
0 ~ x~.~ = x i2 .  Therefore, from the first part  of (4),  
x a  = x~2 = y~/2 .  The factor ½ need not be used because 
eigenvectors are obtained only up to a constant multiplier. 

(ii) uiC h(Q) ~ ul = ~TJ, (j  E I2) ,  ~ r ~  = czj  = 

x ~  - x~.~, where c is an arbitrary constant. Therefore, 
cz~ = x~I - -  x~2 and Yi  = xlI  + xi~ give xi i  = (y~ + c z~ ) /2  

and x ~  = (y~ - c z~) /2 .  Again the constant factor need not 
be used. 

A proof for the case i ~ I 2  can be similarly constructed. 

3 .  A N u m e r i c a l  E x a m p l e  

As an illustration of the use of Algorithm 1 we consider a 
4'~Xfl matrix 

S = 

0.25 3.25 --1.25 --1.25]  

- - 1 . 2 5  0.75 - 1.75 3.25 / . 

- -  1.25 0.25 3.25 / 

3.25 -- 1.25 0.75] 

- -  1 .25  

- -  1 .75  

From (9) we have 

i1.  Q = A  - B  = 
10.5 --2.5 

(9) 

(to) 

Solving for the eigenvalues and eigenvectors of P and Q 
gives h (P )  = (~,~, h2) = ( u i ,  u~) = (1, 2 ) ; ( ~ ( Q )  = 
(k3, k4) = (w, m) = (2, --3) ,  Yi' = (1, 1), y2' = (~,!1), ? 
z3 = (9 ,1 ) ,  and z j  = ( - 1 , 1 ) .  

By use of Algorithm 1 the eigenvector of S belonging to 
M = 1 can be formed by noting that  k~ ~ k(Q). Therefore, 
x t '  = ( j ,  y t ' )  = (1, 1, 1, 1). Similarly, to form x2 belong- 
ing to k2 = 2 we note that  k2 E k(Q). In particular k2 = k3. 

! ! ! 
Therefore, x2 = (y2 + c z 3 , y 2 - -  c z J )  = ( ~  + 9 c ,  1 + c, 

- -  9c, 1 - -  c ) ,  where c is an arbitrary constant. 
A c k n o w l e d g m e n t .  The preparation of this paper was 

supported by the National Research Council of Canada 
Grant  No. A-3135. 

RECEIVED DECEMBER, 1966; REVISED MAY, 1967 

R E F E R E N C E S  

1. FRIEDMAN, B. Eigenvalues  of compound matrices.  Research 
Rept .  No. TW-16, Ma th .  Res. Group. New York U., New 
York, 1951. 

2. MARCUS, M. Basic Theorems in Matrix Theory. Appl. Math .  
Ser. 57, Nat .  Bur.  Standards ,  1960, p. 17, Govt.  P r in t ing  
Office, Washington,  D.C., p. 17 

3. MONTGOMERY, C. G. ET AL. Principles of Microwave Circuits. 
Boston Technical  Publishers,  Inc., Lexington, Mass.  1964, 
pp.  437-452. 

4. MONTROLL, E . W .  Markoff chains and excluded volume effect 
in polymer chains. J. Chem. Phys. 18 (1950), 734-743. 

t 
J. G. HERRIOT,  Editor 

A L G O R I T H M  318 
CHEBYSCHEV CURVE-FIT  (REVISED) [E2] 
J. BOOTI~nOYD (Recd. 15 May  1967) 
University of Tasmania, Hobart ,  Tas., Australia 

p r o c e d u r e  chebfit(x, y, n, a, m); v a l u e  n,  m; 
array  x, y, a; i n t e g e r  n,  m; 

c o m m e n t  evaluates ,  in a[O] th rough  a[m] of a[O:m+l] ,  the  co- 
efficients of an ruth order polynomial  P(x) = ao + alx + • .. a,,z "~ 
such t h a t  the  maximum error abs(P(xi)-y~)) is a min imum over 
the  n ( n > m + l )  sample points  x, y[ l :n] .  The  x[i] must  form a 
s t r ic t ly  monotonic  sequence. 

This  procedure is an extensive revision of Algor i thm 91 (Albert  
Newhouse,  Chebyshev Curve-Fi t ,  Comm. ACM 5 (May 1961), 
281). The  polynomial  P(x) is a best-fi t  polynomial  in  the Cheby-  
shev sense as described by  Stiefel (Numerical Methods of Tcheby- 
cheff Approximation), in Langer  (En.), On Numerical Approxi- 
mation, U. of Wisconsin Press,  1959, pp. 217-232. Stiefel (p. 221) 
shows t h a t  the  procedure mus t  t e rmina te  a f te r  a finite number  
of steps. This  is not  always so wi th  imperfect  ar i thmet ic ,  where 
roundoff errors may  cause cycling of the  chosen reference sets. 
This  condi t ion is detected by  checking t h a t  the  reference devia- 
t ion is always raised monotonical ly .  At  exit  the  absolute  value 
of a[m-+-l] yields the  final reference deviat ion.  Negat ive  a [ m + l ]  
indicates  t h a t  the procedure has  been t e rmina ted  following the  
detec t ion of cycling; 

b e g i n  
i n t e g e r  i, j ,  k,mplusl, ri, i l ,  imax, rj, j l ;  
rea l  d, h, ail,  rhil, dehorn, ai, rhi, xj, hmax, himax, xi, hi, abshi, 

nexthi, prevh ; 
i n t e g e r  array  r [ 0 : m + l ] ;  array  rx, rh[O:m+l]; 
mplusl := m + 1; prevh := 0; 
c o m m e n t  index vector  for ini t ia l  reference set ;  
r[0] := 1; r[mplusl] := n; 
d := (n--1)/mplusl; h := d; 
for  i := 1 s t e p  1 u n t i l  m do  
b e g i n  r[i] := h + 1; h := h + d e n d ;  

slart:h := - 1 . 0 ;  
c o m m e n t  select m + 2 reference pairs  and set  a l te rna t ing  

devia t ion  vector ;  
for  i := 0 s t e p  1 u n t i l  mplusl do 
b e g i n  

ri := r[i]; 
rx[i] := x[ri]; a[i] := y[ri]; 
rh[i] := h := --h 

e n d  i ; 
c o m m e n t  compute m + 1 leading divided differences; 
for  j := 0 s t e p  1 u n t i l  m do 
b e g i n  

i l  := mplusl; ail := a[il];  
rhil := rh[il]; 
for  i := m s t e p  --1 u n t i l  j do  
b e g i n  

denom := rx[il] -- rx[i--j]; 
ai := a[i]; rhi := rh[i!; 
a[il] := (ail--ai)/denom; 

(Continued on page 803) 
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rh[il] := ( rh i l - rh i ) /denom;  
i l  := i; a i l  : = a i ;  rhi l  := rhi 

e n d  i 
e n d  j ;  
c o m m e n t  equate  ( m + l ) t h  difference to zero to determine h; 
h := -a[mplusl] /rh[mplusl];  
c o m m e n t  with  h known, combine the  funct ion  and devia t ion 

differences; 
for i := 0 s t ep  1 u n t i l  mplusl do 

a[i] := a[i] + rh[i] X h; 
c o m m e n t  compute polynomial coefficients; 
f o r j  := m -- 1 s t e p  - 1  u n t i l 0  do 
b e g i n  

xj  := rx[j]; i := j ;  ai := a[i]; 
for i l  := j + 1 s t e p  1 u n t i l  m do 
b e g i n  

ai l  := a[i l ] ;  
a[i] := ai -- x j  X ai l ;  
ai := ai l ;  i := i l  

end  i l  
e n d  j ;  
c o m m e n t  if the  reference devia t ion is not  increasing mono- 

tonical ly then exit;  
hmax := abs(h); 
i f  hmax < prevh t h e n  
b e g i n  a[mplusl] := --hmax; go t o  fit end;  
c o m m e n t  find the index, imax, and value, himax, of the largest  

absolute error for all sample points;  
a[mplusl] := prevh := hmax; imax := r[0]; h imaz:~  h; 
j := O; rj  :=  r[j];  
for i := 1 s t ep  1 u n t i l f ~  do 

i f i  # rj  t h e n  
b e g i n  

xi := x[i]; hi := a[m]; 
for/c := m -- 1 s t e p  --1 u n t i l  0 do 
hi := hi X xi  + a[k]; 
hi := hi -- y[i]; abshi := abs(hi); 
i f  abshi > hmax t h e n  
b e g i n  hmax := abshi; himax := hi; imax := i e n d  

e n d  
else  
i f j  < mplus l  t h e n  
b e g i n  j := j + 1; rj  := r[j] end;  
c o m m e n t  if the  maximum error  occurs a t  a nonreference 

point ,  exchange this  poin t  wi th  the  neares t  reference point  
having  an error  of the s~me sign and repeat ;  

i f  imax # riO] t h e n  
b e g i n  

for i := 0 s t e p  1 u n t i l  mplusl do 
i f  imax < r[i] t h e n  go to  swap; 
i := mplus l ;  

swap: nexthi := i f  i -- i + 2 X 2 = 0 t h e n  h e lse  - h ;  
i f  himax X nexihi _> 0 t h e n  r[i] := imax 
e lse  
i f  imax < r[O] t h e n  
b e g i n  

j l  := mplus l ;  
for j := m s t e p  - 1  u n t i l  0 do 
b e g i n  r[ j l]  := r[j]; j l  := j end;  
r[0] := imax 

e n d  
e lse  
i f  imax > r[mplusl] t h e n  
b e g i n  

j : = 0 ;  
for j l  := 1 s t e p  1 u n t i l  mplusl do 
b e g i n  rlj] := r [ j l ] ;  j := j l  end;  
r[mplusl] := imax 

e n d  
e l se  r[i--1] := imax; 
go t o  start 

end;  
fit: 
e n d  chebfit 

CERTIFICATION OF ALGORITHM 91 [E2] 
CHEBYSHEV CURVE-FIT [Albert Newhouse Comm. 

A C M  5 (May 1962), 281; 6 (April 1963), 167; 7 (May 
1964), 296] 

J. BOOTHROYD (Recd. 15 May 1967 and 5 Sept. 1967) 
University of Tasmania, Hobart, Tasmania, Australia. 

In  addi t ion to the  corrections noted  by  R. P. Hale  Joe. ClT., 
'April  1963J and P. Nau r  [oP. CIT., M a y  1964], the  following changes 
are necessary:  

1. The  first s t a t emen t  should be k := en t i e r ( (m- -1 ) / (n+l ) )  
2. A semi-colon should precede label  L1. 

Wi th  these changes the  procedure ran successfully using El l io t t  
503 ALGOL. 

Al though this  procedure is an  implementa t ion  of a finite algo- 
r i thm,  roundoff errors may  give rise to cyclic changes of the 
reference set causing the procedure to fail to te rminate .  

Algor i thm 318 [J. Boothroyd,  Chebyshev  Curve-Fi t (Revised) ,  
Comm.ACM 10 (Dec. 1967), 801] avoids this  cycling difficulty, uses 
less t h a n  half the  auxil iary ar ray  space of Algor i thm 91 and, on 
test ,  appears  to be a t  leas t  four t imes as fast .  

Deutsch and Lampson--Cont'd from p. 799 

be consciously aware of them. Many small details through- 
out the system have been arranged to permit smooth and 
rapid operation. 
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