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In a recent paper, Bellman showed how dynamic program-
ming could be used to determine the solution to a problem
previously considered by Stone. The problem comprises the
determination, given N, of the N points of subdivision of a
given interval (o, B8) and the corresponding line segments, that
give the best least squares fit to a function glx) in the interval.
Bellman confined himself primarily to the analytical derivation,
suggesting briefly, however, how the solution of the equation
derived for each particular point of subdivision u; could be
reduced to a discrete search. In this paper, the computational
procedure is considered more fully, and the similaritiesto some
of Stone’s equations are indicated. It is further shown that an
equation for v, involving no minimization may be found. In
addition, it is shown how Bellman's method may be applied
to the curve-fitting problem when the additional constraints are
added that the ends of the line segments must be on the curve.

Introduction

Stone [1] recently posed the problem of determining the
best least squares fit to a prescribed function g(z) in the
range («, 8) given that N points of subdivision u; , « - - , uy
are permitted and that, within the N + 1 subintervals
thus formed, line segments

IA
lIA

y = a; + bxg  uj » (7 (1)

are fitted, where uo = « and uyy; = B. That is, it is re-
quired to minimize the function

Flay, ag, -« anga;b1,bg, o0 bvga wn, Uz, -+ -, Un)
N4l puj (2)
2
=2 f [g(z) — a; — ;2] da
J=1 Yu;_ .1
overalla;,bjande 2wy £ e £ - £ uy < 8.
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Stone obtained a method of solution of the problem in a
classical manner, and indicated the computational method
mvolved, while Bellman in a later paper [2], indicated a
dynamic programming [3] method of solution. We shall
discuss below the computational aspects of the latter
method, noting where there are similarities to some of
Stone’s equations, and shall demonstrate that an equation
for u; may be determined that involves an equality sign
rather than a minimization. In other words, we may reduce
the problem analytically to a stage where in order to de-
termine u,; computationally, it is only necessary to solve an
equation rather than minimize a function. We shall further
show how dynamic programming produces computa-
tionally simple equations for the model in which the ends
of the line segments are constrained to lie on the curve g(z).

In order to make this discussion self-contained, it will
be necessary to repeat the functional equations that
Bellman derives.

r

Further Remarks on Bellman’s Selution
If we define
fN(B ) =

then the functional equations derived in [2] are

Min F, (3)

laj.bj,uj]

ug
£(8) = Min [ f [0@) — a — bial do
[a1,a2.01,b2,41] a

s 4)
+ [ lg(z) — a2 — bexl? d:v]
Uy
where ¢ < u; < 8, and
f~(8) = Min [ Min
agunyEB| leN1,bN 1]
(5)
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Least Square Equations for ayi1, by tn terms of ux .
Differentiating partially with respect to ayy, and by, we
obtain equations for ayy;, byyy In terms of uy similar to
Stone’s. That is,

8
f lg®) — avpr — byuzl de = 0, (©6)
uN
and
B
f 2lg(x) — any — bypzl do = 0, @
uN

from which it follows that

AR A unB + unIB, uy) — 68 + um)J(B, un)

v = B — un)®

K (8)
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and

612 (B, ux) — (B + umI(B, um)
B — un)?

)

by =
where

8
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and (10)

B
J(B, un) = / zg(z) dz.
N

Equation for uy. Differentiating equation (5) with
respect to uy , the optimal uy is given by

% Ta ab
—2 f [& +z f’i"i‘:l [9(@) — aws — byual da
uy oun dun
— lgw) — any — bypunl® + fros(un) = 0
which, using equations (6) and (7), reduces to

[g(un) — ana — by punl — fy_(ux) = 0. 1)

It should be pointed out, in order to be more rigorous,
that the optimal uy either satisfies equation (11) or equals
aor 8. Since uy = o implies that using no segmentation is
best, and uy = 8 that N — 1 segmentation points are best
even if we are allowed N-—and this is obviously not true
since we can always improve on a given (N — 1)-point
segmentation by splitting one of the subintervals in two,
so that fy(8) is a monotonically decreasing function of
N—hence it follows that equation (11) holds in general.

Method of Computational Solution. It is now clear how
simple computationally it is to determine the solution.
Given a table for the previously computed fyv—i(y),
a < y = 8, and hence a table of fx_i(¥), and also tables
for I(B, ux) and J(B, ux)—or alternatively the indefinite
integrals [ g(z) de and [ xzg(2) dz—, we solve equation
(11) for uy by successive approximation, after the expres-
sions for ax4; and by, in equations (8) and (9) have been
substituted in equation (11). From this value of uy, we
obtain any; and by, from equations (8) and (9), then
Sn(B) is determined by substituting for ayy1, by, Uy i
equation (5).

This procedure is used to compute successively
Je,fs, -+, and the ayi1, bys1, ux associated with them.
J11s first obtained by solving the five equations obtained by
differentiating equation (4) partially with respect to a;,
az,bl,bg,andul.

Note that ux could also have been obtained, of course,
by substituting for ay,; and by 11 in equation (5) and mak-
ing a discrete search within «, 8.

Model With Additional Constraints

We shall now indicate briefly how the same dynamic
programming approach may be applied to another line
segmentation model which has considerable practical
interest. Unlike in the previous model, where broken line
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segments are permitted, the constraint is added that they
must be connected at the points w;, ---, ux, and that
these meeting points must lie on the curve. That is, the
line segments pass through g(a), g(w), - -+, g(ux), g(8).
(By exactly the same method, we could also consider the

model in which the lines must meet at u;, - -+, ux, but
need not necessarily meet on the curve.)
The function it is now required to minimize is
F(uy) (12)
_ 1\%1 u; [g(x) _ {(uj — 2)gluin) + (@ — uj.l)g(uj)}:r d,
=dy; Uj - Uj

and the general functional equation is given by

In B (13)

. 8 8 — vglun) + & — uzv)g(B)} 2
= — d.
aélv;[t;rrléﬁ l:fun I:g(x) { B — un *

+ wal(uN):I,

with f1(8) given by
JAG)) (14)

~ M { [ [g(@ _ {ml — D) + (& — a>g<ul>}]2 .
aguy 28 « " — a

s — Dglw) + @ — we®)] T
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As with the previous model, we now obtain by partial
differentiation with respect to uy the following equation
for uy :

f}lv—1(uN)

. [ [ = 2)gun) + (@~ uzv)g(ﬁ)} B — x)
— fw [gw { oL }(B =) as

gluy) — g(ﬁ)] d
s — 1.
B — un

. [g'(un) +

Although at first sight this may appear to be a compli-
cated integral, on observation it will be noted that, once
again, all it involves are the functions (8, un), J (8, ux)
and ¢ (ux). In fact, of course, equation (15) may be
simplified still further, since the last square bracket may
be taken outside the integral as it is independent of z, and
then the second term in the first square bracket multiplied
by (8 — x)/(8 — ux) may easily be integrated. Hence the
equation reduces to

f;\r—l(uN> = [g’(u,N) + M:I
B — un B — uwn
(16)
' [m(ﬂ’ ww) = J 6, un) — (6 = un)® (g(Z,N“) + %KB))]

Hence, as before, given tables of jy_s(8)—and hence
fu_1(B)—that were computed from those of fx—2(8),
equation (16) is now easily solved computationally for ux ,



usmg successive approximation. The fy(8) is obtained by
substituting this value of ux in equation (13), for which we
also need

]
f [g(@) dz = S(8, un), say.
uy

One could alternatively determine uy with greater com-
puter time consumption, by successive approximation after
a discrete search, from equation (13) directly. The integral

in this equation reduces to

2
S, un) — ———

{[ﬁg(uzv) — ungB®U(B, un)
B8 — unx

an
B — uxn)
6

It should finally be noted that in order to obtain fv(8),
the ranges over which fi , f2, ---, fv—ymustbe calculated
are all [, 8.

+ 9B — gusIJ B, un) + lg(8) + y(uN)P} .

REFERENCES

1. Stong, H. Approximation of curves by line segments. Math. Comput. 15, 73 (Jan. 1961), 40-47.
2. BerLmaN, R. On the approximation of curves by line segments using dynamic programming. Comm. ACM 4, 6 (June 1961), 284.
3. BELLmaN, R. Dynamic Programming. Princeton University Press, 1957,

A Set of Matrices for
Testing Computer Programst

J. L. BRENNER

Stanford Research Institute, Menlo Park, California

1. Introduction

In this article, a set of matrices is defined, and the com-
plete solution of each matrix is given. The matrices have
arbitrary dimension, and a large number of parameters. By
adjusting these parameters, a matrix of arbitrary dimension
can be constructed which has two eigenvectors that are
nearly coincident, which is deficient (has fewer than the
maximum possible number of eigenvectors) or is as nearly
singular as desired. Thus a set of matrices is available
which forms a convenient set of check matrices for testing
computer programs which purport to solve! or invert a
matrix. The matrices of the set enjoy certain properties of
regularity to which the term symmetry might well be
applied; however, the matrices are not necessarily sym-
metric in the ordinary sense.

For selected values of the parameters, the matrices ap-
pear as variance-covariance matrices in statistics. In par-
ticular cases, the eigenvalues (but not the eigenvectors) and
determinants have been found [1]. The methods of this
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! I.e., find the eigenvalues and corresponding invariant sub-
spaces.

note are shorter, more elementary, and more effective;
from them, immediate insight into the matrix structure is
obtained.

2. Basic Case

Let f,, be the 1 X n column-vector whose entries are all
’s; f.* is the corresponding n X 1 row-vector. For arbitrary
n, k, write Ju = fufi’; thus J ., is the k X n matrix whose
entries are all 1’s. The matrix J,., has the following proper-
ties: f, is an eigenvector (with eigenvalue n); every
vector v orthogonal to f, [f."» = 0] is an eigenvector, with
eigenvalue 0. This space of vectors v is spanned by

(i}, gi = fo — ned, i=1,2 --,mn,

and has ex.gr. the first n — 1 of these for a lasis. Here
e, is the 1 X n vector [0, ---,0,1;, 0, ---, 0]*. This
proves the following theorem.

TaroreM 1. By a change of basts, the matriz al, + bJan
can be transformed to diag [a, - -+ , a, a + bn].

Note that the set of n X n matrices al,, + bJ,, forms a
semi-group, and the invertible ones form a group. The
inverse of al, 4+ bJa, is ¢ I, — ba a4+ 1) Jon.

3. General Case

The general matrix that can be solved by the above
methods is the partitioned matrix:

(Illm + bu-]nml, bl2Jn1n2 ) ey bu Jnmg
A _ b21Jn2n1, CLZIﬂz + b22anng, Tty b2t anng
btlJntm; tt atIntnt + bttJntng

By choosing a suitable basis, the matrix A can be trans-
formed into

B = dlag[A1 s /12

where for¢s = 1,2, -+ ¢,

Tty Ai ) At+1]7

A;is the n;—1 X n;—1 scalar
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