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GENERATOR OF RANDOM NUMBERS SATIS- 
FYING THE POISSON DISTRIBUTION [Gh] 
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I IT Research Institute, Chicago, Ill. 60616 

K E Y  W O R D S  A N D  P H R A S E S :  P o i s s o n  d i s t r i b u t i o n ,  r a n d o m  
n u m b e r  g e n e r a t o r ,  M o n t e  Car lo  

C R  C A T E G O R I E S :  5.12, 5.5 

i n t e g e r  p r o c e d u r e  poisson carlo (npx,  n p x l ,  random); v a l u e  npx ,  
random; r e a l  npx ,  n p x l ,  random; 

c o m m e n t  T h e  P o i s s o n  d i s t r i b u t i o n  g ives  t he  p r o b a b i l i t y  t h a t  
px e v e n t s  will occur  in a ce r t a in  i n t e rva l  or  v o l u m e ,  whe re  t h e  
expec ted  or m e a n  v a l u e  of e v e n t s  is npx .  A p p l i c a t i o n s  a re  de-  
sc r ibed  b y  B. W. L i n d g r e n  and  G. W. M c E l r a t h  [1]. F o r  a M o n t e  
Car lo  ca l cu l a t i on  we wish  to g e n e r a t e  n u m b e r s  px t h a t  s a t i s f y  
t he  Po i s son  d i s t r i b u t i o n ,  t h a t  is to find t he  i nve r se  of t he  P o i s s o n  
func t i on .  To  do th i s  we g e n e r a t e  a p s e u d o - r a n d o m  n u m b e r  in 
the  i n t e r v a l  0, 1 and  find t he  n u m b e r  px s u c h  t h a t  random _< 
( p robab i l i t y  t h a t  t he  n u m b e r  is pz  or less)  and  random > ( the 
p r o b a b i l i t y  t h a t  t he  n u m b e r  is px - 1 or  less) .  

poisson carlo r e t u r n s  t he  va l ue  - 1  to s igna l  t h a t  t he  pro-  
cedure  was cMled w i t h  a va l ue  of npx  < 0 or too  l a rge  for  t h e  
prec i s ion  of t he  c o m p u t e r .  I t  is t h e  r e s p o n s i b i l i t y  of t he  u s e r  to 
t e s t  t he  c a l cu l a t ed  v a l u e  if t he r e  is a n y  pos s i b i l i t y  of t he  occur -  
rence  of t he  e r ror  condi t ion .  

I n  order  to  s ave  c o m p u t i n g  t ime ,  v a l u e s  of t he  P o i s s o n  d i s -  
t r i b u t i o n  c o m p u t e d  a t  a p r e v i o u s  e n t r y  for t he  s a m e  v a l u e  of 
npx  are  s t o r ed  in t he  o w n  a r r a y  pson.  T h e  p r e v i o u s  v a l u e  of 
npx  is n p x l .  T h e  ac tua l  p a r a m e t e r  c o r r e s p o n d i n g  to n p x l  m u s t  
be a real ident i f ier ,  n o t  a c o n s t a n t  or an  expres s ion .  Before  t h e  
first call of poisson carlo t h e  cal l ing p r o g r a m  m u s t  se t  n p x l  to a 
va lue  # npx .  T h e  n u m b e r  of pson  e l e m e n t s  t h a t  were p r e v i o u s l y  
c o m p u t e d  and  s t o r ed  is c o m p u t e d .  If  i t  is des i r ed  to s a v e  s t o r a g e  
space  a t  the  expense  of c o m p u t i n g  t ime ,  t he  u p p e r  b o u n d  84 of 
pson m a y  be r educed ,  b u t  t h e n  t he  l imi t  of computed nea r  t he  
end  of t he  p rocedu re  m u s t  also be  dec r ea sed  accord ing ly .  

T h e  p rocedu re  w h i c h  g e n e r a t e s  random is p r e f e r a b l y  a l g o r i t h m  
266 [3] or 294 [2]. I t  can  be cal led as t h e  ac tua l  p a r a m e t e r  in t he  
p rocedure  call of poisson carlo. 

T h e  a u t h o r  t h a n k s  Mr .  I. D.  Hil l  for  n u m e r o u s  s u g g e s t i o n s  
and  co r rec t ions  w h i c h  g r e a t l y  i m p r o v e d  t he  a l go r i t hm.  
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b e g i n  
o w n  i n t e g e r  computed; o w n  r e a l  pne;  

o w n  r e a l  a r r a y  pson [0:84]; 

i n t e g e r  n ;  r e a l  ps; 
i f  npx  < 0 t h e n  go  t o  error; 
i f  npx  # n p x l  t h e n  
b e g i n  

computed :=  0; 
pne := pson [0] :=  exp ( - -npx ) ;  
i f  pnc = 0 t h e n  go  t o  error; 
c o m m e n t  pson [0] is t h e  p r o b a b i l i t y  t h a t  poisson carlo = O. 

I t  c a n n o t  be  zero un l e s s  - n p x  under f lows  t h e  a r g u m e n t  
r a n g e  of p r o c e d u r e  exp. For  m o s t  c o m p u t e r s  th i s  s e t s  an  
u p p e r  l im i t  of 85 for  npx;  

n p x l  := n p x  
e n d  new  npx;  
ps  :=  pson [computed]; 
i f  random ~ ps  t h e n  
b e g i n  

i n t e g e r  n m i n ,  nmax;  
c o m m e n t  T h e  p r o b a b i l i t y  t e r m  can  be  f o u n d  b y  s e a r c h i n g  

t he  s t o r e d  v a l u e s ;  
n m i n  :=  0; nmax  := computed + 1; 
f o r  n := ( n m a x + n m i n - 1 )  + 2 w h i l e  n m a z  -- n m i n  > 1 d o  

i f  random > pson[n] t h e n  n m i n  :=  n -4- 1 e l s e  nma x  := n + 1 ; 
poisson carlo := n m i n  

e n d  s e a r c h  
e l s e  
b e g i n  

r e a l  psc, pn;  pn  :=  pnc; 
c o m m e n t  A d d i t i o n a l  p r o b a b i l i t y  t e r m s  m u s t  be  c o m p u t e d ;  
f o r  n :=  computed + 1, n + 1 w h i l e  random > ps  d o  
b e g i n  

pn  :=  pn  X n p x / n ;  
psc :=  ps;  ps  :=  ps + pn;  
c o m m e n t  ps = c u m u l a t i v e  p r o b a b i l i t y  of t e r m s  up  to n ,  

and  pn  = p r o b a b i l i t y  of n t h  t e r m ;  
i f  ps = psc t h e n  go  t o  error; 
i f  n ~ 84 t h e n  b e g i n  pson[n] :=  ps; 
pnc :=  pn;  computed :=  n e n d ;  
poisson carlo := n 

e n d  
e n d  more; 
go  t o  f in; 

error: poisson carlo := -- 1; 

fin: 
e n d  poisson carlo; 
e m n m e n t  T h e  fo l lowing  is an  e x a m p l e  of a ca l l ing  p r o g r a m  for 

t h e  case  whe re  poisson carlo is comp i l ed  w i t h i n  t h e  ca l l ing  
p r o g r a m  r a t h e r  t h a n  s e p a r a t e l y .  I n s t e a d  of o w n  v a r i a b l e s ,  
non- loca l  v a r i a b l e s  m a y  t h e n  be  used .  T h e  p r o g r a m  is w i t h i n  
t h e  I F I P  s u b s e t  if t h i s  c h a n g e  is m a d e ,  and  if t h e  ex p re s s io n  
( n m a x + n m i n - -  1) + 2 is r ep l aced  b y  t h e  less  efficient ex p re s s io n  
.501X ( n m a x + n m i n - - 2 )  ; 

b e g i n  
i n t e g e r  x, computed; r e a l  a r r a y  pson [0:84]; 
r e a l  pnc,  npx ,  n p x l ;  
r e a l  p r o c e d u r e  random (x); 
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c o m m e n t  Procedure body random is inser ted here; 
i n t e g e r  p r o c e d u r e  poisson carlo (npx, npxl ,  random); 
c o m m e n t  Procedure  body of poisson carlo is inser ted  here 

af ter  delet ing declarat ions  of ow n  var iables ;  
ininteger (2, x) ; npx l  : = - 1 ; 

in1 : inreal (2, npx) ; 
oulinteger (1, poisson carlo (npx, npx l ,  random (x))); 
go to  in1 

e n d  
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ABSTRACT: 

Purpose. This  subrout ine  finds all the  eigenvalues and eigen- 
vectors  of a real general  matr ix .  The  eigenvalues are computed 
by  the  Qt~ double-step method  and the  eigenvectors  by  inverse 
i tera t ion.  

Method. Fi rs t ly  the  following pre l iminary  modifications are 
carr ied out  to improve the  accuracy of the  computed results.  (i) 
The  mat r ix  is scaled by  a sequence of s imi lar i ty  t rans format ions  
so t h a t  the  absolute  sums of corresponding rows and columns are 
roughly equal. (ii) The  scaled mat r ix  is normalized so t h a t  the  
value  of the  Eucl idean  norm is equal to one. 

The  ma in  pa r t  of the process commences wi th  the  reduct ion of 
the  mat r ix  to an  upper-Hessenberg  form by  means  of s imilar i ty  
t rans format ions  (Householder 's  method) .  Then  the  QR double- 
s tep i t e ra t ive  process is performed on the  Hessenberg ma t r ix  unt i l  
all e lements  of the  subdiagonal  t h a t  converge to zero are in modu- 
lus less t h a n  2 -t H HIIE , where t is the  number  of significant digits  
in the  man t i s sa  of a b ina ry  f loat ing-point  number .  The  eigenvalues 
are t hen  ext rac ted  f rom this  reduced form. 

Inverse  i t e ra t ion  is performed on the  upper-Hessenberg  ma t r ix  
unt i l  the absolute  value  of the  largest  component  of the  r igh t -  
hand  side vector  is greater  t han  the  bound  2t/(100 N),  where N 
is the  order of the  matr ix .  Normal ly  af ter  this  bound  is achieved, 
one step more is performed to ob ta in  the computed  eigenvector ,  
bu t  a t  each s tep the  residuals  are computed,  and if the  residuals  
of one par t icular  s tep are greater  in absolute  value  t han  the  
residuals  of the previous step,  then  the  vector  of the  previous 
s tep is accepted as the  computed eigenvector.  

Program. The  subrout ine  E I G E N P  is completely self-con- 
ta ined  (composed of five subrout ines  

E I G E N P ,  SCALE, HESQR,  REALVE,  and COMPVE) 
and communica t ion  to i t  is solely th rough  the  a rgument  list. The  
en t rance  to the  subrout ine  is achieved by  
CALL E I G E N P  (N, NM, A, T, EVR, EVI,  VECR, VECI,  I N D I C )  
The  meaning of the  pa ramete r s  is described in the comments  at  
the  beginning of the  subrout ine  E I G E N P .  

REFERENCES : 
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Press,  Oxford, 1965, pp. 347-353, 485-567, 619-633. 

Test results. All tes t s  have  been performed on a KDF9  computer  
(t = 39). No breakdown of the method  has  occurred and in general  
very  accurate  computed eigenvalues and eigenvectors  have been 
obtained.  

Some examples: 
(i) The  mat r ix  

--i --1 --.5 --1 7 

J 
0 0 0 0 
1 0 0 0 
0 1 0 0 
0 0 1 0 

has  all eigenvalues wi th  modulus equal to one. The~computed  
eigenvalues are 
--1.00000 0000, --.25000 00000 ::t= i.96824 58366, .53~0~ 00000 
i.86602 54038. 

The  computed eigenvectors  are 

Xl x2, x3 

.447213595 1.000000000 
--.447213595 --.250000000=:Fi.968245837 

.447213595 --.875000000=i=i.484122918 
--.447213595 .687500000=i=i.726184377 

.447213595 .531250000=:Fi.847215107 

and the  computed residuals are in modulus  less t h a a  .3E -- 10. 

(ii) The  mat r ix  

--2 1 
--7 --5 

0 --1 --3 
--1 0 --1 

has  the  eigenvalues 
--4 ± i2 and --1 ± ~¢/2. 

The computed  eigenvalues are 

111 --2 --4 
--2 

0 

--4.000000000 ± i2.000000000, --2.414213562,.4142135624. 
The  computed eigenvectors are 

Xl , X2 

-- .2000000000Ti.4000000000 
1.000000000 

.2000000000::i=i.4000000000 

.14E-10 ± i . 6 3 E - 1 1  

X4p X5 

--.500000000=:Fi.866025404 
--1.000000000=:F:i.16E-10 
--.500000000=:1=i.866025404 

.500000000=t=~.866025404 
1.000000000 

and the  computed residuals  

(iii) The  mat r ix  A 

° 

A =  1 
1 

is t ransformed by  the  process 

X3 X4 

.60E-12 --.12E-11 
--.7941044878 .4759631495 

.5615166683 .3365567706 
.2325878195 --.8125199201 

are in modulus  less t han  .7E -- 10. 

of scaling into the  form B 

F.574423 0 .06 ] 
B = L.05~454 .574423 60333 ! 

.053454 .574423_J 

wi th  the  e lements  given to six decimal places. The  obta ined 
mat r ix  B is essent ial ly  inva r i an t  under  the  QR double-s tep proc- 
ess. This  k ind of t rouble  was overcome by in t roducing the  s ta te -  
ments  

R = DABS(X) + DABS(Y) 
IF (R.EQ.0.0)SHIFT = A(M,M-- i) 
IF(R.EQ.0.0)GO TO 21 

in the subroutine HESQR. 
The exact eigenvalues of A are 

1.1, 0.95 ± io.5x/o~. 
The  computed eigenvalues are 

1.100000000, 0.9500000000 ± i0.0866025404. 
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SUBROUTINE EIGENP(N,NM,A,T,EVR,EVI,VECR,VECItINDIC) 
DOUBLE PRECISION Di~D2~D3tPRFACT 
INTEGER I,IVEC,J,KtKIgKON,L,LI,M,N,NM 
REAL ENORM,EPS,EX~R,R1,T 
DIMENSION A(NM,1),VECR(NM,1),VECI(NM,1), 

1EVR(NM),EVI(NM)~INOIC(NM) 
DIMENSION IWORK(IOO),LOCAL(IOO),PRFACT(lOO) 

1,SUBDIA(IOO),WORKI(IOO},WORK2(IOO),WORK(iOO) 

C THIS SUBROUTINE FINDS ALL THE EIGENVALUES AND THE 
C EIGENVECTORS OF A REAL GENERAL MATRIX OF ORDER N. 
C 
C FIRST IN THE SUBROUTINE SCALE THE MATRIX 15 SCALED SO THAT 
C THE CORRESPONDING ROWS AND COLUMNS AREAPPROXIMATELY 
C BALANCED AND THEN THE MATRIX IS NORMALISED SO THAT THE 
C VALUE OF THE EUCLIDIAN NORM OF THE MATRIX IS EQUAL TO ONE. 
C 
C THE EIGENVALUES ARE COMPUTED BY THE QR DOUBLE-STEP METHOD 
C IN THE SUBROUTINE HESQR. 
C THE EIGENVECTORS ARE COMPUTED BY INVERSE ITERATION IN 
C THE SUBROUTINE REALVE,FOR THE REAL EIGENVALUEStOR IN THE 
C SUBROUTINE COMPVE,FOR THE COMPLEX EIGENVALUES. 
C 
C THE ELEMENTS OF THE MATRIX ARE TO BE STORED IN THE FIRST N 
C ROWS AND COLUMNS OF THE TWO DIMENSIONAL ARRAY A. THE 
C ORIGINAL MATRIX IS DESTRQYED BY THE SUBROUTINE, 
C N IS THE ORDER OF THE MATRIX. 
C NM DEFINES THE FIRST DIMENSION OF THE TWO DIMENSIONAL 
C ARRAYS A~VECR,VECI AND THE DIMENSION OF THE ONE 
C DIMENSIONAL ARRAYS EVR,EVI AND INDIC. THEREFORE THE 
C CALLING PROGRAM SHOULD CONTAIN THE FOLLOWING DECLARATION 
C DIMENSION A(NM,NN),VECR(NM,NN),VECI(NM,NN)~ 
C IEVR(NM)~EVI(NM)~INDIC(NM) 
C WHERE NM AND NN ARE ANY NUMBERS EQUAL TO OR GREATER THAN N 
C THE UPPER LIMIT FOR NM 15 EQUAL TO 100 BUT MAY BE 
C INCREASED TO THE VALUE MAX BY REPLACING THE DIMENSION 
C STATEMENT 
C DIMENSION IWORK(IOO),LOCAL(IO0), . . ,  ~WORK(100) 
C IN THE SUBROUTINE EIGENP WITH 
C DIMENSION IWORK(MAX)~LOCAL(MAX), . . ,  ~WORK(MAX) 
C NM AND NN ARE OF COURSE BOUNDED BY THE SIZE OF THE STORE. 
C 
C THE REAL PARAMETER T MUST BE SET EQUAL TO THE NUMBER OF 
C BINARY DIGITS IN THE MANTISSA OF A SINGLE PRECISION 
C FLOATING-POINT NUMBER. 
C 
C THE REAL PARTS OF THE N COMPUTED EIGENVALUES WILL BE FOUND 
C IN THE FIRST N PLACES OF THE ARRAY EVR AND THE IMAGINARY 
C PARTS IN THE FIRST N PLACES OF THE ARRAY EVI, 
C THE REAL COMPONENTS OF THE NORMALISED EIGENVECTOR I 
C ( I = l , 2 , . . . , N )  CORRESPONDING TO THE EIGENVALUE STORED IN 
C EVR(I} AND EVI(1) WILL BE FOUND IN THE FIRST N PLACES OF 
C THE COLUMN I OF THE TWO DIMENSIONAL ARRAY VECR AND THE 
C IMAGINARY COMPONENTS IN THE FIRST N PLACES OF THE COLUMN I 
C OF THE TWO DIMENSIONAL ARRAY VECI. 
C 
C THE REAL EIGENVECTOR IS NORHALISED SO THAT THE SUM OF THE 
C SQUARES OF THE COMPONENTS IS EQUAL TO ONE. 
C THE COMPLEX EIGENVECTOR IS NORMALISED SO THAT THE 
C COMPONENT WITH THE LARGEST VALUE IN MODULUS HAS ITS REAL 
C PART EQUAL TO ONE AND THE IMAGINARY PART EQUAL TO ZERO. 
C 
C THE ARRAY INDIC INDICATES THE SUCCESS OF THE SUBROUTINE 
C EIGENP AS FOLLOWS 

VALUE OF INDIC(1) EIGENVALUE I EIGENVECTOR I 
0 NOT FOUND NOT FOUND 
I FOUND NOT FOUND 
2 FOUND FOUND 

IF(N.NE.I)GO TO 1 
EVR(1) = A(1,1) 
EVI ( i }  = O.O 
VECRIlt l )  = 1.0 
VECI(1,1} = O.O 
INDIC(l) = 2 
GO TO 25 

C 
1 CALL SCALE(N,NM~,AgVECItPRFACTgENORM) 

C THE COMPUTATION OF THE EIGENVALUES OF THE NORMALISED 
C MATRIX* 

EX = EXP(-T*ALOG(2.O)) 
CALL HESQR(N,NMgA,VECI,EVR,EVI,SUBDIA~INDICgEPS~EX) 

C 
C THE POSSIBLE DECOMPOSITION OF THE UPPER-HESSENBERG MATRIX 
C INTO THE SUBMATRICES OF LOWER ORDER IS INDICATED IN THE 
C ARRAY LOCAL. THE DECOMPOSITION OCCURS WHEN SOME 
C SUBDIAGONAL ELEMENTS ARE IN MODULUS LESS THAN A SMALL 
C POSITIVE NUMBER EP5 DEFINED IN THE SUBROUTINE HESQR . THE 
C AMOUNT OF WORK IN THE EIGENVECTOR PROBLEM MAY BE 
C DIMINISHED IN THIS WAY. 

J = N 
I = 1 
LOCAL ( 1 ) = 1 
IF(J.EQ.i)GO TO 4 

2 IF(ABS(SUBDIA(J-1)).GT.EPS)GO TO 3 
I = ' I + 1  
LOCAL ( I ) =0 

3 J = J-1 
LOCAL( I )=LOCAL( I 1+1 
IF(J.NE.1)GO TO 2 

C 
C THEEIGENVECTOR PROBLEM. 

4 K = 1  
KON = 0 
L = LOCAL(l) 
M = N  
DO 10 I - i , N  

IVEC = N-I+1 
IF(I.LE,L)GO TO 5 
K = K+I 
M = N - L  
L = L+LOCAL(K) 

5 IFIINDiC(IVECI.EQ.O)GO TO 10 
IFIEVI(IVEC).NE.O.O)GO TO 8 

C 
C TRANSFER OF AN uPPER-HESSENBERG MATRIX OF THE ORDER M FROM 
C THE ARRAYS VECI AND SUBDIA INTO THE ARRAY A. 

DO 7 KI=I,M 
O0 6 Li=KIPM 

6 A(KItL1) = VECI(Ki,L1) 
IF(K1.EQ.i)GO TO 7 
A(K l tK i -1 }  - SUBDIA(Ki-1) 

7 CONTINUE 
C 
C THE COMPUTATION OF THE REAL EIGENVECTOR IVEC OF THE UPPER- 
C HESSENBERG MATRIX CORRESPONDING TO THE REAL EIGENVALUE 
C EVR(IVEC). 

CALL REALVE(N,NM,M,IVEC,A,VECRtEVR,EVIiIWORKt 
1 WORK,INDIC,EPS,EX} 

GO TO 10 
C 
C THE COMPUTATION OF THE COMPLEX EIGENVECTOR IVEC OF THE 
C UPPER-HESSENBERG MATRIX CORRESPONDING TO THE COMPLEX 
C EIGENVALUE EVR(IVEC) + I * E V I ( I V E C ) ,  IF THE VALUE OF KON IS 
C NOT EQUAL TO ZERO THENTHIS COMPLEX EIGENVECTOR HAS 
C ALREADY BEEN FOUND FROMITS CONJUGATE. 

8 IF(KON.NE.O)GO TO 9 
KON = 1 
CALL COMPVE(N~NMPMtIVEC~A,VECR~VECI~EVR,EVI~INDICp 

I IWORK,SUBDIAPWORK1,WORK2,WORK,EPS,EX) 
GO TO I0 

9 KON = 0 
10 CONTINUE 

C 
C THE RECONSTRUCTION OF THE MATR'IX USED IN THE REDUCTION OF 
C MATRIX A TO AN UPPER-HESSENBERG FORM BY HOUSEHOLDER METHOD 

DO 12 I=loN 
DO 11J=IgN 

A ( I , J )  = O.O 
11 A ( J , I }  - O.O 
12 A ( I ~ I )  = 1.0 

IFIN.LE.2)GO TO 15 
M = N-2 
DO 14 K=I~M 

L = K+I 
DO 14 J=2,N 

D1 = 0.0 
DO 13 I=L~N 

D2 = VECI(ItK) 
13 DI = DI+ D2~A(J~ I )  

DO 14 I=L,N 
14 A ( J , I )  = A (J , I ) -VECI ( I ,K ) *D I  

C 
C THE COMPUTATION OF THE EIGENVECTORS OF THE ORIGINAL NON- 
C SCALED MATRIX. 

15 KON = 1 
DO 24 I = l t N  " 

L = O  
IF(EVI(1).EQ.OoO)GO TO 16 
L = i  
IF(KON.EQ.O)GO TO 16 
KON = 0 
GO TO 24 

16 DO 18 J=ZtN 
DI = 0,9 
D2 = O.O 
DO 17 K=I~N 

D3 = A(J,K) 
D1 = Di+D3*VECRIK,I) 
IF IL .EQ,O)GO TO 17 
D2 = D2+D3~VECR(KgI-1) 

17 CONTINUE 
WORK(J) = D1/PRFACT(J) 
IF (L ,EQ.O)GO TO 18 
SUBDIA(J)=D2/PRFACT(J)  

18 CONTINUE 
C 
C THE NORMALISATION OF THE EIGENVECTORS AND THE COMPUTATION 
C OF THE EIGENVALUES OF THE-ORIGINAL NON-NORMALISED MATRIX* 

I F ( L , E Q , I ) G O  TO 21 
Di = O.O 
DO 19 M-I,N 

19 D1 = DI+WORK(M)~2 
D1 • DSQRT(D1) 
DO 20 M=loN 

VECI(M,I) - 0.0 
VECR(M~I) = WORKIM)/DI 

EVR(1) - EVR(I)*ENORM 
GO TO 2# 

2O 

C 
21 KON = 1 

EVR(I} = EVR(1)*ENORM 



EVR(I-1) • EVR(1) 
E V I l ) }  • EVI(1)*ENORM 
EVI ( I -1}  =-EVI ( I )  
R = O.O 
DO 22 J=I,N 

R1 • WORK(J)**2 + SUBDIA(J)**2 
IF(R.GE,Ri)GO TO 22 
R - R1 
L = J 

22 CONTINUE 
D3 = WORK(L) 
R1 • S U B D I A ( L )  
DO 23  J = I ~ , N  

D1 • WORK(J)  
D2 • S U B D I A ( J )  
V E C R ( J , I )  = ( D I * D 3 + D 2 * R 1 ) / R  
V E C I ( J . I )  = ( D 2 * D 3 - D i ~ R 1 } / R  
V E C R [ J , , I - 1 )  = V E C R ( J . I )  

23  VECI  ( J ~ I - 1 ]  = - V E C I  ( J ~ , I )  
24  CONTINUE 

25 RETURN 
END 

SUBROUTINE SCALE(N,NM,A~H,PRFACT~ENORM) 
DOUBLE PRECISION COLUMNtFACTORtFNORM~PRFACToQtROW 
INTEGER I~J~ITERtNtNCOUNT~NM 
REAL BOUNDI~BOUND2tENORM 
DIMENSION A(NM*I)~H(NMtl)~RRFACT(NM) 

C 
C THIS SUBROUTINE STORES THE MATRIX OF THE ORDER N FROM THE 
C ARRAY A INTO THE ARRAY H, AFTERWARD THE MATRIX IN THE 
C ARRAY A IS SCALED SO THAT THE QUOTIENT OF THE ABSOLUTE SUM 
C OF THE OFF-DIAGONAL ELEMENTS OF COLUMN I AND THE ABSOLUTE 
C SUM OF. THE OFF-DIAGONAL ELEMENTS OF ROW I LIES WITHIN THE 
C VALUES OF BOUND1 AND BOUND2. 
C THE COMPONENT I OF THE EIGENVECTOR OBTAINED BY USING THE 
C SCALED M A T R I X  MUST BE D I V I D E D  BY THE VALUE FOUND I N  THE 

C P R F A C T ( I )  OF THE ARRAY PRFACT,  I N  T H I S  WAY THE EIGENVECTOR 
C OF THE NON-SCALED MATRIX IS OBTAINED. 
C 
C AFTER THE MATRIX IS SCALED IT IS NORMALISED SO THAT THE 
C VALUE OF THE EUCLIDIAN NORM IS EQUAL TO ONE. 
C IF THE PROCESS OF SCALING WAS NOT SUCCESSFUL THE ORIGINAL 
C MATRIX FROM THE ARRAY H WOULD BE STORED BACK INTO A AND 
C THE EIGENPROBLEM WOULD BE SOLVED BY USING THIS MATRIX, 
C NM DEFINES THE FIRST DIMENSION OF THE ARRAYS A AND H, NM 
C MUST BE GREATER OR EQUAL TO N, 
C THE EIGENVALUES OF THE NORMALISED MATRIX MUST BE 
C MULTIPLIED BY THE SCALAR ENORM IN ORDER THAT THEY BECOME 
C THE EIGENVALUES OF THE NON-NORMALISED MATRIX, 
C 

DO 2 I - I , N  
DO I J=I~N 

1 H ( I ~ J )  - A ( I ~ J )  
2 PRFACT(1). 1.0 

BOUND1 • 0 . 7 5  
BOUND2 • 1 , 3 3  
I T E R  • 0 

3 NCOUNT = O 
DO 8 I=I,N 

COLUMN • 0 , 0  
ROW = O.O 
DO 4 J = I * N  

I F ( I . E Q . J ) G O  TO 4 
COLUMN = COLUMN+ A B S ( A ( J ~ I ) )  
ROW - ROW + ABS[A(I,J)) 

4 CONTINUE 
IF(COLUMN,EQ,O.O)GO TO 5 
IF(ROW.EQ,O.O)GO TO 5 
Q = COLUMN/ROW 
IF(Q,LT,BOUND1)GO TO 6 
IF(Q.GT,BOUND2)GO TO 6 

5 NCOUNT • NCOUNT + 1 
GO TO 8 

6 FACTOR • DSQRT[Q)  
DO 7 J = I I N  

IF(I,EQ.J)GO TO T 
A ( I t J )  = A ( I t J ) * F A C T O R  
A ( J l I )  = A { J ~ I ) / F A C T O R  

7 CONTINUE 
P R F A C T ( I ]  • P R F A C T ( I ) * F A C T O R  

8 CONTINUE 
I T E R  • I T E R + I  
I F ( I T E R . G T . 3 0 ) G O  TO 11 
I F [ N C O U N T . L T . N ) G O  TO 

C 
FNORM = 0 . 0  
DO 9 I - I , N  

DO 9 J = I ~ N  
Q • A ( I ~ J ]  

9 FNORM • FNORM+Q~Q 
FNORM = DSQRT(FNORM) 
DO I0 I= i tN 

DO 10 J=I~N 
10 A(ItJ)=A(I~J)/FNORM 

ENORM • FNORM 
GO TO 13 

11 DO 12 )=1iN 
DO 12 J=i,N 

12 A( I tJ )  = H(I~J) 
ENORM = 1.0 

13 RETURN 
END 

SUBROUTINE HESQR(N,NM~AtHgEVR~EVI~SUBDIA,INDICtEPStEX) 
DOUBLE PRECISION S,SR,SR2tX,Y,Z 
INTEGER I,J,KtL,M,MAXST~Mi~N,NM,NS 
REAL EPSiEXtR,SHIFTtT 
DIMENSION A(NMtl),H(NM~I),EVR(NM),EVI(NM)PSUBDIA(NM) 
DIMENSION INDIC{NM) 

C 
C THIS SUBROUTINE FINDS ALL THE EIGENVALUES OF A REAL 
C GENERAL MATRIX, THE ORIGINAL MATRIX A OF ORDER N IS 
C REDUCED TO THE UPPER-HESSENBERG FORM H BY MEANS OF 
C SIMILARITY TRANSFORMATIONS{HOUSEHOLDER METHOD), THE MATRIX 
C H IS PRESERVED IN THE UPPER HALF OF THE ARRAY H AND IN THE 
C ARRAY SUBDIA. THE SPECIAL VECTORS USED IN THE DEFINITION 
C OF THE HOUSEHOLDER TRANSFORMATION MATRICES ARE STORED IN 
C THE LOWER PART OF THE ARRAY H. 
C NM IS THE FIRST DIMENSION OF THE ARRAYS A AND H, NM MUST 
C BE EQUAL TO OR GREATER THAN N, 
C THE REAL PARTS OF THE N EIGENVALUES WILL BE FOUND IN THE 
C FIRST N PLACES OF THE ARRAY EVRtAND 
C THE IMAGINARY PARTS IN THE FIRST N PLACES OF THE ARRAY EVI 
C THE ARRAY INDIC INDICATES THE SUCCESS OF THE ROUTINE AS 
C FOLLOWS 
C VALUE OF INDIC(I} EIGENVALUE I 
C 0 NOT FOUND 
C 1 FOUND 
C EPS IS A SMALL POSITIVE NUMBER THAT NUMERICALLY REPRESENTS 
C ZERO IN THE PROGRAM. EPS - {EUCLIDIAN NORM OF H)*EX tWHERE 
C EX = 2*~(-T},  T IS THE NUMBER OF BINARY DIGITS IN THE 
C MANTISSA OF A FLOATING POINT NUMBER, 
C 
C 
C 
C 
C 

REDUCTION OF THE MATRIX A TO AN UPPER-HESSENBERG FORM H, 
THERE ARE N-2 STEPS, 

IF(N-2) I4~I ,2  
1 SUBDIA(1) = A(2,1) 

GO TO 14 
2MtN-2 

DO 12 K=ItM 
L = K+I 
S = 0 , 0  
DO 3 I=LJN 

H(I~K) - A(I~K) 
3 S = S+ABS(A(I,K)) 

IF(S,NE,ABS(A(K+I,K)))GO TO 4 
SUBDIA(K) - A[K+I~K} 
H(K+ItK) = O,O 
GO TO 12 

4 SR2 • O,O 
DO 5 I= l tN 

SR - A(IJK) 
SR = SRIS 
A(I tK)  = SR 

5 5R2 - SR2+SR*SR 
SR = DSQRT(SR2) 
IF{A(L,K),LT*Q,O)GO TO 6 
SR = -SR 

6 SR2 = SR2-SR*A(LtK) 
A(L~K) - A(L~K)-SR 
H(LtX) • H(LtK)-SR*S 
SUBDIA(K) " SR*S 
X - S * D S Q R T ( S R 2 )  
DO 7 I = L t N  

H ( I t K )  = H ( I t K ) / X  
7 S U B D I A ( 1 )  = A ( I ~ K ) / S R 2  

C P R E M U L T I P L I C A T I O N  BY THE M A T R I X  PR.  
DO 9 J = L ~ N  

SR = O,O 
DO 8 I = L t N  

8 SR = S R + A ( I ~ K ) * A ( I t J )  
DO 9 I = L ~ N  

9 A ( I ~ J )  = A(ItJ)-SUBDIA(1)eSR 
C POSTMULTIPLICATION BY THE MATRIX PR. 

DO 1 1 J = l t N  
SR=O,O 
DO 10 I•L*N 

I0 SR = SR+A(J,I)*A(I,K) 
DO 11 I=L*N 

11 A(J*I )  = A(J*I)-SUBDIA(1)*SR 
12 CONTINUE 

DO 13 K=i~M 
13 A(K+I*K) • SUBDIA(K) 

C TRANSFER OF THE UPPER HALF OF THE MATRIX A INTO THE 
C ARRAY H AND THE CALCULATION OF THE SMALL POSITIVE NUMBER 
C EPS, 

SUBDIA(N-I) ='A(NtN-1) 
14 EPS = 0 . 0  

DO 15 K = l g N  
INDIC(K) • O 
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IF(K,NE,N)EPS = EPS+SUBDIA(K)~W2 
DO 15 )=KIN 

H(KPI) • A (K* I )  
15 EPS = EPS + A(KJl )~*2 

EPS = EX' I 'SQRT(EPS)  
C 
C THE OR I T E R A T I V E  PROCESS. THE UPPER-HESSENBERG M A T R I X  H I S  
C REDUCED TO THE U P P E R - M O D I F I E D  TRIANGULAR FORM. 
C 
C D E T E R M I N A T I O N  OF THE S H I F T  OF O R I G I N  FOR THE F I R S T  STEP OF 
C THE QR I T E R A T I V E  PROCESS. 

S H I F T  = A ( N , , N - 1 )  
I F ( N . L E . 2 ) S H I F T  = 0 . 0  
I F ( A ( N ~ , N ) . N E . O * 0 ) S H I F T  = O.O 
I F ( A ( N - I ~ N ) . N E . 0 . 0 ) S H I F T  = O.O 
IF (A(N- I tN - I ) ,NE,O.O)SHIFT  • 0,0 
M = N 
NS= 0 
MAXST = NW, lO  

C 
C T E S T I N G  I F  THE UPPER HALF OF THE MATRIX  IS EQUAL TO ZERO. 
C I F  I T  IS  EQUAL TO ZERO THE QR PROCESS IS  NOT NECESSARY.  

DO 16 I = 2 t N  
DO 16 K=IoN 

IF (A{ I - I tK ) ,NE,O,O)GO TO 18 
16 CONTINUE 

DO 17 I - I~N  
INDIC(1)=1 
EVR(I) - A ( I t I )  

17 EVICT} • O,O 
GO TO 37  

¢ 
C START THE M A I N  LOOP OF THE QR PROCESS, 

18 K=M-I 
MI=K 
I - K 

C FIND ANY DECOMPOSITIONS OF THE MATRIX, 
C JUMP TO 34  IF THE LAST SUBMATRIX OF THE DECOMPOSITION IS 
C OF THE ORDER ONE. 
C JUMP TO 35 IF THE LAST 5UBMATRIX OF THE DECOMPOSITION IS 
C OF THE ORDER TWO. 

IF(K)37~34919 
19 IF(ABS(A(MtK)).LE,EPS)GO TO 34. 

IF(M-2,EQ,O)GO TO 35 
20 I - I - I  

IF(ABS(A(Ktl)) ,LE,EPS}GO TO 21 
K = I 
IF(K.GT, i }GO TO ZO 

21 IF(K,EQ.Mi)GO TO 35 
C TRANSFORMATION OF THE MATRIX OF THE ORDER GREATER THAN TWO 

S = A(M~M)*A(Mi~MI)+SHIFT 
SR= A (M ~M)~A(M1 ~M1}-A(M ~MI )~A(MI ~M)+O.25~SHIFTW~2 
A(K+2,K) = 0,0 

C CALCULATE XI,Yi~ZI,FOR THE SUBMATRIX OBTAINED BY THE 
C DECOMPOSITION. 

X m A(K~K)~(A(K~K)-S)+A(K~K÷I)~A(K÷].~K)+SR 
Y = A(K+I~K)~(A(K~K)+A(K÷I~K÷I)-S) 
R = D A B S ( X ) + D A B S ( Y )  
I F ( R . E Q . O . O ) S H I F T  • A ( M ~ M - 1 )  
I F ( R . E Q . O . O ) G O  TO 21 
Z = A ( K + 2 ~ K ÷ I ) ~ A ( K + I ~ K )  
S H I F T  = O.O 
NS " NS+I 

C 
C THE LOOP FOR ONE STEP OF THE QR PROCESS* 

DO 33 I -K ,MI  
IF(I,EQ.K)GO TO 22 

C CALCULATE XR~YR,ZR. 
X = A ( I ~ I - 1 )  
Y = A ( I + I ~ I - I )  
Z = 0 . 0  
IF(I+2,GT,M)GO TO 22 
Z " A ( I + 2 ~ I - 1 )  

22 SR2 • D A B S ( X ) + D A B S ( Y ) + D A B S ( Z )  
I F ( S R 2 . E Q . 0 . O ) G O  TO 23  
X • X / S R 2  
Y • Y / S R 2  
Z = Z / S R 2  

23  S • DSQRT(X~X + Y~'Y + Z~Z)  
I F ( X . L T . O . O ) G O  TO 24' 
S • - S  

24  I F ( I . E Q . K ) G O  TO 25  
A ( I ~ I - 1 )  = Se, SR2 

25 IF(SRZ,NE,O,O)GO TO 26 
IF(I+3,GT,M)GO TO 33 
OO TO 32 

26 SR • I ,O-X/S 
S = X-S 
X = Y/S 
Y = Z / S  

C PREMULTIPLICATION BY THE MATRIX PR. 
DO 28 J=I,M 

S = A ( I , J } + A ( I + I ~ J ) * X  
IF(I+2,GT,M)GO TO 27 
S = S+A(I+2~J)*Y 

27  S = S*SR 
A(I~J) • A(I,J)-S 
A(I+i~J) = A(I+I~J)-S~X 
IF(I+2.GT.M)GO TO 28 

A ( I + 2 t J )  = A(I+2~J)-S~Y 
28 CONTINUE 

C POSTMULTIPLICATION BY THE MATRIX PRo 
L " I+2 
IF( I ,LT,M1)GO TO 29 
L = M  

29 DO 3 1 J = K t L  
S = A(Jp I )+A(J~ I+ i }~X  
IF(I+2.GT,M)GO TO 30  

"S = S + A (J t I +2 ) *Y  
30 S = S~SR 

A ( J t I )  = A ( J , I } - S  
A ( J o I + I ) = A ( J , I + I ) - S * X  
IF(I+2.GT,M)GO TO 31 
A(JgI+2)=A(JPI+2)-S*Y 

31 CONTINUE 
IF(I+3,GT,M)GO TO 33 
S = -A( I+3,1+2)*Y*SR 

32 A ( I + 3 , I )  = S 
A ( I+3P I+ I )  = S*X 
A( I+3pI+2)  = S*Y + A( I+3~I+2)  

33 CONTINUE 
C 

IF(NS.GT.MAXST)GO TO 37 
GO TO 18 

C 
C COMPUTE THE LAST EIGENVALUE, 

34 EVR(M) = A(MoM) 
EVI(M) = 0,0 
INDIC(M) = i 
M z K  
GO TO 18 

C 
C COMPUTE THE EIGENVALUES OF THE LAST 2X2 MATRIX OBTAINED BY 
C THE DECOMPOSITION. 

35 R = 0,5~(AIKPK)+A(M~M}) 
S = O,5*(A(M,M)-A(K,K))  
S = S~S + A(K,M)~A(M,K) 
INDIC(K) = 1 
INDIC(M) = 1 
IF(S.LT.O,O)GO TO 36 
T = D S Q R T ( S )  
E V R ( K )  = R - T  
EVR(M) = R+T 
EVI(K) = 0.0 
EVI(M) - 0,0 
M = M - 2  

GO TO 18 
36 T = D S Q R T ( - S )  

E V R ( K )  = R 
E V I ( K )  = T 
E V R ( M )  = R 
EVI(M) = -T 
M = M-2 
GO TO 18 

C 
37  RETURN 

END 

SUBROUTINE R E A L V E ( N t N M ~ M , I V E C ~ A , V E C R , E V R t E V I .  
IIWORK,WORKtINDIC~EPSPEX) 
DOUBLE PRECISION StSR 
INTEGER ItIVECtITERgJ,KtL,MtN~NMgNS 
REAL BOUNDoEPS,EVALUE,EXPPREVIS,R,Ri,T 
DIMENSION A(NMpl)gVECR(NM,i)~EVR(NM) 
DIMENSION EVI(NM)tIWORK(NM)gWORK(NM)pINDIC(NM) 

C 
C THIS SUBROUTINE FINDS THE REAL EIGENVECTOR OF THE REAL 
C UPPER-HESSENBERG MATRIX IN THE ARRAY AtCORRESRONDING TO 
C THE REAL EIGENVALUE STORED IN EVR(IVEC), THE INVERSE 
C ITERATION METHOD IS USED, 
C NOTE THE MATRIX IN A IS DESTROYED BY THE SUBROUTINE, 
C N IS THE ORDER OF THE UPPER-HESSENBERG MATRIX, 
C NM DEFINES THE FIRST DIMENSION OF THE TWO DIMENSIONAL 
C ARRAYS A AND VEER, NM MUST BE EQUAL TO OR GREATER THAN N. 
C M IS THE ORDER OF THE SUBMATRIX OBTAINED BY A SUITABLE 
C DECOMPOSITION OF THE UPPER-HESSENBERG MATRIX IF SOME 
C SUBDIAGONAL ELEMENTS ARE EQUAL TO ZERO, THE VALUE OF M IS 
C CHOSEN SO THAT THE LAST N-M COMPONENTS OF THE EIGENVECTOR 
C ARE ZERO, 
C IVEC GIVES THE POSITION OF THE EIGENVALUE IN THE ARRAY EVR 
C FOR WHICH THE CORRESPONDING EIGENVECTOR IS COMPUTED. 
C THE ARRAY EVI WOULD CONTAIN THE IMAGINARY PARTS OF THE N 
C EIGENVALUES IF THEY EXISTED, 
C 
C THE M COMPONENTS OF THE COMPUTED REAL EIGENVECTOR WILL BE 
C FOUND IN THE FIRST M PLACES OF THE COLUMN IVEC OF THE TWO 
C DIMENSIONAL ARRAY VECR, 
C 
C )WORK AND WORK ARE THE WORKING STORES USED DURING THE 
C GAUSSIAN ELIMINATION AND BACKSUBSTITUTION PROCESS. 
C THE ARRAY INDIC INDICATES THE SUCCESS OF THE ROUTINE AS 
C FOLLOWS 
C VALUE OF INDIC( I )  EIGENVECTOR I 
C 1 NOT FOUND 
C 2 FOUND 
C EPS IS A SMALL POSITIVE NUMBER THAT NUMERICALLY REPRESENTS 
C ZERO IN THE PROGRAM, EPS = (EUCLIDIAN NORM OF A)wEX,WHERE 
C EX = 2 * ~ ( - T ) .  T IS THE NUMBER OF BINARY DIGITS IN THE 

V o l u m e  11 / N u m b e r  12 / D e c e m b e r ,  1968 C o m m u n i c a t i o n s  o f  t h e  A C M  823 



C MANTISSA OF A FLOATING POINT NUMBER. 
VECR(I~IVEC) = 1.0 
IF(M.EQ.I)GO TO 24 

C SMALL PERTURBATION OF EQUAL EIGENVALUES TO OBTAIN A FULL 
C SET OF EIGENVECTORS. 

EVALUE = EVR ( I VEC) 
I F ( I V E C . E Q . M ) G O  TO 2 
K = IVEC+Z 
R • 0.0 
DO 1 I=K,M 

IF(EVALUE.NE.EVR(1))GO TO 1 
IF(EVI(1).NE.O.O)GO TO 1 
R = R+3.0 

1 CONTINUE 
EVALUE = EVALUE+R~EX 

2 DO 3 K=i~M 
3 A(KtK) = A(KtKI-EVALUE 

C 
C GAUSSIAN ELIMINATION OF THE UPPER-HESSENBERG MATRIX A. ALL 
C ROW INTERCHANGES ARE INDICATED IN THE ARRAY IWORK.ALL THE 
C MULTIPLIERS ARE STORED AS THE SUBDIAGONAL ELEMENTS OF A. 

K = M-1 
DO 8 I=I~K 

L = I+ l  
IWORK(1) = O 
IF(A(I+loI).NE.O.O)GO TO 4 
IFIA(I~I).NE.O.O)GO TO 8 
A ( I~ I )  = EPs 
GO TO B 

4. IF(ABS(A( I , I ) ) .GE.ABS(A( I+ I . I ) ) )GO TO 6 
IWORK(1) = 1 
DO 5 J=I~M 

R = A(IpJ) 
A(I~J} = A ( I + i , J I  

5 A ( I + i , J )  = R 
6 R = - A ( I + l t l ) / A ( I , I )  

A ( I + i , I )  = R 
DO 7 J=L~M 

7 A ( I + l t J )  = 'A( I+ i~J)+R*A(I .J)  
B CONTINUE 

IF(A(M.M).NE.O.O)GO TO 9 
A(M~M) = EPS 

C 
C THE VECTOR ( 1 , 1 t . . . , 1 )  IS STORED IN THE PLACE OF THE RIGHT 
C HAND SIDE COLUMN VECTOR. 

9 DO 11 I - l J ,  N 
IF(I.GT.M)GO TO 10 
WORK(1) = 1.0 
GO TO 11 

10 WORK(1) = O.O 
11 CONTINUE 

C 
C THE INVERSE ITERATION IS PERFORMED ON THE MATRIX UNTIL THE 
C INFINITE NORM OF THE RIGHT-HAND SIDE VECTOR IS GREATER 
C THAN THE BOUND DEFINED AS O.01/(N~EX). 

BOUND = O.01/(EX ~ FLOAT(N)) 
NS = O 
ITER - 1 

C 
C THE BACKSUBSTITUTION. 

12 R = 0.0 
DO 15 I=IoM 

J : M-I+1 
S = WORK(J) 
IF(J.EQ.M)GO TO 14 
L = J+l 
DO 13 K=LtM 

SR = WORK(K) 
13 S = S - SR~A(J,K) 
14 WORK(J) = SIA(J,J) 

T = ABS(WORK(J)) 
IF(R.GE.T)GO TO 15 
R = T 

15 CONTINUE 
C 
C THE COMPUTATION OF THE RIGHT-HAND SIDE VECTOR FOR THE NEW 
C ITERATION STEP. 

DO 16 I=I~M 
16 WORK(1) = WORK(1)/R 

C 
C THE COMPUTATION OF THE RESIDUALS AND COMPARISON OF THE 
C RESIDUALS OF THE TWO SUCCESSIVE STEPS OF THE INVERSE 
C ITERATION.IF THE INFINITE NORM OF THE RESIDUAL VECTOR IS 
C GREATER THAN THE INFINITE NORM OF THE PREVIOUS RESIDUAL 
C VECTOR THE COMPUTED EIGENVECTOR OF THE PREVIOUS STEP IS 
C TAKEN AS THE FINAL EIGENVECTOR. 

RI - 0.0 
DO 18 I - I , M  

T = 0.0 
DO 17 J=I,M 

17 T = T+A(I,J)*WORK(J) 
T = A B S ( T )  
IF(Ri.GE.T)GO TO 18 
RI= T 

18 CONTINUE 
IF(ITER.EQ.i)GO TO 19 
IF(PREVIS.LE.Ri)GO TO 24 

19 DO 20 I- igM 
20 VECR(I~IVEC) = WORK(I) 

PREVIS = RI 
IF(NS.EQ.1)GO TO 24 
IF(ITER.GT.6)GO TO 25 
ITER - ITER+i 
IF(R.LT.BOUND)GO TO 21 
NS = I 

C 
C GAUSSIAN ELIMINATION OF THE RIGHT-HAND SIDE VECTOR. 

21K = M-1 
DO 23 l - l oK  

R = WORK(I+1) 
IFIIWORK(II.EQ.O)GO TO 22 
WORK(I+I)=WORK(II+WORK(I+I)WA(I+I,I) 
WORK(1) = R 
GO TO 23 

22 WORK(I÷I)=WORK(I+I)÷WORK(1)~A(I+iPI) 
23 CONTINUE 

GO TO 12 
C 

24 INDIC(IVEC} = 2 
25 IF(M.EQ.N)GO TO 27 

J = M+I 
DO 26 I=JoN 

26 VECR(I,IVEC) = 0.0 
27 RETURN 

END 

SUBROUTINE COMPVE(NtNM~M,IVEC~A,VECR.H,EVR,EVItINDIC, 
IIWORK~SUBDIA.WORKI~WORK2.WORK.EPS~EX) 
DOUBLE PRECISION D~DI 
INTEGER I,II~I2~ITER,IVEC,J.K.LtM,N,NM,NS 

REAL B,BOUND,EPS,ETAgEX,FKSI,PREVIS~RtS,UtV 
DIMENSION AINM,1)~VECR(NMgl),H(NM~I),EVR(NM).EVI(NM)9 

IINDIC(NM}~IWORK(NM},SUBDIA(NM),WORKI(NM),WORK2(NM)~ 
2WORK(NM) 

C 
C THIS SUBROUTINE FINDS THE COMPLEX EIGENVECTOR OF THE REAL 
C UPPER-HESSENBERG MATRIX OF ORDER N CORRESPONDING TO THE 
C COMPLEX EIGENVALUE WITH THE REAL PART IN EVR(IVEC) AND THE 
C CORRESPONDING IMAGINARY PART IN EVI(IVEC). THE INVERSE 
C ITERATION METHOD IS USED MODIFIED TO AVOID THE USE OF 
C COMPLEX ARITHMETIC. 
C THE MATRIX ON WHICH THE INVERSE ITERATION IS PERFORMED IS 
C BUILT UP IN THE ARRAY A BY USING THE UPPER-HESSENBERG 
C MATRIX PRESERVED IN THE UPPER HALF OF THE ARRAY H AND IN 
C THE ARRAY SUBDIA. 
C NM DEFINES THE FIRST DIMENSION OF THE TWO DIMENSIONAL 
C ARRAYS A,VECR AND H. NM MUST BE EQUAL TO OR GREATER 
C THAN N. 
C M IS THE ORDER OF THE SUBMATRIX OBTAINED BY A SUITABLE 
C DECOMPOSITION OF THE UPPER-HESSENBERG MATRIX IF SOME 
C SUBDIAGONAL ELEMENTS ARE EQUAL TO ZERO. THE VALUE OF M IS 
C CHOSEN SO THAT THE LAST N-M COMPONENTS OF THE COMPLEX 
C EIGENVECTOR ARE ZERO. 
C 
C THE REAL PARTS OF THE FIRST M COMPONENTS OF THE COMPUTED" 
C COMPLEX EIGENVECTOR WILL BE FOUND IN THE FIRST M PLACES OF 
C THE COLUMN WHOSE TOP ELEMENT IS VECR(I,IVEC) AND THE 
C CORRESPONDING IMAGINARY PARTS OF THE FIRST M COMPONENTS OF 
C THE COMPLEX EIGENVECTOR WILL BE FOUND IN THE FIRST M 
C PLACES OF THE COLUMN WHOSE TOP ELEMENT IS VECR(itIVEC-1). 
C 
C THE ARRAY INDIC INDICATES THE SUCCESS OF THE ROUTINE AS 
C FOLLOWS 
C VALUE OF INDIC(1) EIGENVECTOR I 
C 1 NOT FOUND 
C 2 FOUND 
C THE ARRAYS IWORK,WORKItWORK2 AND WORK ARE THE WORKING 
C STORES USED DURING THE INVERSE ITERATION PROCESS. 
C EPS IS A SMALL POSITIVE NUMBER THAT NUMERICALLY REPRESENTS 
C ZERO IN THE PROGRAM. EPS = (EUCLIDIAN NORM OF H}~EX, WHERE 
C EX = 2 ~ ( - T ) .  T IS THE NUMBER OF BINARY DIGITS IN THE 
C MANTISSA OF A FLOATING POINT NUMBER. 
C 

FKSI = EVR(IVEC) 
ETA = EVI(IVEC) 

C THE MODIFICATION OF THE EIGENVALUE (FKSI + I-ETA) IF MORE 
C EIGENVALUES ARE EQUAL. 

IF(IVEC.EQ.M)GO TO 2 
K = IVEC+I 
R = 0.0 
DO I I-KtM 

IF(FKSI.NE.EVR(1))GO TO 1 
IF(ABS(ETA).NE.ABS(EVI(1)})GO TO I 
R = R ÷ 3.0 

1 CONTINUE 
R = R*EX 
FK$1 = FKSI+R 
ETA = ETA +R 

C 
C THE MATRIX ((H-FKSIel)~(H-FKSI~I) + (ETAIETA)~I) 
C STORED INTO THE ARRAY A. 

2 R = FKSI~FKSI + ETA~ETA 
S = 2.O~FKSI 
L = M - 1  
DO 5 I=ipM 

DO 4 J=I,M 
b = 0.0 

IS 
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A I J , I )  = O,O 
DO 3 K = I , J  

3 D = D+H(19K)~H(K~J) 
4 A(19J)  - D - S ~ H ( I t J )  
5 A l I t l }  = A ( I , I I + R  

DO 9 I - i ~ L  
R = SUBDIA(1) 
A l l + l o l l  = -S*R 
11 - I + I  
DO 6 J-1911 

6 A ( J ~ I }  - A (J~ I )+RWH(Jg I+ I }  
I F ( I , E Q , I I G O  TO 7 
A ( I + I t l - l }  = ReSUBDIA(I-1) 

7 DO B J= I tM 
8 A ( I + I , J }  = A I I + I , J ) + R ~ H ( 1 9 J I  
9 CONTINUE 

C 
C THE GAUSSIAN ELIMINATION OF THE MATRIX 
C ( ( H - F K S I * I ) * ( H - F K S I * I )  + (ETAWETA}*I) IN THE ARRAY A. THE 
C ROW INTERCHANGES THAT OCCUR ARE INDICATED IN THE ARRAY 
C IWORK, ALL THE MULTIPLIERS ARE STORED IN THE FIRST AND IN 
C THE SECOND SUBDIAGONAL OF THE ARRAY A. 

K " M-1 
DO 18 I ' I ~ K  

11 = I + l  
12 = I+2 
(WORK(I} - 0 
IF( I ,EQ,K}GO TO 10 
IF (A( I+2 ,1 ) .NE.O.O)GO TO 11 

10 I F I A ( I + I t l } . N E . O . O ) G O  TO 11 
I F ( A ( I t l } , N E . O , O ) G O  TO 18 
A ( I , I }  = EPS 
GO TO 18 

C 
11 IF( I ,EQ.K)GO TO 12 

I F ( A B S I A ( I + I ~ I } ) , G E . A B S ( A ( I + 2 t l } ) ) G O  TO 12 
I F I A B S ( A I I , I ) ) . G E . A B S ( A i I + 2 t l ) ) ) G O  TO 16 
L = I+2 
IWORKII) " 2 

GO TO 13 
12 I F ( A B S ( A ( I , I ) ) . G E . A B S ( A ( I + I t l ) ) ) G O  TO 15 

L - I+1 
(WORK(1) - I 

C 
13 DO 1 4  JsIgM 

R = A(19J) 
A ( I t J )  - A ( L , J )  

14 A(L~J)  = R 
15 IF( I ,NE.K)GO TO 16  

12 = 11 
16 DO 17 L - I I ~ I 2  

R = - A I L , I } / A ( I ~ I )  
A l L , I )  = R 
DO 17 J - I I ~ M  

17 A ( L , J )  = A ( L , J ) + R * A ( I , J )  

18 CONTINUE 
IF(A(M~M),NE.O.O}GO TO 19 
AIM~M) = EPS 

C 
C THE VECTOR ( 1 ~ 1 , , , , ~ 1 )  IS STORED INTO THE RIGHT-HAND SIDE 
C VECTORS VECR( ,IVEC) AND VECR( , IVEC-1)  REPRESENTING THE 
C COMPLEX RIGHT-HAND SIDE VECTOR. 

19 DO 21 I=I~N 
IFI I .GT,M)GO TO 20 
VECRII~IVEC) " 1 ,0  
VECR(I~IVEC-1} = 1,0 
GO TO 21 

20 VECR(I~IVEC) = O,O 
VECR(I~IVEC-I )  = 0 .0  

21 CONTINUE 
C 
C THE INVERSE ITERATION IS PERFORMED ON THE MATRIX UNTIL THE 
C INFINITE NORM OF THE RIGHT-HAND SIDE VECTOR IS GREATER 
C THAN THE BOUND DEFINED AS O.01/ (N~EX).  

BOUND = O.01/(EX*FLOAT(N)) 
NS = O 
ITER - 1 

DO 22 I - I ~ M  
22 WORK(1) - H ( I , I ) - F K S I  

C 
C THE SEQUENCE OF THE COMPLEX VECTORS Z(S) = P(S)+ I *Q(S)  AND 
C W(S+I)= U ( S + I ) + I ~ V ( S + I )  IS GIVEN BY THE RELATIONS 
C (A - (FKSI - I~ETA)e l )~W(S+ i )  = Z(S) AND 
C Z(S+I )  = W(S+I ) /MAX(W(S+I ) ) .  
C THE FINAL W(S) IS TAKEN AS THE COMPUTED EIGENVECTOR° 
C 
C THE COMPUTATION OF THE RIGHT-HAND SIDE VECTOR 
C (A -FKSI * I I~P (S ) -ETA~Q(S) .  A IS AN UPPER-HESSENBERG MATRIX, 

23 DO 27 I=I~M 
D = WORK(I}*VECR(I,IVEC) 
I F { I . E Q . i ) G O  TO 24 
D = D+SUBDIA( I -1 )~VECR( I - I , IVEC}  

24  L © I + I  
IF(L.GT.M)GO TO 26 
DO 25 K~L~M 

25 D = D+H(I,K)~VECR(K,IVEC) 
26 VECRI I , IVEC-1}  = D-ETA~VECR(I~IVEC-i} 
27  CONTINUE 

C GAUSSIAN ELIMINATION OF THE RIGHT-HAND SIDE VECTOR, 
K = M-1 
DO 28 I - I ~ K  

L " (+(WORK(1) 
R = VECR(L,IVEC-1} 
VECR(L, IVEC- I )  = VECRI I , IVEC-1}  
VECRI I , IVEC-1)  - R 
VECR( I+ i~ IVEC- I )  = V E C R ( I + i , I V E C - i } + A ( I + I , I ) * R  
IF I I ,EQ,K)GO TO 28 
VECRII+2,1VEC-1) = VECR( I+2 ,1VEC-1}+A( I+2 ,1 ) *R  

28 CONTINUE 
C 
C THE COMPUTATION OF THE REAL PART U(S+i )  OF THE COMPLEX 
C VECTOR WIS+ I ) .  THE VECTOR U(S+I)  IS OBTAINED AFTER THE 
C BACKSUBST I TUT ION, 

DO 31 1-19M 
J - M- I÷1 

D = VECR(J,IVEC-1} 
IF(J,EQ.M)GO TO 30 
L = J+1 
DO 29 K-LtM 

DI " A ( J tK }  
29 D - D-DI IVECR(Kt lVEC-1)  
30  VECR(J,IVEC-1) = D/AIJ~J)  
31 CONTINUE 

C 
C THE COMPUTATION OF THE IMAGINARY PART V IS+ I }  OF THE VECTOR 
C W(S+I ) ,  WHERE V (S+ i )  " ( P ( S ) - { A - F K S I * I } * U ( S + i ) ) / E T A ,  

DO 35 I = i , M  
D = WORK(1)*VECR(I, IVEC-i)  
IF ( I ,EQo l )GO TO 32 
D - D+SUBDIA I I - I ) ~VECRI I - I ~ IVEC-1 }  

32 L = I + l  
IF(L,GT,M)GO TO 34 
DO 33 K-LtM 

33 D = D+H(I tK)~VECRIK~IVEC-I)  
3.4 VECRII , IVEC) - (VECR( I t IVEC)-D) /ETA 
35 CONTINUE 

C 
C THE COMPUTATION OF ( INFIN,  NORM OF W ( S + i } ) ~ 2  • 

L - i 
S = 0 .0  
DO 36 I=I~M 

R - VECR(I , IVEC)*~2 + VECR(191VEC-1)**2 
IF(R,LE,S)GO TO 36 
S = R 
L = I 

36 CONTINUE 
C THE COMPUTATION OF THE VECTOR ZIS+I)~WHERE Z (S+ I )=  W(S+I ) /  
C (COMPONENT OF W(S+I) WITH THE LARGEST ABSOLUTE VALUE) • 

U = VECR(LtIVEC-1) 
V - VECR(LtIVEC) 
DO 37 l = I t M  

B = VECR(IpIVEC} 
R - VECR(I , IVEC-1)  
VECR(I~IVEC) ~ (RtU + B*V) /S  

37  VECR( I t IVEC- I )  = (B*U-R~V) /8  
C THE COMPUTATION OF THE RESIDUALS AND COMPARISON OF THE 
C RESIDUALS OF THE TWO SUCCESSIVE STEPS OF THE INVERSE 
C ITERATION. IF THE INFINITE NORM OF THE RESIDUAL VECTOR IS 
C GREATER THAN THE INFINITE NORM OF THE PREVIOUS RESIDUAL 
C VECTOR THE COMPUTED VECTOR OF THE PREVIOUS STEP IS TAKEN 
C AS THE COMPUTED APPROXIMATION TO THE EIGENVECTORo 

B = O,O 
DO 41 I = i , M  

R - WORK(1)*VECR(IoIVEC-1) - ETA*VECR(ItIVEC) 
U - WORK(1)IVECR(ItlVEC) + ETA*VECR(I , IVEC-1I  
I F ( I , E Q , I ) G O  TO 38 
R - R + S U B D I A ( I - I ) * V E C R ( I - I , I V E C - 1 }  
U = U + S U B D I A ( I - I ) * V E C R ( I - I , I V E C )  

38 L = I + I  
IF(L,GT,M)GO TO 40 
DO 39 J=L,M 

R : R+H(19J)*VECRIJt lVEC-1) 
39  U - U+H(I ,J)*VECR(J~IVEC) 
40 U = R*R + U*U 

IF(B,GE,U)GO TO 41 
B = U 

41 CONTINUE 
IF( ITER,EQ.I )GO TO 42 
IF(PREVIS,LE.B)GO TO 44 

42 DO 43  I= I~N 
WORK1(1) = VECR(It lVEC) 

43  WORK2(1) = VECR( I t IVEC- i )  
P R E V I S  • B 
IF(NS,EQ.I)GO TO 46 
IF(ITER.GT.6)GO TO 47 
ITER = ITER+i 
IF(BOUND.GT,SQRT(S}}GO TO 23 
NS • I 
GO TO 23  

C 
44 DO 45 I = l t N  

VECR(I, IVEC) = WORKIII} 
45 VECR(I~IVEC-1)=WORK2(1) 
46 IND IC( IVEC- I )  = 2 

INDIC(IVEC) = 2 
4 7  RETURN 

END- 
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ADDED IN PROOF. A small alteration to the program is desirable. 
The four statements in the subroutine SCALE, page 822, lines 
3-6, should be replaced by the four statements below. The 
alteration is necessary so that the program will also give correct 
eigenvectors for the case when no convergence of the process of 
scaling occurs. 

PRFACT (I) = 1.0 
DO 12 J = 1, N 

12 A ( I , J )  = H ( I , J )  
ENORM = 1.0 

R E M A R K S  ON A L G O R I T H M  32 [D1] 
M U L T I N T  [R. D o n  Freeman,  Jr., Comm.  A C M  4 

(Feb. 1961), 106] 
A N D  

C E R T I F I C A T I O N  OF A L G O R I T H M  32 [Henry C. 
Thacher ,  Jr., C o m m .  A C M  6 (Feb. 1963), 69] 
K.  S. KOLBIG 
D a t a  H a n d l i n g  Division,  E u r o p e a n  Organiza t ion  for 

Nuclear  Research (CERN) ,  1211 Geneva  23, Switzer- 
l and  

KEY WOR.DS AND PHRASES: numerical integration, multi- 
dimensional integration, Gaussian integration 

CR CATEGORIES: 5.16 

The real procedure M U L T I N T  was corrected according to the 
certification. It  was then compiled on a CDC 3800 computer and 
tested on the second integral given in the certification. It  became 
apparent that 

(i) Equation (2) of the certification should read 

f f f dz dy dx 
1 J - x / Y ~  J-x/~-x~-~j~- x2 '4- y2 + (z -- k) 2 

(2) 
l + k  

= 7 r ( 2 - 4 - ( ~ - - k )  log ~ ) .  

I t  should be noted that the right-hand side of equation (2) 
as printed in the certification does not correspond either to the 
original limits or to those given above. 

(ii) the statement 

Low := 0; 

in the real procedure Low should be replaced by 

Low := -- Upp(j,  x); 
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(iii) the second line of the for statement in the real procedure 
Upp should read 

temp := temp -- x[i] X x[i]; 

After making these corrections, it is possible to obtain results 
corresponding to a permuted version of the table given in the 
certification, which should be replaced by the following: 

k ½ 2 

t r u e  11.46027375 1.10609686 
s 1 2 1 2 

P = 2 5 . 4 5 4 4 6 6  9 .361670  1.0368787 1.1184317 
P = 3 11.838664 12.408983 1.1343568 1.1094294 

In addition, since several compilers require specifications, it 
would be desirable 

(i) to change the last specification in the heading of M U L T I N T  
to read 

i n t e g e r  n, P; 

(ii) to insert the specifications 

i n t e g e r  j; array x; 

in the heading of the real procedures Low, Upp, and Funev. 
Some of these additions were necessary in order to ensure 

correct results with the compiler used for the tests. 

Howard and Tashjian--eont'd from page 818 

and  the invar iance  of tensor  quan t i t i e s  wi th  respect to 
coordinate  t ransformat ions ,  it  is possible to reduce the de- 
r iva t ions  to rout ine  compute r  operat ions.  As was shown in  
[3 and  4], this technique  can be applied wi th  equal  facil i ty 
to the problem of der iv ing the  equa t ions  of mot ion  of a 
particle in  any  curvi l inear  coordinate  system. I n  fact, any  
equa t ion  or sys tem of equa t ions  which can be expressed in  
tensor  form is amenab le  to au tomat i c  fo rmula t ion  by  the  
methods  described. 
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C1 29 POLYNOMIAL SFIFTER 
C1 131 DIVIDE POWER SERIES 
CI 134 EXPONENTIATE POWER SERIES 
C1 158 EXPONENTIATE POWER SERIES 
CI 158 9-63(522) 
C1 193 REVERT POWER SERIES 
CI 273 SOLN. OF EQNS°@Y REVERSION 
C1 305 SYMHETRIC POLYROMIALS 
CI 337 POLY. AND DERIV. EY HORNER SCHEME 
C1 CALCULATION DF GRAM POLYS. 
C1 EVALUATION OF CONTINUED FRACTNS 

11-60 (604 )  
11 -62 (551 )  
1 1 - 6 2 ( 5 5 3 ) , 7 - 6 3 ( 3 g 0 |  
3 - 6 5 ( 1 0 4 ) ~ 7 - 6 B ( 3 9 0 I y  

7 - 6 3 ( 3 8 8 | , 1 2 - 6 3 { 7 4 5 )  
1 - 5 6 ( 1 1 |  
7 - 6 T ( 4 5 0 ) , 4 - 6 8 ( 2 7 2 ]  
9-68(633| 
COMP.JoVD(323) 
CHIFFRES V9(327) 

C2 ZEROS CF POLYNOMIALS 
C2 3 B~IRSTOW 2-60(74),6-60{354II 
C2 3 Z-61(IOS|,3-61(15B|,4-61(I81) 
C2 3C BAIRSTOW-NEWTON 12-60[643|,5-61[ZB8)~ 
C2 3~ 1-62(50), 5-67(293| 
C2 59 RESULTANT METHOD 5-61{256| 
CZ 75 RATIONAL ROOTS-INTEGER COEFF. 1-62(481,7-62{392|~ 
C2 75 8-b2(439) 
C2 ?B RATIONAL ROOTS-INTEGER COEFE. 2-62(97),3-62(168)~ 
C2 78 8-62{44~] 
C2 105 NEWTON-MAEHLY 7-62(387)t7-63(389} 
C2 174 BOUNDS ON ZEROS 6-63(31I.) 
C2 256 MODIFIED GRAEFFE METHOD 6-65{379}~9-66(687) 
C2 283 REAL SIMPLE ROOTS 4-66(273i 
C2 326 ROOT3 OF LOW ORDER POLY EQNS 4-68{269) 
C2 34C RT-SQU~RING AND RESULTANT METH. 11-68(779| 
C2 ZEROS IN THE RIGHT HALF PLANE ZH. VYC, H.MAT.MAT.FIZo- 
C2 !963(364) 
C2 LEHMER3 METHOD BIT 1964(255 |  
C2 BAIRSTOW CONP.J.VIO(207) 

C5 ZEROS OF ONE OR MORE TRANSCENDENTAL EQUATIONS 
C5 ZEROS BY INTERF. CR BISECTION BIT 1963(2Q5) 
C5 2 REGULA FALSI 2 - 6 0 ( T 4 1 , 6 - 6 0 ( 3 5 4 1 t  
C5 2 8-60(475l,3-61(153) 
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C5 4 BISECTION 3-60(1741,3-611153| 
C5 15 REGULA F h L S l  8-60(4751,I I -60(602|,  
C5 15 3-61(!531 
C5 25 REAL ZEROS 1 1 - 6 0 1 6 0 2 1 , 3 - 6 1 1 1 5 3 | ,  
C5 25 3 - 6 1 ( i 5 4 |  
C5 26 REGULA FALSI II-60(6031,3-61(153) 
C5 196 HULLERS METHOD 8-63(4421,I-68(121 
C5 B14 N FUNCTIONAL EQNS. INN UNKNOWNS 1 1 - 6 7 ( 7 2 6 )  
C5 315 DAMPED TAYLR SERIES-NONLIN.SYS, 11-6717261 
C5 316 NON-LINEAR SYSTEM 1 1 - 6 7 ( 7 2 8 )  

C6 SUMMATION OF SERIES~ CONVERGENCE ACCELERATION 
C6 8 EULER SUM 5 - 6 0 ( 3 1 1 1 , 1 1 - 6 3 ( 6 6 3 1  
C6 128 FOURIER SERIES SUMMATION I 0 - 6 2 ( 5 1 3 ) , 7 - 6 4 ( 4 2 1 1  
C6 157 FOURIER SERIES APPROXIMATION 3 - 6 3 ( 1 0 3 1 , 9 - 6 3 ( 5 2 1 ] ,  
C6 157 10-63(6181 
C6 2 i 5  EPSILON ALGORITHM l t - 6 3 ( 6 6 2 1 , 5 - 6 4 1 2 9 7 1  
C6 255 FOURIER COEFFICIEMTS 5-65(2791 
C6 277 CHEBYSHEV SERIES COEFFICIENTS 2-66(861 
CO 320 HARMONIC AN~L-SYM DI~TR DATA 2-6811141 
C6 338 FAST FOURIER TRANSFORM ]I-6817731 
C6 33~ P~ST FOURIER WITH ARE. FACTORS [~-68(7761 
C6 FIND LIMIT OF SEQUENCE BIT 1961(641 
C6 SUM FOURIER SERIES COMPoJ°V6(2481 
C6 EPSILON ALGORITHM BIT 196212401 
C6 EPSILON ALGORITHM NUMoMATH.V6(221 
C6 EPSILON ALG°-CCNTINUED FR~CTNS CHIFFRES V9(327) 
C6 COMPLEX FOURIER ANALYSIS COMP°J°VIO(414) 
C6 Vl111151 

Oi QUADRATURE 
D1 I QUADRATURE 
DI 32 MULTIPLE INTEGRAL 
DI 32 12-68(8261 
D1 6C ROMBERG METHOD 
DI 60 5-62-12811,7-6414201 
01 84 SIMPSONS RULE 
01 84 8-62(440),11-62(557) 
DI 98 COMPLEX LINE INTEGRAL 
Ol 103 SIMPSONS RULE 
Ol 125 GAUSSIAN COEFFICIENTS 
Di 145 aDAPTIVE SIMPSON 
D1 I45 3-65(1711 
D1 146 MULTIPLE INTEGRAL 
Dl 182 ADAPTIVE SIHPSDN 
01 i98 ADAPTIVE,MULTIPLE INTEGRAL 
Dl 233 MULTIPLE INTEG.-SIMPSONS RULE 
Di 257 H~VIE INTEGRATOR 
DI 257 12-66(8711 
Ol 279 CHEBYSHEV QUADRATURE 
01 279 5-67(2941~1G-67(6661 
DI 280 
01 231 
O1 303 
01 361 
D1 
bl 
01 
Ol 
Di 
D1 

2-60(74) 
2-61(I061,2-63(69), 

6-6~1255),3-62(168|~ 

4-6212081,7-6213921~ 

6 - 6 2 ( 3 4 5 )  
6 -62(3471 
I 0 - 6 2 ( 5 1 0 1  
1 2 - 6 2 ( 6 0 4 ) , 4 - 6 3 ( 1 6 7 ) ~  

1 2 - 6 2 1 6 0 4 ) , 5 - 6 4 ( 2 9 6 1  
6-63(315),4-64(244) 
8-63(4431 
6-64(3481 
6 - 6 5 ( 3 8 1 1 , 1 ! - 6 6 ( 7 9 5 ) ,  

4-66(270),6-66(4341; 

GREGORY QUADRATURE COEFFICIENTS 4-6612711 
RCMBERG QUADRATURE COEFFICENTS 4-66127!1,3-6711881 
ADAPTIVE QUAD.-RANDM PANEL SIZE 6-6713731 
GAUSSIAN QUADRATURE FORMULAS 6 - 6 8 ( 4 3 2 )  
ADAPTIVE SINFSONS RULE BIT 1961(2901 
MONTE CARLO QUADRATURE COMP. J. V6(281| 
ROMBERG METHOC NUM°MATH°V61151 
ROMBERG R E T H O D  COLL~ANAL.NUM.(I961} 
ROMBERG METHOD BIT !964(58) 
QUADRATURE BY EXTRAPOLATION NUM.MATH.V9(2741 

D2 ORDINARY DIFFERENTIAL EQUATIONS 
02 9 RUNGE-KUTT~ 5-6n13121,4-6612731 
O2 194 ZEROS OF O,D,E. SYSTEM 8-631441) 
D2 218 KUTTA-MERSON 1 2 - 6 3 ( 7 3 7 | , 1 0 - 6 4 ( 5 8 5 l ~  
02 218 4 - 6 6 { 2 7 3 )  
D2 EXTRAPOLATION M E T H O D  NUM.M~TH°V8(IO) 

D3 PARTIal CIFFERENTI~L EQUATIONS 
03 CONFORMAL MAP-ELLIPSE TO CIRCLE BIT !962(2431  
O3 POE SOLNS.BY INTEGRAL OPERATOR5 STANFORD UNIV.- 
DB ~PPL. MATH.STAT°REP°NONR 225(371N0.24 
D3 KERNEL FCN°IN ENDY°VALUE PROBE. NUM°MATH. V3(2O9) 
D3 LINEAR ELLIPTIC BNDY.V~L°PROB° AUTOMATISIERTE 
D3 BNDY. V~LUE PROB5.-INTEGRAL OPRS NUM. MATH. V7(561 
DB BEHANDLUNG ELLIPTISCHER R~NDWERTPRDBLEME(PUB. 1962) 

04 DIFFERENTIATION 
D4 79 DIFFERENCE EXPRESSION COEFF. 2 - 6 2 1 9 7 ) , 3 - 6 3 ( 1 0 4 1  
04 OIFFN.BY NEVILLES FORMULAS NUM.MATH. V8(4621 

D5 INTEGRAL EQUATIONS 
05 SYSTEM OF VOLTERRA EQNS. ZH.VYCH°~AT.MAT,FIZo- 
O5 196519331 

EI INTERPOLATION 
E1 18 RATIONAL INTERF.-CONT.FRACT° 9-601508|,8-62(4371 
E1 76 ~ITKEN INTERPOLATION 11-611497),7-6213921 
EL 77 INTERPOLATION,DIFFN.,INTEGRN° 2-621961,6-62(3481, 
E1 77 8-63(4461,II-63(6631 
El 167 CONFLUENT DIVIDED DIFFERENCES 4-63 (164 } ,~ -~63 |5231  

81 168 INTERPOLATION-DIVIDED DIFFCES° 4 - 6 3 1 1 6 5 1 , 9 - 6 3 ( 5 2 3 t  
E1 169 INTERPOLATION-DIVIDED DIFFCES° 6-6311651,9-63(5231 
E1 187 DIFFCES°~ND DERIVS.-RECURSIVE 7-631337)  
El 210 LAGRANGE INTERFOLATION 10-63(6161 
EL 211 HERMITE INTERPOLATION 1D-63(6171,I0-63(619| 
El  264 INTERPOLATION IN ~ T A B L E  10-6516021 
E1 ~ITKEN INTERPOLATION COMP. J. V9(2111 
E1 NEVILLE INTERPOLATION COMP°J°V9(212) 

E2 CURVE AND ~URFACE FITTING 
E2 28 LEAST SQUARES BY ORTHDG° .PGLYN. II-6016041, 
82 28 12-61(5441,5-67(2931 
82 37 ECONOMIZATION 3 - 6 1 ( 1 5 1 1 , 8 - 6 2 ( 4 3 8 ) ~  
82 37 8-o314451 
82 38 ECONOMIZATION 3-6~(1511,8-63(4451 
~2 74 LEAST SQUARES kITH CONSTRAINTS 1-62(471,6-6313161 
E2 91 CHEBYBHEV FIT 5-62(281)~4-6311671~ 
82 91 5 - 6 4 ( 2 9 0 ) , 1 2 - 6 7 ( 8 0 3 1  
E2 164 SURFACE FIT 4 - 6 8 ( [ 6 2 1 , 8 - 6 3 1 4 5 0 )  
82 176 SURFACE FIT 6-6313131 
E2 177 LEAST SQUARES WITH CONSTRAINTS 6-63(3!3|~7-63(390~ 
52 275 ~XPONZNTIAL CURVE FIT 2 -66185 )  
E2 276 CONSTRAINED EXPONENTIAL FIT 2-66(85| 
82 295 EXPONENTIAL CURVE FIT 2-67(871 
E2 296 LEAST SQ°FIT-ORTHCG.POLYS. 2-671871,6-6713771, 
82 318 CH~BYSHEV CURVE FIT(REVISED) 12-6718011 
82 CONTINUED FRACTION EXPANSION BIT 1962(2451 
E2 RATIONAL CHEBYSHEV APPROX. J°ACM-1964(66| 
EZ Ll APPROX. ON A DISCRETE SET NUM°MATH°V8(2991 
82 CHEBYSHEV ~PPROX°-DISCRETE SET NUM. MATH.V8(3O3) 
E2 REMES ALGORITHM-GENERALIZED NUM, MATH.VIO(2DS)' 
82 EXPONENTIAL FIT COMP.J.VII(IIA) 
E2 R.~TIONAL CHEBYSHEV APPROX NUM. MATH VIO(291] 

E3 SPOOTHING 
83 IB8 SMOOTHING 7-63(3871 
E3 189 3HOOTHING 7-63(387} 
E3 216 SMOOTHING II-63(6631 
E3 SHOOTHING BY 5PLIRE FCNS NUM.MATH.VIO(1821 

E4 MINIMIZING OR HAXIMIZING A FUNCTION 
84 129 MINIMIZE FUNCT. OF N VARIABLES Ii-62(55GI 9-63(52]Y 
84 178 MINIHIZE FbNCT. OF N VARIABLES 6-63(3131,9-66(6841, 
E4 178 7-68(4981 
84 203 MINIMIZE FUNCT.OF N VARIABLES 9 - 6 3 1 5 ! 7 | ~ 1 0 - 6 4 ( 5 8 5 ) ~  
E4 233 3-6511711 
E4 204 MINIMIZE FUNCT°OF N VARIABLES 9-63(51g} 
E~ 205 ~ IN IH IZE  FUNCToOF N VARIABLES 9 - 6 3 ( 5 1 9 ) ~ 3 - 6 5 ( 1 7 1 1  
84 251 FUNCTION MINIMIZATION 3 - 6 5 ( 1 6 g ) , 9 - 6 6 ( 6 8 6 |  
~4 315 MINIHIZING SUM OF SQUARES 11-67(7261 
E~ ~INIMIZING FCN.-CONJ.GRAD. COMP.J.V7(1511 
84 FIBUNxCCI SEARCH COMP. SULL.VB(1471, 
E4 Vg(i{5),COMP.J.VP(414I,VP(416) 
84 MIN°.OF UNIMODAL FCN.OF 1 VAR. COMP. BULL.V9(ICA), 
E~ CO~:P.J.VP(414) 
84 MINI'AIZING ARG. DF UNIMODAL FOE. COMP.J.V9(4151 
84 MIN.OF A UNIMDDAL FCNoOF I VAR. COMPoJoV9(4151 

Fi 
F1 42 
FI 42 
F1 5J 
F1 5C 
FI 51 
FI 52 
FI 52 
FI 58 
FI 58 
FI 66 
F1 66 
F1 67 
F1 120 
FI 120 
FI 140 
F1 15G 
FI 15~ 
F1 166 
F I  197 
F i  23C 
F1 231 
El 274 
FI  287 
F I  298 
F1 ~1~ 
F1 325 
FI  
F I  
F1 
F1 
F i  
F1 
F1 
F1 
F i  
F1 

MATRIX OPERATIONS, INCLUDING INVERSION 
INVeRSiON 4-6111761,11-61(4981~ 

1 - 6 3 ( 3 8 1 , 8 - 6 3 ( 4 4 5 |  
INVERSE OF HILEERT MATRIX 4 - 6 1 ( 1 7 9 1 , 1 - 6 2 ( 5 0 1 ,  
1-63(38) 

INVERSE OF PERTURBED HATRIX 4-61(1801,7-62(3911 
INVERSE OF TEST H ~ T R I X  ~-61(1801,8-61(3391,. 

1 1 - 6 1 1 4 9 8 1 t 8 - 6 2 ( 4 3 8 ) , 1 - 6 3 ( 3 9 ) , 8 - 6 3 ( 4 4 6 1  
INVERS ION-G#USEIAN ELIMI;~TION 
8-62(4381,i2-6216061 

INVEREION-SQRT METHOD 
6-6216481 

CRAM HATRIX 
INVER$1ON-GAUSSIAN ELIHINATION 

8 - 6 3 ( 4 4 5 )  
INVERSION 
INVERSE OF SYMMETRIC MATRIX 
3-64{1481 

MONTE CARLO INVERSE 
MATRIX DIVISION 
~ATRIX PERMUTATION 
INVERSION-GAUSS.ELIH°-CO~P.PIV. 
HILBERT DERIVED TEST MATRIX 
INTEGER MATRIX TRIANGULATION 
SQ.RT~OF A POS.DE~INITE MATRIX 
TRIANG FCTRS OF MODIFIED MATRIX 
ADJUST INVERSE OF SYM MATRIX 
INVERSE-CONFL. VANDERMDNOE MTX 
EQUIVALENCE OF MATRICES 
SYMM. DECDMP°OF POE~DEF~B~NO MTX 
SYNMoOEOCHP. OF POSoOEF°MTXo 
~YM~°OECO~P.OF POSoDEF.B~NO MTX 
INVERSION-SYFMoPOS~DEF~MTX° 
SKITH NORMal FORM 
PERMUTATIONS CF ROWS AND COLS. 
~DJUST INVERSE ~F SYM MATRIX 
HOUSEHOLDER TRIDIAG OF SYM MTRX 

5-61(236),6-62(34T}t 

7-61(3221,1-62(50 | ,  

1-61(3221,6-62(3481 
8-~2(4371,I-63(4~1, 

I!-62(556),8-63(448~ 
2-63(671t7-6BgBgG), 

6-E3(1641,9-63(5231 
8-63(4431,3-64(1481 
6-6413471 
6-64(347),4-65(22Gb 
1-661111 
7-66(5!31 
3-67(1821 
1-68(121 
2-68(1181 
N!JM.MATHoVSI429) 
ICC BULL.-1964162~ 
NUMoMATHoV713571 
NUMoHATH~V7(3681 
CORPUTING V1(771 
COMP.J.VP(3211 
61T 196T(1631 
COMPoJ=VlO(2~61 
COMPUTING V31761 
NUM.~ATH.Vll(I84| 
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F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 
F2 

EIGENV~LUES AND EIGENVECTORS OF MATRICES 
85 JACOB| M E T H O D  4-62(208),8-62(44()), 
85 B-63(447) 

104 REDUCTION-B~NO TO TRIDIAGONAL 7 - o 2 ( 3 8 7 I  
122 GIVENS TRIDI~GONAL REDUCTION 9-62(482),3-64(144| 
1B3 REDUCTION-BAND TO TRIDIAGONAL 6-63(315| 
253 SYMMETRIC QR-EIGEhVALUES 4 - 6 5 ( 2 1 7 | , 6 - 6 7 ( 3 7 6 )  
254 SYMMETRIC QP-EIVALUES,EIVECTORS ~-65(2~B),6-6Ti376) 
270 EIGENVECTORS BY GkUSSIAN ELIM. I I -65(b68 i  
297 SYM. SYS.(A-L~M=B)X~EIVALS-VECS° 3 - 6 7 ( 1 8 1 l  
343 EIVALS-VECSoOF REAL GEN.~TRX 12-68[820) 

HOUSEHOLDERS METHED NUM,MATH,V4(3541 
EIGENVALUE$ OF TRIOIAG.~ATRIX NUMoHATH.V4(3541 
EIGENVECTORS CF TRIDIAG. MArRIX NUH.MATH.V4(3541 
LR TR4NSFORMATION HETHGD NUN. MATH.V512?3) 
~IGENVALUES-LAGUERRES METHOD STANFORD UNIV.- 

~PPLoHATH.STAT°REP°NONR 225(37)N0°21 
HOUSEHOLDERS METHED STANFORD UNIV.- 

~PFLoMATH.STAT~REPoNONR 225(37|N0.18 
EIGENVALUES BY QR-ALGORITHH 
TRIOIAGONAL ~IMILoBY ELIM. 
EIGENVALUES-LAGUERRES METHOD 

1966(437)  
SYMMETRIC-BISECTION~INV.ITN. 
HOUSEHCLOER RED.-COMPLEX MAT, 
SYMN.MATo-LLT AND STURH SEQ. 
JACOBI METHOD 
EIGENVECTORS EF BAND HATRICES 
EIVALUES OF SYM~oTRIDIAG.MATRIX 
EIVALUES-EIVECTCRS OF REAL MTRX 
3YM EIPROBLEH A.X=LAM~BoX 
RATIONAL QR FCR SYM TRIDIAG 
EIVRLS-REAL EYM MTRX-DBL QR SIP 

F3 DETERHINANT$ 
F3 41 DETERMINANT EVALUATION 
F3 41 3-64(144|~9-66[686) 
F3 159 DETERMINANT EVALUATION 
FB 170 DETERMINANT-POLYNOMIAL ELEMENTS 
F3 17~ 7-64(4~I) 
F3 224 EVALU~.TION OF ~ETERMINANT 
F3 269 DETER~IIN~NT BY G~USSIAN ELIM, 

COMP.J.V4[344) 
EOMP.J°V4([75| 
MOC 1964(474 l~  

BIT 1964(124 |  
NUH=MATH,V8(79) 
COMP, J, V P I I 0 3 I  
NUN°MATH,V9(3I 
NUMoMATH.V9(285I 
NUM. MATH. V9{388) 
NUM.MATH.V11(3) 
NUM. MATH.VII(I~2| 
NUH°MATH.VII(268| 
COMP. J=VII(112| 

4-61(176),9-63(520)~ 

3-63(IC4),12-63(739I 
4-63(165),B-63(45D)~ 

4-64(243),I2-64(702| 
Ii-65(668),9-66(686| 

SIMULTABECUS LINE%R EQUATIONS F4 
F4 16 CROUT WITH PIVOTING 
F4 16 3-61(154) 
F4 17 ~OLVE TRIOI~GONAL MATRIX 
F4 24 SOLVE TRIDI~GONAL MATRIX 
F4 43 CRDUT WITH PIVOTING 
F4 43 8 - 6 3 ( 4 4 5 |  
F4 92 31HULT°EQN~.-ITER~TIVE SOLN. 
F4 |.07 GAUSSIAN ELIMINATION 
F4 107 8-63(445) 
F4 126 GAUSSIAN ELIMINATION 
F4 135 CROUT WITH EQUILIBRATION 
F4 135 T-b4(4~tl~2-65(lCkI 
F4 tg5 BIND SOLVE 
F4 220 GAUSS-SEIDEL 
F~ 2~B CONJUGATE GRADIENT METHOD 
F4 288 LINEAR DIOPH~NTINE EQUATIONS 
F4 290 EXACT SOLUTION CF LINEAR EQNS. 
F4 328 CHEBY SOLN-UVEROET LINEAR SYS 
F4 GAUSSI~N ELIMINATION 
F4 BIT 1963(6U) 
F4 LINEAR SYSTEM WITH BAND MATRIX 
F4 CUNJUGA'FE GRACIENT METHOD 
F4 LEAST SQUARES SOLUTION 
F4 GAUSSIAN ELIMINATION 
F4 ELIM. WITH WFIGHTE~ ROW COMB. 
F4 ITER.REFIN.-SGLN.CF PO%DEF°MTX 
F4 RE~L AND COYPLEX LINEAR ~YSrEM 
F4 SYMM=AND UNSYMM. BAMD EQUATIONS 
F4 IT REFINEMENT-LEaST SQR SOLN 
F4 SOLUTION WITH REL ERR ESTIMATE 

F5 ORTHOGON.~LIZATION 
F5 127 ORTHONORMALIZATION 
F5 SCHMIDT CRTHONOR~LIZATION 

9-60(Bd7),1D-60(540)~ 

9 - 6 0 ( 5 0 8 )  
11-60(602l 
4-61(1761,4-61(182), 

5 - 6 2 ( 2 8 6 I  
7-62(38B),i-631391~ 

1 0 - 6 2 ( 5 1 1 )  
II-62(553l,II-62(557)~ 

B-63{44!l 
12-631739|,6-64(B49I 
8-64(4BII 
7-66(514| 
9-66(683) 
6-68(4~8| 
BIT 1 9 6 2 ( 2 5 6 ) ,  

BIT 1963(207| 
NUM.HATH°V5(i95) 
NUM,MATH,VT(ZTI| 
BIT 1965(64) 
NUM.MATH.VT(~41I 
NOM. M~TH.VB(206I 
NIJM,H~TH, V8[222| 
NIJM.M~TH.Vg(285| 
BIT !968(20) 
C O ~ P . J . V I l { 9 2 |  

I0-62(51l )  
COHPUTING VIII591 

G5 i33  RANDOM FLAT 1 ! - 6 2 ( 5 5 3 1 , 1 2 - 6 2 ( 6 0 6 | ~  
G5 133 3 - 6 3 1 1 0 5 } , 4 - 6 3 ( 1 6 7 |  
G5 200 RANDOM NORH~L B - 6 3 1 4 4 4 1 , 9 - 6 5 ( 5 5 6 }  
G5 247 QUASI-RANOOH POINT SEQUENCE 1 2 - 6 4 ( 7 0 1 I  
G5 266 PSEUDO-RANDOM NUMBERS 1 0 - 6 5 ( 6 0 5 | , 9 - & 6 ( 6 8 7 )  
G5 267 RANDOM NORMAL DEVIATES 10-65[606| 
G5 294 UNIFORM RANDOM l-6T(~OI 
G5 334 NORMAL RANDOM 7-68(498| 
G5 342 POISSON RANDOM NUMBERS 12-68(819| 
G5 RANDOM S~MPLES,VARIOUS DISTRIB. CONP. J. V6(2791 
G5 RANDOM UNIFORM COHP~BULL.V9[105I 

G6 PERMUTATIONS AND COMBINATIONS 
G6 71 PERMUTATIONS 
G6 ?l B-b2 (439 |  
G6 86 PERMUTATIONS 
G6 Bb 8-62(440) 
Gb 87 PERMUTATION GENERATOR 
G6 87 1 0 - 6 2 ( 5 1 4 | , 7 - 6 7 ( 4 5 2 )  
G6 94 COMBINATIONS 
G6 94 12-62(6C6)  
G6 132 PERMUTATIONS IN LEXIC, ORDER 
G6 102 ID-62(514l, 7-67(452) 
G6 13C PERMUTE 
G6 202 PERMUTATIONS 
Gb 202 7 - 6 7 ( 4 5 2 )  
G6 235 RANDOM PERMUTATION 
G& 242 PERMUTATIONS WITH REPETITIONS 
G6 25~ INVERSE PERMUTATION 
G6 306 PERMUTATIONS WITH REPETITIONS 
GO 308 PERMUT, IN PSEUDOLEXIC~ORDER 
G6 317 PERMUTATION 
G6 . 323 PERMUT£TIONS IN LEXIC ORDER 
G6 329 
G6 
G6 
G6 
G6 

I I -61(497)  4-62(269|~ 

4-62(208|14-62(209|, 

4-62{2091,8-62(440|, 

6-62(344|,I~-62(557), 

6 - 6 2 ( 3 4 6 l  

1 1 - 6 2 ( 5 5 1 ] , 7 - 6 7 ( 4 5 2 ) .  
9 - 6 3 1 5 1 7 I ~ 9 - 6 5 ( 5 5 6 ) ,  

7 - 6 4 ( 4 2 D 1 ~ 7 - 6 5 ( 4 4 5 I  
1 0 - 6 4 ( 5 8 5 1  
2-65(104|,11-65(67D) 
7 - 6 7 ( 4 5 0 )  
7 - 6 7 ( 4 5 2 |  
11 -671729 l  
2 - 6 8 ( 1 1 7 |  

DISTR OF INDISTINGUISHABLE OBJ 6 - 6 8 ( 4 3 0 )  
~LL PERMUTATIONS OF N OBJECTS COMP. BULL. V9(104| 
PERMUTNS OF VECTOR-LEXIC ORDER COMP.J.ViOI311| 
P~RMUTN OF VECTOR COMP.J.VIO(311) 
FAST FERt~UTN OF VECTOR COMP.J.VIOISII) 

G7 SUBSET GENERATORS 
G7 81 SUBSEQUEN~ES 3 - 6 2 ( 1 6 6 |  
G7 82 SUBSEQUENCES 3 - 6 2 ( 1 6 7 |  

OPERATIENS RESEARCH, GRAPH STRUCTURES H 
H 27 ASSIGNMENT PRCBLE~ 
H 27 12-63(7391 
H 4C CRITICAL PATH SCHEDULING 
H 4~ 1 0 - 6 2 ( 5 1 3 | , E - 6 4 ( 3 4 9 |  
H 69 CHAIN TRACING 
H 83 CLASSIFICATIONS 
H g6 ANCESTOR 
H 97 SHORTEST PATH 
H i19 PERT NETWORK 
H 141 FIND PATH 
H 153 INTEGER PROGRAMMING 
H 217 MIN,EXCESS COST CURVE 
H 219 TOPOLOGICAL ORDERING 
H Z48 NETFLOW 
H 248 9-08{633) 
H 258 TRANSPORT 
H 258 7-6T(453)  
H 263 INTEGER PROGRA~MING-GOMORY/ 
H 285 MUTUAL PRIHAL-DUAL METHCD 
H 286 EXAMINATION SCHEDULING 
H 293 TRANSPORTATION PROBLEM 
H 293 4-6B(271) 
H 324 MAXFLOW 
H 332 MINIT ALGORITHM FOR LIN PROG 
H 336 NETFLDW 
H 341 LINEAR PGMS. IN 0-1  VARIABLES 
H MINIMAL SPANNING TREE 
H VB(IOg),VB(147),V9(18) 
H 31MPLEX METHOD 
H 196b(82| 
H PROCESSING EVENT NETWORK 
H SHORTEST PATH-START TO END 
H SHORTEST PATH-START TO ANY 
H NODES CN SHORTEST PATH 

I I -60(6031, I0 -63(618I ,  

3 - 6 1 1 1 5 2 1 , 9 - 6 1 ( 3 9 2 ~ ,  

9 - 6 1 ( 3 9 2 I  
3 - 6 2 ( 1 6 7 )  
6-62(3441,3-63110%) 
& - 6 2 ( 3 4 5 I  
8 - 6 2 ( 4 3 6 1 , 5 - 6 5 [ 3 3 0 )  
II-62(556| 
Z - 6 3 { 6 8 | , 8 - 6 3 { 4 4 9 1  
1 2 - 6 3 ( 7 3 7 | , 8 - 6 8 { 5 7 3 P  
1 2 - 6 3 ( 7 3 8 l  
2 - 6 5 ( 1 0 3 I v g - 6 8 ( 6 3 3 ) t  

6 - 6 5 ( 3 8 1 1 , 7 - 6 5 ( 4 4 5 1 ,  

IO-65(&GI| 
5 - 6 6 ( 3 2 6 1 ~ 7 - 6 7 ( 4 5 3 )  
6 - 6 6 ( 4 3 3 ) ~ 1 1 - 6 6 ( 7 9 5 )  
1 2 - 6 6 ( 8 6 9 ) , 7 - 6 7 ( 4 5 3 ) ~  

2 - 6 8 { 1 1 7 l  
6 -68{4371  
9-68[631) 
11-68(782) 
COMPoBULL.VBI671, 

BIT 1964{194l~ 

COMP. J. VO(3231 
COMP.J.VIOI3061 
COMP.J.VIOI307| 
COMP.J.VZO(3OB) 

SIMPLE CALCULATIONS 3N STATISTICAL DATA GI 
GI 2~8 DISCRETE CONVOLUTION 10-63(6151 
G1 212 DETERMINE DISTR[B.FCNoFROM DATA I0-63(617) 
G1 289 CONFIDENrE INTERVAL FOR A RATIO 7-66(514| 
GI 330 FACTORIAL ~N~LYSIS OF VARIANCE 6-68(431) 
GI TAIL AREA PROB.FOR 2X2 TABLE COMP. B~LL.V9{56]~ 
Gi COHP. J.VOI212),VO(4!6) 

G2 C:]RRELATION AhD REGRESSION ~NhLYSIS 
G2 39 CORRELATION COEFFICIENTS 3-61(152) 
G2 142 TRIANGULAR RZGRESSION 12-62(663) 

IS INPUT - COMPOSITE 
15 239 FREE-FIELD READ 
IS 249 OUTREAL N 
I5 335 BASIC I/O PROCEDURES 
I5 OPTICAL SCANNING OF NUMBERS 
I 5  1962 (236 |  

J6 
J6 162 XY PLOTTER 
Jb 162 8-64(482) 
J6 278 GRAPH PLCTTER 

PLOTTING 

8-641481 |  
2 - 6 5 ( I 0 4 |  
8 -68(5671 
ZH.VYCH.MAT. MAT.FIZ=- 

4-63(161)s8-631450t, 

2-66(B8) 

G5 R.~NCCM NIJ~BER GENER~TOR~ 
G5 121 RANDOM NORMAL 9 - 6 2 ( 4 8 2 1 , 9 - & 5 ( 5 5 6 |  

K2 RELOCATION 
K2 173 TRANSFER ARRAY VALUES 6-63(3111,1D-63(619) 
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K2 284 INTERCHANGE2 BLOCKS OF DATA 5 - 6 6 ( 3 2 6 l  
K2 302 TRANSPOSE VECTOR STORED ARRAY 5-67(292~ 

L2 COMPILING 
L2 265 FIND PRECEOENCE FUNCTIONS I0-65[604) 
L2 EVALUATION OF FCNDL EXPRESSION BIT 1965(133) 

MI SORTING 
MI 23 SORT I I -60(60t) ,5-61(238) 
M1 63 SORT 7-61(321)~8-62(439), 
MI 63 8-63(446] 
MI 64 SORT 7-61(321),8-62(4391, 
MI 64 8-63(446) 
MI 65 SORT 7-6.1(32!),8-62(439), 
M~ 65 8-63(446) 
M) 76 SORT 1-62(48),6-62(3481 
M1 113 TREESORT 8 - 6 2 ( 4 3 4 )  
MI 143 TREESORT 1Z-62(604) 
M) 144 TREESORT 12-62(604) 
Ml 151 LOCATE IN A LIST 2 - 6 3 ( 6 8 )  
MI 175 SHUTTLE S O R T  6-63(312),I0-63(619)~ 
M1 175 12-63(739),5-64(296) 
MI 2~I "SHELL SORT 8-63(4451,6-64(349l 
M1 207 STRING SORT 10-65(615),10-6~(585) 
M1 232 HEAPSORT 6-64(347) 
HI 245 TREESORT 3 1 2 - 6 4 ( 7 0 1 1 , 7 - 6 5 ( 4 ~ 5 )  
MI 271 OUICKERSORT i l - 6 5 ( 6 6 9 ) , 5 - 6 6 ( 3 5 4 l  
M1 SEARCH IN A LIST J.ACM-1962(231 
M) INSERTION IN A LIST J. ACM-Ig62(231 
M) DELETION FROM A L I S T  J .ACM- Ig62 (241  
MI SORTING WITH MINIMUM STORAGE J.ACM-1962(27)  
Ml SORTING OF INTEGERS COMP.BULL.V9(63) 
MI SORT BY RANKING ELEMENTS COMP.J.VLO(308) 
MI ORDER SUBSCRIPTS BY ELEMNT SIZE COMP~J.VIG(3091 
M1 SORT ON PERMUTN OF SUBSCRIPTS COMP.J.VLO(3101 

M2 
~Z 

DATA CCNVERSION AND SCALING 
DATA PROCESSING-VECTORCARDIOGRM CACM 2-62(121) 

02 SIMULATION OF COMPUTING STRUCTURE 
02 100 PROCESSING OF CHAIN-LINKED LIST 6 -62 (346 )  
02 191 PROCESSING OF CHAIN-LINKED LIST 6 - 6 2 ( 3 4 6 )  
02 137 NESTED FOR STATEMENT 1Z-62(5551 
02 138 NESTED FOR STATEMENT 11-62(5551  
02 EVALUATION GF FCNAL EXPRESSION BIT 1965(13T) 

R2 
R2 
R2 
R2 

268 
SYMBOL MANIPULATION 

ALGOL 60 REF.LANG.EDITOR 1 1 - 6 5 ( 6 6 7 ]  
BASIC LIST PROCESSING BIT 1966(166) 
SIMPLIFYING BOOLEAN EXPRESSIONS BIT !966(2601 

S APPROXIMATION OF SPECIAL FUNCTIONS... 
S FUNCTIONS ARE CLASSIFIED SOl TO S22, FOLLOWING 
S FLETEHER-MILLER-ROSENHEAD, INDEX OF MATH° TABLES 
Su3 19 BINOHIAL COEFFICIENTS 1 0 - 6 C ( 5 4 0 ) , 6 - 6 2 ( 3 4 7 | ~  
SOB 19 8 - 6 2 ( 4 3 8 )  
S03 33 FACTORIAL N 2 - 6 1 ( 1 0 6 )  
SET POLAR TRANSF. BY CHEBYSHEV EXP. NUN.MATH.V4(413} 
S13 14 COMPLEX EXPONENTIAL INTEGRAL T - 6 0 ( 4 0 6 l  
~ iB 20 REAL EXPONENTIAL INTEGRAL 1 0 - 6 0 ( 5 4 0 1 , 2 - 6 ! ( 1 0 5 ) ,  
S13 20 4-61(182) 
Sl3 lOB EXPONENTIAL INTEGRAL 7-62(388),7-62(398| 
313 109 EXPONENTIAL INTEGRAL 7 - 6 2 ( 3 8 8 ) , 7 - & 2 ( 3 9 3 l  
S13 EXPONENTIAL INTEGRAL EXPANSION CHIFFRES-VC(187) 
513 El(X) BY CHEBYSHEV EXPANSION NUM.MATH°V4(413) 
S13 SIN INTEGRAL S T ( X )  NUM.MATH°VQI38L) 
S13 "COS INTEGRAL El(X) NUM. MATH.V9(382) 
$14 31 GAMMA FUNCTION 2-61(!05),12-62(605) 
SI~ 34 GAMMA F U N C T I O N  2-61(!~6),T-62(391), 
S14 34 g-66(685) 
S14 54 G~MMA FUNCTION 4-61(180),9-66(685) 
~14 80 GAMMA FUNCTION 3-62(166),9-66(685) 
SI4  147 DERIVATIVE OF GAMMA FUNCTION 12-62(605),4-63(168) 
S14 179 BETA RATIO 6-63(314)~6-67(375) 
S14 221 GAMMA FUNCTION 3 - 6 4 ( 1 4 3 ) , 1 0 - 6 4 ( 5 8 6 )  
514 221 g - 6 6 ( 6 8 5 )  
S14 2~Z INCOMPLETE BET~ FEN=RATIOS 3-64(L43),4-64(244) 
514 225 GAMMA FCN WITH CONTROLLED ACCY. 5-64(295),I0-64(586} 

'S14 309 GAMMA FCN.-ARBITRARY PRECISION 8-67(5&I) 
514 2gl LOGARITHM OF GAMMA FEN. 
314 291 1-68(14) 
S14 321 T-TEST PROBABILITIES 
S14 ]22 F-DISTRIBUTION 
S14 GAMMA FUNCTION 
S14 GAMMA FCN. BY CHEBYSHEV EXP. 
SI5 11 HERMIT~ POLYNOMIAL 
St5 123 REAL ERROR FURCTION~ ERF(X) 
ST5 123 1 9 - b 3 ( 6 1 8 ) , 3 - 6 4 ( I , 4 5 ) , 6 - 6 T [ 3 T T )  
515 180 ERROR FUNCTION-LARGE X 
St5 181 
S15 181 
S/5 185 
SIS 209 

9-66(CB4),9-b6(685)~ 

2-68(I15) 
2-68(116) 
BIT 1962(238) 
NUM°MATH°V4(418) 
6-60(353) 
9-b2(483),6-63(316), 

6-63(314,),6-CT(STTl 
COMPLEMENTARY ERR.FCN°-L~RGE X 6 - 6 3 ( 3 1 5 ) ,  

1 2 - b 4 ( 7 0 2 | ,  6 - 6 7 ( 3 7 7 )  
ERROR FUECTICN T-63(BB6)  
ERROR F U N C T I O N  lO-63(616)~3-64(I4B)~ 

S15 209 8-64(482), b-67(377l 
ST5 226 NORMAL DISTRIBUTION FUNCTION 5-64(295),6-67(377l 
S[5 272 NORMAL DISTRIBUTION FUNCTION 12-65(7891,6-67(377)= 
SI5 272 7 -68 (499 )  
S15 299 CHI-SQUAREO INTEGRAL 4 - 6 7 ( 2 4 3 ) , 4 - 6 8 ( 2 7 0 )  
$15 304 NORMAL CURVE INTEGRAL 6-67(374),6-67(3771~ 
SIS 304 4 - 6 B ( 2 7 1 )  
S15 ERF(XI BY CHEBYSHEV EXPANSION NUH°MATH.V4(414] 
ST5 DERIV.OF BOYS ERROR F C N .  COMP.BULL.V9(I~5| 
ST5 COMPL. ERROR InT.-COMPLEX ARG° BIT 1965(2901 
S15 NORMAL DISTRIBUTION CURVE COMP.J.V9(322)t 
ST5 VIG(IiS) 
316 13 LEG£NDRE POLYNOMIAL 6-60(3531,2-61(105)~ 
S16 13 4-61(1BI) 
S16 47 ASSOCIATED LEGENDRE FUNCTION 4-6|(1781,8-63|4&6l 
316 62 ASSOCIATED LEGENDRE FUNCTION 7-61(32~),12-61(544I 
SIC 259 LEGENORE FUNCTION 8-65(488) 
S17 2I. BESSEL F U N C T I O N  t L - 6 0 ( 6 0 0 ) , 4 - 6 5 ( 2 1 9 l  
$17 22 RIC~ATI-BESSEL FUNLTION 1 1 - 6 0 ( 6 0 0 )  
SIT 44 BESSEL FUNCTION 4 - 6 1 ( t 7 7 )  
S17 4g SPHERICAL NEUM~NN FUNCTION 4-61(179) 
SIT 124 HANKEL F U N C T I O N  9-62(4B3),12-65(790) 
517 163 HANKEL F U N C T I O N  4-63(L6II,9-63(522l 
S17 236 BESSEL FENS OF FIRST KIND 8-64(47gl,2-65(105l 
ST8 5 BESSEL FUNCTION 4 - 6 0 ( 2 4 0 )  
$18 6 BESSEL FUNCTICN 4-6C(240) 
SIB 2 / 4  BESSEL F U N C T I O N  II-~3(662),6-64(349) 
ST8 228 Q-BESSEL FUN(TION 5-&4(295) 
ST9 57 BERBEI F U N C T I O N  4-61(181)t7-62(392l, 
SI9 57 8-62(438) 
$20 88 FRESNEL INTFGRALS 5 - 6 2 ( 2 B 0 ) , 1 0 - 6 3 ( 6 1 8 )  
S2O 89 FRESNEL SINE INTEGRAL 5 - 6 2 ( 2 B O ) , l O - 6 3 ( C l B )  
S2O 90 FRESNEL COSINE INTEGRAL 5-62(281)tI0-63(618) 
$20 213 FRESNEL I N T E G R A L S  10-63(617)~11-64(661) 
520 244 FRESNEL INTEGRALS 11-64(6601 
$2O 301 AIRY F U N C T I O N S  5 - 6 T ( 2 9 1 1 , T - 6 T ( 4 5 3 )  
S2D WEBER FUNCTION BIT 1962(239) 
$20 COMPLEMENTARY FRESNEL INTEGRAL BIT 1962(192) 
S20 FRESNEL INTEGRALS S(XI~C(X) NOM. MATH°Vg(SB2) 
$21 55 ELLIPTIC INTEGRAL-FIRST KIND 4-61(1801,4-63(166) 
$21 56 ELLIPTIC INTEGRaL-SECOND KIND 4-61(180l, I-66(12) 
$21 73 INCOMPLETE ELLIPTIC INTESRAL !2-61(543),12-61(544), 
321 T3 10-62(5141~2-63(69)~4-63(16T) 
SZi 149 ELLIPTIC I N T E G R A L  12-62(605),4-63(166) 
$21 165 ELLIPTIC INTEGRAL 4-63(L63) 
$21 COMPLETE ELL. INT.-FIRST KINO(K) NUM°MATH.VS(296) 
$21 COMPLETE ELL.INT°-SECOND KND(EI NUM.MATH.V5(297) 
321 COMPLETE ELL.INT.(B} NUM.MATH.VS(ZQT) 
321 INCOMPL.ELL.I~T.-FIRST KIND(K) NUM. MATH.VS(297) 
$21 INCOMPL.ELL.INT.-SE£OND KIND(El NUM.MATH. V5(298) 
521 INCOMPL,ELL. INT.(~) NUM.MATH.VSI299) 
$21 JACOBIAN ELLIPTIC SIN FCN°(SN) NUM. HATH.VS(299) 
521 JACOBIAN ELLIPTIC COS FEN°ION} NOM.MATH.V5(3001 
$21 JACOBIAN ELLIPTIC FCN.(DN| NUM.MATH.VSISOl) 
521 ELLIPTIC INTEGRALS-KINDS 1,2t3 NUM.MATH°V7(85], 
521 V7(353)  
$21 JACOBIAN ELLIPTIC FUNCTIONS NUM. MATH.VT[89) 
522 IG CHEBYSHEV POLYNOMIAL 6-60(3531t4-61(181) 
$22 12 LAGUERRE PCLYhCYlhL 6-60(353) 
$22 36 CHEBYSHEV FOLYNO~IAL 3-61(15I) 
$22 I I 0  PHYSICS INTEGRALS 7-62(380},7-62(393l 
~22 I I i  PHYSICS INTEGRALS 7-62(390) 
$22 132 PHYSICS INTEGRALS 1.1-62(551)  
$22 184 ERLANG PROBABILITY FUNCTION T-63(386l 
$22 iS1 HYP£RGEOMETRIC FC~o(COMPLEX) 7-63(388),4-64124~) 
$22 L92 CONFLUENT HYPERG~FCNa(COHPLEXI 7 - 6 3 ( 3 9 8 ) , 4 - 6 4 ( 2 4 4 |  
$22 227 CHEBYSHEV POLYNOMIAL CeEFF. 5-64(295) 
S2Z 282 DERIVATIVES OF EXP(X OR IXI/X 4-66I~72) 
$22 292 REGULAR COULOMB WAVE FENS. 11-66(793) 
~22 300 COULOMB W~VE FUNCTIONS 4 - 6 7 ( 2 4 4 )  
$22 332 JACOBI POLYNOMIALS 6-681436) 
$22 327 DILOGARITHM 4 -68 (2701  
$22 CONFLUENT HYPERG.FCN.(COMPLEXI BIT 1962(237) 
$22 FERMI FUNCTION BIT &q63(1411 
32Z RIEMANN ZETA FUNCTION BIT 1 9 6 5 ( 1 4 t l  
323 234 POISSON-CHtRLIER POLYNOMIALS 7 - 6 4 ( 4 2 6 | ~ 2 - 6 5 ( 1 0 5 )  

Z AtL OTHERS 
Z 45 INTEREST REFINEMENT 4-&I(178),9-63(529) 
Z 112 POINT INSIDE POLYGON 8-62(4341,12-62(606) 
Z l i t  MAGIC SQUARE 8-62(435),8-62(440)~ 
Z 117 1-63(3g),3-63(i~5) 
Z 1i8 MAGIC SQUARE 8-62(436),8-62(44C), 
Z l i b  12-62(6C6),I-63(39),3-63(I051 
Z 136 ENLARGE A GROUP 11-62{555) 
Z t48 MAGIC SQOARE 12-62(605),4-63(168) 
Z 199 CALENOAR CONVERt)ON 8-63(444),I I-64(661) 
Z 2~G 50ORDINATES ON ~N ELLIPSOID 9-64(546l 
Z 246 GRAYCODE 12-64(701),6-b5(382l 
Z 252 VELTUR COUPLING COEFFICIENTS 4-65(217) 
Z ZCC 6-J SYMBOLS 8-65(492) 
Z 261 g-J SYMBOLS 8-65(492) 
Z CALCULATION OF E A S T E R  4 - 6 2 ( 2 0 9 ) , 1 1 - 6 2 ( 5 5 6 )  
Z GRADER PROGRAM CACM 5-65(27T) 
Z CALtUL~TION CF EASTEB COMPoBULL.V9(18) 
Z MANY-ELECTRON W~VEFIJNETIONS EACH 4-66(278) 
Z SEASONAL AOJ-FERECASTING COMP.J.VIO(1481v 
Z V l l ( 2 5 )  
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