1.94 1.05 0.91 0.41 0.32 
102 044 0.33/ 
04 /04 /0.39/ 
0.50 ]0.46 ] 
0.54 / 
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T h e  Che( .k less  Soc ie ty :  
I n d i v i d  ua l  A u t h o r i z a t i o n  of  P a y m e n t  

t~Di!r0a: 
l:{ecent literature on atttomatcd tmnki*~g sSstems has proposed 

the "Checkless Sociely," the aulomatic crediting of wages and 
debiting of bills from an individttal's bank aecuunt, wiih an au/o- 
matic loan to cover any deficit. Details concerning remote form[-. 
nals ia retail establishments vary. One area of the system *hal 
should be emphasized is the ability of makiltg individual author 
ization for' payment of each bill. There arc three significant rcas()hs 
for delaying the payment of a bill (an action possible only when 
each payment is individually authorized) : to obtain correction oi 
an erroneous bill, to save paying interest, and to waib until :m 
advanced billing falls due. 

By delaying payment of an incorrect bill, a consumer may ge* 
tim bill corrected. If, on the other hand, the consumer pays an 
incorrect bill, he may have difficulty ill securing a correction. In 
the extreme case, the party lo whom funds are due must substan.. 
tiate his claim in court; the party against whom the claim is made 
has the defendant's position of receiving the benefit of doubt. 

Time purchases often provide that no interest will be charged 
if tire full purchase price is paid within ninety days. Saving this 
interest is conditional upon the bill being paid when the consumer 
authorizes payment, not when the bill is submitted by the mer- 
chant. Otherwise, payment could be automatically made, result  
ing in tile customer being charged interest fer ninety extra clays 
for an automatic loan. Included within tiffs situation is the pay- 
ment for prefessionM services. Often, doctors will allow their pa- 
tients to pay their bills in instMlments rather than require them 
to go into debt to pay their bills whml due. 

When stores bill customers for merchandise ordered but not de- 
livered, payment is not required until the customer takes delivery. 
This situation differs from those described in tile previous para- 
graph; here tire bills are not yet dire. Rather than pay trills before 
they fall due, the consumer should have use of his funds and not 
put himself into a position where he might have to lose irrtercst ca 
his deposits (or pay interest on an unnecessary automatic loan). 

Another reason to defer payment of statements is of lesser im- 
portance: taxes. I t  is sometimes advantageous for a person to 
delay paying a bill for a deductible expense. If, for example, a 
child marries and the parent thus loses a $600 dependent's deduc- 
tion, the parent might reduce his taxes by paying a doctor's bill in 
January rather than in tire preceding December. 

Tile position of business and industry in a checkless society has 
not been examined in the light of lnaking payments other lha~ 
payroll. Accounting departments verify invoices and hold up 
incorrect ones before making payrnent. Invoices wittl discount for 
immediate payment are often paid quicker than those not offering 
such terms, thus giving the company tire best use of its internal 
funds and reducing the need to borrow. Retail merchants, under 
the checkless society, will not have the use of sales receipts to tim 
extent which has been claimed; the wholesaler will be renroving 
funds from the merchant's account with tile same ease that the 
merchant removes funds from the consurner's account. 

A check is a written authorization to transfer funds. In nil au.to- 
mated banking system, the slip of paper representing a cimck may 
become obsolete and unused; but to facilitate the procedure of 
authorizing the payment of bills only after examining each one of 
them, the use of such authorizations will be desired by the users 
of the system. The form may change, but the concept will be pry- 
served; an automated banking system will riot be a checkless 
system. 
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