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The method of Algori thm 133 [1] satisfies Greeuberger's e{)u{ti+ 
~ion, but  since the reciprocal of its multiplying factor is as high as 
0.2, Coveyou's  result shows that it is very unsatisfactory for 1)ur- 
poses requiring stat ist ically independent censeeutive r:tadom 
numbers. 

Algorithms 13',3 and 266 have both been tested by eoml}tttit~g a 
number of sets of 2000 successive random integers betweeu 0 aud 9, 
dividing each set into 4()0 groups of 5, arid performing the poker 
test [4], The results were classified in the following sevea care-, 
gories : 

(i) all different 
(ii) 1 pair 

(iii) 2 pairs 
(/v) 3 of a kind 
(v) 3 of a kind and 1 pair 

(vi) 4 of a kind 
(vii) 5 of a kind. 

The following tables resulted: 

A L G O R I T H M  133 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  = -  . . . . . . . . . . . . . .  ~ i ............... i i ............... 
Run Starting Value (i) i (ii) (iii) (iv) I (v) (v/) i (v//) 

r I ] I r 
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  i - - -  I ......... i ................... 

1 13421773 114 193 42 137 i 7  7 i 0  
2 22369621 111 181 46 40 i14 8 0 
3 33554433 130 178 48 28 17 6 3 
4 6871947673 118 179 51 35 I10 5 2 
5 11453246123 128 189 44 28 i B 4 I 1 
6 17179869185 135 155 " 45 52 'i6 5 12  

120 96 E x p e c t e d  for each . ~ 201.60 43.20 28 80! 3.601 1.8@ 0,04 
Run  ~ / i 

i ~ - - - - !  i I 
Total f o ~ 6 m . , s  73~ i1075 i276 +220 i~o i35 i8  

Expected for 725.76i1209.601259.201172.80i21,60i10.80i 0.24 
Total  ] I i i } ' + 

. . . . . . . . . . . . . . . .  ! ......... ~ ........ __ ... . . .  ! ......... i .......... ! _ 

A L G O R I T H M  266 

Run Starting Value i (i) 

13421773 132 
22369621 140 
33554433 129 

8426219 107 
42758321 101 
56237485 i 118 
62104023 [119 

(i~) ( i i0 

191 35 
187 45 
198 44 
202 50 
2117 60 
203 42 
206 41 

(iv) (v) (~.i) 

38 2 2 
27 0 1 
25 4 ! 0 
87 2 12 
25 5 2 
3 4  1 i2 
27 6 ! 1  

(vii) 

[ t 

Expected f o r e a e h R u n  i 120"961 201.60 43+20ii 28,80+ 3,60 1.8(} 0.0i  

Total  for 7 Runs 8t6 !1394 317 [213 20 10 0 

i .......... ............... ............. . . . . . . . .  ............. ........... ............. 
Expected for i 846+721411.20302,40201 6025.2012.6(} 0,28 

Total  i 
_ I 

Combiuit~g categories (vi) aad (vii) it} each case, the +d)served 
totals give x ~ vahJes (or 5 degrees ()IT' freedom) of 159.0 for Alg,-  
r i thm 13:-3, atad of ;3.28 for Alg,  rithm 266. 
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.XIedical IieN(,:u'{q] ( lou lwi l ,  l+ot,to~t, E I tghmd 

p r , o e e d u  r e  [L\+D(+rI, ;r2, ]l>l~mb>m ) ; 
IPi'LII p l ' ( } c e d l l l t l ' { '  [l~ollldo]H; r { ' i l l  . / ' [ ,  d '2;  

c o m m e n t  R>,'D uses ~two (,alls of the real procedure Rando,~ 
which is any pseudo-Pa, . iom ,mini}e," geuerator which will 
produce at each call 8 rau(hmt uumber lying strictly between0 
and 1+ A suitable proee{hir{, is giveu 1)y Alg{}rithm 266, Pscud0- 
l landom Numbers  {Comm..1 (',1/ 8(Oct. ]965), 6051 if one chooses 
a = 0, b = 1 aud iuitializes y to s(>me large odd munber, such as 
13421773. R V D  pro(lutes two indepcn(hmt random variables ~1 
and z2 each from the n{)rmal distTibution with mean 0and 
varia~ee 1. The meth(){t used is given by Box, G.E.P., AXD 
MULL.~R, M.E.,  A note on lhe ge~wration of random normal 
deviates. [Ann..l[¢Jh. Sgal. 29 (1958), 610 (ill J; 

beg in  rea l  ~; 
xl : =  sqH(--2,0 X In(l?andom)); 
t := 6.2881853072 X Random; 
c o m m e n t  6.2831853072 = 2 / pi; 
:c2 := xl X sD~(Q; xl := z l  X cos(O 

e n d  R,V D 

Algorithm 121. Norml)ev  [ C o m m . . t C M  5 (Sept. 1962), 482; 8 
(Sept. 19(15), 556] also produces random normM deviates and 
Algorithm 20{), N O R M A L  t lAND()M [Comm. ACM 6 (Aug. 1!)63), 
444; 8 (Sept. 1965), 5561 produces random deviates with 8n approxi- 
mate normal distr ibut ion,  })tit the procedure RND seems pref- 
erable to both of thern, 

We may compare NORI[.!  L RA ADOM to R,YD (which is exact) 
by noting that  at recommended minimum n AY)RMALRANDOM 
requires 10 (.alls of [l~artdo~z while RND gets two independent 
normal deviates from 2 ealls of Random and one call each of Sqft, 
In, sin and cos. Under the s ta ted test conditions a single call of 
AT)RMA L RA XDOM (wit h n = 10) took 20 percent more comput- 
ing time than a s i ,g le  call +)f ILVD when the real proeedureRandom 
was given by Algori thm 266, 

To compare A+(,'mDev t(> If:V l) iu i he s:mm way, we have first to 
calculate the exp(!cted immb{w . f  calls (}f In, sqrt, exp and Random 
for each (:all of A'm',t lh~:. This may be (tone by noting that there is 
(1) an initial single eall of Ra~do,~, then (2) with probability 0.68 
a nuldonl nornlal deviate res)ricted to (0, 1) has Io be fouM and 
this re(luires on a v e r a g e  1.3+i (!alls {}t' Random and 1.18 etdls of ezp, 
a)~d (3) with probabi / i ty  0,32 a ran(t(}m ~l(}rlmil deviate restrictedto 
(1, m ) h:~s l;o be found a~(l this re(llAres on average 2.04 calls of 
Random and 1.52 calls (if each +>f M :rod sqrt. NormDev thus requires 
cm average 2.58 calls c}f Random, 0+80 calls of exp, 0.49 calls of ¢n 
aad 0+49 calls of st/H. (N<}te:X,rmDev requires o n e  f u r t h e r  call of 
R¢~ndom if a signed m)rmal &~viate is reqtHred.) Under the stated 
{{st c{>nditio~s a sMgle call {if A'orml)ev took virtunlly the same 
arn{}unt {}f coml)t~ting time as u sit~gle ealI <ff ILYD when the real 
pPoeedl lPe  [[rl, i.t([oT?z w / i s  i t s  8~)OV(}+ 

(N  } re '  IH J e s t i n g  \ + o r m D c v  { he  I}lrc}{!e(hll+(+ w a s  s l ) e e d e ( l  up  by  re + 

p l a e i ) ] g  +.I b y  {}.682t1894 wh<++'Pv(+r i t  {wetH're{I  a n d  r e m o v i t t g  i t  from 

t h e  / m r a m e t { ~ r  l i s t .  Di t {~+t i t~  .VO/L1/A L R A  NDO:II  Mean, Sifpna, 
r+ w + r e  r e l ) h ~ c e d  b y  0, 1 .0  a n d  10 P e s p e c l i v e l y  a.ud r e m o v e d  f rom the 

I ) ,  r + I m e t e r  l i s t .  ) 
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