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A L ( , (  l l I  1 f iX [  24 
SOIA'TI()N (}F TIII-I)[AC,()NAt, LINt;At~ li;QUA- 

TIONS 
B. I,t':AVE× ~ O:CrH 

~tmeri{,ai: Machine & Foundry Co., C, reenwich, C:oni:. 

p r o c e d u r e  T R I I ) A ( ;  (n, A, B, C, l ) )  ; i n t e g e r  p. ; 
a r r a y  A, B,  C, D ; 
r O l l | i t | r i l l  : T h i s  procedure:  f inds t h e  solutio:: of an n )< ~ s y s t e m  

of l i nea r  equat io~ls  w h o s e  m a t r i x  is in t r i d i a g o m d  fo rm,  i h a t  
is, a i i =  0 for ':i - j; > 2. P a r a m e t e r s  a re :  the  m a i n  d i a g o n a l  
By, t h e  d i a g o n a l  j u s t  be low A~ 1he d i a g o n a l  j u s t  above  (~,  
t he  r i g h t - h a n d  sh:te I):  ,(where p = l, , n ,~nd r = 1, . . .  , 
n -  1) a n d  t he  m a t r i x  o rde r  n. T h e  s o l u t i o n  v e c t o r  r ep l aces  
the  i n p u t  v e c t o r  1) a n d  t he  v e c t o r  l~; is a lso  d e s t r o y e d  in t he  
p r o c e s s  ; 

b e g i  n 
r e a l  w ; i i l t e g e r  j ; 
1){1] : =  D { : ] / B { 1 ]  ; w : =  B[I.] ; 
f o r j  :=  2 s t e p  1 u n t i l  n d o  

I : legin B[j - 1] : -  C[j - l I / w  ; w : =  B { j ] -  A [ j -  t j  
X Bij - 1] ; 

] ){j]  : =  ( l ) { j ]  - A[j - I]  X D[ j  - -  t ] ) / w e n d  ; 
fo r  j : =  t s t e p  1 u n t i l  u --  1 d o  

I ) [ n  - j ]  : =  I){H - j} - B { n  - j] X I ) { n  - j + :l} 
e n d ° T I l I  I )A(I  

D,  W. PEACE:,~AX AXD H.  H.  RAeHFOgr), JR., T h e  N u m e r i c a l  
Soh i t i on  of P a r a b o l i c  and  E l l i p t i c  D i f f e r e n t i a l  E q u a t i o n s ,  J o u r n a l  
of  t he  Soc. for  Ind .  a n d  A p p l i e d  M a t h .  Vol. :J Mare} :  t955. 

ALGORIT[IM 25 
REAL ZEROS OF AN ARBITRARY FUNCTION 
B. LE:WEXWOaTH 
American Machine and Foundary Co., Greenwich, Conn. 

p r o c e d u r e  Z E R O S ( n ,  C ,  F I . S N C T I O N ,  :n,  e p l ,  ep2 ,  ep3 ,  etch) ; 
i n t e g e r  n ,  rn ; r e a l  e p l ,  ep2,  ep3,  e ta  ; a r r a y  C ; 
p r o c e d u r e  F U N C T I O N  ; 
c o m m e n t :  T h i s  p r o c e d u r e  f inds t h e  real  zeros  of an  a r b i t r a r y  

f u n c t i o n  u s i n g  M u l l e r ' s  m e t h o d : ,  ~ and is a d a p t e d  f r o m  a 
F O R T R A N  code by  F r a n k . ~  Eaeh i t e r a t i o n  d e t e r m i n e s  a zero 
of t h e  q u a d r a t i c  p a s s i n g  t h r o u g h  t he  l a s t  t h r e e  f u n c t i o n  
v a l u e s .  P a r a r n e t e r s  i n c l u d e  t h e  nun~ber  of r o o t s  des i r ed  n. 
If C~ is zero,  s t a r t i n g  w d u e s  a re  - t ,  1, 0 r e s p e e t i v e l y .  If 
C~ = ~3 t h e n  t h e  s t a r t i u g  v a l u e s  a re  .95, 1 . t~,  5. T h e  p r o c e d u r e  
F U N C T I O N ( r t ,  f r t )  m u s t  be s u p p l i e d  to e v a l u a t e  the  furie- 
t ion  v a l u e  f r t ,  g i ven  t h e  a r g u m e n t  rL  m is t he  m a x i m u m  
m m ] b e r  of i t e r a t i o n s  p e r m i t t e d ,  ep l  is t h e  r e l a t i v e  c o n v e r -  
gence  c r i t e r ion  on s u c c e s s i v e  i t e r a t e s ,  ep2 is t he  a b s o l u t e  
eonverge ,~ee  c r i t e r i on  on t he  f u n c t i o n  w d u e .  e t a  is t he  s p r e a d  
for m u l t i p l e  roo t s ,  t h a t  is, if r t  - C~I < ep3 where  Ci  is a 
p r e v i o u s l y  f o u n d  roo t ,  t h e n  r t  is r ep iaeed  by  r t  + e t a  ; 

b e g i n  i n t e g e r  L,  j k ,  i, m m  ; r e a l  p, p l ,  p2, x0, x l ,  x2, rt ,  
f r t ,  f p r t ,  d, dd ,  di,  h, hi,  det~, tin, din,  tern ; 

s w i t c h  S : Sl ,  82, E l ,  S-t ; 
fo r  L ; =  1 s l e p  ] u n t i l  m d o  
b e g i n  jk : =  0 ; i f  C[L]  = 0 t h e n  g o  t o  i n i t i a l  e l s e  
go  t o  ass lg~  ; 

in i t i a l :  p : ....... I ; pl : =  t ; p2 :=  0 ; go  t , , ~ t a r t  ; 
assigl~:  p : =  .9 X ()ILl  ; pl :=  1,1 X C[L]  ; p2 :=  C{L]  ; 

s t a r t :  rt :=  p ; go  t o  fl~ ; 
en{cr :  ~o  to  SI i f  jk  < t I h c u  jk  c l s c  ~[ ; 
S / :  rt :=: pl ; x0 :=  fprt  ; go  1o t't~ ; 
$2:  rt :== p2 ; xI :=  fprI ; g o  1o I'n ; 
S',{: ,.2 :=  fpr t  ; h :=  it'(~ll~l ..... { } t h e ~  ..... I 

e l s e  ..... .1 X (-:iI,I ; d := ....... .5 ; 

loop:  d d  :=  1 d ; bi :=  x0 24 d ~2 -= x/ X d(I~['2 X x2 
{dd -+-d) ; 

d e u : =  bi F'2 ..... t X  x A N d X d d X ( x 0 N  d - -  (xl X d d ) + x 2 )  
i f  den  A 0 t h e n  doll ::= 0 { I s e  dell :=  st / ' {.dell) ; 
dn  :== bi +- tier* ; d m  :=  bi--del~ ; 

i f  H>s(d 'J N a b s ( d m )  Ihe l~  del}. :=  d m  e l s e  den := dn 
i f  d e n  : 0 I h e n  dell ::= 1 ; 

di : = - 2  X x 9 X dd./d('tl ; h :=  di X h ; rt  := r t -}-h 
go to  i f  abs (h / " t )  < epl  t h e n  call e lse fu ; 

S.{: i f  "t s(fprt ') < a}ls(,'&~ X IO) I h e l l  
b e g i n  x0 : =  xl ; xl  :=  X0 ; X2 :=  fpr t  ; d := di 
go  to  loop e n d  e l s e  b e g h l  di :=  di X .5 ; h :=  h X ,5 
r t  : =  r t - -  h ; g O  i { i  [I1 e l i d  ; 

fn :  jk :=  jk  "-H 1 ; i f  jk  < m t h e n  m m  := I e l s e  m m  := 0 
call :  F U N C T I O N ( r t ,  f r t )  ; i f  :urn = I t h e n  go  to eonlpute 

e l s e  g o  t o  r o o t  ; 
eo lnpu le :  fpr t  :=  f r t  ; 

f o r  i :=  '2 s t e p  l u l l t i l  I, d o  
b e g i n  tern :=  r t -  C [ i -  l] ; i f  a b s ( t e m )  < ep3 t h e n  go 
c h a n g e  else fpr t  : =  f p r t / t e m  end  

t e s t :  l |  a b s ( f r t )  < ep2 /X, a b s ( f p r t )  < ep2 t h e n  go  to root 
e l s e  go  to  enter  ; 

c h a n g e :  rt :=  r t  -t- e t a  ; jk  :=  j k -  l ; go  to  fn ; 
roo t :  ( I L l  :=  rt e n d  L 
end ZEt~()S 

l) .  E. MCrLLER, A M e t h o d  for  So lv iug  Algebr 'dc  Equatic 
U s i n g  {m A u t o m a t i e  C o m t ) u t e r ,  M T A C  10 (1956). 

W. I ,  Fm~xK F i n d i n g  Z e r o s o f  A r b i t r a r y  Func t ions ,  J . A (  
5 (1958). 

8 ~l,/. 1~, I:RAXK, R~V(~RT, G e n e r a l  R o o t  l r inder  704 F{:)R'rl~ 
Source  L a n g u a g e  S u b r o t l / i n e  SgARE D i s t r i b u t i o n  ¢¢ 635. Para 
eters u s e d  b y  F r a n k  are: epl  = 10 % el i2 = l0 '2°, ep3 = 10 
e t a  = 10--a. 

R E M A R K  ON ALG()RITHM 15 
ROOTFINI)F[{ [I (Hem'y {L Thacher, Jr., Cozr: 

ACM, August 1960) 
GEo[¢c~; E. I:O~SYTUE AXD Jonx G. H~,:UmOT, Stanf( 

University, Stanford, CMifornia 

As p o i n t e d  o u t  by  [ , i ebe r s t e i n  (Com'm. A C J / ,  J a m l a r y  1! 
p. 5), t h i s  a l g o r i t h m  is p r ec i s e ly  t he  N e w { o n  m e t h o d  of chord~ 
the  s e a m  m e t h o d  a p p l i e d  to g(×) = f(x) ......... × = 0. T h u s  cow 
genee  is  not. of s e c o n d  o r d e r  b u t  r a t h e r  (for  Mmple  roots) of oI 
~ (X/5  -- 1) = 1.618, as  s h o w n  by  J e e v e s  (Comm. A(!3f, Au~ 
1958, pp .  9-10) .  [II t he  f irst  p o r t i o n  of t h e  a l g o r i t h m  b, c, d, she 
be se t  e q u a l  to g - -  a i n s t e a d  of a -  g in o r d e r  to be c{msis~ent v 
t he  i t e r a t i o u  po r t i on .  D o i n g  th i s  will u s u a l l y  cut  down the :m~z 
of i t e r a t i o n s ,  N o t  ou ly  is ~ p r e l i m i n a r y  t e s l  for :, zero ro0~ 
Mrable  b u t  t he  p o s s i b i l i t y  l h a t  g m a y  be zero a t  a~/y s tage  0f 
i t e r a t i o n  s h o u l d  be c o n s i d e r e d  iu w r i t i n g  t h e  return/ t r i t e r  io~L~ 
p o s s i b i l i t y  t h a t  h = t s h o u l d  a lso  be e h e c k ( d  a m t  appropr ia te  
t ion  t a k e n .  A l g o r i t h m  26 t a k e s  care  of t h e se  n m i t e r s  and 
eor ' ret ' ts  s o m e  mil~or err(ws in A l g o r i t h m  15, T h i s  m e t h o d  i~4 
t~ in ly  not  the  bes! r oo t f i nde r  that  eouh l  be wr i t t eu ,  

6 0 2  C o m m u n l e a t i o n s  o f  t h e  A C M  
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