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ALGORITHM 342
GENERATOR OF RANDOM NUMBERS SATIS-
FYING THE POISSON DISTRIBUTION [G5] begin
Ricuarp H. Svow (Recd. 20 Dec. 1966, 24 Aug. 1967, compuled := 0;

5 Feb. 1968, 26 Mar. 1968, 5 June 1968 and 9 Sept. 1968) pnc 1= pson [0] := exp (—npz);
IIT Research Institute, Chicago, Ill. 60616
KEY WORDS AND PHRASES: Poisson distribution, random

number generator, Monte Carlo
CR CATEGORIES: 5.12,55

integer n; real ps;
if npr < 0 then go to error;
if npr # npzl then

if pnc = 0 then go to error;

comment pson {0] is the probability that poisson carlo = 0.
It cannot be zero unless —npz underflows the argument
range of procedure exp. For most computers this sets an
upper limit of 85 for npz;

. nprl 1= npx
integer procedure poisson carlo (npz, npzl, random); value npz, end new npz;
random; real npz, nprl, random; ps 1= pson [c’omputed]'
comment The Poisson distribution gives the probability that if random < ps then ’
pz events will occur in a certain interval or volume, where the begin a

expected or mean value of events is npz. Applications are de-
scribed by B. W. Lindgren and G. W, McElrath [1]. For a Monte
Carlo calculation we wish to generate numbers pz that satisfy
the Poisson distribution, that is to find the inverse of the Poisson

integer nmin, nmax;
comment The probability term can be found by searching
the stored values;

: . . nmin = 0; nmaz := computed + 1;

funcjolon. To do this we generate a pseudo-random number in for n := (nmazdnmin—1) +~ 2 while nmar — nmin > 1 do
the mte.r\.ral 0, 1 and find the _number pz such that random < if random > pson[n] then nmin :=n + 1 else nmaz := n + 1;
(probability that the number is pr or less) and random > (the poisson carlo := mmin
probability that the number is px — 1 or less). end search

poisson carlo returns the value —1 to signal that the pro- else
cedure was called with a value of npz < 0 or too large for the begin
precision of the computer. It is the responsibility of the user to real psc, pn; pn = pnc;

test the calculated value if there is any possibility of the occur-
rence of the error condition.

In order to save computing time, values of the Poisson dis-
tribution computed at a previous entry for the same value of
npz are stored in the own array pson. The previous value of
npz is npsl. The actual parameter corresponding to npzl must
be a real identifier, not a constant or an expression. Before the
first call of poisson carlo the calling program must set npzl to a
value = npz. The number of pson elements that were previously

comment Additional probability terms must be computed;
for n := computed + 1, n 4+ 1 while random > ps do
begin

pn := pn X npz/n;

psc 1= ps; pPs = ps -+ pn;

comment ps = cumulative probability of terms up to n,

and pn = probability of nth term,;
if ps = psc then go to error;

. . . if n £ 84 then begin pson(n] := ps;
computed and stored is computed. If it is desired to save storage ;nc = on compugted ?’= n[ e]nd- D
space at the expense of computing time, the upper bound 84 of poiss'on car’lo = n ’
pson may be reduced, but then the limit of computed near the end '
end of the procedure must also be decreased accordingly. .
. . . end more;

The procedure which generates random is preferably algorithm g0 to fin;

266 [3] or 204 [2]. It can be called as the actual parameter in the error: poisson carlo 1= —1;

procedure call of poisson carlo.

The author thanks Mr. I. D. Hill for numerous suggestions
and corrections which greatly improved the algorithm.
REFERENCES:

fin:
end poisson carlo;
comment The following is an example of a calling program for

. e where poisson carlo is compiled within the callin
1. LinpGreEN, B. W., aNp McELraTH, G. W. Introduction to Prob- the cas P b . &
. - . program rather than separately. Instead of own variables,
ability and Statistics, 2 ed. Macmillan, New York, 1966, pp. . N
64-68 non-local variables may then be used. The program is within

2. Pi1kg, M. C., axp Hiwy, I. D. Algorithm 266, pseudo-random the IFLP subset if this change is made, and if the expression
numbers. Comm. ACM 8§ (Oct. 1965), 605. (nmaz+nmin—1) + 2 is replaced by the less efficient expression
3. StroME, W. M. Algorithm 294, uniform random. Comm. ACM BOLX (nmaz+nmin—2);
10 (Jan. 1967), 40; begin
begin integer z, compuled; real array pson [0:84];
real pnc, npx, npxl;
real procedure random (z);

own integer computed; own real pnc;
own real array pson [0:84];
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comment Procedure body random is inserted here;
integer procedure poisson carlo (npzx, npzl, random);
comment Procedure body of poisson carlo is inserted here
after deleting declarations of own variables;
ininteger (2, z); npxl := —1;
tnl: inreal (2, npr);
outinteger (1, poisson carlo (npz, npzl, random (x)));
go to inl
end
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ABSTRACT:

Purpose. This subroutine finds all the eigenvalues and eigen-
vectors of a real general matrix. The eigenvalues are computed
by the QR double-step method and the eigenvectors by inverse
iteration.

Method. TFirstly the following preliminary modifications are
carried out to improve the accuracy of the computed results. (i)
The matrix is scaled by a sequence of similarity transformations
so that the absolute sums of corresponding rows and columns are
roughly equal. (ii) The scaled matrix is normalized so that the
value of the Euclidean norm is equal to one.

The main part of the process commences with the reduction of
the matrix to an upper-Hessenberg form by means of similarity
transformations (Householder’s method). Then the QR double-
step iterative process is performed on the Hessenberg matrix until
all elements of the subdiagonal that converge to zero are in modu-
lus less than 27¢ || H|gz , where ¢ is the number of significant digits
in the mantissa of a binary floating-point number. The eigenvalues
are then extracted from this reduced form.

Inverse iteration is performed on the upper-Hessenberg matrix
until the absolute value of the largest component of the right-
hand side vector is greater than the bound 2¢/(100 N), where N
is the order of the matrix. Normally after this bound is achieved,
one step more is performed to obtain the computed eigenvector,
but at each step the residuals are computed, and if the residuals
of one particular step are greater in absolute value than the
residuals of the previous step, then the vector of the previous
step is accepted as the computed eigenvector.

Program. The subroutine EIGENP is completely self-con-
tained (composed of five subroutines

EIGENP, SCALE, HESQR, REALVE, and COMPVE)
and communication to it is solely through the argument list. The
entrance to the subroutine is achieved by
CALL EIGENP (N, NM, A, T, EVR,EVI, VECR, VECI, INDIC)
The meaning of the parameters is described in the comments at
the beginning of the subroutine EIGENP.

REFERENCES:

1. WiLkiNsoN, J. H. The Algebraic Eigenvalue Problem. Clarendon
Press, Oxford, 1965, pp. 347-353, 485-567, 619-633.

Test results. All tests have been performed on a KDF9 computer
(t = 39). No breakdown of the method has occurred and in general
very accurate computed eigenvalues and eigenvectors have been
obtained.
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Some examples:
(i) The matrix

-5 -1 -1 -5 =1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

has all eigenvalues with modulus equal to one. The “computed
eigenvalues are
—1.00000 0000, —.25000 00000 == <¢.96824 58366, .50000 00000 =+
1.86602 54038.

The computed eigenvectors are

1 X2, T3 T4, Ts
447213595 1. 000000000 —.500000000 = <.866025404
—. 447213595 —. 250000000 F <. 968245837 —1.000000000 F 7. 16E-10
447213595 —. 875000000 + ©.484122918 —.500000000 == <. 866025404
—. 447213595 687500000 = ¢.726184377 500000000 = 7. 866025404
. 447213595 531250000 F <. 847215107 1.000000000

and the computed residuals are in modulus less than 3E — 10.
(ii) The matrix

—2 1 1 1

-7 —5 —2 —4

0 —1 -3 -2
—1 0 -1 0
has the eigenvalues

—4 + 42 and —1 £ /2.
The computed eigenvalues are

—4.000000000 = £2.000000000, —2.414213562, .4142135624.
The computed eigenvectors are

X1, T2 XT3 T4
—.2000000000 F <.4000000000 .60E-12 —.12E-11
1.000000000 —.7941044878 4759631495
.2000000000 == <.4000000000 .5615166683 .3365567706
.14E-10 + 7.63E-11 .2325878195  —.8125199201

and the computed residuals are in modulus less than .7E — 10,
(iii) The matrix A

1 0 001
A=]011 0

[0 1 1

is transformed by the process of scaling into the form B

574423 0 066333
B = | 053454 .574423 0
0 053454 574423

with the elements given to six decimal places. The obtained
matrix B is essentially invariant under the QR double-step proc-
ess. This kind of trouble was overcome by introducing the state-
ments

R = DABS(X) + DABS(Y)
IF(R.EQ.0.0)SHIFT = A(M,M—1)
IF(R.EQ.0.0)GO TO 21

in the subroutine HESQR.

The exact eigenvalues of A are
1.1, 0.95 % i0.5+/0.03.

The computed eigenvalues are
1.100000000, 0.9500000000 -+ 70.0866025404.

Acknowledgments. The authors wish to thank Dr. K. A. Redish,
the former director of Computer Services at the University of
Birmingham, and Dr. S. H. Hollingdale, the present director of
Computer Services, for their encouragement. Finally, the authors
are indebted to Dr. J. H. Wilkinson, National Physical Labora-
tory, Teddington, for useful consultations and suggestions.
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SUBROUTINE EIGENP(NsNMsAsToEVReEVIsVECRsVECI»INDIC)
DOUBLE PRECISION D1+D2,D34PRFACT
INTEGER IT9IVEC»JosK9sK19KONsLsL1sMsNyNM
REAL ENORMJEPS+EXsRsR1»T
DIMENSION A{(NMs1)sVECR(NM»1)sVECI(NM»1)»
1EVR(NM) »EVI(NM) y INDIC{NM)
DIMENSION IWORK(100)sLOCAL(100)sPRFACT(100)
1sSUBDIA(100)sWORK1(100) »WORK2{100) sWORK(100)

THIS SUBROQUTINE FINDS ALL THE EIGENVALUES AND THE
EIGENVECTORS OF A REAL GENERAL MATRIX OF ORDER N.

FIRST IN THE SUBROUTINE SCALE THE MATRIX IS SCALED SO THAT
THE CORRESPONDING ROWS AND COLUMNS ARE APPROXIMATELY
BALANCED AND THEN THE MATRIX IS NORMALISED SO THAT THE
VALUE OF THE EUCLIDIAN NORM OF THE MATRIX IS EQUAL TO ONEs

THE EIGENVALUES ARE COMPUTED BY THE QR DOUBLE~STEP METHOD
IN THE SUBROUTINE HESQR.

THE EIGENVECTORS ARE COMPUTED BY INVERSE ITERATION IN

THE SUBROUTINE REALVEsFOR THE REAL EIGENVALUESsOR IN THE
SUBROUTINE COMPVEsFOR THE COMPLEX EIGENVALUES.

THE ELEMENTS OF THE MATRIX ARE TO BE STORED IN THE FIRST N

ROWS AND COLUMNS OF THE TWO DIMENSIONAL ARRAY A, THE

ORIGINAL MATRIX IS DESTRQYED BY THE SUBROUTINE.

N IS THE ORDER OF THE MATRIX.

NM DEFINES THE FIRST DIMENSION OF THE TWO DIMENSIONAL

ARRAYS AsVECR,VECI AND THE DIMENSION OF THE ONE

DIMENSIONAL ARRAYS EVR»EVI AND INDIC. THEREFORE THE

CALLING PROGRAM SHOULD CONTAIN THE FOLLOWING DECLARATION
OIMENSION A(NMsNN)sVECR(NMsNN} s VECI(NMsNN)»
LEVR(NM) s EVI(NM) 3 INDIC(NM)

WHERE NM AND NN ARE ANY NUMBERS EQUAL TO OR GREATER THAN N

THE UPPER LIMIT FOR NM IS EQUAL TO 100 BUT MAY BE

INCREASED TO THE VALUE MAX BY REPLACING THE DIMENSION

STATEMENT

DIMENSION IWORK(100)sLOCAL(100)s ess sWORK(100)
IN THE SUBROUTINE EIGENP WITH
DIMENSION IWORK(MAX)sLOCAL(MAX)s oe+ sWORKIMAX)

NM AND NN ARE OF COURSE BOUNDED BY THE SIZE OF THE STOREe.

THE REAL PARAMETER T MUST BE SET EQUAL TO THE NUMBER OF
BINARY DIGITS IN THE MANTISSA OF A SINGLE PRECISION
FLOATING~POINT NUMBER.

THE REAL PARTS OF THE N COMPUTED EIGENVALUES WILL BE FOUND
IN THE FIRST N PLACES OF THE ARRAY EVR AND THE IMAGINARY
PARTS IN THE FIRST N PLACES OF THE ARRAY EVI.

THE REAL COMPONENTS OF THE NORMALISED EIGENVECTOR I
{1=19250+esN) CORRESPONDING TO THE EIGENVALUE STORED IN
EVR{I) AND EVI(I) WILL BE FOUND IN THE FIRST N PLACES OF
THE COLUMN [ OF THE TWO DIMENSIONAL ARRAY VECR AND THE
IMAGINARY COMPONENTS IN THE FIRST N PLACES OF THE COLUMN I
OF THE TWO DIMENSIONAL ARRAY VECI.

THE REAL EIGENVECTOR 1S NORMALISED SO THAT THE SUM OF THE
SQUARES OF THE COMPONENTS IS EQUAL TO ONE.

THE COMPLEX EIGENVECTOR IS NORMALISED SO THAT THE
COMPONENT WITH THE LARGEST VALUE IN MODULUS HAS ITS REAL
PART EQUAL TO ONE AND THE IMAGINARY PART EQUAL TO ZERO.

THE ARRAY INDIC INDICATES THE SUCCESS OF THE SUBROUTINE
EIGENP AS FOLLOWS
VALUE OF INDIC(I)
Q

EIGENVALUE | EIGENVECTOR 1

NOT FOUND NOT FOUND
1 FOUND NOT FOUND
2 FOUND FOUND

IF{N«NE.1)GO TO 1
EVR(1) = A(l,sl}
EVI(1) = 0.0
VECR(1s1) = 140
VECI{1s1) = 0.0
INDIC(1) = 2

GO TO 25

1 CALL SCALE(NsNMsAsVECI»PRFACT »ENORM)
THE COMPUTATION OF THE EIGENVALUES OF THE NORMALISED
MATRI X
EX = EXP{-T*ALOG(2.0))
CALL HESQRU{NsNMyA,VECISEVRSEVI»SUBDIAy INDICSEPSHEX)

THE POSSIBLE DECOMPOSITION OF THE UPPER-HESSENBERG MATRIX
INTO THE SUBMATRICES OF LOWER ORDER IS INDICATED IN THE
ARRAY LOCAL. THE DECOMPOSITION OCCURS WHEN SOME
SUBDIAGONAL ELEMENTS ARE IN MODULUS LESS THAN A SMALL
POSITIVE NUMBER EPS DEFINED IN THE SUBROUTINE HESGR .
AMOUNT OF WORK IN THE EIGENVECTOR PROBLEM MAY BE
DIMINISHED IN THIS WAY.
J =N
1 =1
LOCAL(1) =1
IF(J.EQel1)GO TO &
IF(ABS(SUBDIA(J-1))«GT-EPS)GO TO 3
1 = 1+1
LOCAL(I)=0
34 =J-1

LOCAL{(I)=LOCAL{])+1

IF{JaNE.1)GO TO 2

THE

n

C
C THE EIGENVECTOR PROBLEMe
4 K =1
KON = 0
L = LOCAL(1)
M= N ’
DO 10 I=1sN
IVEC = N=I+1
IF(IeLEeL)GO TO 5
K = K+1
M = N-L
L = L+LOCAL(K)
5 IFCINDIC(IVEC)2EQe0)GO TO 10
IF(EVI(IVEC)eNE«040)GO TO 8

TRANSFER OF AN UPPER-HESSENBERG MATRIX OF THE ORDER M FROM
THE ARRAYS VECI AND SUBDIA INTO THE ARRAY A,
DO 7 Kl=1yM
DO 6 L1=K1»M
6 A(KlsL1l) = VECI(K1lsL1)
IF(K1,EQs1}1G0O TO 7
A(K1lsK1-=1) = SUBDIA(K1~1)
7 CONTINUVE

nnn

THE COMPUTATION OF THE REAL EIGENVECTOR IVEC OF THE UPPER-
HESSENBERG MATRIX CORRESPONDING TO THE REAL EIGENVALUE
EVR{IVEC).
CALL REALVE{N,NMsMsIVEC,AsVECRSEVRIEVI s IWORKS
1 WORKsINDICSEPSHEX)
GO 70 10

anNnnn

THE COMPUTATION OF THE COMPLEX EIGENVECTOR IVEC OF THE
UPPER-HESSENBERG MATRIX CORRESPONDING TO THE COMPLEX
EIGENVALUE EVR{IVEC) + I*EVI(IVEC)e IF THE VALUE OF KON IS
NOT EQUAL TO ZERO THEN THIS COMPLEX EIGENVECTOR HAS
ALREADY BEEN FOUND FROM ITS CONJUGATE.
8 IF(KONWNE.O)GO TO ¢
KON = 1
CALL COMPVE(NsNMsMsIVEC»AsVECRIVECISEVRIEVIS INDIC,
1 IWORKsSUBDIASWORK1sWORK2sWORKIEPSSEX)
GO TO 10
9 KON =
10 CONTINUE

'aXaXaXaXaka)

THE RECONSTRUCTION OF THE MATRIX USED IN THE REDUCTION OF
MATRIX A TO AN UPPER-HESSENBERG FORM BY HOUSEHOLDER METHOD
DO 12 I=1N
DO 11 J=IsN
AlIsJ) = 040
11 AtJsI) = 040
12 AllsI) = 1.0
IF{NeLE«2)GO TO 15
M = N-2
DO 14 K=1sM
L = K+l
DO 14 J=2sN
D1 = 0.0
DO 13 I=LsN
D2 = VECI(1sK)

[aXaXKal

13 D1 = D1+ D2*A(J,1)
DO 14 I=L,yN
14 AlJs1) = A(J»1)=VECI(I»K)*D1

C
C THE COMPUTATION OF THE EIGENVECTORS OF THE ORIGINAL NON-
C SCALED MATRIX.
15 KON = 1
DO 24 I=1sN
L=0
IF(EVI(I)«EQe040)G0O TO 16
L =1
IF(KONLEQ.0)GO TO 16
KON = 0
GO TO 24
16 DO 18 J=14N
D1 = 0.0
D2 = 040
DO 17 K=1sN
D3 = A(JsK}
D1 = D1+D3%VECR(KsI}
IF{L.EQ.0)GD TO 17
D2 = D2+D3*VECR(K»I-1)
17 CONTINVE
WORK(J) = D1/PRFACT(J)
IF(L.EQ.,0)GO TO 18
SUBDIA(J)=D2/PRFACT (J)
18 CONTINUE

C

¢ THE NORMALISATION OF THE EIGENVECTORS AND THE COMPUTATION

C OF THE EIGENVALUES OF THE -ORIGINAL NON-NORMALISED MATRIXs
IF(L.EQ.1)GO TO 21

D1 = 0.0
D0 19 M=1,N
19 D1 = DI+WORK(M)¥¥2

D1 = DSQRT(D1)
DO 20 M=1,4N
VECI(MsI) = 040
20 VECR{Ms1) = WORK{(M)/D1
EVR(I) = EVR{I)*ENORM
GO TO 24

21 KON = 1
EVR(1) = EVR(I)*ENORM
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EVR(1~1) = EVR(I)
EVI(I) = EVI(]1)*ENORM
EVI(I-1) ==EVI(])
R = 0,0
DO 22 JU=1,N
R1 = WORK(J)#%2 + SUBDIA(J)*%2
IF{R.GE.R1)GO TO 22
R = R1
L=y
22 CONTINUE
D3 = WORK(L)
R1 = SUBDIA(L)
DO 23 Js1,N
D1 = WORK(J)
D2 = sSUBDIA(J)
VECR(Js1) = (D1%D3+D2%R1)/R
VECI(JsI) = (D2%#D3~D1%R1}/R
VECR(JsI-1) = VECR(Js1)
23 VECI(JsI~1) ==VECI(JsI)
24 CONTINUE

25 RETURN
END

SUBROUTINE SCALE(NsNMsAsH,PRFACTyENORM )

DOUBLE PRECISION COLUMNsFACTORsFNORM3PRFACT»QsROW
INTEGER I9JsITERsNsNCOUNT sNM

REAL BOUND1,BOUND2»ENORM

DIMENSION A(NMs1)sH(NMs1),PRFACT (NM)

THIS SUBROUTINE STORES THE MATRIX OF THE ORDER N FROM THE
ARRAY A INTO THE ARRAY He AFTERWARD THE MATRIX IN THE
ARRAY A IS SCALED SO THAT THE QUOTIENT OF THE ABSOLUTE SUM
OF THE OFF-DIAGONAL ELEMENTS OF COLUMN I AND THE ABSOLUTE
SUM OF THE OFF-DIAGONAL ELEMENTS OF ROW I LIES WITHIN THE
VALUES OF BOUND1 AND BOUND2.

THE COMPONENT I OF THE EIGENVECTOR OBTAINED BY USING THE
SCALED MATRIX MUST BE DIVIDED BY THE VALUE FOUND IN THE

PRFACT(1) OF THE ARRAY PRFACT. IN THIS WAY THE EIGENVECTOR
OF THE NON-SCALED MATRIX 1S OBTAINED,

AFTER THE MATRIX IS SCALED IT IS NORMALISED SO THAT THE
VALUE OF THE EUCLIDIAN NORM IS EQUAL TO ONE.

IF THE PROCESS OF SCALING WAS NOT SUCCESSFUL THE ORIGINAL
MATRIX FROM THE ARRAY H WOULD BE STORED BACK INTO A AND
THE EIGENPROBLEM WOULD BE SOLVED BY USING THIS MATRIXs
NM DEFINES THE FIRST DIMENSION OF THE ARRAYS A AND He NM
MUST BE GREATER OR EQUAL TO N,

THE EIGENVALUES OF THE NORMALISED MATRIX MUST BE
MULTIPLIED BY THE SCALAR ENORM IN ORDER THAT THEY BECOME
THE EIGENVALUES OF THE NON-NORMALISED MATRIX.

DO 2 I=1,N
D0 1 JU=1sN
1 HUlsJ) = AtIsJ)
2 PRFACT(I})= 1,0
BOUND1 = 0.75
BOUND2 = 1.33
ITER = 0
3 NCOUNT = ©
DO 8 I=1,N
COLUMN = 0.0
ROW = 0,0
DO &4 J=14N
IF(1.EQ.J)GO TO &
COLUMN = COLUMN+ ABS{A(JsI))
ROW = ROW + ABS(A(I»J})
4 CONTINUE
IF(COLUMNL.EQ,04,0)GO TO 5
IF(ROW.EQ.0.0)GO TO 5
Q = COLUMN/ROW
IF(QeLT.BOUND1)GO TO &
IF(QeGT«BOUND2)GO TO 6
5 NCOUNT = NCOUNT + 1
GO TO 8
6 FACTOR = DSQRT(Q)
DO 7 J=1sN
IF(1.EQsJIGO TO 7
A(IsJ) = A(I+J)*FACTOR
AlJdsI) = A{JsI)/FACTOR
7 CONTINUE
PRFACTI(I)
8 CONTINUE
ITER = ITER+1
IF{ITER.GT+30)G0 TO 11
IF(NCOUNT.LTeN)GO TO 3

= PRFACT(1)*FACTOR

FNORM = 0,0
DO 9 I=1sN
D0 9 JU=1,N
Q = A(l,sJ)

9 FNORM = FNORM+Q¥*Q
FNORM = DSQRT{FNORM)
DO 10 I=lsN

DO 10 JU=1,N
10 AlIsJ)=All+J)/FNORM
ENORM = FNORM
GO TO 13
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11 DO 12 [I=14N
DO 12 J=1,N
12 AllsJ) = HIsJ}
ENORM = 1.0

13 RETURN
END

SUBROUTINE HESQR{NsNMsAsHsEVRIEVI ySUBDIAs INDICHEPSHEX)
DOUBLE PRECISION S»SRySR24XsYsZ

INTEGER IsJsKsL sMsMAXSTsMLIsNsNMsNS

REAL EPSsEXsRySHIFTST

DIMENSION A(NMs1}sH(NMs1)+sEVRINM) »EVI(NM)»SUBDIA (NM)
DIMENSION INDIC(NM)

THIS SUBROUTINE FINDS ALL THE EIGENVALUES OF A REAL
GENERAL MATRIXe THE ORIGINAL MATRIX A OF ORDER N IS
REDUCED TO THE UPPER-HESSENBERG FORM H BY MEANS OF
SIMILARITY TRANSFORMATIONS(HOUSEHOLDER METHOD). THE MATRIX
H 1S PRESERVED IN THE UPPER HALF OF THE ARRAY H AND IN THE
ARRAY SUBDIA. THE SPECIAL VECTORS USED IN THE DEFINITION
OF THE HOUSEHOLDER TRANSFORMATION MATRICES ARE STORED IN
THE LOWER PART OF THE ARRAY H.
NM IS THE FIRST DIMENSION OF THE ARRAYS A AND He
BE EQUAL TO OR GREATER THAN N.
THE REAL PARTS OF THE N EIGENVALUES WILL BE FOUND IN THE
FIRST N PLACES OF THE ARRAY EVRsAND
THE IMAGINARY PARTS IN THE FIRST N PLACES OF THE ARRAY EVI
THE ARRAY INDIC INDICATES THE SUCCESS OF THE ROUTINE AS
FOLLOWS

VALUE OF INDIC(I)

1]

NM MUST

EIGENVALUE 1
NOT FOUND
1 FOUND
EPS IS A SMALL POSITIVE NUMBER THAT NUMERICALLY REPRESENTS
ZERO IN THE PROGRAM. EPS = (EUCLIDIAN NORM OF H)*EX #WHERE
EX = 2¥%%(~T)e T IS THE NUMBER OF BINARY DIGITS IN THE
MANTISSA OF A FLOATING POINT NUMBER.

REDUCTION OF THE MATRIX A TO AN UPPER-MESSENBERG FORM H.
THERE ARE N-2 STEPS.
IF(N=2)114s142
1 SUBDIA(1} = A(241)
GO TO 14
2 M= N-2
DO 12 K=1sM
L o= K+l
S = 0.0
DO 3 I=L,N
H{IsK) = A{I,K)

3 S = S+ABS(A(I,K))
IF(S.NELABS (A(K+15K)11GO TO 4
SUBDIA(K) = A(K+1yK)
H(K+1sK) = 040
G0 TO 12

4 SR2 = 040
DO 5 I=LsN

SR = A{IsK}
SR_= SR/S
AlIsK) = SR

5 SR2 = SR2+SR*SR
SR = DSQRT(SR2)
IF(A(LsK)4LT40401GO TO 6
SR = =3R

6 SR2 = SR2-SR*A(LsK)
A(LsK) = A(LsK)=-SR
HILsK) = HLsK)-SR*S
SUBDIA(K) = SR%S
X = S*DSQRY(SR2)

DO 7 I=LsN
HUISK) = HUI,K)/X
7 SUBDIA(I) = A(I,K)/SR2

C PREMULTIPLICATION BY THE MATRIX PR.

DO 9 J=LoN
SR = 0.0
DO 8 1I=LsN
8 SR = SR+A(IsK)*A(1yJ)
DO 9 I=LsN
AlleJ) = A(I9J)~SUBDIA(I)#SR

9
C POSTMULTIPLICATION BY THE MATRIX PR.

DO 11 J=1sN

SR=040
~ DO 10 I=LsN
10 SR = SR+A{Js1)#A(1+K)
DO 11 I=LsN
11 A{JsT) = A(JsI)-SUBDIA(T1)*SR

12 CONTINUE
DO 13 K=1sM

13 A{K+14K) = SUBDIA(K)

C TRANSFER OF THE UPPER HALF OF THE MATRIX A INTO THE
C ARRAY H AND THE CALCULATION OF THE SMALL POSITIVE NUMBER
C EPS.

SUBDIA(N-1)
14 EPS = 0.0
00 15 K=1N
INDICHK)

= A(NsN=1)
= 0
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IF(KeNESN)EPS = EPS+SUBDIA(K)*%2
DO 15 1=KyN
H{KsI) = A(KsI)
15 EPS = EPS + A(Ksl)%%2
EPS = EX*#SQRTIEPS)

THE QR ITERATIVE PROCESSes THE UPPER-HESSENBERG MATRIX H IS
REDUCED TO THE UPPER-MODIFIED TRIANGULAR FORMs

DETERMINATION OF THE SHIFT OF ORIGIN FOR THE FIRST STEP OF
THE QR ITERATIVE PROCESS.

SHIFT 3 A{NsN-1)

IF(NeLE2ISHIFT = 0.0

IFCA(NIN) «NE2O«QISHIFT = 0.0

IF(A{N=1sN) eNE«Q.OISHIFT = 0,0

IF(A(N=19N=1)+NEWO+O)SHIFT = 0,0

M = N

NS= 0

MAXST = N#10

[aXaNaXaXaNal

C
C TESTING IF THE UPPER HALF OF THE MATRIX IS EQUAL TO ZEROe
C IF IT 1S EQUAL TO ZERO THE QR PROCESS IS NOT NECESSARY.
DO 16 I=24N
DO 16 K=IsN
IF(A{I-1+K)eNEW040)GO TO 18
16 CONTINVE
DO 17 I=1,N
INDIC(1)=]
EVR(I) = A(IsI)
17 EVI(I) = 0.0
GO TO 37
[
C START THE MAIN LOOP OF THE QR PROCESS.
18 K=M-1
Ml=K
1 =K

FIND ANY DECOMPOSITIONS OF THE MATRIX.
JUMP TO 34 IF THE LAST SUBMATRIX OF THE DECOMPOSITION 1S
OF THE ORDER ONE.
JUMP TO 35 IF THE LAST SUBMATRIX OF THE DECOMPOSITION IS
OF THE ORDER TWO.
IF(K)37434519
19 IF(ABS{A(MIK) )+LEL.EPSIGO TO 34
IF(M=-2+EQ.0)G0 TO 35
20 I = [-1
IF(ABS(A(KsI))«LELEPSIGO TO 21
K =1
IF(KeGT41)GO TO 20
21 IF(KeEQsM1)GO TO 35
C TRANSFORMATION OF THE MATRIX OF THE ORDER GREATER THAN TWO
S = A(MsM)+A(ML sML)+SHIFT
SR= A(MsM)*A(M] sML1)~A(MIMLI*A(MLIsM)+0e25%SHIFT A2
A(K424K) = 0.0
C CALCULATE X1sY1sZ1»FOR THE SUBMATRIX OBTAINED BY THE
C DECOMPOSITION.
X = A(KoKI®#{A(KK)I=SI+A(KsK+1) ®A(K+19K)+5R
Y 2 ALK+19K)#(A(KsK)+A(K+19K+1)-5)
R = DABS(X)+DABS(Y)
IF(R+EQeQ40)ISHIFT = A(MsM-1)
IF(ReEQe0.0)G0 TO 21
Z = A(K+29K+1)}%¥A(K+1,4K)
SHIFT = 0.0
NS = NS+1

la¥aYa¥aXal
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THE LOOP FOR ONE STEP OF THE QR PROCESS.
DO 33 I=K,M}
IF(1+EQ.K)GO TO 22
C CALCULATE XRsYR»ZRe
X = A(lsI-1)
Y = A{I+41l,1-1)
Z = 0.0
IF(I+2.GT.M)GO TO 22
2 = A(142,1=1})
22 SRZ = DABS(X)+DABS(Y)+DABS{Z)
IF(SR2.EQ.040)G0 TO 23
X = X/SR2
Y = Y/SR2
Z = 2/SR2
23 S = DSQRT(X¥X + Y#Y + Z#7)
IF(XelLT+0.,0)GO TO 24
S = -5
24 IF(1+EQsK)IGO TO 25
AllsI=-1) = S#SR2
25 IF{SR2eNE+0+0)GO TO 26
IF(I+3.GT.M)GO TO 33
GO 10 32
26 SR = 1.0-X/S
S = X=8§
X = Y/S

Y = 2/S
C PREMULTIPLICATION BY THE MATRIX PR.

DO 28 J=1sM
S = AlI»J)+A(I+10J)%X
IF(1+42eGTeM)GO TO 27
S = SHA(I+2,J) %Y

27 S = S#3R

AllsJd) = A(1+J)=-S
A{I+1sJ) = A(I+19J)-S*X
1F(1+2.6T-M)}GO TO 28
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C
C

C
C
C
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AlTI+29J) = A(I+29J)-5%Y

28 CONTINUE
POSTMULTIPLICATION BY THE MATRIX PRe
L = I+2
IF{I1+LT«M1)GO TO 29
L=M

29 DO 31 J=K,L
S = A(JyII+A(Js1+11%X
IF(I+2+GTsM)GO TO 30
'S = S 4+ AlJyI+2)%Y
30 S = S%*SR
AlJs1) = A(Js1)=5
AlJsI+1)=A(JsT+1)-5*X
IF(1+2.GT«M)GO TO 31
AlJsI+2)=A(J9[+2)-5*Y
31 CONTINUE
IF(I+3.,GT.M}GO TO 33
S = ~A(I+3,1+2)%Y%SR
32 A{I+3,1) = §
A(143,1+1) = S*X
ALT+3,142) = S*Y + A(1+4351+42)
33 CONTINUE

IF(NS.GT«MAXST)GO TO 37
GO TO 18

COMPUTE THE LAST EIGENVALUE.
34 EVR(M) = A(MsM)
EVI(M} = 0.0
INDIC(M) = 1
M= K
GO TO 18

COMPUTE THE EIGENVALUES OF THE LAST 2X2 MATRIX OBTAINED BY
THE DECOMPOSITION.
35 R = 0e45%(A(KsK)I+A(MIM))
S = Q5% (A(MsM)-A(KsK))
S = S¥5 + A(KsM)*A(MsK)
INDIC(K) = 1
INDIC(M) = 1
IF(S=LT«0.0)G0 TO 35
T = DSQRTI(S)
EVR(K) = R-T
EVR(M) = R+T
EVI{K) = 0.0
EVI(M) = 0.0
M = M-2
GO T0O 18
36 T = DSQRT(-5)
EVR(K) = R
EVI(K) = T
EVR(M) = R
EVI(M) = -T
M = M-2
GO TO 18

37 RETURN
END

SUBROUTINE REALVE(NsNMsMsIVECsAsVECRSEVRIEVI s
1IWORK sWORK s INDICSEPSHEX)

DOUBLE PRECISION S»SR

INTEGER IsIVECS>ITERsJsKsLsMaNsNMsNS

REAL BOUNDJEPSsEVALUEEXsPREVISsR»R1ST
DIMENSION A(NMs1)sVECRINM,1) 5EVR(NM)

DIMENSION EVI(NM), IWORK (NM) yWORK(NM) » INDIC (NM)

THIS SUBROUTINE FINDS THE REAL EIGENVECTOR OF THE REAL
UPPER-HESSENBERG MATRIX IN THE ARRAY A,CORRESPONDING TO
THE REAL EIGENVALUE STORED IN EVR(IVEC)e THE INVERSE
ITERATION METHOD IS USED.

NOTE THE MATRIX IN A IS DESTROYED BY THE SUBROUTINE.

N IS THE ORDER OF THE UPPER-HESSENBERG MATRIX.

NM DEFINES THE FIRSYT DIMENSION OF THE TWO DIMENSIONAL
ARRAYS A AND VECRe NM MUST BE EQUAL TO OR GREATER THAN N
M IS THE ORDER OF THE SUBMATRIX OBTAINED BY A SUITABLE
DECOMPOSITION OF THE UPPER-HESSENBERG MATRIX IF SOME
SUBDIAGONAL ELEMENTS ARE EQUAL TO ZERO. THE VALUE OF M IS
CHOSEN 50 THAT THE LAST N-M COMPONENTS OF THE EIGENVECTOR
ARE ZERO.

IVEC GIVES THE POSITION OF THE EIGENVALUE IN THE ARRAY EVR
FOR WHICH THE CORRESPONDING EIGENVECTOR IS COMPUTED.

THE ARRAY EVI WOULD CONTAIN THE IMAGINARY PARTS OF THE N
EIGENVALUES IF THEY EXISTED.

THE M COMPONENTS OF THE COMPUTED REAL EIGENVECTOR WILL BE
FOUND IN THE FIRST M PLACES OF THE COLUMN IVEC OF THE TwC
DIMENSIONAL ARRAY VECR.

IWORK AND WORK ARE THE WORKING STORES USED DURING THE
GAUSSIAN ELIMINATION AND BACKSUBSTITUTION PROCESS.
THE ARRAY INDIC INDICATES THE SUCCESS OF THE ROUTINE AS
FOLLOWS
VALUE OF INDICI(I) EIGENVECTOR 1

1 NOT FOUND

2 FOUND
EPS 15 A SMALL POSITIVE NUMBER THAT NUMERICALLY REPRESENTS
ZERO IN THE PROGRAM, EPS = (EUCLIDIAN NORM OF A)*EXsWHERE
EX = 2%%(-T). T 1S THE NUMBER OF BINARY DIGITS IN THE

823

Communications of the ACM



C MANTISSA OF A FLOATING POINT NUMBER.
VECR{1,IVEC) = 1.0
IF{M.EQ.1)GO TO 24
C SMALL PERTURBATION OF EQUAL EIGENVALUES TO OBTAIN A FULL
C SET OF EIGENVECTORS.
EVALUE = EVR(IVEC)
IF(IVEC.EQ.M)GO TO 2
K = IVEC+1
R = 0.0
DO 1 1=K,M
IF(EVALUE.NE.EVR(11)GO TO 1
IF(EVI(1)4NE40.0)GO TO 1
R = R+3,0
1 CONTINUE
EVALUE = EVALUE+R*EX
2 DO 3 K=1,M
3 A(KsK) = A(KsK)~EVALUE
C
C GAUSSIAN ELIMINATION OF THE UPPER-HESSENBERG MATRIX Ae ALL
C ROW INTERCHANGES ARE INDICATED IN THE ARRAY IWORKeALL THE
C MULTIPLIERS ARE STORED AS THE SUBDIAGONAL ELEMENTS OF Ae
K = M-}
DO 8 I=1,K
L= 1+1
IWORK(1) = ©
IF(A(I+)s1)oNE.0+01GO TO &
IF{A(I,1).NE.0.01GO TO 8
Allsl) = EPS
GO TO 8
4 IF(ABSIA(I+I1).GE.ABS(A(I+151)))1GO TO 6
IWORK(1) = 1
DO 5 J=1sM
R = AllsJ)
A(lsJ) = A{I+1+J)
AlI+1sJ) = R
R = =~AUI+1s1)/A(1,1)
All+1s1) = R
DO 7 J=lsM
ACI+19d) = A(T+19J)+R¥A(T4J)
CONTINUE
IF(A{MsM)  NE.0.0)GO TO §
AlMsM) = EPS

o

-~

C
C THE VECTOR (1lslseeesl) IS STORED IN THE PLACE OF THE RIGHT
C HAND SIDE COLUMN VECTOR,
9 DO 11 I=1,N
IF(1«GTsM)GO TO 10
WORK(I) = 1,0
GO TO 11
10 WORK(I) = 0.0
11 CONTINUE
C
C THE INVERSE ITERATION IS PERFORMED ON THE MATRIX UNTIL THE
C INFINITE NORM OF THE RIGHT-HAND SIDE VECTOR 1S GREATER
C THAN THE BOUND DEFINED AS 0.01/(N%*EX).
BOUND = 0.01/(EX * FLOAT(N))
NS = O
ITER = 1
C
C THE BACKSUBSTITUTION.
12 R = 0.0
DO 15 I=1,M
J = M=I+1
S5 = WORK(J)
IF(JsEQ.MIGO TO 14
L = J+l
DO 13 K=LM
SR = WORK(K)}
13 S = § - SR¥A(JsK)
14 WORK(J) = S/A(JsJ)
T = ABS(WORK (J))
IF(ReGE-T)GO TO 15
R =T
15 CONTINUE
C
C THE COMPUTATION OF THE RIGHT~HAND SIDE VECTOR FOR THE NEW
C ITERATION STEP.
DO 16 I=1M
16 WORK(I) = WORK(I)/R
C
C THE COMPUTATION OF THE RESIDUALS AND COMPARISON OF THE
C RESIDUALS OF THE TWO SUCCESSIVE STEPS OF THE INVERSE
C ITERATIONG.IF THE INFINITE NORM OF THE RESIDUAL VECTOR IS
C GREATER THAN THE INFINITE NORM OF THE PREVIOUS RESIDUAL
C VECTOR THE COMPUTED EIGENVECTOR OF THE PREVIOUS STEP IS
C TAKEN AS THE FINAL EIGENVECTOR.
R1 = Q.0
DO 18 1=1.M
T = 0.0
DO 17 J=1.M
17 T = T+A(I+J)}%WORK{(J)
T = ABS(T)
IF(R1+GE.T)GO TO 18
R1= T
18 CONTINUE
IF(ITER.EQ.1)GO TO 19
IFIPREVIS.LE.R1)GO TO 24
19 DO 20 I=14M
20 VECR({IsIVEC) = WORK(I)
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PREVIS = R1
IF(NS«EQe1)GO TO 24
IF(ITER.GT+6)60 TO 25
ITER = ITER+1
IF(R«LT+BOUNDIGO TO 21
NS =1

C
C GAUSSIAN ELIMINATION OF THE RIGHT-HAND SIDE VECTOR.
21 K = M-l
DO 23 I=1sK
R = WORK(I+1)
IF{IWORK(I)4EQ40)1GO TO 22
WORK(I1+1)=WORK (I }+WORK(I+1)*A(I+1s1)
WORKI{I} = R
GO T0 23
22 WORK (I1+1)=WORK (I+1)+WORK(I)*A(I+1s1)
23 CONTINUE
GO TO 12
c
24 INDICUIVEC) = 2
25 IF(MsEQ.NIGO TO 27
J = M+l
DO 26 I=JsN
26 VECR(1,IVEC) = 0.0
27 RETURN
END

SUBROUTINE COMPVE(NsNMsMsIVECsAsVECRsHIEVRIEVIZ»INDICS
1IWORK » SUBDIA s WORK1 sWORK2 sWORK sEPSsEX )

DOUBLE PRECISION DsD1

INTEGER I9I19I29ITERSIVECsJsKsL yMsNsNMsNS

REAL BsBOUNDSEPSIETASEXsFKSIsPREVISsRsSyUsV
DIMENSION A(NMs1)»VECR(NMs1) sHINMs1)sEVRINM)»EVI(NM) >
LINDIC(NM) s IWORK (NM) s SUBDIA(NM) s WORK1 (NM) s WORK2 (NM) »
2WORK (NM)

THIS SUBROUTINE FINDS THE COMPLEX EIGENVECTOR OF THE REAL
UPPER-HESSENBERG MATRIX OF ORDER N CORRESPONDING TO THE
COMPLEX EIGENVALUE WITH THE REAL PART IN EVR({IVEC) AND THE
CORRESPONDING IMAGINARY PART IN EVI(IVEC)e THE INVERSE
ITERATION METHOD 1S USED MODIFIED TO AVOID THE USE OF
COMPLEX ARITHMETIC.

THE MATRIX ON WHICH THE INVERSE ITERATION IS PERFORMED IS
BUILT UP IN THE ARRAY A BY USING THE UPPER-HESSENBERG
MATRIX PRESERVED IN THE UPPER HALF OF THE ARRAY H AND IN
THE ARRAY SUBDIA.

NM DEFINES THE FIRST DIMENSION OF THE TWO DIMENSIONAL
ARRAYS AsVECR AND H. NM MUST BE EQUAL TO OR GREATER

THAN Neo

M 1S THE ORDER OF THE SUBMATRIX OBTAINED BY A SUITABLE
DECOMPOSITION OF THE UPPER-HESSENBERG MATRIX IF SOME
SUBDIAGONAL ELEMENTS ARE EQUAL TO ZERO, THE VALUE OF M IS
CHOSEN SO THAT THE LAST N-M COMPONENTS OF THE COMPLEX
EIGENVECTOR ARE ZERO.

THE REAL PARTS OF THE FIRST M COMPONENTS OF THE COMPUTED -
COMPLEX EIGENVECTOR WILL BE FOUND IN THE FIRST M PLACES OF
THE COLUMN WHOSE TOP ELEMENT IS VECR(1,1VEC) AND THE
CORRESPONDING IMAGINARY PARTS OF THE FIRST M COMPONENTS OF
THE COMPLEX EIGENVECTOR WILL BE FOUND IN THE FIRST M
PLACES OF THE COLUMN WHQOSE TOP ELEMENT IS VECR(1sIVEC-1).

THE ARRAY INDIC INDICATES THE SUCCESS OF THE ROUTINE AS
FOLLOWS
VALUE OF INDIC(I) EIGENVECTOR 1

1 NOT FOUND

2 FOUND
THE ARRAYS IWORKsWORK1sWORK2 AND WORK ARE THE WORKING
STORES USED DURING THE INVERSE ITERATION PROCESS.
EPS IS A SMALL POSITIVE NUMBER THAT NUMERICALLY REPRESENTS
ZERO IN THE PROGRAM. EPS = (EUCLIDIAN NORM OF H)#EXs WHERE
EX = 2%%(~T)s T IS THE NUMBER OF BINARY DIGITS IN THE
MANTISSA OF A FLOATING POINT NUMBER.
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FKSI = EVR{IVEC)
ETA = EVI(IVECQY
C THE MODIFICATION OF THE EIGENVALUE (FKSI + I#ETA) IF MORE
C EIGENVALUES ARE EQUAL.
IF(IVEC.EQeMIGO TO 2
K = IVEC+1
R = 0.0
D0 1 I=KsM
IF{FKSI+NE+EVR(I)}IGO TO 1
IF(ABS(ETA) «NE.ABS(EVI(I}I}IGO TO 1
R = R + 3,0
1 CONTINUE
R = R¥*EX
FKSI = FKSI+R
ETA = ETA +R
C
C THE MATRIX ((H=-FKSI*I)*(H-FKSI*I) + (ETA*ETA)*1) IS
C STORED INTO THE ARRAY A.
2 R = FKSI*FKSI + ETA*ETA
S = 2.0%FKSI
L = M-1
DO 5 I=15M
DO 4 J=lsM
D = 0.0
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A(JIsI) = 0.0
DO 3 K = s
D = D+4HIT K)*H{KsJ)
A{lsJ) = D=S*¥H(1,J)
Alls1) = ACIsII+R
00 9 I=1,lL
R = SUBDIA(I)
A{lI+191) = ~S*R
11 = I+1
DO 6 J=lsIl
6 AtJsl) = A(JsI)+R¥H(J51+1)
IF(1EQe1)GO TO 7
A{I+1s1-1) = R%*SUBDIA(I-1}
7 DO 8 J=1sM
8 A(I415J) = A{I+14J)+R¥H{TJ}
9 CONTINUE

v W

THE GAUSSIAN ELIMINATION OF THE MATRIX
((H=-FKSI*I)*#(H-FKSI*1) + (ETA*ETA)*I) I[N THE ARRAY A. THE
ROW INTERCHANGES THAT OCCUR ARE INDICATED IN THE ARRAY

IWORKe ALL THE MULTIPLIERS ARE STORED IN THE FIRST AND IN
THE SECOND SUBDIAGONAL OF THE ARRAY A.
K = M-1
DO 18 I=1,K
11 = I+1
12 = 142

IWORK(I) = 0

IF(1.EQ.K}GO TO 10

IF(A(I+2+1)eNE«DO.01GO TO 11
10 IF{A(I+1s])eNEL0.0}GO TO 11

IF(A(I»1)eNE«0.0)GO TO 18

A{lsl) = EPS

GO 10 18

11 IF(1.EQ.K}GO TO 12
IF(ABSIA{I+151))+GEABS(A(14251))1GO TO 12
IF(ABS(A{I+1))«GE.ABS(A(1+2+1)))GO TO 16
L= I+2
IWORK(I) = 2
GO TO 13

12 IF(ABS{A(TI 1)) eGE.ABS{ALI+1,1)))GO TO 15
L = I+1
IWORK(I) = 1

13 DO 14 J=l.M

R = A({IsJ)
A(lsJ) = AlLsJ)
14 A(LsJ) =R
15 IF(1.NE.K)GO TO 16
12 = 11

16 DO 17 L=I1y12
R = =A(LyIN/A(Is1])
AlLsI) = R
DO 17 J=i1sM
17 AlLsJ) = AlLsJ}+R*A{I,J)
18 CONTINUE
IF(A{MsM) s NE.0,0)}GO TO 19
A(MsM) = EPS

THE VECTOR (lslsseesl) IS STORED INTO THE RIGHT~HAND SIDE
VECTORS VECR( »IVEC) AND VECR( »IVEC~1) REPRESENTING THE
COMPLEX RIGHT-HAND SIDE VECTOR.
19 DO 21 1=1,N
IF(14GTeM)GO TO 20
VECR(I,IVEC) = 1.0
VECR{ISIVEC-1) = 1.0
GO TO 21
29 VECR{ISIVEC) = 0.0
VECR(IsIVEC-1) = 0.0
21 CONTINUVE

THE INVERSE ITERATION IS PERFORMED ON THE MATRIX UNTIL THE
INFINITE NORM OF THE RIGHT-HAND SIDE VECTOR 1S GREATER
THAN THE BOUND DEFINED AS 0401/ (N%*EX).

BOUND = Q.01/(EX*FLOAT(N)}

NS = 0

ITER = )

DO 22 I=1sM
22 WORK(I) = H(Is1)=-FKSI

THE SEQUENCE OF THE COMPLEX VECTORS Z(S) = P(S)+I*Q(S)
W(S+1)= U(S+1)+1#V(S+1) IS GIVEN BY THE RELATIONS

(A = (FKSI-I*ETA)*I)*W(S+1) = 2(S) AND

Z(S+1l) = W(S+1)/MAX{W{S+1)).

THE FINAL W(S) IS TAKEN AS THE COMPUTED EIGENVECTOR.

AND

THE COMPUTATION OF THE RIGHT-HAND SIDE VECTOR
(A—FKSI*I)1*#P{S)-ETA*Q(S)s A IS AN UPPER-HESSENBERG MATRIXe
23 DO 27 I=1sM
D = WORK(I)}*VECR(IsIVEC)
IF(1+EQe1)GO TO 24
D = D+SUBDIA(I-1)*VECR(I~1,IVEC)
24 L = I+1
IF(LeGT.M)GO TO 26
DO 25 K=L M
25 D = D+H(1sK)#VECR(KsIVEC)
26 VECR(IsIVEC~1) = D-ETA®VECR(IJIVEC-1}
27 CONTINUE
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C GAUSSIAN ELIMINATION OF THE RIGHT-HAND SIDE VECTOR,

[«

= M-
DO 28 I=1sK

L = I+IWORK(I)

R = VECR(LsIVEC-1)

VECR(L,IVEC=1) = VECR{I,IVEC-1}

VECR(1,IVEC-1) = R

VECR(I+15IVEC~1) = VECR(I+1sIVEC-1)+A(I+1s1)%*R

IF(1+EQsK)GO TO 28

VECR(I+25IVEC~1) = VECR{I+2,IVEC-1}+A([+2s1)%R
28 CONTINUE

C THE COMPUTATION OF THE REAL PART U(S+1) OF THE COMPLEX

C VECTOR W(S+1).

THE VECTOR U(S+1) IS OBTAINED AFTER THE

C BACKSUBSTITUTION.

D0 31 I=1sM

J = M=1+1

D = VECR(JsIVEC-1)

IF{J.EQ.MIGO TO 30

L= J+l

DO 29 K=LM

D1 = A{JsK)

29 D = D-D1*#VECR(KsIVEC-1)
30 VECR{JsIVEC~1) = D/A(JI»J)
31 CONTINUE

C
C THE COMPUTATION OF THE IMAGINARY PART VIS+1l) OF THE VECTOR

C W(S+1}s WHERE VI(S5+]1l) =

[a¥aNaNaNeNal

(P(S)=(A-FKSI*I)*U(S+1))/ETA.
DO 35 I=1.M
D = WORK(I)*VECR(IsIVEC-1)
IF(1+EQe1)G0 TO 32
D = D+SUBDIA{I-1)#VECR(I-1,IVEC-1}
32 L = I+1
IF(L+GTM)GO TC 34
DO 33 K=l oM
33 D = D+H(IsK)*VECR(KsIVEC~1)
34 VECR(TsIVEC) = (VECR(IsIVEC)-D)/ETA
35 CONTINUE
THE COMPUTATION OF
L =1
S = 0.0
DO 36 I=1sM
R = VECR(I>IVEC)*%2 + VECR{I,IVEC-1)%*2
IF(R.LE.S)GO TO 36
s =R
L =1
36 CONTINUE
THE COMPUTATION OF THE VECTOR Z{(S+1)sWHERE Z({S+1)= W{(S+1)/
(COMPONENT OF W{S+1) WITH THE LARGEST ABSOLUTE VALUE) .
U = VECR(LsIVEC~1)
V = VECR(L»IVEC)
DO 37 I=1sM
B8 = VECR{I»IVEC)
R = VECR(IsIVEC-1}
VECR(ISIVEC) = (R#U + B*V)/S
37 VECR{I,IVEC~1) = (B*U-R#*V)/S
THE COMPUTATION OF THE RESIDUALS AND COMPARISON OF THE
RESIDUALS OF THE TWO SUCCESSIVE STEPS OF THE INVERSE
ITERATION. IF THE INFINITE NORM OF THE RESIDUAL VECTOR IS
GREATER THAN THE INFINITE NORM OF THE PREVIOUS RESIDUAL
VECTOR THE COMPUTED VECTOR OF THE PREVIOUS STEP 1S TAKEN
AS THE COMPUTED APPROXIMATION TO THE EIGENVECTOR.
B = 0,0
DO 41 I=1M
R = WORK(I)*VECR(I+IVEC-1) — ETA*VECR(IsIVEC)
U = WORK(I)*VECR{IoIVEC) + ETA®VECR(I,IVEC-1})
IF(1+EQe1)1GO TO 38
R = R+SUBDIA{I-1)*VECR(I-15IVEC-1}
U = U+SUBDIA(I=-1)#VECR(I-1,IVEC)

(INFINe. NORM OF W({S+l))%x2 .

38 L o= I+1
IF(LeGTeM)GO TO 40
DO 39 J=L oM
R = R+H(I+J)#VECR{J»IVEC-1)
39 U = U+H(12J)*VECR(JHIVEQ)

40 U = R¥R + U*y
IF(B.GE.UIGO TO 41
B =y
41 CONTINUE
IF(ITERWEQe1)GO TO 42
IF(PREVIS.LE.BIGO TO 44
42 DO 43 I=1sN
WORK1{T1)
43 WORK21(1)
PREVIS = B
IF(NS.EQ.1)GO TO 46
IF(ITER«GT+6)GO TO 47
ITER = ITER+1
IF(BOUND.GT4SQRT{S}IGO TO 23
NS = ]
GO TO 23

= VECR{IsIVEQ)
= VECRI(I4IVEC-1)

44 DO 45 I=1sN
VECR(I»IVEC) = WORKI(I}
45 VECR(1,IVEC-1)=WORK2(I)

46 INDIC(IVEC-1) = 2
INDICCLIVEC) =2
47 RETURN
END’

Communications of the ACM § 3 ;825



AppED IN ProOF. A small alteration to the program is desirable.
The four statements in the subroutine SCALE, page 822, lines
3-6, should be replaced by the four statements below. The
alteration is necessary so that the program will also give correct
eigenvectors for the case when no convergence of the process of
scaling occurs.

PRFACT () = 1.0
DO 12 J=1N
12 A@Y = HJD
ENORM = 10

REMARKS ON ALGORITHM 32 [D1]

MULTINT [R. Don Freeman, Jr.,
(Feb. 1961), 106]

AND

CERTIFICATION OF ALGORITHM 32 [Henry C.

Thacher, Jr., Comm. ACM 6 (Feb. 1963), 69)

K. 8. KéLB1a

Data Handling Division, Furopean Organization for
Nuclear Research (CERN), 1211 Geneva 23, Switzer-
land

KEY WORDS AND PHRASES: numerical integration, multi-

dimensional integration, Gaussian integration
CR CATEGORIES: 5.16

Comm. ACM

The real procedure MULTINT was corrected according to the
certification. It was then compiled on a CDC 3800 computer and
tested on the second integral given in the certification. It became
apparent that

(1) Equation (2) of the certification should read

f fx/l‘zz f V1222 dz dy dz
V122 I /Tz 2 z? + ¥ + (z — k)y?
O A

It should be noted that the right-hand side of equation (2)
ag printed in the certification does not correspond either to the
original limits or to those given above.

(i) the statement

Low := 0;
in the real procedure Low should be replaced by

Low := —Upp(j, x);
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(iii) the second line of the for statement in the real procedure
Upp should read

temp = temp — x[t] X x[i];

After making these corrections, it is possible to obtain results
corresponding to a permuted version of the table given in the
certification, which should be replaced by the following:

k 3 2
true 11.46027375 1.10609686

s 1 2 1 2
P=2 5.454466  9.361670  1.0368787  1.1184317
P =3  11.838664  12.408083  1.1343568  1.1094204

In addition, since several compilers require specifications, it
would be desirable

(1) to change the last specification in the heading of MULTINT
to read

integer n, P;
(ii) to insert the specifications
integer j; array z;

in the heading of the real procedures Low, Upp, and Funev.
Some of these additions were necessary in order to ensure
correct results with the compiler used for the tests.

=

Howard and Tashiian—cont’d from page 818

and the invariance of tensor quantities with respect to
coordinate transformations, it is possible to reduce the de-
rivations to routine computer operations. As was shown in
[3 and 4], this technique can be applied with equal facility
to the problem of deriving the equations of motion of a
particle in any curvilinear coordinate system. In fact, any
equation or system of equations which can be expressed in
tensor form is amenable to automatic formulation by the
methods described.

Receivep NovEMBER, 1967; Revisep May, 1968
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29¢
328

y

208
212
289
33n

39
142

121

EIGENVALUES AND EIGENVECTORS OF MATRICES

JACOBI METHOD

3-€3(447)
REDUCT IGN-BANC TO TRIDIAGONAL
GIVENS TRIDIAGCNAL REDUCTION
REDUCTION-BAND 7O TRIDIAGONAL
SYMMETRIC QR-EIGENVALUES
SYMMETRIL QR-EIVALUES,EIVECTORS
EIGENVECTORS BY GAUSSIAN ELIM.
S5YMo 5YSe (A~LAN=B) Xy EIVALS~VELS.
EIVALS-VECS.OF REAL GEN.MTRX
HOUSEHCLDERS METHCD

EIGENVALUES OF TRIDIAG,MATRIX
EIGENVECTORS CF TRIDIAG.MATRIX
LR TR4ANSFORMATION METHGO
EIGENVALUES-LAGUERRES METHOD

4-62(208),8-62(440),

T7-62(387}
9-62(482),3-64(144)
6-¢3(315)
4-65(217)96-67(376)
4-65(218) 46-67{376)
11-65(668)
3-67(181)
12-68{820)
NUMMATH.V4(354)
NUMeMATH. V4 (354)
NUMeMATH. V4(354)
NUM, MATH.V5(273)
STANFORD UNIVe-

APFLaMATHs STATSREPGNONR 225(37)N0.21

HOUSEHOLOERS METHCD

STANFORD UNIVe-

GPP Lo MATHeSTATLREPNONR 225(37INC.18

EIGENVALUES BY QR-ALGCRITHM
TRIDIAGONAL SIMILGBY ELIM,
EIGENVALUES-LAGUERRES METHOD
1966(437)
SYMMETRIC-BISECTION, INVLITN,.
HOUSEHGLOER REC.-COMPLEX MAT.
3YidMeMATo-LLT AND STURM SEQ.
JACOBI METHOD
SIGENVECTORS CF BAND MATRICES
EIVALUES OF SYMM,TRIDIAG.MATRIX
EIVALUES-EIVECTCRS OF REAL MTRX
SYM EIPROBLEM A4X=LAMoBsX
RATIONAL QR FCR SYM TRIDIAG
£IVALS-REAL SYM MTRX-DBL QR 5TP

DETERMINANTS

DETERMINANT EVALUATION
3-64(144),9-66(686)

DETERMINANT EVALUATION
DETERMINANT-POLYNCMIAL ELEMENTS
T-64(421)
EVALULTION OF CETERMINANT
DETERMAINANT BY GAUSSIAN ELIMe

COMPLJoV4({344)
COMP4JaV4I{175)
MOC 1964(474),

BIT 1964{124)
NUMMATH.VB(T9)
COMPe JoVI(103)
NUMMATH.VI(3)
NUMe MATHa V9 (285)
NUMe MATH, V9 (388)
MUMeMATH.V11(3)
NUMe MATHW VL1(102)
NUMoMATHWV11(268)
COMPaJaVL1(122)

4~61(176),9-63(5200,

3-63(104),12-63(739)
4~630165),8-63(450),

4-64(243),12-64(T702)
11-65(668),9-66{686)

SIMULTANECUS LINEAR EQUATIONS

ZROUT WITH PIVCTING

3-61(154)

SOLVE TRIDIAGONAL MATRIX

SOLVE TRIDIZGOMAL MATRIX
CROUT WITH PIVOTING

8-63(445)
STMULTLEQNES ~ITERATIVE SOLN.
GAUSSIAN ELIMINATION

8-63(445)

GAUSSIAN ELIMINATION
CROUT WITH EQUILIBRATICN

T-64(421)42-65{iC4)

BaND SGLVE

GAUSS-SEIDEL

CONJUGATE GRACIGNT METHOD
LINEAR DIOPHANTINE EQUATIONS
EXECT SOLUTION CF LINEAR EAQNS.
THEBY SOLN-GVERDET LINEAR 3SYS
GaUSSTAN ELIMINATION

BIT 1963(&L)
LINEAR 3YSTEM WITH BAND MATRIX
CONJUGATE GRALUIENY METHOD
LEAST SQUARES SOLUTICN
GAUSSIAN CLIMINATION
ELIMeWITH WEIGHTZL ROW COMB,
ITERGREFINo—SCLNLCF PSS DEF.MTX
REAL AND COMPLEX LINEAR SYSTEM
SYMMa AND UNSYMM,BAND EQUATICAS
IT REFINEMENT-LEAST SQR SOLN
S0LUTICN WITH REL ERR ESTIMATE

ORTHOGCNALIZATION
ORTHONORMALIZATION
S4HMIDT CRTHONORMALTZATION

SIMPLE CALCULATIGONS ON

G=60(507),10-68{54C)

9-60(528)
11-60(602)
4~61(176),4-561(1821,

5-62(286)
T7-620388),1-563(39),

16-62(511)
11-62(5531,11-62(557),

8-63(441)
12-63(739)46-64(349)
8-64(481)

T~-66{514)

9-66(683})

6-68(428)

RIT 1962(2561),

8IT 19631297}
NUMMATHL. V5(195)
NUMeMATH.V7(271)
8IT 1965(64)
NUdeMATHLVT(341)
NuMe MATH.V8(206)
NUMeMATH, VE(222)
NUMeMATH.V3(285)
BIT 1968120}
(OMP4J-V11{92)

1e-62(511)
COPUTING V1i(159)

STATISTICAL DATA

DISCRETE CCNVCLUTION

DETERMINE DISTRIBLFUNGFRIM DATA
LUNFIDENTE INTERVAL FOR A RATIQ
FaCTORTAL ANALYSIS OF VARIANCE
TAIL AREA PROBLFOR 2X2 TABLE
L0MPe J5V9(212),V5(416)

in-63(615)
10~-63(617)
7-66(514)
6=-68(431)
COMPLBULLLVI(56),

CORRELATION ANC REGRESSION ANALYSIS

CORRELATION COEFFICTIENTS
TRIANGULAR RIUCEGRESSION

3-61(152)
12-62060G3)

RANCCM NUMBER GeNER&TORS

RENDOM NORMAL

G-62(482)49~65(556)
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66
G5
G6
G6
G&
Gé

Go6
Gé6
Gbé
Gé
Gé
Gé
Go
G6
Gb
Gé
Gé
Gé

G6
Gé6
G6
Gb
Gé
Go

67
G7
67

TILIIIrXITIILII I LI I I IIITrTIIIIIIITIIIIIITIIX

Jb
Jé
Jé
Jo

K2
K2

i33
133
263
247
266
2567
294
334
342

71
71
8¢
86

87

94

%4
132
102
13¢
202
202
238
242
25¢
306
308
317

- 323

329

81
82

27
27
4¢
4¢
69
832
S6
97
119
141
153
217
219
248
248
258
258
263
285
286
293
293
324
332
336
341

239
249
335

162
152
278

173

RANDOM FLAT

3-63{105) ,4~63{167T)
RANDOM NORMAL
QUASI-RANDOM PCINT SEQUENCE
PSEUDO-RANDCH NUMBERS
RANDOM NORMAL CEVIATES
UNIFORM RANDCM
NDRMAL RANDUM
POISSON RANDOM NUMBERS
RANDOM SHMPLES,VARIOUS DISTRIBe
RANDOM UNIFORM

11-62(5531,12~62(606),

8-63(444),9-65(556)
12-64(701)
16-651605),9~66(687)
10-65(606)

1-67(40)

T-68(498)

12-68(819)
COMP4 Jo V6 (279)
COMP.BULL.VI(105)

PERMUTATICNS AND COMBINATIONS

PERMUTATIONS
8-62{439}
PERMUTATICONS
8-62(440)
PERMUTATION GENERATOR
10-62(514),7-67(452)
COMBINATIONS
12-62{6C6)

PERMUTATIONS IN LEXICe GRDER
L3=-62(514), 7-67(452)
PERMUTE
FPERMUTATIONS

T7-67(452)

RANDOM FERMUTATION
PERMUTATIONS WITH REPETITIONS
INVERSE PERMUTATICN
PERMUTATIONS WITH REPETITIONS
PERMUT. IN FSEUDDLEXICS ORDER
PERMUTATION

PERMUTATIONS IN LEXIC ORDER
DISTR OF INDISTINGUISHABLE 0BJ
ALL PERMUTATIONS OF N OBJECTS
PERMUTNS OF VECTOR-LEXIC ORDER
PZRMUTN OF VECTCOR

FAST FERMUTN CF VECTOR

SUBSET GENERATORS
SUBSEQUENCES
SUBSEQUENCES

OPERATICNS RESEARCH,

11-61(497)44~62(209)
4-62(208)44-62(209),
4-621209)98-62(440),
6=621(344)411-62(557),
6~62(3461),

11-62(551)y7-67(452)
9-63(517)99-65(556),

T-64(420) 3 7-65(445)
10-64(585)
2-65(104),411-65(670)
T-67(450)

T-67(452)
11-671(729)
2-68(117)

6-68(430)
COMP.BULLLVI(1C4)
COMP4JaV10(311)
COMPeJuV1G(311)
{OMP,J.V10(311)

3-62(166)
3-62(167)

GRAPH STRUCTURES

ASSIGNMENT PRCBLEM
12-63(739)
CRITICAL PATH SCHEDULING
10-62(513),€-64(3249)
CHAIN TRACING
CLASSIFICATICNS
ANCESTOR
SHORTEST PATH
PERT NETWORK
FIND PATH
INTEGER PROGRAMMING
MINSEXCESS (OST CURVE
TOPOLOGICAL CROERING
NETFLOW
9~-681633)
TRANSPORT
1-670453)
INTEGER PROGRAMMING-GOMORY1
MUTUAL PRIMAL-DUAL METHCD
EXAMINATION SCHEDULING
TRANSPORTATION PRCBLEM
4-68(271)
MAXFLOW
MINIT ALGORITHK FCR LIN PROG
NeTFLOW
LINEAR PGMS.IN (-1 VARIABLES
MINIMAL SPANNING TREE
V8(1GS),VB(147),V9(18)
SIMPLEX METHOC
1966(82)
PROCESSING CVENT NETWORK
SHORTEST PATH-START TO END
SHORTEST PATH-START TO ANY
NODES CN SHORTEST PATH

INPUT - COMPOSITE
FREE-FIELD READ
QUTREAL N
BASIC 1/0 PROCECURES
OPTICAL SCANNING CF NUMBERS
1962(238)

PLOTTING
XY PLOTTER
8-64(482)
GRAPH PLCTTER
RELOCATION

TRANSFER ARRAY VALUES

11-60(603)y10~63(618),
3-61(1521,95-611392),

9-61(392)

3-62{16T)

6-621344) ,3-63(104}
6-62(345)
8-62(436)45~65(3301)
11-62(556)
2-63168)48-63(449)
12-63(737),8-6€1573}
12-63(738)
2-65(103),9-681633),

6-65{381),7-65(445),

10-65(6G1)
5-661{326)37-67(453)
6-66(433),11-66(795)
12-66(869),7-67(453),

2-68(117}
6~68(437)
9-681(631)
11-68(782)
COMPoBULLWVEI6T ),y

BIT 1964(194},
COMPeJs V3{323)
COMP.J.V10{306)

C0MPeJaV10(307)
COMPeJaV1ID(308)

8-6414811)
2-65(104)
3-68(567)
ZHoVYCHe MATa MATOFI 2o -

4~63(161)98-63(4501),

2-66(88)

6-63(311)+10-63(619)
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K2
K2

L2
L2
L2

M2
M2

02
Q2
a2
Gz
a2
062

$13
Si4
Sla
Si4
514
Si4
514
Si4
514
S14
Sl4
314
‘514
314
3l4
Si4
Sli4
314
514
S$15
S5
515
515
S15
515
315
51%

284
302

265

23
63
63
64
64
65
65

1i3
143
144
151
175
175
2G1
207
232
245
271

100
191
137
138

268

15
19
33

14
20

108
109

11
i23
123
180
181
181
185
209

4035 INTEZGRAL

INTERCHANGE. 2 BLOCKS OF DATA
TRANSPOSE VECTOR STORED ARRAY

COMPIL ING
FIND PRECECENCE FUNCTIONS
EVALUATION OF FCNAL EXPRESSION

SORTING
SORT
S0RT
8-63(446)

TREESORT

TREESORT

TREESORY

LOCATE IN A LIST

SHUTTLE SORT
12-63(739),5-64(296)

SHELL SORT

STRING SORT

HEAPSORT

TREESORT 3

QUICKERSORT

SEARCH IN a LIST

INSERTION IN A LIST

DELETION FROM & LIST

SORTING WITH MINIMUM STCRAGE

SURTING OF INTEGERS

SORT BY RANKING ELEMENTS

ORDER SUBSCRIPTS BY ELEMNT SIZE

SORT ON PERMUTN OF SUBSLRIPTS

DATA

5-66(326)
5-671292)

10-651604}
BIT 1965(133)

11-60(601),5-611(238)
T7-61(321),8-62(439),

T-610321),8-62(432}),
T-611321)48-62(439),

1-62148),6-62{348%
8-62(434)

12-62(604)

12-62(604)

2-63168)
6-63(312),10-63(619),

8-63(445),6-64(349)
10-63(515)410-64(585)
6-64(34T7)
12-64{701),7~€51445)
11-65(669),5-66(354)
JoACM-1962(23)

Jo ACM-19621(23)

Jo ACM-1962(24)

Je ACM-1962(27)
COMP,BULL. VIt 63)
COMP.J,.Y10(308)
COMPa Ja V1G(309)
COMPoJaV10(310)

CCNVERSION AND SCALING

DATA PROCESSING-VECTCRCARDIOGRM

CACM 2-62(121)

SIMULATICN CF COMPUTING STRUCTURE

PROCESSING
PROCESSING
NESTED FOR
NESTED FOR
EVALUATION

CF CHAIM-LINKED LIST
OF CHAIN-LINKED LIST
STATEMENT
STATEMENT
OF FUNAL EXPRESSION

SYVBCL MANIPULATION
ALGOL 6% REF.LANG.EDITOR
BASIC LIST PRCCESSING

6-621346)
6-62(346)
11-62(555)
11-62(555)
81T 1965(137)

11-65(667)
817 1366(166)

SIMPLIFYING BOGLEAN EXPRESSIONS BIT 1966(260)

APPROXIMATION OF SPECIAL _FUNCTIONSaeee

FUNCTIONS ARE CLASSIFIED SUL TO S22,
INDEX OF MATH.

FLETCHER-MILLER-ROSENHEAD,
BINOMIAL CCEFFICIENTS
8-62(428)
FACTORIAL N
POLAR TRANSF, BY CHEBYSHEV EXP,
COMPLEX EXPONENTIAL INTEGRAL
REAL EXPONENTIZL INTEGRAL
4=-611{182)
EXPONENTIAL INTEGRAL
EXPOMENTIAL INTEGRAL
EXPONENTTAL INTEGRAL EXPANSION
EI(X) BY CHEBYSHEV EXPANSION
SIN INTEGRAL SI(X)
CI{Xx)
GAMMA FUNCTICN
GAMMA FUNCTICN
9-6616851}
GAMMA FUNCTION
GAMMA FUNCTION
DERIVATIVE OF GAMMA FUNCTION
BETA RATIO
GAMMA FUNCTIGN
9-661685)
INCOMPLETE BETZ FCNSRATIOS
GAMMA FCN WITH CONTROLLED ACCY.
GAMMA FONo.-2RBITRARY PRECISIUN
LOGARI THM OF GaMitA FCN,
1-68(14)
T-TEST PROBABILITIES
F-DISTRIBUTION
GAMMA FUNCTION
GAMMA FCNe BY (HEBYSHEV EXP.
HERMITS POLYNOMIAL
REAL ERROR FUNCTICM, ERF(X)
10-63(6181+3-64(145),6-67(377)
ERROR FUNCTION-LARGE X
CONMPLTMENTARY EPRGFONe-LARGE X
12-641702)y 6-€7(371)
ERRUR FUNCTICN
ERROR FUNCTICN
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FOLLOWING
TABLES
10-6G(540),6-62(347) ,

2-61110G6)

NUMe MATH.V4(412)
7-601406)
10-60G(540),2-61{1G5)

7-62(388),7-62(393)
7-62(388),7-62(393)
CHIFFRES-V6(187)
NUMeMATH, V4 (413}
NUMMATH.VI(381})
NUMe MATHLV9(382)
2-61(105}1,12-62(60G5)
2-61(1061,7-62(391),

4-61(180),9-66(685)
3-62(166),9-661685)
12-62{605)+4-63(168)
6~63(314)46-6T7(375)
3-64(143),10-64(586)

3-64(143),4-641244)
5-64(295),10-64(586)
8-67(511)
9-66(684),9-66(685),

2-68(115)

2-68{116)

BIT 1962(238)

NUMe MATH, V4 {413)
6-62(353)
9-62(483),6~631316),

6-63(314)46~6T7(377}
6€~-63(315),

7-63(386)
10-63(616),3-641(148),

S15
S15
S15
15
S15
515
S15
S15
515
Sis
$15

516

NN N NN N NN N ININ N NN NN N N

209
226
272
272
299
304
304

259

55
56
13
13
149
165

16

1z

36
119
111
132
184
161
192
227
282
292
390
332
327

45
112
117
117
118
118
136
148
199
240
246
252
26¢
261

8-64(482), 6-67(377)
NORMAL DISTRIBUTION FUNCTION
NORMAL DISTRIBUTION FUNCTION
7-68(493) .
CHI-SQUARED INTEGRAL
NORMAL CURVE INTEGRAL
4-68(271)
ERF(X) BY CHEBYSHEV EXPANSICON
DERIV.OF BOYS ERRCR FCN.
COMPL.ERROR INT4-COMPLEX ARGe
NORMAL DISTRIBUTION CURVE
v1iG(113)
LEGENDRE POLYNGMIAL
4-61(181)
ASSOCIATED LEGENDRE FUNCTICN
ASSOCIATED LEGENDRE FUNCTION
LEGENDRE FUNCTION

. BESSEL FUNCTICN

RICCATI-BESSEL FUNCTION
BESSEL FUNCTICN
SPHERICAL NEUMANN FUNCTION
HANKEL FUNCTIGN
HANKEL FUNCTIGN
BESSLCL FCNS OF FIRST KIND
BESSEL FUNCTION
BESSEL FUNCTICN
BESSEL FUNCTION
Q-BESSEL FUNCTION
BERBEI FUNCTION
8-62(438)
FRESNEL INTEGRALS
FRESNEL SINE INTEGRAL

3 FRESNEL COSINE INTEGRAL

FRESNEL INTEGRALS

FRESNEL INTEGRALS

AIRY FUNCTIONS

WEBER FUNCTION

COMPLEMENTARY FRESNEL INTEGRAL

FRESNEL INTEGRALS 3(X}4C(X)
ELLIPTIC INTEGRAL-FIRSET KIND

ELLIPTIC INTEGRAL-SELGND KIND
INCOMPLETE ELLIPTIC INTESGRAL
10-62(514)42-63{69)},4~63(167)

ELLIPTIC INTEGRAL

ELLIPTIC INTEGRAL

COMPLETE ELLe INTo-FIRST KIND(K)

COMPLETE ELL&INT,~SECOND KND(E)

COMPLETE ELLSINT. (B}
INCOMPLSELL.INT,~FIRST KINO(K}
INCOMPLGELLINT~SECOND KIND(E)
INCOMPL.ELLL INT,(8)

JACOBIAN ELLIPTIC SIN FCN. (SN)
JACUBIAN ELLIPTIC €OS FONe (TN}

JACOBIAN ELLIPTIC FCNe (DN)
ELLIPTIC INTEGRALS-KINDS 1,23
v7(353)

JACOBIAN ELLIPTIC FUNCTIONS

CHEBYSHEV POLYNOMIAL

LAGUERRE PCLYNCMIAL

CHEBYSHEV FOLYNOMIAL

PHYSILS INTEGRALS

PHYSICS INTEGRALS

PHYSIUS INTEGRALS

ERLANG PROBABILITY FUNCTION
HYPERGEOMETRIL FINe {COMPLEX)

CONFLUENT HYPERG, FUNo (ZOMPLEX)

CHEBYSHEV POLYNCMIAL CCEFF,
DERIVATIVES CF EXP(X OR IX}/X
REGULAR COULOMB WAVE FONS.

LOULOMB WAVE FUNCTIONS

JACOBI POLYNCMIALS

DILOGARI THM

LONFLUENT HYPERGLFONL (£0MPLEX)
FERMI FUNCTICN

RIEMANN ZETA FUNCTION

POISSON~CHARLIER POLYNOMIALS

ALL OTHERS
INTEREST REFINEMENT
POINT INSIDE POLYGUN
MAGIC SQUARE
1-63(39),3-63(1¢¢%)
MAGIC SQUARE
12-62(606)+1-63(39),3-63(105}
ENL2&RGE 2 GROUP
MAGIC SAQUARE
CALENDAR (ONVERIICN
LOORDINATES ON AN FLLIPSOID
GRAYCOOE
VELTUR COUPLING
6-J SYMBCLS
9-4 3YVMBOLS
CALCULATION OF EASYER
GRADER PROGRAM
CALLULATION CF EASTER
MANY-ELECTRON W2 VEFUUNCTIONS
SEASONAL ACJ-FCQRECASTING
v1il{25)

COEFFICIENTS

5-64(295),6-67(377)
12-65(789)46-67(377),

4-67(243),4~-68(270)
6=6T(374),6-6T7(37T),

NUMe MATHL V4 (414)
COMP<BULL.VI(1CS)
BIT 1965(290}
CUOMPeJoV9(322),

6-60(3531,2-61{105),

4-611178),8-631446)
T-61(32C)412-61(544)
8-65(488)}
11-60{600),4-65(219)
11-6G1600)

4-51(177)

4-61(179)
9-62(483),12-65{79(")
4=631(1611,9-63(522)
8=-64(479),2-65(135)
4-60(240)

4=-6C{240)
11-63(662)496~64(349)
5-64(295)
4=610181)47-62(392),

5-62(280),10-63(618)
5-62(280) 410-631618)
5-62(281),410-63(618)
10-63(617)911~641(661)
11-64(660)
5-671291),7-67(453)
B8IT 1962(239)

BIT 1962(192)

NUMe MATH, VS (382)
4-61(180144-63(166)
4-611(1801,1-66(12)
12-611543),12-61(544),

12-621605)44-63(166)
4-63(163)

NUM MATH.V5(296)
NUMMATH,.V5(297)
NUMoMATH.V5(297)
NUMe MATHL V5 {297)
NUM.MATH,V5(298)
NUMeMATH.V51(299)
NUMs MATH,V5(299)
NUMMATH. V5(300C)
NUMoMATH.V5{301)
NUMsMATH,VT(85)

NUMe MATH4 VT (89)
6-60(353),44-61(181)
6-60(353)

3-61(151)
7-62(389),7-62{393)
T-62(390})
11-62(551)
7-63(386)

T-63(388) y4-641(244)
7-63(388),4-64(244)
5-64(295)

4-66(272)
11-66(793)
4~67(244)

6~68(436)

4-681270)

BIT 1962(23T)

BIT 1963(141)

BIT 1945(141)
T-640420),2-65(105)

4-61(178),9-63(52")
8-62(434),12~62(606)
8-62(435)48-62(440),

8-62(436)+18~62(440 )y

11-621(555)
12-62(605),4~-63(168)
8-63(444),11-641661)
9-64(546)
12-64(701),6-65(382)
4-65(217)

B-650492)

83-65(492)
4=6202091,411-62(556)
CALCM 5-65(277)
COMP,BULLAVI(18)
CACM 4-656(278)
COMP.J.V1N(148),
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