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ALGORITHS{ 121 
NORMDEV 
DAVID SHAFER 

University of Chicago, Chicago, Ill. 

p r o c e d u r e  NormDev(Random,A,x) ; 
p r o c e d u r e  Random; r e a l  A,x; 
c o m m e n t  'NormDev' uses (1) a procedure 'Random(y)' as- 

stoned to produce a r andom number ,  0 < y < 1, and  (2) the  
cons t an t  A = sqrt(2/pi) X integral [0:1] exp(-x~2/2)dx, to 
produce a posi t ive normal  deviate  'x'; 

b e g i n  r ea I  y; 
Random(x); i f x  > A t h e n  go t o  large; 
x := x / A ;  
1: Random(y); i f y  < exp(-xT2/2 ) t h e n  go t o  EndND; 

Random(x); go t o  1; 
large: x := ( x - -  A)/(1  -- A);  
2: x := sqrt(1 - 2 X log(x)); 

Random(y); i f y  < 1Ix t h e n  go t o  EndND; 
Random(x); go t o  2; 

EndND : e n d  

Cont r ibu t ions  to th is  d e p a r t m e n t  m u s t  be in the  form 
s t a t ed  in the  Algor i thms  D e p a r t m e n t  policy s t a t e m e n t  
(Communications, Februa ry ,  1960) except  t h a t  ALGOL 60 
no ta t ion  should be used (see Communications, M a y  1960). 
Cont r ibu t ions  should  be sen t  in dupl icate  to J. H. Wegste in ,  
C om p u ta t i o n  Labora to ry ,  Na t iona l  Bureau  of S tandards ,  
Wash ing ton  25, D. C. Algor i thms should  be in the  Reference 
form of ALGOL 60 and  wr i t ten  in a s ty le  pa t t e rned  af ter  the  
mos t  recent  a lgor i thms appear ing  in this  depa r tmen t .  For  
the  convenience of the  pr in ter ,  please under l ine  words t ha t  
are del imiters  to appear  in boldface type.  

A l though  each a lgor i thm has  been tes ted  by  its contr ib-  
utor ,  no war ran ty ,  express or implied,  is made by the  con- 
t r ibu tor ,  the  editor,  or the  Associa t ion for C o m p u t i n g  
Mach ine ry  as to the  accuracy and  func t ion ing  of the  al- 
go r i thm and re la ted a lgor i thm mater ia l ,  and no responsi-  
bi l i ty  is a s sumed  by the  cont r ibu tor ,  the  editor ,  or the  
Associa t ion for Co mpu t ing  Mach ine ry  in connect ion there-  
with.  

The  reproduct ion  of a lgor i thms appear ing  in th is  depar t -  
men t  is explici t ly pe rmi t t ed  wi thout  any  charge.  When re- 
p roduc t ion  is for publ ica t ion  purposes ,  reference m u s t  be 
made  to the  a lgor i thm au tho r  and  to the  Communications 
issue bear ing  the  a lgor i thm.  

H. J. WEGSTEIN, Editor 

ALGORITHM 122 
TRIDIAGONAL MATRIX 
GERARD F.  DIETZEL 

Burroughs Corp., Pasadena, Calif. 
p r o c e d u r e  T R I D I A G  (n,A,U);  
i n t e g e r  n;  a r r a y  A,U;  
c o m m e n t  This  procedure reduces a real symmet r i c  ma t r ix  A of 

order n to t r id iagonal  form ( U T ) A U  (UT = t ranspose  of U) by 
a sequence of at  mos t  ( n - l ) ( n - 2 ) / 2  b inary  or thogonal  t r ans -  
format ions .  Also, the  ma t r ix  U is calculated.  [Cf. W. Givens ,  
"Numer ica l  compu ta t i on  of the  charac ter i s t ic  values  of a real 
symmet r i c  m a t r i x , "  Repor t  ORNL1574 (1954), Oak Ridge Nat .  
Lab. ,  Tenn . ,  and  D. E. Johansen ,  "A modified Givens  me thod  
for the  e igenvalue eva lua t ion  of large ma t r i ce s , "  J. A C M  8, 3 
(1961)]; 

b e g i n  r e a l  faet,cl,c2,locl,loc2,temp; i n t e g e r  i , j , j l , j2, j3, j4,nl;  
c o m m e n t  Set a r ray  U = iden t i ty  ma t r ix  of order n;  
fo r  i := 1 s t e p  1 u n t i l  n do  
b e g i n  

fo r  j := i + 1  s t e p  1 u n t i l n  do  U[i,j] := U[j,i] = 0; 
U[i,i] := 1.0 

e n d ;  
c o m m e n t  The  reduct ion  of the  ma t r ix  A begins here. Only the  

upper  t r i angu la r  e lements  of A are used in the  compu ta t i on ;  
n l  := n -- 2; 
fo r  i := 1 s t e p  1 u n t i l  n l  do 
b e g i n  

j l  := i + 1; j2 :=  i + 2; 
fo r  j :=  j2 s t e p  1 u n t i l  n do  
b e g i n  

i f  A[i,j] = 0 t h e n  go t o  lab; 
.fact :=  1 / sqrt(A[i,jl]T2 + A[i,j]T2); 
cl := fact X A[i,]l]; c2 := fact X A[i,j];  
locl := A[ j l , j l ] ;  loc2 := A[jl,j]; 
A[j l , j l ]  :=  c1~2 X l o e l +  2.0 X cl X c2 X loc2 + c2T2 X 

A [j,j]; 
A[jl, j] :=  - c l  X e2 X locl + (clT2 - c2T2) x loc2 + cl x 

c2 X A [j,j]; 
A[j,]] := c21"2 X locl -- 2.0 X cl X c2 X loc2 + elT2 X 

A[Lj]; 
j3 : = j + l ;  
fo r  k :=  j3 s t e p  1 u n t i l  n do  
b e g i n  

t e mp  : = A (jl,k]; 
A[jl,k] := cl X temp + c2 X A[j,k]; 
A[j,k] := - c 2  X temp + cl X A[j,k] 

e n d  ; 
j 4 : = j -  1; 
fo r  k := j2 s t e p  1 u n t i l  j4 do  
b e g i n  

temp := A[jl,k]; 
A[jl,k] := cl X temp -4- c2 × A[k,j]; 
A[kj ]  := - c 2  X temp + cl X A[k,j] 

e n d ;  
A[i,jl] := cl X A[i,jl] + c2 X A[i,j];  
A[i,j] := 0; 
fo r  k := 1 s t e p  1 u n t i l  n do 
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b e g i n  
temp :=  U[k,jl]; 
U[k,jl] := cl X temp + c2 X U[k,j];  
U[k,j] := - c 2  X temp + cl X U[k,j] 

end  ; 
lab : e n d  

end  ; 
f o r i  :=  1 s t e p  1 u n t i l n  do 

for j :=  i + 1  s t e p  1 u n t i l  n do 
A[/, i ]  :=  All, l] 

end  T R I D I A G  

ALGORITHM 123 
REAL ERROR FUNCTION, ERF(x) 
M A R T I N  CRA~VFORD AND R O B E R T  TECHO 

Georgia Institute of Technology, Atlanta, Ga. 
real  p r o c e d u r e  Erf(x); real  x; 
c o | n m e n t  (I,(x) = Er f (x )  = (2/~¢/~)f~ e -~2 du can  be c o m p u t e d  

by  u s i n g  t h e  r ecu r s i ve  r e l a t i on  for d e r i v a t i v e s  wi th  ,i,~(x) = 
(2/V/~)e  - ~ ,  where  ¢(~)(x) = - 2x¢ ('-~) (x) - 2 (n--2)cI, ('-~) (x), 
for  n = 2, 3, . . . .  T h e  T a y l o r ' s  ser ies  e x p a n s i o n s  of ¢(ak) a re  
t a k e n  a b o u t  k + l  p o i n t s  on t h e  i n t e r v a l  0 < ak ~ x a n d  s u m m e d  
to  ge t  ¢ (x ) ;  

b e g i n  real A,  U, V, W, Y, Z,  T;  i n t e g e r  N ;  
Z :=  0; 1: i f x  # 0 t h e n  

b e g i n  i f  0.5 < abs (x) t h e n  A := -- sign (x) X 0.5 
e lse  A :=  -- x; 
U :=  V :=  1.12837917 X exp( -xT2) ;  Y :=  T :=  - V X  

A;  N : =  1; 
2: i f  abs(T) => 10-- 10 then-  
b e g i n  N :=  N + 1; W :=  - -2  X x X V - 2 X U X ( N - - 2 ) ;  

T :=  T X W X A / ( V  X N ) ;  
U :=  V; V :=  W; Y :=  Y + 7'; go  t o  2 e n d ;  
Z :=  Z + Y; x :=  x + A ;  go  t o  1 e n d ;  
E~:f :=  Z end  E r r  

ALGORITHM 124 
HANKEL FUNCTION 
Lwls J. SCHAEFER 
Purdue University, West Lafayette, Ind. 

p r o c e d u r e  HANKEL(N,X,H); v a l u e  N,X; i n t e g e r  N;  
r e a l X ;  array H; 

c o m m e n t  T h i s  p r o c e d u r e  e v a l u a t e s  t he  c o m p l e x  v a l u e d  h a n k e l  
f u n c t i o n  of t h e  first  k i n d  for real  a r g u m e n t  X a n d  i n t e g r a l  order  
N a n d  a s s igns  i t  to  H.  T h e  i n d i v i d u a l  Besse l -  a n d  N e u m a n - f u n c -  
t i on  ser ies  are  n o t  e v a l u a t e d  s e p a r a t e l y .  B o t h  t h e  real  and  
i m a g i n a r y  p a r t s  a re  g e n e r a t e d  f rom t he  s a m e  t e r m s ;  

b e g i n  real  K,  P ,  R,  A,  S, T,  D,  L ;  i n t e g e r  Q; 
A :=  R :=  1; H[1] :=  H[2] :=  S :=  0; 
f o r Q  :=  1 s t e p  1 u n t i l  N d o  b e g i n  R :=  R X Q; S :=  S + 

1/Q e n d ;  D :=  R / N ;  
R :=  1/R; K :=  X >< X / 4 ;  P :=  (X/2)~N; T :=  ln(K)  + 

1.1544313298631 ; 
for Q :=  0, Q + I  w h i l e  Q=<NVL#H[2] do 
b e g i n  L :=  H[2];  H[1] :=  H[1] + A × K X R ;  

H[2] :=  H[2] + A × ( R × K × ( T - S )  - ( i f Q < N  t h e n  D / P  
e l se  0)) ; 

A : = A X K / Q ;  R : =  - R / ( Q + N ) ;  S : = S + I / Q + I / ( Q + N ) ;  
i f  Q < N  t h e n  D :=  D / ( N - Q )  

e n d ;  H[2] :=  H[2] > .31830989 
e n d  

Notes on 
Programming Languages 

On the Nonexistence of a 
Phrase Structure Grammar for 
ALGOL 60 

Robert W. Floyd 
Computer Associates, Inc., Woburn, Massachusetts 

ALGOL 60 is defined partly by formal mechanisms of phrase structure 
grammar, partly by informally stated restrictions. It is shown that no formal 
mechanisms of the type used are sufficient to define ALGOL 60. 

Le t  a p h r a s e  s t r u c t u r e  g r a m m a r  be def ined as a se t  of de f in i t ions  
in t h e  B a c k u s  n o t a t i o n  u sed  to  define ALGOL 60 [1]. A p h r a s e  s t r u c -  
t u r e  l a n g u a g e ,  t h e n ,  is a l a n g u a g e  def ined by  s u c h  a g r a m m a r .  I n  
s u c h  a l a n g u a g e ,  because  of t h e  f ini te n u m b e r  of s y n t a c t i c  t y p e s ,  
all suffl3.ciently long  p r o g r a m s  (blocks)  c o n t a i n  a s u b s t r i n g  w h i c h  
in t u r n  c o n t a i n s  a p rope r  s u b s t r i n g  of t h e  s a m e  s y n t a c t i c  t y p e  as 
i t se l f  [2, 3] T h u s ,  t he  p r o g r a m  P t a k e s  t h e  fo rm  QRSTU,  wh ere  
R S T  a n d  S are  of t h e  s a m e  s y n t a c t i c  t y p e  so t h a t  e i t h e r  m a y  be 
s u b s t i t u t e d  for t h e  o the r ,  a n d  S is a p rope r  s u b s t r i n g  of RST .  N o w  
QR(1)ST(i)U is a s y n t a c t i c a l l y  co r r ec t  p r o g r a m  for a n y  n o n -  
n e g a t i v e  i n t ege r  i ,  where  R (i) d e n o t e s  i occu r rences  of t h e  s t r i n g  R. 

Example. An ALGOL 60 p r o g r a m  m i g h t  c o n t a i n  t h e  p r i m a r y  
(c X d), w h i c h  in t u r n  c o n t a i n s  t h e  p r i m a r y  c. I t  wo u ld  be pos-  
s ible ,  t he re fo re ,  to  rep lace  (e X d) by  c a t  t h a t  p o in t  in t h e  pro-  
g r a m ,  or to  rep lace  c by  (c X d) o b t a i n i n g  ((c X d) X d), e tc . ,  
w i t h o u t  d e s t r o y i n g  t h e  s y n t a c t i c  c o r r e c t n e s s  of t h e  p r o g r a m .  

T h e  goal  of t h e  p r e s e n t  p a p e r  is to exh ib i t  a se t  of ALGOL 60 
p r o g r a m s  of u n b o u n d e d  l e n g t h ,  and  show t h a t  none  of t h e m  h as  
t h e  p r o p e r t y  desc r ibed  by  t h e  first  p a r a g r a p h .  T h i s  imp l i e s  t h a t  
ALGOL 60 is n o t  def inable  by  a p h r a s e  s t r u c t u r e  g r a m m a r  a lone .  

C o n s i d e r  t h e  ALGOL 60 p r o g r a m  

b e g i n  real  x(n); x ('o :=  x (n) e n d  

where  x( ' )  s t a n d s  for n occu r r ences  of t h e  l e t t e r  x. If ALGOL 60 is a 
p h r a s e  s t r u c t u r e  l a n g u a g e ,  we m a y  choose  n s u ~ . c i e n t l y  l a rge  to  
m a k e  app l i cab le  t h e  r e su l t  of t h e  f irst  p a r a g r a p h .  T h a t  is,  

b e g i n  real  x('); x ('*) := x (n) end  

t a k e s  t h e  fo rm  QRSTU,  a n d  QR(i)ST(oU is a s y n t a c t i c a l l y  co r r ec t  
p r o g r a m  P i  for  all i >= 0. A b lock  in  ALGOL m u s t  c o n t a i n  a t  l ea s t  
one dec l a r a to r ,  a semico lon ,  a n d  t h e  words  b e g i n  a n d  e n d ;  s ince  
QSU = Pc is a b lock,  R a n d  T can  c o n t a i n  on ly  t h e  c h a r a c t e r s  x a n d  
: = .  Since t h e  d e c l a r a t o r  real  occurs  on ly  once a n d  t h e r e  a re  no  
c o m m a s ,  on ly  one iden t i f i e r  is dec l a red  in each  of P i  , a n d  on ly  
t h a t  iden t i f i e r  m a y  be u sed  in Pi . T w o  cases  ar ise  : 

(1) N e i t h e r  R nor  T c o n t a i n s  : = .  T h e n  R = x(J) a n d  T = x (k) 
w i t h  ] a n d  k n o t  b o t h  zero.  One  c a n n o t ,  howeve r ,  de le te  x ' s  f r o m  
P~ in two  p laces  R a n d  T a n d  s t i l l  h a v e  all iden t i f i e r s  p r o p e r l y  
dec la red  in P0 ; a t  l ea s t  t h r e e  de l e t i ons  wou ld  h a v e  to  be m a d e .  

(2) R or T c o n t a i n s  : = .  Since P0 does  n o t  c o n t a i n  : = ,  i t  m u s t  
t a k e  t h e  fo rm  

b e g i n  real  x(J); e n d  
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