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The  following procedures are based on the  Cooley-Tukey algo- 
r i thm [1] for comput ing  the  finite Fourier  t r ans fo rm of a complex 
da ta  vector;  the  dimension of the  da t a  vector is assumed here to 
be a power of two. Procedure COMPLEXTRANSFORM computes  
ei ther the  complex Fourier  t ransform or its inverse. Procedure 
REALTRANSFORM computes  ei ther the Fourier  coefficients of a 
sequence of real da ta  points  or eva lua tes  a Fourier  series wi th  
given cosine and sine coefficients. The  number  of ar i thmet ic  opera- 
t ions for ei ther procedure is proport ional  to n logs n, where n is 
the number  of da ta  points.  

Procedures  FFT2, REVFFT2, REORDER, and REAL TRAN are 
building blocks, and are used in the two complete procedures men-  
t ioned above. The  fas t  t r ans fo rm can be computed in a number  of 
different ways,  and these bui lding block procedures were wri t ten  
so as to make  practical  the  comput ing  of large t rans forms  on a sys-  
tem wi th  vir tual  memory.  Using a method  proposed by  Singleton 
[2], d a t a  is accessed in sub-sequences  of consecutive a r ray  ele- 
ments ,  and as m u ch  comput ing  as possible is done in one section 
of the  d a t a  before moving on to another.  Procedure FFT2 com- 
putes  the  Fourier  t r ans fo rm of da ta  in normal  order, giving a re- 
su l t  in reverse b ina ry  order. Procedure REVFFT2 computes  the  
Fourier  t r ans fo rm of da ta  in reverse b ina ry  order and leaves the  
resul t  in normal  b inary  order. Procedure REORDER permutes  a 
complex vector  f rom b inary  to reverse b ina ry  order or f rom reverse 
b inary  to b inary  order; this  procedure also permutes  real da ta  in 
prepara t ion  for efficient use of the  complex Fourier  t ransform.  
Procedures  FFT2, REVFFT2, and REORDER m a y  also be used 
to compute  mul t iva r i a te  Fourier  t ransforms.  The  procedure 
R E A L T R A N  is used to unscramble  and combine the  complex 
t rans forms  of the  even and odd numbered  e lements  of a sequence 
of real d a t a  points .  This  procedure is not  restr ic ted to powers of 
two and can be used whenever  the  number  of da t a  points  is even. 
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p r o c e d u r e  COMPLEXTRANSFORM (A, B, m, inverse); 
v a l u e  m, inverse; i n t e g e r  m; 
B o o l e a n  inverse; a r r a y  A, B; 

c o m m e n t  Computes  the  Fourier  t r ans fo rm of 2 "~ complex da ta  
values.  The  arrays  A[0: n - - l ]  and B[0: n - - l ] ,  where n = 2% 
init ial ly conta in  the real and imaginary  components  of the da ta ,  
and on exit contain the  corresponding Fourier  coefficient values.  
If inverse is f a l se ,  the  Fourier  t r ans fo rm 

1 n-] 
(ak -k ibk) exp (i2~-jk/n) 

is computed.  The  t r ans fo rm followed by the inverse t r ans fo rm 
(or the  inverse t r ans fo rm followed by  the  t ransform)  gives an 
ident i ty  t ransformat ion .  Procedures  FFT2 and REORDER are 
used by this  procedure and m u s t  also be declared; 

b e g i n  i n t e g e r  n,  j ;  r ea l  p, q; 
n := 2 ~" m; p := q := 1.O/sqrt(n); 
i f  inverse t h e n  
b e g i n  

q := --q; 

fo r  j := n -- 1 s t e p  --1 u n t i l  0 do B[j] := --B[jl 
e n d  ; 
FFT2(A, B, n, m, n);  REORDER(A, B, n, m, n, f a l se ) ;  
f o r  j := n -- 1 s t e p  --1 u n t i l  0 do 

b e g i n A [ j l  := A[jl X p;. B[j] := B[j] X q e n d  
e n d  COMPLEXTRANSFORM; 

p r o c e d u r e  REALTRANSFORM(A,  B, m, inverse); 
v a l u e  m, inverse; i n t e g e r  m; 
B o o l e a n  inverse; a r r a y  A, B; 

c o m m e n t  Computes  the  finite Fourier  t ransform of 2 m+' >= 4 
real da ta  points.  If inverse is f a l se ,  the  ar rays  A[0: n] and 
B[0: n], where n = 2% init ial ly contain  the  first 2 ~ real da ta  
points  x0 ,x ,  , . . .  ,x~_l as A[0], . . .  , A [ n - 1 ]  and the remain ing  
2 '~ real da ta  po in t sxn  ,xn+l ,  " "  ,x~n-1 as B[0], B[1], - . .  , B [ n -  1]. 
On completion of the  t r ans fo rm the ar rays  A and B contain  
respect ively the  Fourier  cosine and sine coefficients ak and bk, 
computed according to the relat ions 

1 2n--1 
ak = - ~ x1 cos (~rjk/n) for 

n 2=0 

and 

k = 0,1, . . . , n ,  

- xes in(~- jk /n)  for k = 0 , 1 , . . . , n .  
n k--0 

If inverse is t r u e ,  the. ar rays  A and B init ial ly contain n "-k 1 
cosine coefficients a0 , al , . . .  , a ,  and n -k 1 sine coefficients 
b0 , bl , • .. , b,~, where b0 = b,  = 0. The  procedure evaluates  the  
corresponding t ime series x0, x l ,  • • • , x2,_1, where 

n--1 
an go 

xi = ~ "-b ~ [a~ cos (~'jk/n) -b bk sin (~-jk/n)] q- ~ cos (~rj), 
k=l 

and leaves the  first n values  as A[0], A[1], • • • , A[n--1] and the 
remaining n values  as B[0], B[1], . . -  , B i n - l ] .  The  procedures 
FFT2, REVFFT2, REORDER, and REALTRAN are used by  
this  procedure,  and m u s t  also be declared; 
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b e g i n  i n t e g e r  n, j ;  r e a l  p;  
n : = 2 T m ;  
i f  inverse t h e n  
b e g i n  

R E A L T R A N ( A ,  B ,  n, t r u e ) ;  
f o r j  := n -- 1 s t e p  --1 u n t i l  0 do  B[j] :=  - -B[j] ;  
F F T 2 ( A ,  B ,  n,  m, n) ;  
f o r j  := n - -  l s t e p  - - l  u n t i l  0 do  

b e g i n  A[ j l  := 0.5 X A[j];  B[j] :=  - 0 . 5  × B[j] e n d ;  
R E O R D E R ( A ,  B ,  n,  m,  n,  t r u e )  

e n d  
e l s e  
b e g i n  

R E O R D E R ( A ,  B ,  n ,  m, n,  t r u e ) ;  
R E V F F T 2 ( A ,  B ,  n ,  m, 1); p := 0 .5/n;  
f o r j  := n - -  l s t e p  - - l  u n t i l  0 do  

b e g i n  A[j] := p X A[j];  B[j] := p X B[j] e n d ;  
R E A L T R A N ( A ,  B ,  n ,  f a l se )  

e n d  
e n d  R E A L T R A N S F O R M  ; 
p r o c e d u r e  F F T 2 ( A ,  B ,  n,  m, ks);  v a l u e  n,  m,  ks; 

i n t e g e r  n, m,  ks; a r r a y  A,  B;  
c o m m e n t  C o m p u t e s  the  fas t  Four i e r  t r a n s f o r m  for  one var iable  

of d imens ion  2 m in a mu l t i va r i a t e  t r ans fo rm,  n is the  n u m b e r  of 
d a t a  points ,  i.e., n = nt  X n2 X -- • X np for  a p -va r i a t e  t r a n s -  
fo rm,  and ks = n k X  n k + l X  "'" X n p ,  where  nk = 2 m is the  
d imens ion  of the  cu r r en t  variable.  Ar rays  A[0 : n - - l ]  and 
B[0: n - - l ]  or iginal ly conta in  the  real and imag ina ry  c o m p o n e n t s  
of the  d a t a  in normal  order.  Mu l t i va r i a t e  d a t a  is s tored  accord- 
ing to the  usual  convent ion ,  e.g., ajkl is in A [ j X n 2 X n a . + k X n 3 + l ]  
for  j = 0, 1, . - .  , n l - -  1, k = 0, 1, . . -  , n 2 - -  1, and 1 = 0, 
1, . . .  , n3 -- 1. On exit,  the  real and imag ina ry  c o m p o n e n t s  of 
the  resu l t ing  Four i e r  coefficients for  the  cu r r en t  var iab le  are in 
reverse  b i n a r y  order.  Con t inu ing  the  above  example,  if the  
" c o l u m n "  var iable  n2 is the  cu r ren t  one, co lumn 

k = km_t2 '~-1 -4-4- kin--22 m-2 "~- " '"  + kt2 -4- k0 

is pe rmu ted  to pos i t ion  

ko2 m-~ -4- k~2 "-2 + "'" -4- kin-22 -4- k, , - t  . 

A separa te  procedure  m a y  be used to p e r m u t e  the  resu l t s  to  
no rma l  order  be tween  t r a n s f o r m  s teps  or all a t  once at  the  end. 
If  n = ks = 2% the  s ingle-var ia te  t r a n s f o r m  

n--1 

(xy -4- iy j )  = ~ (ak -4- ibk) exp (i2~-jk/n) 
kffi0 

for  j = 0, • .- , n -- 1 is computed ,  where  (a -4- ib) r ep resen t  the  
init ial  va lues  and (x -4- iy) r e p r e s e n t  the  t r a n s f o r m e d  va lues ;  

b e g i n  i n t e g e r  kO, k l ,  k2, k3, span,  j ,  j j ,  k, kb, kn,  mm,  ink; 
r e a l  tad, cl,  c2, c3, sl., s2, s3, ck, sk, sq; 
r e a l  A0,  A1, A2, A3, B0,  B1,  B2, B3; 
i n t e g e r  a r r a y  C[O: m]; 
sq := 0.707106781187; 
sk :=  0.382683432366; 
ck :=  0.92387953251; 
C[m] :=  ks; m m  := ( m + 2 )  X 2; kn :=  0; 
f or  k :=  m -- 1 s t e p  - -1  u n t i l  0 d o  C[k] :=  C [ k + l ]  + 2; 
rad := 6.28318530718/(C[O]Xks); mk  := m - 5; 

L:  kb :=  kn ; kn := kn .4. ks ; 
i f m m  ~ m t h e n  
b e g i n  

k2 := kn;  kO :=  C[mm] + kb; 
L2: k2 := k 2 - -  1; k0 := k 0 - -  1; 

A0 := A[k2]; B0 :=  B[k21; 

A[k2] :=  A[k0] -- A0; A[k0t :=  A[k01 -4- A0; 

B[k2] := B[k0] -- B0; B[k0] := B[k0] + B0; 
i f  k0 > kb t h e n  g o  t o  L2 
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e n d ;  
cl :=  1.0; s l  := 0; 
j j : = 0 ;  k : = m m - - 2 ;  j : = 3 ;  
i f  k ~ 0 t h e n  go  t o  L4 e l se  go  t o  L6; 

L3: i f  C[j] =< j j  t h e n  
b e g i n  

j j  :=  j j - -  C[j]; j := j - -  1; 
i f  C[j] _-< j j  t h e n  
b e g i n  

j j : = j j - C [ j ] ;  j : = j - 1 ;  k : = k + 2 ;  

go  t o  L3 
e n d  

e n d ;  
j j  := C[j] .4. j j ;  j := 3; 

L4: span := C[k]; 
i f j j  ~ O t h e n  
b e g i n  

c2 :=  j j  X span X tad; cl :=  cos(c2); s l  :=  sin(c2);  
L5: c2 := cl 1" 2 - -  s1 ~" 2; s2 := 2 . 0 X  c l X  s l ;  

c3 :=  c 2 X  c l - -  s 2 X  s l ;  s3 :=  c 2 X  s l .4 .  s 2 X  cl 

e n d  ; 
f or  k0 := kb -4- span -- 1 s t e p  --1 u n t i l  kb do  
b e g i n  

kl :=  kO.4. span; k2 :=  k l . 4 . s p a n ;  k3 :=  k 2 . 4 . s p a n ;  
A0 :=  A[k0]; B0 :=  B[k0]; 
i f  s l  = 0 t h e n  
b e g i n  

A1 :=  A[kl];  
A2 := A[k2]; 
A3 := A[k3]; 

e n d  
e l se  
b e g i n  

A1 :=  A[kl] 
B1 :=  A[kl] 
A2 :=  A[k2] 
B2 :=  A[k2] 
A3 :=  A[k3] 
B3 :=  A[k3] 

e n d ;  
A[k0] :=  A0 + 
A [kl] :=  A0 -4- 
A [k2] := A 0 -  
A[k3] :=  A 0 -  

e n d ;  

B1 :=  B[kl] ;  
B2 :=  B[k2]; 
B3 :=  B[k3] 

X cl - B[kl] X s l ;  
X s l  + B[/~i] X cl;  
X c2 -- B[k2] X s2; 
X s2 + B[k2] X c2; 
X c3 -- B[k3] X s3; 
X s3 -4- B[k3] X c3 

A 2  + A I  + A3;  B [ k 0 ] : = B 0 + B 2 W B i + B 3 ;  
A 2 - - A 1 - - A 3 ;  B [ k l ] : = B 0 - 4 - B 2 - - B 1 - - B 3 ;  
A2 -- B1 -4- B3; B[k2] :=  B0 -- B2 -4-4- A1 -- A3; 
A2 -4-4- B1 -- B3; B[k3] :=  B0 -- B2 -- A1 -4-4- A3 

i f k  > 0 t h e n b e g i n k  :=  k - -  2; g o  t o L 4 e n d ;  
kb :=  k3 -4- span; 
i f  kb < kn  t h e n  
b e g i n  

i f j  = 0 t h e n b e g i n k  :=  2; j := ink; go t o L 3 e n d ;  
j : = j - -  1; c2 := cl;  
i f  j = 1 t h e n  

b e g i n c l : = c l M c k - 4 - 4 - s l X s k ;  s l  := s l X c k - c 2 X s k ' e n d  
e l se  b e g i n  cl :=  ( c l - s l )  X sq; s l  :=  (c2 -4-4- s l )  X sq e n d ;  

go t o  L5 
e n d ;  

L6: i f  kn < n t h e n  go  t o  L 
e n d  F F T 2 ;  

p r o c e d u r e  R E V F F T 2 ( A ,  B ,  n ,  m,  ks);  v a l u e  n, m, ks; 
i n t e g e r  n,  m, ks; a r r a y  A, B; 

c o m m e n t  C o m p u t e s  the fas t  Four i e r  t r a n s f o r m  f o r  one var iab le  
of d imens ion  2" in a mu l t i va r i a t e  t r ans fo rm,  n is the  n u m b e r  of 
da t a  po in t s ,  i.e., n = nl  X n2 X - ' -  X np for a p -va r i a t e  t r ans -  
form,  and ks = nk+l X nk+2 X "'" X np , where  nk = 2 ~ is the  
d imens ion  of the  cu r ren t  var iable .  Ar rays  A[0 : n - l ]  and 
B[0: n - 1 ]  original ly con ta in  the  real and imag ina ry  c o m p o n e n t s  
of the  d a t a  w i t h  the  indices of each var iab le  in reverse  b i n a r y  
order ,  e.g., ayk~ is in A [ j ' X n 2 X n 3 + k ' X n ~ + l ' ]  for  j = 0, 1, . - - ,  
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n t - -  1, k = 0, 1, . - .  , n ~ - -  1, a n d  l = 0, - . .  , n 3 - -  1, whe re  
j ' ,  k ' ,  and  l '  are  t h e  b i t - r e v e r s e d  v a l u e s  of j ,  k, and  l. On  comple -  
t ion  of t he  m u l t i v a r i a t e  t r a n s f o r m ,  t h e  real  and  i m a g i n a r y  com-  
p o n e n t s  of t h e  r e s u l t i n g  F o u r i e r  coeff ic ients  a re  in A and  B in 
n o r m a l  order .  I f  n = 2 m and  ks = 1, a s i n g l e - v a r i a t e  t r a n s f o r m  
is c o m p u t e d ;  

b e g i n  
i n t e g e r  kO, k l ,  k2, k3, k4, span, nn,  j ,  j j ,  k, kb, nt, kn, mk; 
r e a l  rad, cl ,  c2, c3, sl ,  s2, s3, ck, sk, sq; 
r e a l  AO, A1, A2, A3, BO, B1, B2, B3, re, im; 
i n t e g e r  a r r a y  C[0: m];  
sq :=  0.707106781187; 
sk :=  0.382683432366; 
ck :=  0.92387953251; 
C[0] :=  ks; kn :=  0; k4 :=  4 X  ks; mk := m -  4; 
f o r  k :=  1 s t e p  1 u n t i l  m d o  C[k] := ks := ks + ks" 
rad := 3.14159265359/(C[O]Xks); 

L: kb := kn + k4; kn := kn + ks; 
i f  m = 1 t h e n  go  t o  L5; 
k : = j j : = O ;  j : = m k ;  n t : = 3 ;  
cl  :=  1.0; s l  :=  0; 

L2: span := C[k]; 
i f j j # 0 t h e n  
b e g i n  

c2 :=  j j  X span X tad;  cl  : =  cos(c2); s l  : =  sin(c2); 
L3: e2 :=  cl  T 2 -  s l  T 2; s2 :=  2 . 0 x  e l X  s l ;  

c3 :=  c 2 X  c l - -  s 2 X  s l ;  s3 : =  c 2 X  s l -4-4-s2X cl  
e n d  e l s e  s l  :=  0; 
k3 :=  kb -- span; 

L4: k2 := k 3 - -  span; kl :=  k 2 - -  span; kO :=  k l - -  span; 
A0 :=  A[k0]; B0 : =  B[k0]; 
A1 :=  A[kl ] ;  B1 :=  B[kl] ;  
A2  :=  A[k2]; B2 : =  B[k2]; 
A3 :=  A[k3]; B3 :=  B[k3]; 
A [ k 0 ] : =  A 0 + A i + A 2 + A 3 ;  B [ k 0 ] : = B 0 + B i + B 2 + B 3 ;  
i f  s l  = 0 t h e n  
b e g i n  

A [ k l ] : =  A 0 - - A 1 - - B 2 + B 3 ;  B [ k l ] : = B 0 - B 1 - 4 - A 2 - A 3 ;  
A [ k 2 I : = A 0 . 4 . A 1 - - A 2 - A 3 ;  B [ k 2 ] : = B 0 . 4 . B 1 - B 2 - - B 3 ;  
A [ k 3 ] : = A 0 - - A I + B 2 - - B 3 ;  B [ k 3 ] : = B O - - B 1 - - A 2 + A 3  

e n d  
e l s e  
b e g i n  

re :=  A 0 - -  A 1 - - B 2 + B 3 ;  inn :=  B 0 - - B i + A 2 -  A3;  
A[kl]  :=  r e x  c l - - i m X  s l ;  B[kl]  : =  r e x  s l . 4 . i m X  c l ;  
re :=  A 0 +  A 1 - -  A 2 - -  A3;  im : =  B0-4--4-B1-- B 2 - -  B3;  
A[k2] :=  re X c 2 - -  im X s2; B[k2] : =  r e x  s2 + im X c2; 
re :=  A 0 - -  A 1 . 4 . B 2 - -  B3;  im :=  B 0 - -  B 1 - -  A 2 . 4 . A 3 ;  
A[k3] :=  r e x  c3 - -  im X s3; B[k3] :=  r e x  s3 + im X c3 

end;  
k3 :=  /c3.4. 1; i f  k3 < k b t h e n  go  t o L 4 ;  
nt :=  nt -- 1; 
i f n t  => O t h e n  
b e g i n  

c2 :=  e l ;  
i f n t  = 1 t h e n  

b e g i n c l  : = c l X c k , 4 , s l X s l c ;  sl  : = s l X c k - - c 2 X s k e n d  
e l s e  b e g i n  c l  :=  ( c l - - s l )  X sq; s l  : =  ( c 2 + s l )  X sq e n d ;  
kb := kb + k 4 ;  ifkb-_< kn t h e n  go t o  L3 e lse  go t o  L5 

end  ; 
i f n t  = - - l t h e n b e g l n k  :=  2; go  t o L 2 e n d ;  
i f  C[j] _-< j j  t h e n  
b e g i n  

j j : = j j - C [ j ] ;  j : = j -  1; 
i f  C[j] =< j j  t h e n  

b e g i n  j j  :=  j j  -- C[j]; j : =  j --  1; k :=  k -4- 2 e n d  
e l s e  b e g i n  j j  :=  C[j] + j j ;  j :=  mk e n d  

e n d  
e l s e  b e g i n  j j  :=  C[j] + j j ;  j : =  mk e n d ;  
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i f j < m k t h e n g o t o L 2 ;  k : = 0 ;  n t  : = 3 ;  
kb :=  kb .4. k4; i f  kb _-< kn t h e n  go  t o L 2 ;  

L5: k :=  ( m + 2 )  X 2; 
i f  k # m t h e n  
b e g i n  

k2 : = k n ;  kO:= j :=  k n - -  C[k]; 
L6: k2 :=  k 2 - -  1; k 0 : = k 0 - -  1; 

A0  :=  A[k2]; B0 :=  B[k2]; 
A[k2] :=  A[k0] -- A0;  A[k0] :=  A[kO] + A0;  
B[k2] :=  B[k0] --  BO; B[k0] :=  B[k0] -4- B0;  
i f  k2 > j t h e n  go  t o  L6 

e n d  ; 
i f k n  < n t h e n  go  t o L  

e n d  R E V F F T 2 ;  

p r o c e d u r e  REORDER(A ,  B,  n, m, ks, reel); 
v a l u e  n, m, ks, reel; i n t e g e r  n ,  m, ks; 
B o o l e a n  reel; a r r a y  A ,  B;  

c o m m e n t  P e r m u t e s  d a t a  f r o m  n o r m a l  to r e v e r s e  b i n a r y  o rder  
or  f r o m  r eve r se  b i n a r y  to  n o r m a l  order .  I f  reel is f a l s e ,  d a t a  for  
one  v a r i a t e  of d i m e n s i o n  2'~ in  a m u l t i v a r i a t e  d a t a  s e t  of s ize  n 
is p e r m u t e d .  I n  a p - v a r i a t e  t r a n s f o r m  w i t h  n = n ,  X n~ X 
• " X nv , ks h a s  t h e  v a l u e  ks = nk )< nk+l X . . "  X n p ,  w h e r e  
n~ = 2 m is t h e  d i m e n s i o n  of t h e  c u r r e n t  va r i ab le .  Fo r  a s ing le -  
v a r i a t e  t r a n s f o r m ,  n = ks = 2 "~. If  reel is t r u e ,  A [ 2 X j + I ]  an d  
B[2Xj]  a re  e x c h a n g e d  for  j = 0, 1, . . . ,  ( n - 2 ) / 2 ,  t h e n  a d j a c e n t  
pa i r s  of e n t r i e s  in A and  B are  p e r m u t e d  to r e v e r s e - b i n a r y  order .  
T h i s  op t ion  is u sed  w h e n  t r a n s f o r m i n g  2n real  d a t a  v a l u e s ,  w i t h  
t he  f irst  n s t o r e d  in A and  t h e  second  n in B.  Af t e r  p e r m u t a t i o n ,  
t he  e v e n - n u m b e r e d  en t r i e s  are  in A and  t h e  o d d - n u m b e r d  e n t r i e s  
a re  in B,  each  in r e v e r s e - b i n a r y  order .  

Ca l l ing  REORDER twice  w i t h  t he  s a m e  p a r a m e t e r  v a l u e s  g iv e s  
an  i d e n t i t y  t r a n s f o r m a t i o n ;  

b e g i n  i n t e g e r  i, j ,  j j ,  k, kk, kb, k2, ku, lira, p; 
r e a l  t; 
i n t e g e r  a r r a y  C, LST[O: m];  
C[m] :=  ks; 
f o r  k :=  m s t e p  --1 u n t i l  1 d o  C[k -- 1] :=  C[k] + 2: 
p : = j : = m - - 1 ;  i : = k b : = O ;  
i f  reel t h e n  
b e g i n  

ku : = n - - 2 ;  
f o r  k :=  0 s t e p  2 u n t i l  ku do  

b e g i n t  :=  A [ k + l ] ;  A [ k +  1] :=  B[k]; B[k] := l e n d  
e n d  e l s e  m :=  m -- 1; 
lira := On T 2) + 2; i f p  =< 0 t h e n  go  t o L 4 ;  

L: ku := k2 := C[j] ,4, kb; j j  := C[m - j]; kk := kb ,4, j j ;  
L2: k := kk + j j ;  
L3: t : =  A[kk]; A[kk] := A[k2]; A[k2] :=  t; 

t := B[kk]; B[kk] := B[k2]; B[k2] :=  l; 
kk := kk,4, 1; k2 :=  k 2 + l ;  
i f k k  < k t h e n  go  t o L 3 ;  
kk := kk + j j ;  k2 := k2 .4. j j ;  
i f  kk < ku t h e n  go  t o  L2; 
i f  j > l im t h e n  
b e g i n  

j : = j - -  1; i : = i + 1 ;  
LST[i] : = j ;  go  t o L  

e n d ;  
kb :=  k2; 
i f  i > 0 t h e n  

b e g i n j  :=  LST[i]; i :=  i - -  1; go  t o L e n d ;  
i f  kb < n t h e n  b e g i n  j :=  p;  go  t o  L e n d ;  

L4 : 
e n d  REORDER; 

p r o c e d u r e  R E A L T R A N ( A ,  B, n, evaluale); 
v a l u e  n, evaluate; i n t e g e r  n ;  
B o o l e a n  evaluate; a r r a y  A,  B;  
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c o m m e n t  If evaluate is fa lse ,  this procedure unscrambles the 
single-variate complex transform of the n even-numbered and 
n-odd-numbered elements of a real sequence of length 2n, where 
the even-numbered elements were originally in A and the odd- 
numbered elements in B. Then it combines the two real t rans-  
forms to give the Fourier cosine coefficients A[0], A[1], • • • , A[n] 
and sine coefficients B[0], BIll,  . . -  , Bin] for the full sequence 
of 2n elements. If evaluate is t r u e ,  the process is reversed, and a 
set  of Fourier cosine and sine coefficients is made ready for 
evaluation of the corresponding Fourier series by means of 
the inverse complex transform. Going in either direction, 
R E A L T R A N  scales by a factor of two, which should be taken 
into account in determining the appropriate overall scaling; 

begin  in t eger  k, nk ,  nh; 
real  aa, ab, ba, bb, re, ira, ck, sk, dc, ds, r; 

nh := n + 2; r := 3.14159265359/n; 
ds := s in (r ) ;  r := - - ( 2 X s i n ( O . 5 X r ) )  T 2; 
dc := - 0 . 5 X  r; ck := 1.0; sk := 0; 
i f  evaluate t h e n  

begin  ck := --1.0; dc := --de end 
e lse  beg in  A[n] := A[0]; B[n] := B[0] e n d ;  
for k := 0 s tep  1 u n t i l  nh do 
begin  

nk  := n - -  k; 
aa := A[k] + A[nk]; ab := A[k] - A[nk]; 
ba := B[k] + B[nk]; bb := B[k] -- B[nk]; 
re := ck X ba W sk X ab; i m  := sk X ba -- cb X ab; 
B[nk] := i m -  bb; B[k] := i m  W bb; 
A[nk] := aa -- re; A[k] := a n + r e ;  
dc := r X ck + dc; ck := ck-4-dc;  
ds := r X sk + ds ; sk := sk + ds 

end  
end R E A L T R A N  
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procedure  F F T ( A ,  B ,  n,  nv,  ks); va lue  n,  nv, ks; 
in t eger  n,  nv,  ks; a r r a y  A, B; 

c o m m e n t  This procedure computes the finite Fourier t ransform 
for one variate of dimension nv within a mult ivariate  t ransform 
of n complex data  values. The real and imaginary components 

* T h i s  r e s e a r c h  w a s  s u p p o r t e d  b y  S t a n f o r d  R e s e a r c h  I n s t i t u t e  o u t  of  R e s e a r c h  
a n d  D e v e l o p m e n t  f u n d s .  

of the data  are stored in arrays A[0: n - l ]  and B[0: n - l ] ,  follow- 
ing the usual arrangement  for indexing mult ivariate  da ta  in 
a single-dimensional array, e.g., ajk~ is stored in location 
A [ j X n 2 X n ~ + k X n 3 + l ] f o r j  = 0,1,  . - .  , n l - -  1, k = 0 , 1 , . . -  , 
n2 -- 1, and l = 0, 1, . . -  , n~ -- 1. The value of ks for the kth 
variate of a p-variate t ransform is 

k8 = nk X nk+l X " ' "  X np 

where nv = nk and n = nl X n2 X " "  X np.  On completion of 
the transform, the real and imaginary components of the result-  
ing Fourier coefficients are in A and B respectively. For  a single 
variable, n = nv = ks, and the t ransform 

n--1 

(ak 4 ibk) exp (i27rjk/n) 
k~O 

is computed for j = 0, 1, . - .  , n -- 1. 
For a single-variate t ransform of 2n real-valued points,  the 

amount  of computing can be reduced by approximately one-half 
by using procedure R E A L T R A N  [3] together  wi th  F F T .  The 
even-numbered da ta  points  are stored initially in array A, the 
odd-numbered da ta  points in array B, the t ransform is computed 
with 

F F T ( A , B ,  n,  n ,  n ) ,  

and the result  is unscrambled wi th  

R E A L T R A N ( A ,  B ,  n ,  fa lse)  

and then scaled by 1/2n to give the cosine coefficients as A[0], 
A[1], . . .  , A[n] and the sine coefficients as B[1], B[2], . . .  , 
B[n--1], wi th  B[0] = B[n] = O. The inverse operation, evMuat- 
ing the Fourier series wi th  cosine coefficients A and sine coeffi- 
cients B, is computed by 

R E A L T R A N ( A ,  B,  n,  true)  

followed by 

F F T ( A ,  B ,  n ,  n,  n) ,  

then scaling by 1/2, yielding the even-numbered time domain 
values in array A and the odd-numbered values in array B. 
Note tha t  the upper bounds of array A and B must  be increased 
to n when procedure R E A L T R A N  is used. 

The method is based on an algorithm due to Cooley and 
Tukey [1], with modifications proposed by Singleton [2], to 
allow computing of large transforms on a sys tem with virtual  
memory. The dimension nv is first decomposed into its prime 
factors nvl  , nv2 , . . .  , nv~ , and then  nv/nv~ t ransforms of di- 
mension nvl are computed for i = 1, 2, - . .  , m. The resulting 
transformed values are then permuted to normal order in a final 
step. Computing times, to a first approximation,  should be 
proport ional  to n ( n v l + n v 2 + . . .  + nv,~). The dimension of array 
F A C T O R  must  be increased if nv has more than  20 factors. 

In factoring nv at the beginning of the procedure, factors tha t  
are squares of primes are first removed, then the square-free 
portion is factored. The two factors of each square are placed 
symmetr ical ly  about the square-free factors. For  example, 
nv = 72 is factored as 2 × 3 X 2 X 3 X 2. This arrangement  is 
used to simplify the final reordering in place. One symmetr ic  
permutat ion step is done for each square factor ,  and the reorder- 
ing is completed by following the permuta t ion  cycles of the 
square-free portion. 

In  the t ransform phase of the procedure,  special coding for 
factors of 2 and 3 is included for efficiency. Adjacent  factors of 
2 are also paired, and the results s tored as for factors of 2 ra ther  
than 4. The remaining factors are handled by an odd-factor 
routine, using tr igonometric funct ion symmetr ies  and smaller 
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real transforms to reduce the number of multiplications by one- 
half as compared with a s traightforward complex transform of 
an odd factor. The approximate number of complex multiplica- 
tions is n/2 for a factor of 2, 3n/4 for a factor of 4, and 
(p-- l )  (p+3)n/4p for an odd factor p. 

In both  the t ransform and reordering phases, data  is accessed 
in subsequences of consecutive array elements, and as much 
computing as possible is done in one section of the da ta  before 
moving on to another. This is done to reduce the number of 
memory overlay operations in a system with virtual memory. 
After the first t ransform or symmetric permutat ion step, the 
remaining steps can be performed independently on each of 
nvt spans of data. We complete all remaining steps on the first 
span before beginning with the second. Similarly, after the 
second step the first span is subdivided in nv2 independent  spans. 
This subdivision process is continued through the remaining 
steps. 

A number of working storage arrays are declared within this 
procedure. For large n, the total working storage is small in 
comparison with the 2n locations for data  arrays A and B, ex- 
cept in a couple of cases. In the transform phase, approximately 
6q working storage locations are used, where q is the largest 
prime factor in the transform. This requirement is minor except 
in a single-variate t ransform with n a prime number. During the 
reordering phase, the worst case occurs when doing a single- 
variate transform with n a product  of two or more primes with 
no square factors. In this case, approximately n working storage 
locations are required. 

This program was tested on the Burroughs B5500 computer 
and compared with another program computing a single n-by-n 
complex Fourier transform. Whenever n had t~6 or more prime 
factors, procedure FFT was much faster. THe B5500 ALGOL 
system limits single-dimension arrays to 1023 words, but  larger 
transforms can be computed by declaring 

array A, B[0: (n- - l )  + 512, 0: 511], 

storing the data  512 entries per row, and using partial word 
indexing A[J.[30:9], J.[39:9]] instead of A[J] wherever A and B 
appear in procedure FFT. 
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beg in  in t eger  array FACTOR[O: 20]; Boo lean  zero; 
real  A0, A1, A2, A3, BO, B1, B2, B3, cm, sm, 

cl, c2, c3, sl ,  s2, s3, c30, rad; 
in teger  kO, kl, k2, k3, jk, kf, kh, jr, ram, 

i, j, j j ,  k, kb, m, span, kt, kn; 
c o m m e n t  Determine the square factors of nv; 
k : = n v ;  m : = 0 ;  j : = 2 ;  j j : = 4 ;  i f : = 0 ;  
FACTOR [0] : =1; 

L: f o r i  := k + j j w h i l e i X j j  = k d o  
b e g i n m  := m +  1; FACTOR[m] : = j ;  k := i e n d ;  

i f j  = 2 t h e n  j := 3 e l s e j  := j + 2; 
j j  := j X j; i f j j  =< k t h e n  go to  L; kt := m; 
c o m m e n t  Determine the remaining factors of nv; 
for j := 2, 3 s t ep  2 u n t i l  k do 
for i := k + j wh i l e  i X j = k do 

b e g i n  m := m + 1; FACTOR[m] := j ;  k := i end;  
i f  FACTOR[kl] > FACTOR[m] t h e n  k := FACTOR[kt] 
e lse  k := FACTOR[m]; 
for j := kt s t e p  - 1  u n t i l  1 do 

b e g i n  m := m-t-l; FACTOR[m] := FACTOR[j] end;  
b e g i n  in t eger  array C,D[0: m]; 
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L1 : 

L2: 

L3: 

b e g i n  array CK, SK, CF, SF[0:k-1] ;  
array AP, BP, AM, BM[O:(k-1)+ 2]; 
array RD, CC, SS[O:m]; 
B o o l e a n  array BB[O:m+I]; 
rad := 6.28318530718; c30 := 0.866025403784; 
for j := m s t e p  --1 u n t i l  2 do 
b e g i n  

BB[j] := (FACTOR[j-1]+FACTOR[j]) = 4; 
i f  BB [j] t h e n  

b e g i n  j := j -- 1; BB[j] := fa l se  end  
e n d  ; 
BB[m+I] := BB[1] := fa l se ;  
C[0] := ks + nv; kn := 0; D[0] := ks; 
for j := 1 s t e p  1 u n t i l  m do 
b e g i n  

k := FACTOR[j]; C[j] := C[j -1]  X k; 
D[j] := D[j--1] + k; RD[j] := rad/C[j]; 
cl := rad/k; 
i f  k > 2 t h e n  

beg in  CC[j] := cos(cl); SS[j] := sin(cl) e n d  
end;  
mm :=- i f  BB[m] t h e n  m - 1  e lse  m; 
i f m m  > 1 t h e n  
b e g i n  

sm := C[mm-2] × RD[m]; 
cm := cos(sin); sm := sin(sin) 

en d ; 
kb := kn; kn := kn +ks ;  j j  := 0; i := 1; 
cl := 1.0; sl  := 0; zero := true;  

i f  BB[i+I] t h e n  
b e g i n k f : =  4; i : =  i + l e n d  

else  kf := FACTOR[i]; 
span := D[i]; 
i f  -7 zero t h e n  
b e g i n  

sl := j j  X RD[i]; cl := cos(sl); sl := sin(sl) 
end;  
c o m m e n t  Factors  of 2, 3, and 4 are handled 

separately to gain efficiency; 
i f k f  = 4 t h e n  
beg in  

i f  -7 zero t h e n  
b e g i n  

c2 := cl T 2 -  sl  T 2; s2 := 2.0 X cl X sl ;  
c3 := c2 X cl -- s2 X sl ;  s3 := c2 X sl  + s2 X cl 

end; 
for k0 := kb + span --1 s t e p  --1 u n t i l  kb do 
beg in  

kl := kO+span; k2 := k l -4-span;  k3 := k2Jr  span; 
A0 := A[k0]; B0 := B[k0]; 
i f  zero t h e n  
b e g i n  

A1 := A[kl]; B1 := B[kl]; 
A2 := A[k2]; B2 := B[k2]; 
A3 := A[k3]; B3 := B[k3] 

end  
else  
beg in  

A1 := A[kl] X cl -- B[kl] X sl ;  
B1 := A[kl] X sl + B[kl] X cl; 
A2 := A[k2] X c2 - B[k2] X s2; 
B2 := A[k2] X s2 + B[k2] X c2; 
A3 := A[k3] X c3 - B[k3] X s3; 
B3 := A[k3] × s3 + B[k3] × c3 

e n d  ; 
A[k0] := A 0 +  A 2 +  A i + A 3 ;  B[k0] := B 0 + B 2 +  

B1 + B3; 
A[kl] := A 0 +  A 2 - -  A 1 - -  A3; B[kl] := B 0 + B 2 -  

B1 -- B3; 
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A[k2] :=  A 0 - -  A 2 - -  B1 + B 3 ;  B[k2] := B 0 - -  B 2 +  
A1 - A3; 

A[k3] := A 0 - -  A 2 W B 1 - -  B3; B[k3] :=  B 0 -  B 2 -  
A1 -4- A3 

e n d  
e n d  
e l se  i f  kf  = 3 t h e n  
b e g i n  

i f  -7 zero t h e n  
b e g i n c 2 : =  cl ~ 2 - -  s l  ~ 2; s 2 : = 2 . 0 X c l X s l e n d ;  

f o r  k0 := kb + span -- 1 s t e p  --1 u n t i l  kb do  
b e g i n  

kl  := k O +  span; k2 := k l +  span; 
A0 :=  A[k0]; B0 := B[k0]; 
i f  zero t h e n  
b e g i n  

A1 := A[kl];  B1 :=  B[kl]; 
A2 :=  A[k2]; B2 := B[k2] 

e n d  
e l se  
b e g i n  

A1 := A[kl] X cl -- B[kl] X s l ;  
B1 :=  A[kl] X s l  + B[kl] X cl;  
A2 := A[k2] X c2 -- B[k2] X s2; 
B2 :=  A[k2] X s2 + B[k2] X c2 

e n d ;  
A[k0] :=  A 0 +  A1 + A2; B[k0] := B 0 + B I + B 2 ;  
A 0 : =  -- 0 . 5 X  ( A i + A 2 )  + A 0 ;  A i : =  (A1--A2)  X 

c30; 
B0 := -- 0 . 5 X  ( B i + B 2 )  + B 0 ;  B1 :=  (B1--B2) X 

c30; 
A[kl] := A0 -- B1; B[kl] := B0 -4- A1; 
A[k2] :=  A0-4- B1; B[k2] := B 0 - -  A1 

e n d  
e n d  
e l se  i f  kf = 2 t h e n  
b e g i n  

k0 :=  kb + s p a n ;  k2 := kO + span; 
i f  zero t h e n  
b e g i n  

f o r  k0 :=  k0 -- 1 w h i l e  kO >= kb do  
b e g i n  

k2 := k 2 - -  1; A0 :=  A[k2]; B0 :=  B[k2]; 
A[k2] := A[k0] -- A0; A[k0] :=  A[k0] + A0; 
B[k2] :=  B[k0] -- B0; B[k01 :=  B[k0] + B0 

e n d  
e n d  
e l se  
f o r  k0 :=  k0 -- 1 w h i l e  kO ->_ kb do  
b e g i n  

k2 := k 2 -  1; 
A0 := A[k2] X cl -- B[k2] X s l ;  
B0 := A[k2] X s l  + B[k2] X cl;  
A[k2] :=  A[k0] -- A0; A[k0] := A[k0] + A0; 
B[k2] := B[k0] -- B0; B[k0] :=  B[k0] + B0 

e n d  
e n d  
e l se  
b e g i n  

jk :=  k f - -  1; kh := j k  + 2; k3 := D [ i - - 1 ] ;  
k0 :=  kb + span; 
i f  -~ zero t h e n  

b e g i n  
k :=  j k - -  1; CFll]  :=  cl;  SF[ I ]  :=  s l ;  

f o r  j :=  1 s t e p  1 u n t i l  k do  

b e g i n  
CF[j+I] :=  CF[j] X cl ,-  SF[j] X s l ;  

SF[ j+i]  := CF[j] X s l  + SF[j] X cl 

L4: 

e n d  
e n d  ; 
i f  kf  # j f  t h e n  
b e g i n  

CK[jk] := CK[1] :=  c2 := CC[i]; 
SK[1] := s2 := SS[i]; SK[jk] :=  --s2;  
f o r  j := 1 s t e p  1 u n t i l  kh do  
b e g i n  

k : = j k - - j ;  
CK[k] := CK[j+I] := CK[jl × e2 - SK[j] × s2; 
SK[ j+I]  := CK[jl X s2 + SKIj] X c2; 
SK[k] := - - S K I j + i ]  

e n d  
e n d ;  
kl :=  k0 := k 0 - -  1; k2 :=  k0-4-k3;  
A3 :=  A0 := A[k0]; B3 := B0 :=  B[k0]; 
f o r  j := 1 s t e p  1 u n t i l  kh do  
b e g i n  

ki :=  kl + span; /02 :=  to2-- span; 
i f  zero t h e n  
b e g i n  

A1 :=  A[kl];  B1 :=  B[kl]; 
A2 := A[k2]; B2 :=  B[k2] 

e n d  
e l se  
b e g i n  

k : = k f - - j ;  
A1 :=  A[kl] × CF[j] -- B[kl] × SF[j]; 
B1 := A[kl] X SF[j] + B[kl] X CF[j]; 
A2 := A[k2] X CF[k] -- B[k2] X SF[k]; 
B2 := A[k2] X SF[k] -4- B[k2] X CF[k] 

e n d ;  
AP[j] :=  A1 -4- A2; AM[j] :=  A1 -- A2; 
BP[j] := B1 + B2; BM[j] := B1 -- B2; 
A3 := AP[j]  + A3; B3 :=  BP[j] -4- B3 

e n d ;  
A[k0] :=  A3; B[k0] := B3; 
kl := k0; k2 :=  lc0 + k 3 ;  
f o r  j :=  1 s t e p  1 u n t i l  kh do 
b e g i n  

kl :=  kl + span; k2 :=  k 2 - -  span; j k  :=  j ;  
A1 :=  A0; B1 :=  B0; A2 :=  B2 := 0; 
f o r  k :=  1 s t e p  1 u n t i l  kh do  
b e g i n  

A1 :=  AP[k] X CK[jk] + A1; 
A2 :=  AM[k] X SK[jk] + A2; 
B1 := BP[lc] X CK[jk] -4- B1; 
B2 := BM[k] X SK[jk] -4- B2; 
j k  := jk + j ;  i f j k  ~ kf  t h e n  j k  := j k  -- k f  

e n d ;  
A[kll :=  A 1 -  B2; A[k2] :=  A1 + B 2 ;  
B[kl] :=  B1 + A2; B[k2] := B1 -- A2 

e n d ;  
i f  k0 > k b t h e n  go t o L 4 ;  j f  :=  kf  

e n d ;  
i f i  < m m t h e n  

b e g i n i  := i + 1; go  t o L 2 e n d ;  
i :=  ram; zero :=  f a l s e ;  
kb :=  D[i -- 1] + kb; 
i f  kb < kn t h e n  
b e g i n  

f o r  j j  :=  C [ i - 2 ]  + j j  w h i l e  j j  _-> C [ i - 1 ]  d o  

b e g i n i  :=  i - -  1; j j  :=  j j - -  C[ i ]end;  
i f i  = m m t h e n  
b e g i n  

c2 :=  cl ;  cl  :=  cm X cl -- sm X s l ;  

s l  :=  sm X c2. + cm X s l ;  go  t o L 3  

e n d ;  
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L5: 

L6: 
L7: 

L8: 

i f B B [ i ]  t h e n i  := i + 1; go t o L 2  
e n d ;  
i f k n  < n t h e n  go t o L l  

e n  d ; 
i :~ 1; 
for  j := kt -- 1 s t e p  --1 u n t i l  1 do 
b e g i n  

FACTOR[j] := FACTOR[j] -- 1; i := FACTOR[j] + i 
e n d ;  
c o m m e n t  We now permute the result  to normal order; 
c o m m e n t  The following i f  s ta tement  does the complete re- 

ordering if the square-free portion of n has at most one 
prime factor. Otherwise it does a partial reordering, leaving 
each entry in its correct section of length n + c[kt], 
where c[kt] ~" 2 is the product  of the square factors; 

i f k t  > O t h e n  
b e g i n  i n t e g e r  a r r a y  S[0:i]; 

j := 1; i := kb := 0; 
k3 := k2 := D[j] + kb; j k  := j j  := C[ j -1 ] ;  
kO := kb + j j ;  span := C[j] - j j ;  
k := k O + j j ;  
A0 := A[k0]; A[k0] := A[k2]; A[k2] := A0; 
B0 := B[k0]; B[k0] := B[k2]; B[k2] := B0; 
kO := k 0 +  1; k2 := k2 + 1; 
i f  k0 < k t h e n  go to  L7; 
kO := kO + span; k2 := k2 -~ span; 
i f  k0 < k3 t h e n  go to  L6; 
i f  k0 < (k3+span) t h e n  

beg in  kO := kO -- D[j] + j j ;  go t o L 6  e n d ;  
k3 := D[j] + k3; 
i f  (k3-kb)  < D[j--1] t h e n  
b e g i n  

k2 := k3 + j k ;  jk  := j k + j j ;  
k0 := k 3 - -  D[j] +t ic ;  go t o L 6  

e n d ;  
i f j  < kl t h e n  
beg in  

k := FACTOR[j] + i ;  j := j +  1; 
i := i + 1; S[i] := j;  i f i  < k t h e n  go t o L 8 ;  
go to  L5 

en  d; 
kb := k3; 
i f  i > 0 t h e n  

b e g i n j  := S[i]; i := i -  1; go t o L S e n d ;  
i f k b  < n t h e n  b e g i n j  := 1; go t o L 5 e n d  

e n d ;  
jk :~ C[kt]; span := D[kl]; m := m - -  kt; 
kb :~- span + j k - - 2 ;  
c o m m e n t  The following i f  s ta tement  c0mpletes the re0rder- 

ing if the square-free portion of n has two or more prime 
factors; 

i f k t  < m - -  1 t h e n  
b e g i n  i n t e g e r  a r r a y  R[0:kb]; 

a r r a y  T A ,  TB[O:jk--1]; 
fo r  j := kt s t e p  1 u n t i l  m do D[j] := D[j] + jk;  
jj := 0; 
for  j := 1 s t e p  1 u n t i l  kb do 

b e g i n  
k := kt; 
f or  j j  := D[k+l]  + j j  w h i l e  j j  _-> D[k] do 

b e g i n  j j  := j j  -- D[k]; k := k + 1 e n d ;  
i f  j j  = j t h e n  R[j] :=  --  j e l s e  R[j] :~ j j  

e n  d ; 
c o m m e n t  Determine the permutat ion cycles of length 

=>2; 
for  j := 1 s t e p  1 u n t i l  kb do i f  R[j] > 0 t h e n  

b e g i n  
k2 := j; 
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for  k2 := abs(R[k2]) w h i l e  k2 ~ j do R[k2] := --R[k2] 
e n d  ; 
c o m m e n t  Reorder A and B following the permutat ion 

cycles; 
k n : = i : = j : = O ;  

LA:  kb := kn; kn := kn + ks; 
LB: j := j + 1; i fR[ j ]  < 0 t h e n  go t o L B ;  

k := R[j]; k0 := j k X  k + k b ;  
LC: TA[i] := A[kO+i]; TB[i] := B[kO+i]; 

i := i + 1; i f  i < jk  t h e n  go to  LC; i := 0; 
LD: k := --R[k]; j j  := k0; k0 := j k  X k + kb; 
LE:  A[ j j+i]  := A[k0+i]; B[j j+i]  := B[kO+i]; 

i := i + 1; i f i  < j k t h e n  go r o L E ;  i := 0; 
i f  k ~ j t h e n  go to  LD; 

LF: A[k0+i] := TA[i]; B[kO+i] := TB[i]; 
i := i +  1; i f i  < j k t h e n  go t o L F ;  i := 0; 
i f j  < k 2 t h e n  go t o L B ;  j := 0; 
kb := kb + span; i f k b  < kn t h e n  go t o L B ;  
i f  kn < n t h e n  go to  L A  

e n d  
e n d  

e n d  F F T  

ALGORITHM 340 
ROOTS OF POLYNOMIALS BY A ROOT-SQUARING 
AND RESULTANT ROUTINE [C2] 
ALBERT NOLTEMEIER 

(Recd. 2 Nov. 1967, 25 Jan. 1968 and 16 July 1968) 
Technische Universitiit Hannover, Rechenzentrum~ 

Hannover, Germany 

KEY WORDS AND PHRASES:  rootfinders, roots of poly- 
nomial equations, polynomial zeros, root-squaring operations, 
Graeffe method,  resul tant  procedure, subresul tant  procedure, 
test ing of roots, acceptance criteria 

CR CATEGORIES:  5.15 
p r o c e d u r e  AG4(n, c, ram, delta, epsilon, range) Result:  (re, ira, 

mu, rt, gc, m, i, t) Exit :  (fail); 
value  n, ram, della, epsilon, range; 
i n t e g e r  n, m, i, ram; rea l  delta, epsilon, range; 
i n t e g e r  a r r a y  mu; 
a r r a y  e, re, ira, rt, gc, t; 
l abe l  fail;  

c o m m e n t  AG4 finds simultaneously zeros of a polynomial of 
degree n with real coefficients by a root-squaring and resul tant  
routine. 

This procedure supersedes Algorithm 59 [2]. The following 
changes were made: 
(a) In the procedure heading, the meaning of the old formal 

parameter alpha is shared by the three new parameters i r a ,  
delta, and epsilon, and range, m, i, t, fa i l  are added to the formal 
parameter  list. 
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(b) In  t he  b e g i n n i n g  of tile p rocedu re  body  the  po l ynomia l  is 
t e s t ed  for 0 as a zero (label Z R O T E S T ) .  A l t h o u g h  th~ m o d u l u s  
p = 0 can be  found  by  s q u a r i n g  o p e r a t i o n s ,  the  p rocedu re  
u s u a l l y  will no t  find t he  roo t  0 w i t h o u t  t h a t  tes t .  

(c) In  t he  p r o g r a m  sec t ion  labe led  S Q U A R I N G  O P E R A T I O N  
t he  i t e r a t i ve ly  s q u a r e d  coefficient is t e s t ed  w h e t h e r  i t  will re -  
m a i n  in t he  a l lowed r a n g e  of n u m b e r s  ( formal  p a r a m e t e r  
range) for  a p a r t i c u l a r  m a c h i n e  a f te r  a n o t h e r  s q u a r i n g  opera -  
t ion.  

(d) If  t he r e  is a complex  zero w i t h  a real p a r t  of 0, t h e  r e s u l t a n t  
R(p )  is a p o l y n o m i a l  of degree  n w i t h  t h e  coefficients  r~_l = 
r ,  = 0. C o m p u t i n g  the  modu l i  oi the  ze res  ()f t h i s  p o l y n o m i a l  
in t h e  p r o g r a m  sec t ion  lal)eled S Q U A R I N G  O P E R A T I O N  
and  t e s t i n g  for p ivo ta l  coefficients,  one would  h a v e  to d iv ide  
b y  0. T h i s  case  has  been  exc luded  by  t e s t i n g  t h e  d iv isor .  

(e) If t he  a c c e p t a n c e  c r i t e r i a  epsi lon and  delta are  chosen  too  
large,  t he  s u m  of t he  m u l t i p l i c i t i e s  of the  a l r e a d y  f o u n d  zeros  
m a y  be g r e a t e r  t h a n  t he  degree  n of t h e  po l ynomia l .  I n  t h e  
p r o g r a m  sec t i ons  l abe led  I T  and  D, the  t e s t  for  t he  degree  of 
t h e  r e s idua l  p o l y n o m i a l ,  t h e  n u m b e r  of zeros ,  and  t h e  s u m  of 
t he  m u l t i p l i c i t i e s  of zeros  in order  to end  t h e  p r o c e d u r e  h a s  
been  i m p r o v e d .  
T e s t s :  T h e  p rocedu re  AG4 has  b e e n  t e s t e d  on  t h e  C D C  

1604-A c o m p u t e r  a t  t he  R e c h e n z e n t r u m ,  T e c h n i s c h e  U n i v e r s i t ~ t  
H a n n o v e r .  T h e  fo l lowing r e s u l t s  were  o b t a i n e d  in  a few r ep re -  
s e n t a t i v e  cases .  T h e  p a r a m e t e r s  of a c c e p t a n c e  c r i t e r i a  a re  
delta = 0.2, epsi lon = 10 -: ,  and  m m =  10. 
(i) Pt(x )  = x s - 30x 6 + 273za --  820x ~ -4- 576 

x~ = 4.000 000 0910 x2 = - 4 . 0 0 0  000 0010 
x3 = 2.999 999 9990 x4 = - 2 . 9 9 9  999 9990 
x~ = 2.000 OOO 0000 x6 = --2.000 000 0000 
x7 = 1.000 009 0000 xs = --1.000 000 0000 

(ii) P2(.t) = ~ + 7x 4 -4-4- 5z ~ -4- 6X 2 -4- 3x -4- 2 
x~ = --6.3509936102 
x:, ~ = 1.350~884657 X 10 -1 ± i X 7.7014185283 X 10 -1 
x4, ~ = --4.5957204142 X 10 -1 ± i X 5.5126354891 X 10 -1 

(iii) P~(x) = z ~ - 2x 6 -4- 2z 4 "4" x ~ "4- 6z 2 - 6 x " 4 - 8  
x~,~ - 9.9999999974 X 10 - t  ± i X 1.0000000002 
x3.4 = 4.9999999999 X 10 -~ ± i X 8.6602540377 X 10 -x 
x5.6 = 1.4999999997 ± i X 1.3228756548 

(iv) P4(x) = x ~ -- 4.01x + 4.02 
T h e  p r o c e d u r e  fa i ls  to  c o m p u t e  a n y  zero in  t h i s  case  ( p a r a m e t e r  
m = 0). Af t e r  c h a n g i n g  t h e  p a r a m e t e r  epsi lon to  10 -5, AG4 
e v a l u a t e s  t he  zero x = 2.0049937655 w i t h  m u l t i p l i c i t y  2 and  re-  
m a i n d e r  t e r m  2.5 X 10-5; 

P a r a m e t e r s :  
n degree  of t h e  p o l y n o m i a l  
c real  coeff ic ients  of t h e  p o l y n o m i a l  

c [ j ] ( j = 0 , . . .  ,n) ,  w h e r e  c[n] is t h e  c o n s t a n t  t e r m  
delta, epsi lon p a r a m e t e r s  for  a ccep t ence  c r i t e r i a  

p r ac t i ca l  i n p u t  delta = 0,2, epsi lon = 10 Y ( - 7 )  
range u p p e r  b o u n d  of t h e  r a n g e  of real  c o n s t a n t s  

(for t h e  cDc  1604 -A range = 10 T 307) 
m m  n u m b e r  of r o o t - s q u a r i n g  i t e r a t i o n s  

p r ac t i c a l  i n p u t  m m  = 10 
re real  p a r t  of e ach  zero r e [ j ] ( j = l ,  . . . ,  m)  
i m  i m a g i n a r y  p a r t  of e ach  zero i m [ j ] ( j = l ,  . . .  , m)  
m u  c o r r e s p o n d i n g  m u l t i p l i c i t y  m u [ j ] ( j =  1, . . .  , m) 
r t  r e m a i n d e r  t e r m  r t[ j ] ( j= 1, . . - ,  m) 
ge coeff icients  of t h e  po l ynomi a l  g e n e r a t e d  f r o m  t h e s e  zeros  

gc[j] ( j =  O , . . .  , n - - i )  
m n u m b e r  of d i s t i n c t  zeros  f o u n d  b y  t h e  r o u t i n e  
i degree  of t he  res idua l  p o l y n o m i a l  
t coeff ic ients  of t h e  r e s idua l  p o l y n o m i a l  

t[ j]( j=O, . . .  , i),  where  t[i] is t h e  c o n s t a n t  t e r m  
fa i l  a zero w i t h  m u l t i p l i c i t y  g r e a t e r  t h a n  n f o u n d ,  c h a n g e  

p a r a m e t e r s  for  a c c e p t a n c e  cr i te r ia .  
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b e g i n  
i n t e g e r  d ,numzro  ; 
B o o l e a n  zero; 
numzro  :=  O; zero :=  f a l s e ;  d :=  n ;  

Z R O T E S T :  
i f  c[d] = 0 t h e n  
b e g i n  

zero :=  t r u e ;  d : = d - -  1; numzro  : = n u m z r o + l ;  
go t o  Z R O T E S T  

e n d ;  
b e g i n  

i n t e g e r  ct, nu ,  nuc ,  beta, j ,  j c ,  k ,  p,  em, l, mmc ,  II, me,  sin; 
B o o l e a n  root; 
rea l  x, y,  gx, rp,  h; 
array  a,  ac[0: d, 0: mm],  rr ,  re[0: d], s [ - l :  d], 

ag[0: d + l ,  - -1 :  d + l ] ,  rh, q, g, f [ l :  2 X d]; 
s w i t c h  ss : =  S1, $2 ;  
s w i t c h  tt := T1,  T2;  
s w i t c h  vv := V1,  V2; 
i n t e g e r  p r o c e d u r e  rain(u,  v); i n t e g e r  u ,  v; 

m i n  := i f  u __< v t h e n  u e l s e  v; 
rea l  p r o c e d u r e  synd(ww,  qq, i i ,  tt); 

i n t e g e r  ii;  rea l  ww,  qq; a r r a y  tl; 
Y N  T H E  T I C D I  V: 

b e g i n  
s[--1] :=  0; s[0] :=  tt[0]; 
for  em :=  1 s t e p  1 u n t i l  i i  do 

s[em] := ll[em] -- ww  X s[em--1] -- qq X s[em--2]; 

i f  qq = 0 t h e n  synd := abs(s[ii]) 
e l s e  synd :=  abs(s[i i --1] X sqrt(abs(qq) ) ) -4- abs(s[ii]) 

e n d  synd; 
ct := beta := 1; 

S Q U A R I N G  0 P E R A  T I O N  : 
me := urn;  
b e g i n  

for  m :=  1 s t e p  1 u n t i l  m m  d o  
b e g i n  

for  j : =  0 s t e p  1 u n t i l  d do 
b e g i n  

h : = 0 ;  
for  II :=  1 s t e p  1 u n t i l  m i n ( d - - j , j )  d o  

h :=  h -4- (--1)  ~ U X a [ j - l l ,  m - l ]  X a[ j+l l ,  m - l ] ;  
a[ j ,m]  :=  (--1)  T j X  ( a [ j , m - 1 ]  T 2 + 2 X h )  

e n d ;  
f o r  1 :=  0 s t e p  1 u n t i l  d do 
b e g i n  

i f  abs(a[1, m]) >= sqrt(range) t h e n  
b e g i n  me :=  m;  go t o  W l e n d  

e n d  
e n d  

e n d  ; 
WI :  

for  j :=  0 s t e p  1 u n t i l  d d o  
rr[j] : = i f  a[j, me] = 0 t h e n  0 e l s e  

( - -1)  T J X a[j, me - - l ]  T 2/a[j ,  me]; 
II :=  O; 
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f o r  j := d s t e p  - 1  u n t i l  0 do  
b e g i n  

i f  a[j, me] = 0 t h e n  
b e g i n  tl := ll + 1; rr[j] :=  ll e n d  

e l se  go  t o  W2 
e n d  ; 

W2: 
j := 1; nu := 1; 

RD:  
i f  (1-del ta~rr[j])  /~ (rr[j]=< l +delta) t h e n  
b e g i n  

rp :=  abs(a[j, m e l / a [ j - n u ,  mel) '$ (1/(2 T m e × n u ) ) ;  
go t o  tt[beta] 

e n d  ; 
M i :  

nu :=  nu  + 1; 
M2: 

j : = j + l ;  
i f j  = d + 1 t h e n  go  t o  ss[beta] e l se  go  t o  RD;  

M3 : 
nu  := 1; go  t o M 2 ;  

TI :  rh[ct] := rp; x := rp + epsilon X rp; 
y := x 4- epsilon X rp ;  
f o r  k := 0 s t e p  1 u n t i l  d d o  t[k] :=  abs(c[k]); 
f[ct] := synd(--y,  0.0, d, t) -- synd(--x,  0.0, d, t); 
g[ct] := synd(--rh[ct], 0.0, d, c); 
i f  abs(f[cl]) > g[ct] t h e n  
b e g i n  

root :=  t r u e ;  q[ct] :=  0; 
ct :=  ct + 1; f[et] := f[ct--l] 

e n d ;  
rh[ct] := --rp; 
g[cl] := synd(--rh[ct], 0.0, d, c); 
i f  abs(f[ct]) > g[ct] t h e n  
b e g i n  

root := t r u e ;  q[ct] := O; 
et := ct -F 1; f[ct] :=  f [e t -1]  

e n d  ; 
i f  nu = 1 t h e n  go  t o  M2; 
q[ct] :=  rp T 2; nue :=  nu; jc  :=  j ;  
mine : = me; 
f o r  j :=  0 s t e p  1 u n t i l  d do  
b e g i n  

rc[j] := rr[j]; ac[j, me] :=  a[j, me] 
e n d  ; 

R E S U L T A N T :  
b e g i n  

a r r a y  b[--l:d-4-1, --1 : d + l ] ,  aa[0:d], 
r[0:d, 0:d], c b [ - l : d + l ] ;  

c b [ - l ]  :=  cb[d-4- 11 := 0; 
f o r  j :=  0 s t e p  1 u n t i l  d do  

cb[jl :=  c[j]; 
b[0, 0] := 1; 
f o r  k := 0 s t e p  1 u n t i l  d do  
b e g i n  

b[k, --1] :=  0; b[k--1, k] := 0; 

f o r  j :=  0 s t e p  1 u n t i l  k do  
b[kA-1, j] :=  b[k, j - l ]  - q[ct] X b[k -1 ,  j] ;  

b[k+l ,k-F1]  :=  1; h :=  0; 
f o r  j :=  d -- k s t e p  --1 u n t i l  0 do  

h : = h  + (cb[j] × cb[k+j] -- cb[j--l] 
× cb[k+j+l])  X q[ct] 1" (d--k-- j ) ;  

aa[k] :=  (--1) T k X h; 
f o r  j := 0 s t e p  1 u n t i l  k - 1 do  

r[k, j] :=  r[k--1, j] "b aa[k] X b[k, j] ;  
r[k, k] :=  aa[k] 

e n d  ; 
beta :=  2; 
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T2: 

$2: 

S i :  

f o r  j := 0 s t e p  1 u n t i l  d do  
a[j, 0] := r[d, d- j ] / r[d ,  d] 

e n d  ; 
go t o  S Q U A R L V G  O P E R A T I O N ;  

i f  (rp/2) T 2 > q[ct] t h e n  go t o M 3 ;  
rh[ct] :=  rp; 
g[ct] := synd(--rh[ct], q[ct], d, c); 
i f  abs(f[ct]) > 9[ct] t h e n  
b e g i n  

ct := ct -4- 1; f[ct] := f[ct--1]; 
q[ct] := q[ct--1] 

e n d ;  
rh[ct] := --rp; 
g[ct] := synd(--rh[ct], q[ct], d, c); 
i f  abs(f[ct]) > g[ct] t h e n  
b e g i n  

ct :=  ct + 1; f[ct] :=  f [e t - - l j ;  
q[ct] :=  q[ct--l] 

e n d  ; 
go t o  M3; 

me := mmc; 
f o r  j := 0 s t e p  1 u n t i l  d do  
b e g i n  

a[j, me] :=  ac[j, me]; rr[j] := rc[j] 
e n d ;  
j := jc; beta := 1; 
i f  root t h e n  go t o  M3 e lse  nu :=  nuc; 
go t o  M1; 

f o r j  :=  0 s t e p l u n t i l d d o a g [ j ,  0] :=  1; 
f o r  j := --1, 1 s t e p  1 u n t i l  d do  
f o r  m := 0 s t e p  1 u n t i l  d do  

ag[m, j] := 0; 
k :=  1; i := d; m :=  1; ll := 0; 
f o r  j :=  0 s t e p  1 u n t i l  d do  t[j] :=  c[j]; 

M U L T  : 
mu[m] := 0; 

p := i f  q[k] = 0 t h e n  1 e l se  2; 
I T :  

gz :=  synd(-rh[k],  q[k], i, t); 

i f  abs(f[k]) > gx t h e n  
b e g i n  

U :=  ll + p; 
f o r  j := 1 s t e p  1 u n t i l  U do 

ag[ll, j] := ag[ll--p, j] -- rh[k] X ag[ll--p, j - - l ]  + q[k] X 
ag[ l l -p ,  j - 2 ] ;  

mu[m] := mu[m] 4- p; i := i -  p; 
i f  i < 0 t h e n  go  t o  fail;  
i f  i = 0 t h e n  go  t o  E l ;  
f o r  j := 0 s t e p  1 u n t i l  i do  t[j] := s[j]; 
go t o  I T  

e n d  
e l se  i f  mu[m] ~ 0 t h e n  

go  t o  vw[p]; 

E l :  
b e g i n  

rt[m] := g[k]; 
e n d  
e l se  go t o  D1; 

V1 : 
re[m] := rh[k]; 

V2: 
re[m] := rh[k]/2; 

E:  

ira[m] := 0; go  t o E ;  

im[m] := sqrt(q[k] -- re[m] T 2); 

m : = m - 4 - 1 ;  
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D I :  
k : = k + l ;  
sm :=  0; 
i f  m # 1 t h e n  
fo r  j :=  1 s t e p  1 u n t i l  m - 1 d o  sm :=  s m +  mu[j]; 
i f k  ~ c t A s m  =< d A i  > 0 t h e n  go  t o M U L T ;  
f o r  j :=  0 s t e p  1 u n t i l  d d o  gc[j] :=  ag[ll, j ] ;  
m :=  m -- 1; 
i f  zero t h e n  
b e g i n  

f o r  j :=  d + 1 s t e p  1 u n t i l  d + numzro d o  gc[j] :=  O; 
m : = m + l ;  
re[m] :=  0; im[m] : =  0; mu[m] :=  numzro; rt[m] := 0 

e n d  
e n d  

e n d  AG4 
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V A R I A B L E S  B Y  I M P L I C I T  E N U M E R A T I O N  [H] 

J .  L .  B Y R N E  AND L .  G .  PROLL 

( R e c d .  8 N o v .  1 9 6 7  a n d  17 J u n e  1968)  

D e p a r t m e n t  o f  M a t h e m a t i c s ,  U n i v e r s i t y  o f  S o u t h a m p t o n ,  

H a m p s h i r e ,  E n g l a n d  

K E Y  W O R D S  A N D  P H R A S E S :  l i nea r  p r o g r a m m i n g ,  ze ro-one  
v a r i a b l e s ,  pa r t i a l  e n u m e r a t i o n  

CR C A T E G O R I E S :  5.41 

p r o c e d u r e  IM PLEN (m, n, A,  x, api, nosoln, count, inf) ; 
v a l u e  m, n, inf  ; i n t e g e r  m, n, count; r e a l  inf  ; 
B o o l e a n  api, nosoln; r e a l  a r r a y  A ; i n t e g e r  a r r a y  x;  

c o m m e n t  T h i s  p r o c e d u r e  so lves  t h e  i n t ege r  l inea r  p r o g r a m ,  
m i n i m i z e  A[0, 1] X x[1] + . . .  -4- A[0, n] X x[n] 
s u b j e c t  to  A[i, 1] X x[1] + - . .  4- A[i, n ] X  x[n] 

+ A [ i ,  0 ] ~ 0  ( / = 1 , 2 ,  . . .  , m )  
and  x[j] = 0 o r  1 ( j = l ,  2, . . -  , n ) .  
I t  is a s s u m e d  t h a t  A[0, j] ~ 0 ( j =  1, 2, - . .  , n ) .  T h e  a l g o r i t h m  
used  is t h a t  of Geoff r ion  (S IAM Rev. 9, No.  2). On  e n t r y ,  in f  
is t h e  l a r g e s t  pos i t i ve  real  n u m b e r  ava i l ab l e  and  api is s e t  to  
t r u e  if a pr ior i  i n f o r m a t i o n  c o n c e r n i n g  t h e  s o l u t i o n  is s u p p l i e d  
in t he  f o r m  of a b i n a r y  v e c t o r  x [ l :  n] a n d  i t s  a s s o c i a t e d  cos t  
A[0, 0]. On  exi t  nosoln is t r u e  if no feas ib le  s o l u t i o n  to  t h e  con-  
s t r a i n t s  h a s  been  f o u n d ,  o t he rw i se  i t  is f a l s e  and  x c o n t a i n s  t h e  
o p t i m a l  so lu t i on ,  A[0, 0] c o n t a i n s  t h e  o p t i m a l  v a l u e  of t h e  ob-  
j e c t i ve  f u n c t i o n  a n d  A[i, 0] c o n t a i n s  t h e  v a l u e s  of t h e  s l ack  
va r i ab l e s .  I n  e i t he r  case  count c o n t a i n s  t h e  n u m b e r  of i t e r a t i o n s  
p e r f o r m e d ;  

b e g i n  
i n t e g e r  i, j ,  k, ia, e, d; r e a l  z, q, max, r; B o o l e a n  null; 
i n t e g e r  a r r a y  s, v[l:  h i ;  
c o m m e n t  s ho lds  t h e  c u r r e n t  pa r t i a l  s o l u t i o n  in order  of as -  

s i g n m e n t ,  v is a s t a t e  v e c t o r  a s s o c i a t e d  w i t h  s; 
i f  api t h e n  
b e g i n  

f o r  j :=  1 s t e p  1 u n t i l  n d o  
i f  x[j] = 0 t h e n  b e g i n  s[j] :=  - - j ;  v[j] : =  2 e n d  
e l s e  
b e g i n  

s[j] :=  j ;  v[j] : =  3; 
f o r  i :=  1 s t e p  1 u n t i l  m d o  

A[i ,  0] :=  A[ i ,  0 ] +  A [ i , j ]  
e n d ;  
e :=  n ;  z :=  A [ 0 , 0 ] ;  go  t o L 0  

e n d  ; 

f o r  j :=  1 s t e p  1 u n t i l  n d o  s[j] :=  v[j] :=  0; 
z :=  0.0; e :=  0; 

L0: nosoln := t r u e ;  count := 0; A[0, 0] :=  inf; 
c o m m e n t  all r e l e v a n t  v a r i a b l e s  are  now in i t i a l i zed ;  

S T A R T :  count :=  count + 1; 
f o r  i :=  1 s t e p  1 u n t i l  m d o  

i f  A[i, O] < 0.0 t h e n  go  t o  FORMT; 
c o m m e n t  b e s t  c o m p l e t i o n  of s is f eas ib le ;  
go  t o  I N C U M B E N T ;  

FORMT: null :=  t r u e ;  
c o m m e n t  f o r m  se t  T of f ree  v a r i a b l e s  to w h i c h  1 m a y  be  prof i t -  

ab ly  a s s igned  ; 
f o r  j :=  1 s t e p  1 u n t i l  n d o  
b e g i n  

i f - ~  (vii] = 0 A A [ 0 , ~ ] - 4 - z  < A [ 0 , 0 ] )  t h e n  go  t o L l ;  
f o r  k :=  i s t e p  i u n t i l  m d o  
i f  A[b, 01 < 0.0 A A[k, j]  > 0.0 t h e n  

b e g i n  null :=  f a l s e ;  v[j] :=  1; g o  t o  L1 e n d ;  
L I :  e n d ;  

i f  null t h e n  go  t o  NEWS;  
c o m m e n t  if T is e m p t y  t h e n  s is f a t h o m e d ;  
f o r  k :=  i s t e p  1 u n t i l  m d o  
b e g i n  

i f  A[k, 0] ~ 0.0 t h e n  go  t o  L2; 
q :=  A[k, 0]; 
f o r  j :=  1 s t e p  1 u n t i l  n d o  

i f  viii = 1 A A[k, j]  > 0.0 t h e n  q :=  q + A[k, j ] ;  
i f  q < 0.0 t h e n  go  t o  NEWS;  
c o m m e n t  if q is n e g a t i v e  s is f a t h o m e d ;  

L2: e n d ;  
'max :=  --inf; 
f o r  j :=  1 s t e p  1 u n t i l  n d o  
b e g i n  

i f v [ j ]  # 1 t h e n  g o  t o L 3 ;  q :=  0.0; 
f o r  i :=  1 s t e p  1 u n t i l  m d o  
b e g i n  

r :=  A[ i ,  0] + A[i , j];  
i f r  < 0 . 0 t h e n  q :=  q + r  

e n d ;  
i f  max  =< q t h e n  

b e g i n  max :=  q; d : = j e n d ;  
L3:  e n d ;  

e :=  e +  1; s[e] :=  d; rid] :=  3; ia :=  1; 
c o m m e n t  A u g m e n t  s b y  a s s i g n i n g  1 to  x[d]; 

RESET:  f o r j  :=  l s t e p l u n t i l n d o  
i f  v[j] = 1 t h e n  v[j] :=  0; 

c o m m e n t  clear  T ;  
f o r  i :=  1 s t e p  1 u n t i l  m d o  

A[i, 01 :=  A[i, 0] + ia × A[i, dl; 
z :=  z + i a X  A[O,d]; 
c o m m e n t  R e c a l c u l a t e  s l acks  a n d  ob j ec t i ve  f u n c t i o n ;  
go  t o  S T A R T ;  

I N C U M B E N T :  nosoln :=  f a l s e ;  
i f  z >= A[0, 0] t h e n  go  t o  NEWS;  
A [ 0 , 0 ]  :=  z; 
i f a p i  t h e n  b e g i n  api :=  f a l s e ;  go  to / . . 4  e n d ;  
f o r  j :=  1 s t e p  1 u n t i l  n d o  

x[j] := i f  vii] = 3 t h e n  1 e l s e  0; 
NEWS:  i f  e = 0 t h e n  go  t o  RESULT;  
L4: d :=  sic]; 

i f  d > 0 t h e n  go  t o  UNDERLINE;  
v[--d] :=  0; e :=  e -- 1; c o m m e n t  b a c k t r a c k ;  

go  t o  NEWS;  
UNDERLINE:  sic] :=  - -d ;  rid] :=  2; ia : =  - -1 ;  

c o m m e n t  A s s i g n  0 to x[d]; 
go  t o  RESET;  

RESULT: 
e n d  
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