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The algorithnl given here mechanizes .'~ modified form of the 
Gracffe process designed to av()id an expanding ,mmber  range. 
This was diseusse(l i~ [1]; the nota t ion used l)elow is the same as in 
that article. 

Let the given polynomial be 

ao:c '~ ÷ . . . . .  t a,~ ; 

the degree n and the array of coeffeients  a are irlput parameters  of 
the procedure. An additionM inl?ut pa ramete r  w is used 1() deter-  
mine the m~mber of stages needed to obtain a desired order of 
resolution; this  may be considered to be roughly the number  of 
significant decimal places expected in the zeros of the polynomial.  

The algorithm finds the moduli, d.~ (s = 1, . . .  , n),  of the zeros 
of the polynomial and the number  of stages used for this, p. If the 
algorithm succeeds, the output  pa ramete r  q is set equal to 0; 
otherwise, the value of q serves as the indicator  for the reason of 
failure: q = I if the polynomiM has a zero-valued coefficient, and 
q = 2 if a zero-valued divisor is encountered  somewhere in the  
process. In ei ther  ease, the moduli of the zeros are not found. 
Apart from these two eases, the algorithn~ applies generally; this 
includes the eases where some zeros have equal moduli or are 
imaginary. 

The algorithm has been testetl  with polynomials of degree up to 
10, including ill-conditiormd cases such as polynomials with one or 
more sets of multiple or imaginary zeros. The algorithm has been 
compiled as it s tands using both the Oak Ridge AL(IOL Trans la tor  
for the Control Data 1604 and the SNARE ALGOL Transla tor  for the 
IBM 709/7090, In the case of the la t ter ,  one change as noted  in a 
comment had to be made;  this is presumably  no longer necessary 
in a revision of the t rans la tor .  

Garwick's device [2] is used as convergence criterion in both 
root extraction and the basic process. From w and the rtumber of 
stages determined front it, it is possible to conclude whether  some 
zeros may /)e considered to be of equal moduli; iu such cases an 
adjustment of their values is possible and is made. 

The quanti t ies used in the modified Graeffe process are related 
to those occurring in the ordinary root-squaring process. This 
implies tha t  in general the limit:aliens of the Graeffe process (see, 
for example [3, pp. (37-6!I]) hold also in the modified process; the 
most serious of these is tha t  initially the condit ion of successive 
polynomials may deteriorate.  

An expanding number range is avoided by introducing at each 
step ari thmetic divisions. I t  follows that  if c~ is neat' zero, over- 
and underflow can occur in computing subsequent  quanti t ies.  In 
the usual machine system, such a elm(litton results in the auto-  
marie tcrmin.,~tion of comptt tat ion;  in this case this is not, seriotts. 
In an AL(loi, system where Ibis is not true, a very unsat isfactory 
arrangemerlt generally, machine-dependent  facilities must  be 
added to the algorithm to obtain the same effect; the At,ca)r, lan- 
guage contains no way of doing this. Theoret ical ly a bridging 
mechanism is possible to work aroun(l near-zero divisors, but this 
has not bcet~ a t tempted  here. 
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The modified process can be expected to perform somewhat 
bet ter  tltatJ the s tandard process in the case of equal moduli. 

p r o e e d u r e  Modi, lied Graeffe (w, n, a, d, p, q) ; 
v a l u e w ,  n; i n t e g e r  w , n , p ,  q; a r r a y a ,  d; 

b e g i n  
real  aa, eps, eps2, h, hl, h2, hh2, m, nh2; 
i n t e g e r  i, k, kO, kO0, s, s3; 
a r r a y  c[0:n], d l ,  hh[l:n], el l:n,  l :n /2] ;  c o m m e n t  Using the 

Snare.: processor, the last subscript  bound n/2 was replaced by 
cntier (n/2) ; 

eps := eps2 := 10--5; 
k00 := 40; c o m m e n t  This is the maximum number of stages 

needed ou the CDC 1604 where about  10 signific~mt dccimM 
figures may be obtained. On the IBM machines it is bess, but 
the figure was not changed for such use; 

tbr  s := 0 s t e p  1 u n t i l  n do 
b e g i n  ifa[s]  = 0 t h e n  b e g i n  q :=  1; g o  to  out e n d  e n d ;  

Determine the number of stages : 
k0 := entier (3.56 X w + 3.21); 
if/cO > ]cO0 then/cO := /cO0; 

initialization: 
for s := 1 s t e p  1 u n t i l  n do 
b e g i n  

i f  s + s > n t h e n  s3 :=  n - s  e l s e  s3 : =  s; 
fo r  i := 1 s t e p  1 u n t i l  s3 do  

e[s, i] := a[s+i] X a[s-i]/(a[s+i--1] X a[s - i+ l ] ) ;  
dl[s] := abs (a[s]/a[s--1]) 

e n d ;  
c[0] := c[nl := 1; 
m := 1; 

Ma'in loop : 
tbr  k := 1 s t e p  1 u n t i l  k0 d o  
b e g i n  

m := m/2; 
fo r  s := 1 s t e p  1 u n t i l  n--1 do  
b e g i n  

i f  s + s > n t h e n  s3 := n--s else s3 := s; 

h : = 0 ;  
for i := s3 s t e p  --1 u n t i l  1 d o  

h := ( l - h )  X e[s, i]; 
e[s] := 1 - 2 X h; 
i f  c[s] = 0 t h e n  
b e g i n  q := 2; go  to out e n d  

e n d ;  
for s := 1 s t e p  1 u n t i l n d o  
b e g i n  

i f  s + s > n t h e n  s3 := n--s else s3 := s; 
fin" i := 1 s t ep  1 u n t i l  s3 do  
beg in  

h := (c[s+i]/c[s+i-1]) X e[s, i1; 
e[s, i] := (c[s--i]/c[s-i+ll)  × e[s, il × h; 

e n d ;  
c o m n n m t  In the paper ill  on which the algorithm is based, 

there is an error in equation (13) and results derived from 
it. The equation should be 

,(k+t) c (k+l) 
e<~/4~) ro<kh~ ~ + i  ,.~-~ . 
, , '  = t~s i  I ~ ( k + l )  C(k+ l )  ~ 

~ , s+ i - - I  s - - i + l  
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Root extraction : 
aa := abs (c[s]/c[s--l]); 
e o n n n e n t  If the ]' operation is suitably implemented for 

fr:mtional exponent,  the following 12 lines may be reptaeed 
by 

Dh[s] := hl := aa ~ (1/2 l"k); 
hl := h := 1 -I- ( a n - l )  X 10--2 X m; 
nh2 := 1; 

AB:  for i := 1 s t e p  1 u n t i l  h' do h := h X h; 
/12 := ( a n / h - l )  X m; 
h := hl := M -F-hl X h2; 
hh2 := abs (h2); 
i fhh2  > eps t h e n  go to AB; 
i f  hh2 < nh2 /k  hh2 ~ 0 t h e n  
b e g i n  

nh2 := hh2; g o t o  AB 
end ;  
hh[,~] := hl;  
dl[s] := dl[s] X hi 

e n d ;  
h : = O ;  
fo r  s := 1 s t e p  1 u n t i l  n. d o  
b e g i n  

hl := abs (hh[s]- 1) ; 
i f  hl > eps t h e n  g o  t o  AC; 
i f  hl > h tlheu h := hl 

end ;  
i f h  < eps2 /~ h ~ O t h e n  
beg in  eps2 := h; g o  t o  A C  e n d ;  
go to  Root determirtation ; 

A C : e n d  Main loop; 
k := kO; 

Root determination : 
q := O; p := k; s := 1; 

B A  : for i := s s t e p  1 u n t i l  n d o  
b e g i n  

i f  abs ( e l i ] - 1 )  < eps2 t h e n  
b e g i n / c  :=  i; g o  t o  A E  e n d  

e n d ;  
k : = n ;  

AE:  i f k  = s t h e n  
b e g i n  

d[s] := dl[s]; go to  AG 
e i l d  

else 
b e g i n  

aa := 1; 
f o r  i : =  s s t e p  1 u n t i l  k d o  

aa := aa × d l [ i ] ;  
c o m m e n t  If the 1" operation is suitably implemented for 

fractional exponents,  the following 13 lines may be replaced 
by 

h := oua ~ ( 1 / ( k - s + l ) ) ;  
hi := dl[s]; 
nh2 := 1; 

, I f ' :  h := 1; 
for i := ,s s t e p  1 u n t i l  k d o  
h : = h  X h l ;  
h2 := ( a a / h - 1 ) / ( k - - s + l ) ;  
D1 := hi +- hi X h2; 
Dh2 := abs (h21; 
if  Dh2 > eps t h e n  go to AF;  
if hh2 < nh,2 /~,, hh2 ri 0 t h e n  
b e g i n  

nk2 := Dh2; go to A F  
e l i < l  ; 

for  i := s s t e p  1 Irilitll k d o  d[ij := hi 
el td ; 

. ] c < > : i . , .  0,~ [ ~l+:,,<+: z . , . .  i p i+ c'o,,+:,.t~d ,lro+l,,ll (4) 
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4 [ -- [ --5 -,,~ [ - 0  :~:~ +-2 3 20 3,000000909 2.000000000 
{.00000(1009 [.090000000 

I : i  - - ] k : i  35 I l>'ll'121',15t}',l 1.414213503 
Ii 1,900001068 .99!19989324 

4 +++I (four-fold)  35 1,902108373 .9999999,t0~ 
,9999909100 ,997890185a 

5 1 2 3 4 --5 9 5.000000900 4.000000001 
] 2.999909999 2.000000000 
! 1,0110000000 
i 

5 +-t (five fold)  21 1.1X)3023179 1,000737942 
i 1.000737949 .997755543a 

• 9977555133 

6 [ 2 3 ,I --5 --6, 0 5.909999999 5,000009094 
I 3.999999998 3.000000001 

2.000900000 1.000000000 
i 

6 --I  (six-fold) I 22 1.009739721 1+009739721 
i 1.000072156 1.009072156 i 

.9902827716 .9902827715 
i 

Rl,:sul, 'rs FIlO_~t IBm,{ 709 

i I 

11 6 15 20 15 6 1 --1 (six-fold) 22 [ 1 .0I t201l  1+0219216 0 i 

i i 1.0219216 .97855264 
1 , .978~5204 ,%7~000 
i 

10 1 10 45 120 210 252 210 1201 -.-I ( ten-fokt)  23 1,1896983 1.1896983 
,15 /0 / 1.0977241 1.0977241 

1.0001204 1.0901204 
i .91099190 ,91099199 

• 84014056 • 8,I04 t056 
i i 
i 

10 1 --55 1320 --18150 157773 ! 1 2 3 4 5 6 7 10 10.001153 8,9947183 

--002055 3416930 --8409500 9 10 8.0090868 0.9929022 
12753576 --10628640 36288001 6.0027095 4.9996995 

J I 3.9999811 2.9999883 
'~ 2. 0000007 1.0000900 

4 1 2 3 2 2  

1 4 6 4 1  

I - 5  - 1 5  125 - 2 2 0  t20 

1 5 10 I0 5 1 

I I +45 35 524 --1236 720 

I 6 15 20 15 6 1 

AG: if k = n t h e n  go to out; 
s : = k ÷ l ;  
g o  t o  BA; 

o u t  : 

e n d  Mo&jied Graeffe 

Tests. Some of the tests  (Table 1) were run on the CDC 1604 
using an earlier version of the a lgor i thm; minor improvements in- 
corporated af terwards should not affect the results substantially. 
The results obtMned using the SHanE AL(;OL translator  and the 
IBM 709 suffer in comparison to those obtained on the 1004 for two 
main reasons: (1) signifie~mee of f loating-point  rmmbers is 27 bits 
vs. 35, and (2) input  conversion rout ines introduce greater per- 
turbat ions  into inlput numbers.  The last eases given are very 
poorly conditioned, so tha t  the ra ther  poor results shouht not be 
espeei~dly surprising. 

Thanks and aeknowledgements  are due to several members of 
the Mathematics  Division of Oak Ridge National  I,aboratory for 
running tests on the Control l ) a t a  1604, and to Mrs. Virginia 
Klema for running tests on the IBM 709 computer  at Northwestern 
Uniw~rsity. 
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