
for  L :=  O s t e p  1 u n t i l  Lmax do 
i f  abs(F[Ll--Fapprox[L]) > epsilon X abs(F[L]) t h e n  
b e g i n  

for  k :=  O s t e p  1 u n t i l  Lmax do  Fapprox[k] :=  F[k]; 
n u l  :=  m u l  :=  nu; nu  :=  nu + 10; 
i f  nu < 300 t h e n  go  t o  L0 e l s e  
b e g i n  

outstring (1, ' c o n v e r g e n c e  d i f f icu l ty  in  Coulomb'); 
go  t o  L5 

e n d  
e n d  

e n d ;  
t l  :=  6.2831853072 X eta; 
c o m m e n t  T h e  c o n s t a n t  2x-in t h e  p r e c e d i n g  s t a t e m e n t  m u s t  be  

s u p p l i e d  m o r e  a c c u r a t e l y  if m o r e  t h a n  11 s i gn i f i c an t  d ig i t s  a re  
des i red  in t h e  final r e s u l t s ;  

i f  abs(tl) < 1 t h e n  
b e g i n  

t 2 : =  s :=  1; L : =  1; 
L 4 : L  : = L + I ;  

t2 : =  t l  X t2/L; s : =  8-}- t2; 
i f  abs(t2) > epsilon X abs(s) t h e n  go  t o  L4;  
s :=  sqrt(l/8) 

e n d  
e l s e  

s :=  sqr t ( t l / ( exp( t l ) - - l ) ) ;  
F[0] :=  s X F[0]; 
f o r  L :=  1 s t e p  1 u n t i l  Lmax do 
b e g i n  

s :=  (L-- .5)  X sqrt(LT 2+eta2) X s / ( L X ( L + . 5 ) ) ;  
F[L] :=  s X F[L] 

end;  
L5 : e n d  Coulomb; 
c o m m e n t  T h e  p r o c e d u r e  Coulomb was t e s t e d  on  t h e  C D C  3609 

c o m p u t e r ,  w i t h  t h e  p r o c e d u r e  minimal  in s ing le  p rec i s ion  (un-  
less  s t a t e d  o t h e r w i s e ) .  T h e  t e s t s  i n c l u d e d  t h e  fo l lowing :  

(i) G e n e r a t i o n  of ~L(~, o) = [CL(~)PI'+i]-IFL(~I, P), L = 0(1)21, 
to  8 s ign i f i can t  d ig i t s  ( d=8 )  for  ~ = 0, - -5(2)5 ,  p = .2, 
1(1)5. T h e  r e s u l t s  were  in  c o m p l e t e  a g r e e m e n t  w i t h  v a l u e s  
t a b u l a t e d  in  [4]. 

(ii) C o m p u t a t i o n  of F0(~, p), F0'(~, p ) =  (d/dp)Fo(~, p) to 6 
s i gn i f i c an t  d ig i t s  for  ~ = 0(2)12, p = 0(5)40, u s i n g  
F e ' =  ( p - 1 + n ) F o -  ( l + ~ ) t F 1 .  C o m p a r i s o n  w i t h  [5] 
r evea l ed  f r e q u e n t  d i s c r e p a n c i e s  of  one  u n i t  in  t h e  l a s t  
d ig i t .  I n  add i t i on ,  b e g i n n i n g  w i t h  n = 8, t h e  r e s u l t s  b e c a m e  
p r o g r e s s i v e l y  worse  for  p = 30, 35, 40, be i ng  co r r ec t  to  
o n l y  2-3 d ig i t s  w h e n  n = 12, p = 40. W i t h  t h e  p r o c e d u r e  
minimal  in  doub le  p rec i s ion ,  h o w e v e r ,  t h e s e  e r ro r s  dis-  
a p p e a r e d .  

(iii) C o m p u t a t i o n  to 8 s ign i f i can t  d ig i t s  of  F0(~, p), F0'(~, o) for  
p = 27, p = .5(.5)20(2)50. T h e  r e s u l t s  ag r eed  w i t h  t h o s e  
p u b l i s h e d  in  [1] for  p ~ 16, b u t  b e c a m e  i n c r e a s i n g l y  in-  
a c c u r a t e  for  l a rge r  v a l u e s  of  p. C o m p l e t e  a g r e e m e n t  was  
o b s e r v e d ,  h o w e v e r ,  w h e n  t h e  p r o c e d u r e  minimal  was 
o p e r a t i n g  in  t h e  d o u b l e - p r e c i s i o n  m o d e ;  
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CERTIFICATION OF ALGORITHM 257 [Dll 
HAVIE INTEGRATOR [Robert N. Kubik, Comm. A C M  

8 (June 1965), 381] 
KENNETH HILLSTROM (Recd. 28 Feb. 1966, 29 Apr. 1966 

and 15 July 1966) 
Applied Mathematics Division, Argonne National Labora- 

tory, Argonne, Illinois 
Work performed under the auspices of the U.S. Atomic Energy Commission. 

H a v i e  I n t e g r a t o r  was  coded  in  C D C  3600 FORTRAN. T h i s  rou -  
t ine  a n d  a FORTRAN-coded R o m b e r g  i n t e g r a t i o n  r o u t i n e  b a s e d  
u p o n  A l g o r i t h m  60, R o m b e r g  I n t e g r a t i o n  [Comm. A C M  ~ ( J u n e  
1961), 255] were t e s t e d  w i t h  five a n d  f o u r  i n t e g r a n d s ,  r e spec t ive ly .  

T h e  r e s u l t s  of t h e s e  t e s t s  a re  t a b u l a t e d  below.  (The  ALGOL- 
coded  H a v i e  r o u t i n e  was  t r a n s c r i b e d  a n d  t e s t e d  for  t h e  two  
i n t e g r a n d s  u sed  b y  K u b i k ,  w i t h  i den t i ca l  r e s u l t s  in  b o t h  cases . )  

I n  t h e  fo l lowing  t ab l e ,  A is t h e  lower  l im i t  of  t h e  i n t e r v a l  of  
i n t e g r a t i o n ,  B is t h e  u p p e r  l im i t ,  E P S  t h e  c o n v e r g e n c e  c r i t e r ion ,  
V I  t h e  v a l u e  of t h e  i n t e g r a l  a n d  V A  t h e  v a l u e  of t h e  a p p r o x i m a -  
t i on .  

lnlegrand A ] B EPS VI Routine VA 

Number 
of 

Func- 
tion 

Evalu- 
ations 

cos z 0 ~/2 10-6 1.0 Havie 0.9999999981 17 
Romberg 1. 000O0O00O 17 

e -~  O 4.3 10-6 0.886226924 Havie 0. 886226924 17 
Romberg 0. 886336925 65 

In x I 1O 10 -e 14.0258509 Havie 14.02585084 65 
Romberg 14.02585085 65 

e z-4 + 1 ] 0 20 10-6 5.7707276 tIavie 5. 770724810 32,769 
Romberg 5.770724810 16,385 

cos (4x) 0 ~r 10 -6 0.0 ttavie 3.1415926536 3 a 

a Since in the Havie procedure, the sample points of the interval, chosen for 
function evaluation, are determined by halving the interval and are, therefore, 
function-independent, there are functions for which the convergence criterion is 
satisfied before the requisite accuracy is'obtained. An example is the integrand 
f(x) = cos (4x) integrated over the interval [0, ~r]. The value obtained from the 
routine is = ~-. The true value of the integral is 0. 

This inherent limitation applies to all integration algorithms that obtain sample 
points in a fixed manner. 

REMARK ON ALGORITHM 286 [H] 
EXAMINATION SCHEDULING [3. E. L. Peck and M. 

R. Williams, Comm. A C M  9 (June 1966), 433]. 

T h e  6 th  a n d  7 th  l ines  f r o m  the  end  of t h e  p r o c e d u r e  s h o u l d  be  

co r r ec t ed  b y  t h e  i n s e r t i o n  of a b e g i n  e n d  p a i r  so t h a t  t h e y  read  

i f  row [i] < 0 t h e n  
b e g i n  outinteger (1, i ) ;  outinteger (1, row [i]); outinteger 

(1, w[i]) 
e n d  
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