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E i d g .  T e c h n i s c h e  H o c h s c h u l e ,  Z u r i c h ,  S w i t z e r l a n d  

p r o c e d u r e  weightcoeff (n,q,e,eps,w,x); v a l u e  n;  r e a l  cps; 
i n t e g e r  n; a r r a y  q,e,w,x; 

c o m m e n t  C o m p u t e s  ab sc i s s ae  x~ a n d  we igh t  coeff icients  w~ for 

a G a u s s i a n  q u a d r a t u r e  m e t h o d  f: w(x)f(x)dx ~ ~;L, wff(x~), K 
where  fo w(x) dx = 1 and  w(x) => O. T h e  m e t h o d  requ i re s  t h e  order  
n,  a t o l e r a n c e  eps a n d  t h e  2n - -1  first  coeff icients  of t he  c o n t i n u e d  
f r a c t i o n  

f ~ w(x) ~j ~l 
= . . . .  

to  be g iven ,  t h e  l a t t e r  as two  a r r a y s  q[ l :n ]  and  e l l : n - 1 ]  all com-  
p o n e n t s  of wh ich  are  a u t o m a t i c M l y  pos i t i ve  by  v i r t u e  of t h e  con-  
d i t i on  w(x) > O. T h e  m e t h o d  works  as well if t h e  u p p e r  b o u n d  b 
is a c t u a l l y  i n f in i ty  (note  t h a t  b does n o t  a p p e a r  d i r ec t ly  "ts p a r a m -  
e ter! )  or  if t h e  d e n s i t y  w(x) dx is r ep laced  by  da(x) w i t h  a m o n o -  
t o n i c a l l y  i n c r e a s i n g  a(x)  w i t h  a t  l ea s t  n p o i n t s  of v a r i a t i o n .  T h e  
t o l e r a n c e  eps s h o u l d  be g i ven  in a c c o r d a n c e  to  t h e  m a c h i n e  ac-  
cu r acy ,  e .g.  as 10--10 for a c o m p u t e r  w i t h  a t e n - d i g i t  m a n t i s s a .  T h e  
r e su l t  is de l ive red  as two  a r r a y s  w[ l : n ]  ( the we igh t  coeff icients)  
a n d  x [ l : n ]  ( the  absc i s sae ) .  F o r  a d e s c r i p t i o n  of t h e  m e t h o d  see 
H.  R u t i s h a u s e r ,  "On a modi f i ca t i on  of t he  Q D - a l g o r i t h m  wi th  
Grae f f e - type  c o n v e r g e n c e "  [Proceed ings  of t he  I F I P S  C o n g r e s s ,  
M u n i c h ,  1962]. ; 
b e g i n  

i n t e g e r  k; 
B o o l e a n  test; 
r e a l  m, p; 
a r r a y  g[ l :n] ;  
p r o c e d u r e  red (a , f ,n) ;  v a l u e  n;  i n t e g e r n ;  a r r a y  a , f ;  

c o m m e n t  s u b p r o c e d u r e  red r educes  a h e p t a d i a g o n M  m ~ t r i x  
a to  t r i d i agona l  f o r m  as desc r ibed  in  t h e  p a p e r  loc. cir. Since 
t h e  b u l k  of t h e  c o m p u t i n g  t i me  of t he  whole  m e t h o d  is s p e n t  
in  t h i s  s u b p r o c e d u r e ,  i t  wou l d  p a y  to  wr i t e  i t  in mt tch ine  
code.  ; 

b e g i n  
re a l  c; i n t e g e r  j,k; 
for  k :=  1 s t e p  1 u n t i l  n - 1  d o  
b e g i n  

for  ] :=  k s t e p  1 u n t i l  n - - 1  d o  
b e g i n  

c :=  --f[j] X a[j,7]/aki,2]; 
a[],7] :=  O; 
a[j+l,2] :=  a [ j + l , 2 ]  + c X a[j,5]; 
a[j,1] :=  a[j,1] -- c X f[j]Xa[j,4]; 
a[],6] :=  a[j,6] -- c X a ~ ' + l , 1 ] ;  
a [ j + l , 3 ]  :=  a [ j T l , 3 ]  -- c X a [ j + l , 6 ] ;  

e n d  j; 
for  j :=  k s t e p  1 u n t i l  n - - 1  d o  
b e g i n  
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c :=  --f[ j]  X a[j,4]/a[j,ll 
a[j,4] :=  0; 
a [ j + l , l ]  :=  a [ j + l , 1 ]  + c X a[j,6]; 
a [ j + l , 6 ]  :=  a [ j + l , 6 ]  + c X a [ j + l , 3 ] ;  
a[j,5] :=  a[j,5] -- c X a [ ] + l , 2 ] ;  
a [ j + l , 0 ]  :=  a [ j + l , 0 ]  -- c X a [ j + l , 5 ] ;  

e l l ( |  j ;  

f o r  j :=  k + l  s t e p  1 u n t i l  n - - 1  d o  
b e g i n  

c : =  --a[L3]/a[j--l,6]; 
a[L3] :=  0; 
a[L6l :=  a[/,{il + c X a[j,1]; 
a [ j - l , 5 ]  :=  a [ j - ] , 5 ]  - c X f[J] X f[j]  X alL0];  
a[j,2] :=  a[j,2] - c X f[J] X f[J] X a[j,5]; 
a[j,7] :=  a[j,7] - c X f[J] X a [ j + l , 2 ] ;  

e m l  j ;  
f o r  j :=  k + l  s t e p  1 u n t i l  n - - 1  d o  
b e g i n  

c :=  --a[j,O]/a[j--l,5]; 
a[.i,O] :=  0; 
a [ j + l , 2 ]  :=  a [ j + l , 2 ]  + c X f[j] X a[j,7]; 
a[j,5] :=  a[j,5] -1- c X a[j,2]; 
a[j,1] :=  a[j,1] -- c X f[J] X f[J] X a[L6]; 
a[.i,4] :=  all,4] -- c X f[J] X a[j+l,1]; 

e n d  j ;  
e m l  k; 

e n d  red; 
p r o c e d u r e  9dgraeffe (n,h,g,f); v a l u e  n; 

i n t e g e r  n;  a r r a y  h,g,f; 
c o m m e n t  S u b p r o c e d u r e  qdgracffc c o m p u t e s  for  a g iven  

f ini te c o n t i n u e d  f r ac t ion  

a n o t h e r  one,  t h e  poles  of wh ich  are  t he  s q u a r e s  of t h e  poles  of 
f(z). H o w e v e r  qdgracffe uses  n o t  t he  coeff ic ients  q~ , . - .  , q,~ 
a n d  el , . - .  , e._l o f f ( z ) ,  b u t  t h e  q u o t i e n t s  

qk+i/q~ l (k :=  1 , 2 , . . . , n - - l )  
{~,ek/q1~+d= 

a n d  t h e  hk = #n(abs(q~)) (k := 1 , 2 , . - . , n ) ,  a n d  t h e  r e su l t s  are  
de l ive red  in  t he  s a m e  fo rm.  P r o c e d u r e  qdgraeffe can  be used  
i n d e p e n d e n t l y ,  b u t  r equ i r e s  s u b p r o c e d u r e  red a b o v e ;  

b e g i n  
i n t e g e r  k; a r r a y  a[0:n ,0 :7] ;  
g[nl :=  f[n] :=  0; 
f or  k :=  1 s t e p  1 u n t i l  n d o  
b e g i n  

a[k--l,4] :=  a[k-l ,5] :=  1; 
a[k,1] :=  a[k,2] :=  1 + g[k] X f[k]; 
a[k,6] :=  a[k,7] :=  g[k]; 
a[k,O] :=  a[k,3] :=  0; 
c o m m e n t  T h e  a r r a y  a r e p r e s e n t s  t he  heptad i :~gonal  

n m t r i x  Q of t he  p a p e r  loc. cir . ,  b u t  w i t h  t h e  n m d i f i c a t i o n s  
n e e d e d  to avo id  t h e  l a rge  n u m b e r s  a n d  w i t h  a p ecu l i a r  
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C: 

a r r a n g e m e n t .  ; 
e n d  k; 
a[n,5] :=  0; 
red(a,f,n); 
f o r  l~: :=  1 s t e p  1 u n t i l  n d o  

hilt] :=  2 × h[k] + ~n(abs(a[k,1] X a[k,2])); 
C O n l m e n t  A s a v i n g  m i g h t  be a c h i e v e d  by  e c o n o m i z i n g  t h e  
l o g - c o m p u t a t i o n  in t he  r ange  .8 ~ x _< 1.2; 

f o r  k :=  1 s t e p  1 u n t i l  n - 1  d o  
b e g i n  

f[k] :=  f[k] X f[k] X a [ k + l , 2 ]  X a[k+l,1]/(a[k,1] X a[k,2]); 
g[k] :=  a[k,5] X a[k,6]/(a[k+l,l] X a [ k + l , 2 ] )  

e n d  k; 
e n d  qdgrae~; 

L i :  x[1] :=  q[1] + e[1]; 
f o r  k :=  2 s t e p  1 u n t i l  n d o  
b e g i n  

g[k--1] :=  e [k- - l ]  X q[k]/x[k--1]; 
x[k] :=  q[k] '4- ( i f l c = n  t h e n  0 e l s e  e[k]) -- g[k--1];  
g[k--1] :=  g[k-ll/x[k]; 
%k-1] := z[kl/x[Ic-l]; 
x[k-1] := Cn(x[k-l]); 

e n d  k; 
x[ul := tn(x[nl); 

L2: p := 1; 
L25 : b e g i n  

test :=  t r u e ;  
f o r  k :=  1 s t e p  1 u n t i l  n - - 1  d o  

test :=  test /X abs(g[k] X w[k]) < eps; 
i f  test t h e n  go  t o  L3; 
qdgraeffe (u,x,g,w) ; 

e n d ;  
p : = 2 X p ;  
go  t o  L25; 
c o m m e n t  W h a t  fol lows is a pecu l i a r  m e t h o d  to  c o m p u t e  

t he  wk f r o m  g iven  ra t ios  gk = Wk+l/wk s u c h  t h a t  ~ = i  wk = 1, 
b u t  t h e  s t r a i g h t f o r w a r d  f o r m u l a e  to  do t h i s  m i g h t  well 
p r o d u c e  overf low of e x p o n e n t . ;  

L3:  w[1] :=  m :=  O; 
f o r  k :=  1 s t e p  1 u n t i l  n - 1  d o  
b e g i n  

w [ k + l ]  :=  w[k] + ln(g[k]); 
i f  w[k] > m t h e n  m :=  w[k]; 

e n d  It; 
f o r  k :=  1 s t e p  1 u n t i l  n d o  w[k] :=  exp(w[k]-m); 
m :=  O; 
f o r  ]c :=  1 s t e p  1 u n t i l  n d o  m :=  m + w[k]; 
f o r  k :=  1 s t e p  1 u n t i l  n d o  b e g i n  w[k] : =  w[k]/m; 

z[]~] :=  exp(x[kl/p) e n d ;  
e n d  weightcoeff 
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p r o c e d u r e  gauss (u,a,y) ; 
r e a l  a r r a y  a,y; i n t e g e r  u;  
e o m m e n t  T h i s  p r o c e d u r e  is for so l v i ng  a s y s t e m  of l inea r  e q u a -  

t i ons  by  succe s s i ve  e l i m i n a t i o n  of t h e  u n k n o w n s .  T h e  a u g m e n t e d  
m a t r i x  is a a n d  u is t h e  n u m b e r  of u n k n o w n s .  T h e  so lu t i on  v e c t o r  
is y. If  t h e  s y s t e m  h a s n ' t  a n y  so lu t ion  or m a n y  so lu t i ons ,  t h i s  is 
i n d i c a t e d  by  t he  go  t o  error where  error is a label  ou t s i de  t he  
p rocedure .  ; 
b e g i n  

i n t e g e r  i,j,k,m,n; 
n : = 0 ;  

ckO: n :=  n +  1; 
f o r  k :=  n s t e p  1 u n t i l  u d o  i f  a[k,n] # 0 t h e n  g o  t o  ckl; 
go  t o  error; 

ckl: i f k  = n t h e n g o t o c k 2 ;  
f o r  m :=  n s t e p  1 u n t i l  u + l  d o  

b e g i n  
temp :=  a[u,m]; a[u,m] :=  a[k,m]; a[k,m] :=  temp 

e n d ;  
ck2: f o r  ] :=  u + i s t e p  --1 u n t i l  n d o  a[n,j] := a[n,j]/a[n,n]; 

f o r  i :=  k + 1 s t e p  1 u n t i l  u d o  
f o r  ] :=  n -4- 1 s t e p  1 u n t i l  u -4- 1 d o  
a[i,j] :=  a[i,j] -- a[i,n] X a[u, j ] ;  
i f n ~ u  t h e n  go  t o  ck0; 
f o r  i :=  u s t e p  --1 u n t i l  1 d o  

b e g i n  
y[i] :=  a[i,u + 1]/a[i,i]; 
f o r  k :=  i -- 1 s t e p  --1 u n t i l  1 d o  
a[k,u + 1] :=  a[k,u + 1] - a[k,i] X y[i] 

e n d  e n d  ; 
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p r o c e d u r e  ORTHO(W,Y,Z,n,fn,m,p,r,ai ,aui,mui,zei ,X,DEV, 
COF,STD,CV,VCV,gmdt,Q,Q2,E,EP,A,GF,ENF) ; 

v a l u e  n,m,p ,r ,ai ,aui ,mui ,zei ; 
r e a l  fn,gmdt; 
a r r a y  W,Y,Z,X,DEV,COF,STD,CV,  VCV,Q,Q2,E,EP,A,GF,ENF; 
i n t e g e r  n,m,p ,r ,ai,aui ,zei ,mui ; 
s w i t c h  at :=  atl,at2; s w i t c h  ze :=  zel, ze2; 
s w i t c h  au :=  aul,au2; s w i t c h  mu :=  mul,mu2, mu3; 
c o m m e n t  ORTHO is a genera l  p u r p o s e  p r o c e d u r e  w h i c h  is 

capab le  of so lv ing  a wide v a r i e t y  of p r o b l e m s .  F o r  a d e t a i l ed  
d i s cus s ion  of t h e  a p p l i c a t i o n s  l i s t ed  be low a n d  o th e r  app l i ca -  
t i ons ,  see (1) Ph i l i p  D a v i s  a n d  Ph i l i p  R a b i n o w i t z ,  "A M u l t i p l e  
P u r p o s e  O r t h o n o r m a l i z i n g  Code  a n d  I t s  U s e s , "  J.  ACM 1 
(1954), 183-191, (2) Ph i l i p  D a v i s ,  " O r t h o n o r m a l i z i n g  Codes  in  
N u m e r i c a l  A n a l y s i s , "  in  J .  T o d d  (Ed. ) ,  A Survey of Numerical 
Analysis, Ch.  10 (McGraw-Hi l l ,  1962), (3) Ph i l i p  D a v i s  a n d  
Ph i l i p  R a b i n o w i t z ,  " A d v a n c e s  in O r t h o n o r m a l i z i n g  C o m p u t a -  
t i o n , "  in F .  L.  Al l  (Ed. ) ,  Advances in Computers, Vol. 2, pp .  55-- 
133 (Academic  P res s ,  1961), (4) Ph i l i p  J .  W a l s h  a n d  Emi l i e  V. 
H a y n s w o r t h ,  Gene ra l  P u r p o s e  O r t h o n o r m a l i z i n g  Code,  S H A R E  
A b s t r .  $850.  APPLICATIONS: (a) o r t h o n o r m a l i z i n g  a se t  of 
v e c t o r s  w i t h  r e spec t  to  a genera l  i n n e r  p r o d u c t ,  (b) l e a s t  s q u a r e s  
a p p r o x i m a t i o n  to  g iven  f u n c t i o n s  by  p o l y n o m i a l  a p p r o x i m a t i o n s  
or a n y  l inea r  c o m b i n a t i o n  of powers ,  r a t i ona l  f u n c t i o n s ,  t r a n s -  
c e n d e n t a l  f u n c t i o n s  a n d  specia l  f u n c t i o n s ,  s u c h  as t h o s e  def ined 
n u m e r i c a l l y  b y  a se t  of va lues ,  (c) cu rve  f i t t ing  of empi r i ca l  d a t a  
in two  or more  d i m e n s i o n s ,  (d) f ind ing  t h e  b e s t  so lu t i o n  in  t h e  
1.s.s. to  a s y s t e m  of m l inea r  e q u a t i o n s  in n u n k n o w n s  (n=<m), 
(e) m a t r i x  i n v e r s i o n  a n d  s o l u t i o n  of l i nea r  s y s t e m s  of e q u a t i o n s ,  
(f) e x p a n s i o n  of f u n c t i o n s  in a ser ies  of o r t h o g o n a l  f u n c t i o n s ,  
s u c h  as a ser ies  of L e g e n d r e  or C h e b y s h e v  p o l y n o m i a l s .  

T h e  fo l lowing i n f o r m a t i o n  m u s t  be  s u p p l i e d  to  t h e  p ro ced u re .  
(We are  cons ide r i ng  here  t h e  a p p r o x i m a t i o n  f e a t u r e  of t h e  pro-  
cedure . )  
n t h e  n u m b e r  of c o m p o n e n t s  per  v e c t o r  ( exc lud ing  a u g m e n t a -  

t ion)  
m t h e  n u m b e r  of v e c t o r s  u sed  in t h e  a p p r o x i m a t i o n .  F o r  a 

p o l y n o m i a l  fit of degree  t, s e t  m = t + l .  
p t h e  n u m b e r  of a u g m e n t e d  c o m p o n e n t s  per  vec to r .  A f e a t u r e  

of t h i s  p rocedu re  is t h a t  once t h e  a p p r o x i m a t i n g  v e c t o r s  
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h a v e  been  o r t h o n o r m a l i z e d ,  t h e y  m a y  be u sed  in app rox i -  
m a t i n g  r f u n c t i o n s  w i t h o u t  r e p e a t i n g  t h e  o r t h o n o r m a l i -  
z a t i o n  p r o c e d u r e  on t h e  or ig inal  a p p r o x i m a t i n g  vec to r s .  

r t h e  n u m b e r  of f u n c t i o n s  to  be a p p r o x i m a t e d .  
ai a s w i t c h  con t ro l  c o n c e r n i n g  t h e  a p p r o x i m a t i n g  v e c t o r s .  

W i t h  a i = l ,  t h e  p r o c e d u r e  se lec t s  t h e  first  n c o m p o n e n t s  
of t h e  f i rs t  row of [Z], supp l i ed  by  user .  T h e  i powers  of 
t h e s e  v a l u e s  are  c o m p u t e d  a n d  s t o r e d  in to  w o r k i n g  loca-  
t i on  [X], i = 0 ( 1 ) m - 1 .  T h i s  is t h e  u s u a l  se t  up  for a po ly-  
n o m i a l  fit. W i t h  ai=2,  t h e  p r o c e d u r e  se lec t s  t h e  first  n 
c o m p o n e n t s  of t h e  f irst  m rows of [Z] supp l i ed  by  use r  a n d  
s t o r e s  t h e m  in to  w o r k i n g  loca t ion  [X]. 

aui a s w i t c h  con t ro l  c o n c e r n i n g  a u g m e n t a t i o n  on t h e  app rox i -  
m a t i n g  vec to r s .  I f  p=O, t h i s  sw i t ch  is i gnored .  W i t h  
a u i = l ,  r e g u l a r  a u g m e n t a t i o n  is app l i ed  to  t h e  v e c t o r s  in  
[X]. p zeros  a re  s t o r e d  a f t e r  t h e  n t h  c o m p o n e n t  of t h e  first  
m rows of [X]. T h e  ( n + i ) t h  c o m p o n e n t  is r ep laced  b y  
1.0, i = l ( 1 ) m .  W i t h  aui=2,  specia l  a u g m e n t a t i o n  is ap -  
p l ied  to  t h e  v e c t o r s  in [X]. T h e  p c o m p o n e n t s  l oca t ed  a f t e r  
t h e  n t h  c o m p o n e n t  of t h e  first  m rows of [Z] s u p p l i e d  by  
t h e  u s e r  a u g m e n t  [X]. 

zei a s w i t c h  con t ro l  c o n c e r n i n g  a u g m e n t a t i o n  on t h e  f u n c t i o n s  
t o  be a p p r o x i m a t e d .  If  r=O, t h i s  s w i t c h  is i gno red .  W i t h  
z e i = l ,  r e g u l a r  a u g m e n t a t i o n  is app l i ed  to  t h e  f u n c t i o n s  
d u r i n g  t h e  ca l cu l a t i on .  T h e  n c o m p o n e n t s  of t h e  first  r 
rows of [Y] s u p p l i e d  by  u se r  will be a u g m e n t e d  by  p ze ros  
w h e n  m o v i n g  [Y] to  [X]. W i t h  zei=2, specia l  a u g m e n t a -  
t i on  is app l i ed .  T h e  first  n c o m p o n e n t s  of t h e  first  r rows 
of [Y] a re  t h e  f u n c t i o n a l  va l ue s  supp l i ed  by  user .  T h e  n e x t  
p c o m p o n e n t s  of t he  first  r rows of [Y] a re  specia l  v a l u e s  
a lso supp l i ed  by  user .  

mui  a sw i t ch  con t ro l  c o n c e r n i n g  we igh t s .  [W] is an  n X n real ,  
pos i t i ve  def ini te ,  s y m m e t r i c  m a t r i x  of we igh t s .  I t  is gen-  
e r a l ly  d i agona l  a n d  o f t en  t h e  I d e n t i t y  m a t r i x ,  m u i = l  
when  [W]=I~,  t h e  m a t r i x  [W] need  n o t  be supp l i ed .  
m u i = 2  w h e n  [W] is d i agona l ,  b u t  n o t  I~ . T h e  p r o c e d u r e  is 
supp l i ed  t h e  n d i agona l  e l e m e n t s  of [W], b u t  s t o r e d  in t he  
f irst  row of m a t r i x  [W]. m u i = 3  w h e n  t h e  full  w e i g h t i n g  
m a t r i x  is s u p p l i e d  to  t h e  p rocedure .  

T h e  fo l lowing  l i s t  of m a t r i x  a r r a y s  is g iven  to  a id  t h e  u se r  in 
d e t e r m i n i n g  t h e  n u m b e r  of c o m p o n e n t s  a n d  v e c t o r s  in t h e  i n p u t  
a n d  r e su l t s .  W[1 : n , l : n ] ,  Y[ l : r , l : n+p] ,  Z [ l : m , l : n + p ] ,  
X [ l : m + l , l : n + p ] ,  DEV[l:r, l:re],  COF[l:r,l:p], STD[i:r] ,  
C V [ l : p + l , l : p ] ,  V C V [ l : r , l : p + l , l : p ] ,  Q[ l : r , l :m+l] ,  Q2, E, 
EP[ l : r , l :m] ,  A[ l :m , l :p] ,  GF[l:m+r],  ENF[i :m] .  

T h e  r e s u l t s  of t h e  p r o c e d u r e  a re  s t o r e d  in  t h e  fo l lowing loca-  
t i ons .  T h e  u s e r  m u s t  be suf f ic ien t ly  f a m i l i a r  w i t h  t h e  t h e o r y  to  
k n o w  w h i c h  r e s u l t s  a re  r e l e v a n t  to  his  a p p l i c a t i o n  of t h e  pro-  
cedure .  All vec to r s  a re  s t o r e d  row-wise  in  t h e  m a t r i c e s  l i s t ed  
below. 

X o r t h o n o r m a l  v e c t o r s  
D E V  d e v i a t i o n s  
COF coeff icients  
S T D  s t a n d a r d  d e v i a t i o n s  
C V  cova r i ance  m a t r i x ,  s t o r e d  in  u p p e r  t r i a n g u l a r  fo rm.  

T h e  ( p + l ) s t  row c o n t a i n s  t h e  s q u a r e  roo t  of t h e  
d i agona l  e l e m e n t s  of t h e  m a t r i x .  

V C V  v a r i a n c e - c o v a r i a n c e  m a t r i c e s ,  s t o r e d  in  u p p e r  t r i a n g u -  
l a r  f o r m  wi th  t h e  ( p + l ) s t  rows c o n t a i n i n g  t h e  s q u a r e  
roo t  of t h e  d i agona l  e l e m e n t s .  T h e r e  a re  r s u c h  
m a t r i c e s ,  t h e  first  s u b s c r i p t  r u n n i n g  over  t h e  r va lues .  

gmdt G r a m  d e t e r m i n a n t  v a l u e  
Q F o u r i e r  coeff ic ients  
Q2 s q u a r e d  F o u r i e r  coeff icients  
E s u m  of t h e  s q u a r e d  r e s i dua l s  
E P  r e s idua l s  
A a lower  t r i a n g u l a r  m a t r i x  u s e d  to  ca l cu l a t e  t h e  co- 

v a r i a n c e  m a t r i x .  C V = A ' A .  
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GF G r a m  f ac to r s  
E N F  n o r m s  of t h e  a p p r o x i m a t i n g  v e c t o r s ;  

b e g i n  
i n t e g e r  npp, npm, ml ,  n2, m2, r l ,  rbar, p2, bei, rhi, i18, gai, sii ,  i, 

j ,  dei, mui,  elzl, elz2, k, thi, all, omi, ni l;  
array  P K , X P [ i : n + p ] ,  QK[I :m+i] ;  
real  denom,sum,dk2,dk,fi,ss,ssq ; 
s w i t c h  be :=  bel, be2; s w i t c h  rh := rhl,rh2; s w i t c h  ga := 

gal,ga2; 
s w i t c h  si := si l ,s i2; s w i t c h  de := del,de2; s w i t c h  nu :=  

nul ,nu2;  
s w i t c h  th := thl,lh2,th3; s w i t c h  al := all,al2; 
s w i t c h  om :=  oml,om2; 
npp := n + p ; n p m  := n + m ; m l  :=  m - 1 ; n 2  :=  n + l ; m 2  := m + l ;  
r l  :=  0; rbar := r; p2 := p + l ; d e n o m  : =  i f  n = m t h e n l . 0  
e l s e  sqrt(n--m);  bei := rhi :=  i18 :=  1; 
i f  ( p # 0 )  t h e n  gai :=  sii  := 2 e l s e  gai :=  si i  :=  1; 
boxl : go  t o  at[all; 

al l:  f o r j  :=  1 s t e p  1 u n t i l n  d o  b e g i n  
X(2 , j )  :=  Z(1 , j ) ;  X[1,j] :=  1.0 e n d ;  
for i :=  2 s t e p  1 u n t i l  m l  d o  b e g i n  
for ] :=  1 s t e p  1 u n t i l  n d o  
X [ i + l , j ]  :=  X[i,j] X X[2,]] e n d ;  go  t o  box2; 

at2: f o r  i :=  1 s t e p  1 u n t i l  m d o  b e g i n  
for j :=  1 s t e p  1 u n t i l  n d o  
X[i,j] := Z[i,j] e n d ;  

box2: i f  p = O  t h e n  go  t o  box3 e l s e  g o  t o  au[aui]; 
aul  : for i :=  1 s t e p  1 u n t i l  m d o  b e g i n  

for j :=  n2 s t e p  1 u n t i l  npp do  
X[i,j] :=  0.0; X[i ,n+i]  :=  1.0 e n d ;  g o  t o  box3; 

au2: for i :=  1 s t e p  1 u n t i l  m d o  b e g i n  
for j :=  n2 s t e p  1 u n t i l  npp d o  
X[i,]] := Z[i,j] e n d ;  

box3: dei := nui  := e l z l  :=  elz2 :=  k :=  1; 
box4: thi : = 1 ; 
box5: all := omi := 1; i f  p = 0  t h e n  go  t o  box6 e l s e  

for j :=  1 s t e p  1 u n t i l  p d o  PK[n+]] :=  0.0; 
box6: g o  t o  mu[mui]; 

m u l :  for i :=  1 s t e p  1 u n t i l  re d o  PK[i] := X[k,i]; 
go  t o  boxT; 

mu2: for i :=  1 s t e p  1 n n t i l  n d o  
PK[i] := X[k,i] X W[1,i]; g o  t o  box7; 

mu3: f o r i  :=  1 s t e p  1 u n t i l  n d o  b e g i n  s u m  :=  0.0; 
for j :=  1 s t e p  1 u n t i l  n d o  sum :=  sum + X[k,j] X 
W[i,j]; PK[i] := sum e n d ;  

boxT: go  t o  om[omi]; 
oral : for i :=  1 s t e p  1 u n t i l  k d o  b e g i n  sum :=  0.0; 

for j :=  1 s t e p  1 u n t i l  npp d o  
sum :=  sum + PK[j] X X[i,]]; QK[i] := sum e n d ;  
g o  t o  boxS; 

ore2: dk2 :=  0 . 0 ; f o r i  :=  l s t e p l u n t i l n p p d o  
dk2 :=  dk2 + PK[i] X X[k,i]; 
dk :=  sqrt(dk2); 
GF[i18] :=  dk; i18 :=  i18 + 1; 
for i :=  1 s t e p  1 u n t i l  npp d o  
X[k,i] :=  X[k,i]/dk; 
omi :=  1; g o  t o b o x 6 ;  

boxS: go  t o  de[dell; 
del: e l z l  :=  - - e l z l ;  i f  e lz l<O t h e n  g o  t o  box8b e l s e  

go  t o  boxSa; 
boxSa: for i :=  1 s t e p  1 u n t i l  k - 1  d o  

QK[i] :=  -QK[i] ;  QK[k] := 1.0; 
for i :=  1 s t e p  1 u n t i l  npp d o  b e g i n  
sum := 0.0; f o r j  :=  1 s t e p l u n t i I k d o  
sum := sum + X[j,i] X QK[i]; 
XP[i] :=  sum e n d  i go  t o  box9i 

boxSb: ENF[il8]  := sqrt (QK[k]); g o  t o  box8a; 
de2: elz2 :=  - e l z 2 ;  i f  e l z 2 < 0  t h e n  g o  t o  boxSc e l s e  



box8c: 
go  t o  box8a; 
f o r  i :=  1 s t e p  1 u n t i l  m d o  b e g i n  
Q[rl,i] :=  QK[i]; Q2[rl,i] : =  QK[i] × QK[i] e n d ;  
Q[rl,m2] :=  QK[m2];  E[r l ,1]  : =  Q[rl,m2]-Q2[rl,1]; 
f o r  j :=  2 s t e p  1 u n t i l  m d o  
E[rl,j] := E[rl , j--1] -- Q2[rl , j ] ;  
f i  := 1.0; 
f o r  i :=  1 s t e p  1 u n t i l  m d o  b e g i n  
i f  ( fn - - f i )>0 .0  t h e n  b e g i n  i f  E[rl,i] < 0 . 0  t h e n  b e g i n  
EP[rl , i]  := --sqrt(abs(E[rl , i]) / ( fn-- f i ) );  go  t o  box8d; 
e n d  
e l s e  EP[rl , i]  : =  sqr t (E[r l , i ] / ( fn - f i ) ) ;  
g o  t o  box8d; e n d  e l s e  E[rl,i] := - -1 .0;  

boxSd: f /  :=  f / + l . 0 ;  e n d  go  t o  box8a; 
box9: go  t o  th[thi]; 

thl : f o r  i :=  1 s t e p  1 u n t i l  npp d o  
X[k,i] :=  XP[i];  go  t o  boxlO; 

th2: f o r  i :=  1 s t e p  1 u n t i l  n d o  
DEV[rl , i]  :=  XP[i l ;  
f o r  i :=  1 s t e p  1 u n t i l  p d o  
COF[rl,i] :=  - X P [ n + i ] ;  thi :=  3; go  t o  thl; 

th3: go  t o  box11; 
boxlO: g o  t o  al[ali]; 

al l:  omi :=  ali :=  2; g o  t o  box6; 
al2: i f  k < m  t h e n  b e g i n  k :=  k + l ;  go t o  box4; e n d  

e l s e  g o  t o  boxl2; 
boxll  : g o  t o  nu[nui]; 

nu l :  nut  :=  2; g o  t o  box14; 
nu2: ss :=  dk/denom; ssq :=  ss X ss; 

STD[rl] := ss; go  t o  boxl4; 
boxl2: go  t o  be[bet]; 

bel : f o r  i :=  1 s t e p  1 u n t i l  m d o  b e g i n  
f o r  j :=  i s t e p  1 u n t i l  p d o  
A[i, j] :=  X[i,  n + j] e n d ;  
gmdt :=  1.0; f o r  i : =  1 s t e p  1 u n t i l  m d o  
gmdt :=  gmdt X (GF[i]/ENF[i]); 
gmdt :=  gmdt X gmdt; dei : =  bet :=  thi :=  2; 
k :=  k + 1; go  t o b o x l 3 ;  

be2: go  t o  boxll;  
boxl3: g o  t o  ga[gai]; 

gal: go  t o  boxll;  
ga2: f o r  i :=  1 s t e p  1 u n t i l  p d o  b e g i n  

f o r  ] :=  i s t e p  1 u n t i l  p d o  b e g i n  

sum :=  0.0; 
f o r  ni t  :=  1 s t e p  1 u n t i l  m d o  
sum := sum + A[nii ,  i] X A[nii ,  j];  

CV[i, j] :=  sum e n d  e n d ;  
f o r  i :=  1 s t e p  1 u n t i l  p d o  
CV[p2, i] :=  sqrt(CV[i, i ]) ;  gai : =  1; go  t o  box11; 

box14: go  t o  rh[rhi]; 
rh l : i f  rbar = 0 t h e n  go  t o  final e l s e  rbar : =  rbar -- 1 ; 

r l  :=  r l  + 1; thi :=  rhi :=  2; g o  t oze [ze i ] ;  
zel: f o r i  :=  1 s t e p  1 u n t i l n  d o  

X[m2, i] :=  Y[rl ,  i];  
f o r  i :=  1 s t e p  1 u n t i l  p d o  
X[m2, n+i]  :=  0.0; g o  t o  box5; 

ze2: f o r i  :=  1 s t e p  l u n t i l n p p  d o  
X[m2, i] :=  Y[rl,  i];  go  t o  box5; 

rh2: go  t o  si[sii]; 
s i l :  go  t o r h l ;  
si2: f o r i  :=  1 s t e p l u n t i l p  d o  b e g i n  

f o r  j :=  i s t e p  1 u n t i l  p d o  
VCV[r l ,  i, j] :=  ssq X CV[i, 3'] e n d ;  
f o r  i :=  1 s t e p  1 u n t i l  p d o  
VCV[rl ,  p2, i] := ss X CV[p2, i];  go  t o  rhl; 

final: e n d  ortho 
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S U M M A T I O N  O F  F O U R I E R  S E R I E S  

M .  W E L L S  

U n i v e r s i t y  o f  L e e d s ,  L e e d s  2,  E n g l a n d *  

* C u r r e n t l y  w i t h  B u r r o u g h s  Corp . ,  P a s a d e n a ,  Cal i f .  

p r o c e d u r e  Fourier (X, r,  w, n ,  A ,  B ) ;  
v a l u e  n ;  r e a l  X,  w, A ,  B; i n t e g e r  r,  n ;  
c o m m e n t  Fourier s u m s  a o n e - d i m e n s i o n a l  F o u r i e r  ser ies ,  

u s i n g  a r e cu r r ence  r e l a t i on  desc r ibed  b y  W a t t  [Computer 
J .  I ,  4 (1959) 162]. T h e  p a r a m e t e r s  a re  t h e  coeff icients  X ,  wh ich  
a re  se l ec ted  b y  r,  w, t h e  a r g u m e n t  a n d  n t h e  t o t a l  n u m b e r  of 
t e r m s  in  t h e  ser ies .  On  exi t  A = ~ - ~ 1  X,cos(rw) a n d  
B = ~__o 1 X~sin(rw). Fourier is p a r t i c u l a r l y  eff icient  
w h e r e X r  = 0 f o r a l l r  > s o m e  rl  a n d  X,  # 0 f o r a l l r  =< r l . ;  

b e g i n  r e a l  t, tr, trl,  cosw2; 
tr l  := 0; eosw2 := 2 X cos(w); 
f o r  r :=  n - - 1  s t e p  - 1  u n t i l  0 d o  
b e g i n  i f  X # 0 t h e n  go  t o  term e n d  s e a r c h  for n o n z e r o  t e r m ;  
tr := 0; g o  t o  all zeroes; 

term: tr := X ;  f o r  r :=  r - -1  s t e p  --1 u n t i l 0 d o  
b e g i n  t := tr X cosw2 + X -- trl; trl  := tr; tr := t e n d  

r e cu r r ence ;  
all zeros: A := tr -- trl  X cosw2/2; B := trl  X sin(w) 
e n d  F o u r i e r  ser ies  

C E R T I F I C A T I O N  O F  A L G O R I T H M  4 0  

C R I T I C A L  P A T H  S C H E D U L I N G  lB.  L e a v e n w o r t h ,  

C o m m .  A C M  ( M a r .  1961) ]  

LARS H E L L B E R G  

F a c i t  E l e c t r o n i c s  A B ,  S 0 1 n a ,  S w e d e n .  

T h e  Cr i t i ca l  P a t h  S c h e d u l i n g  a l g o r i t h m  was  t r a n s l i t e r a t e d  i n to  
FACIT-ALGoL-1 a n d  t e s t e d  on t h e  FACIT E D B .  T h e  mod i f i ca t i ons  
s u g g e s t e d  by  A l e x a n d e r  [Comm. A C M  (Sept .  1961)] were i n c lu d ed .  
R e s u l t s  were co r rec t  in  all t e s t e d  s chedu le s .  

C o n t r i b u t i o n s  to  t h i s  d e p a r t m e n t  m u s t  be in  t h e  f o r m  
s t a t e d  in  t h e  A l g o r i t h m s  D e p a r t m e n t  po l i cy  s t a t e m e n t  
(Communications, F e b r u a r y ,  1960) excep t  t h a t  A L G O L  60 
n o t a t i o n  s h o u l d  be  u sed  (see Communications, M a y  1960). 
C o n t r i b u t i o n s  s h o u l d  be s e n t  in  d u p l i c a t e  to  J .  H .  W e g s t e i n ,  
C o m p u t a t i o n  L a b o r a t o r y ,  N a t i o n a l  B u r e a u  of S t a n d a r d s ,  
W a s h i n g t o n  25, D .  C.  A l g o r i t h m s  s h o u l d  be in  t h e  R e f e r e n c e  
f o r m  of A L G O L  60 a n d  w r i t t e n  in a s t y l e  p a t t e r n e d  a f t e r  t h e  
m o s t  r e c e n t  a l g o r i t h m s  a p p e a r i n g  in  t h i s  d e p a r t m e n t .  F o r  
t h e  c o n v e n i e n c e  of t h e  p r i n t e r ,  p l ea se  u n d e r l i n e  words  t h a t  
are  de l im i t e r s  to  a p p e a r  in bo ld face  t y p e .  

A l t h o u g h  each  a l g o r i t h m  h a s  been  t e s t e d  b y  i t s  c o n t r i b -  
u to r ,  no  w a r r a n t y ,  exp res s  or  imp l i ed ,  is m a d e  b y  t h e  con-  
t r i b u t o r ,  t h e  ed i to r ,  or  t h e  A s s o c i a t i o n  for  C o m p u t i n g  
M a c h i n e r y  as to  t h e  a c c u r a c y  a n d  f u n c t i o n i n g  of t h e  al- 
g o r i t h m  a n d  r e l a t ed  a l g o r i t h m  m a t e r i a l ,  a n d  n o  r e sp o n s i -  
b i l i t y  is a s s u m e d  by  t h e  c o n t r i b u t o r ,  t h e  ed i to r ,  or  t h e  
A s s o c i a t i o n  for  C o m p u t i n g  M a c h i n e r y  in  c o n n e c t i o n  t h e r e -  
w i th .  

T h e  r e p r o d u c t i o n  of a l g o r i t h m s  a p p e a r i n g  in  t h i s  d e p a r t -  
m e n t  is exp l i c i t l y  p e r m i t t e d  w i t h o u t  a n y  cha rg e .  W h e n  re-  
p r o d u c t i o n  is for  p u b l i c a t i o n  p u r p o s e s ,  r e fe rence  m u s t  be  
m a d e  to  t h e  a l g o r i t h m  a u t h o r  a n d  to  t h e  Communications 
i s sue  b e a r i n g  t h e  a l g o r i t h m .  
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REMARK ON ALGORITHM 73 
INCOMPLETE ELLIPTIC INTEGRALS [David K. 

Jefferson, Comm. ACM (Dec. 1961)] 
DAVID K.  JEFFERSON 

U. S. Naval Weapons Laboratory, Dahlgren, Virginia 
In regard to Algorithm 73, two errors were found: 

The 34th line of the procedure 

F :-~ abs(k) X sqrt (1--sinphi T 2) 

X (1--k T 2 X s i n p h i  T 2) T ( ( 2 X n - 1 ) / ( 2 X n ) ) ;  

should read 

F :-~ abs(k) X sqrt ( 1 - s i n p h i  T 2) 

× ( 1 - k  ~ 2 X s i n p h i  T 2) T ((2N n - 1 ) / 2 ) / ( 2 × n ) ;  

The 37th line 

L[2] := 511] + 1/(n > 2 X n - - l ) ) ;  

should read 

L[2] := L[1] + 1/(n X (2 X n - l ) ) ;  

In addition, efficiency is improved by interchanging lines 13 
and 14: 

Step 1: n := n + l ;  
cosphi := cos(phi); 

can be replaced by 
cosphi:= cos (phi) ; 

Step 1: n := n + 1; 

CERTIFICATION OF ALGORITHM 87 
PERMUTATION GENERATOR [John R. Howell, 

Comm. ACM (Apr. 1962)] 
G. F. SCHRACK and M. SHIMRAT 
University of Alberta, Calgary, Alb., Canada 

P E R M U T A T I O N  GENERATOR was t ransla ted into FORTRAN 
for the IBM 1620 and it performed satisfactorily.  The algorithm 
was t imed for several small values of n. For purposes of comparison 
we include the times (in seconds) for P E R M U L E X  (Algorithm 
102). 

n 3 4 5 6 7 

P E R M U T A T I O N  GENERATOR 3 41 558 - -  - -  
P E R M U L E X  - -  3 6 37 278 

As can be seen from this table, PERMUTATION GENERATOR is 
considerably slower. I t  is probable tha t  one could speed up 
P E R M U T A T I O N  GENERATOR to a great extent  by rearranging 
the algorithm in such a manner  t ha t  the digits of a number to a 
certain base are permuted rather  than the elements of a sequence. 

CERTIFICATION OF ALGORITHM 93 
GENERAL ORDER ARITHMETIC [Millard H. Per- 

stein, Comm. ACM (June 1962)] 
RICHARD GEORGE 

Particle Accelerator Div. Argonne NationM Laboratory, 
Argonne, Ill. 
Algorithm 93 was programmed for the IBM 1620, using 

"FORTRAN-recursion" (i.e., generous use of the copy rule). The 
program ran without  any modifications and was tes ted through 
te t rat ion.  Fur ther  levels were available, but  were too t ime- 
consunfing to reach. 
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CERTIFICATION OF ALGORITHM 115 
PERM [H. F. Trotter, Comm. ACM (Aug. 1962)] 
G. F. SCHRACK 
University of Alberta, Calgary, Alb., Canada 

P E R M  was t rans la ted  into FORTRAN for the IBM 1620 and i t  
performed satisfactorily.  Timing tests  were carried out under the 
same conditions as for P E R M U T A T I O N  (Algorithm 71) and 
P E R M U T E  (Algorithm 86). 

P E R M  is indeed the fastest  permuta t ion  generator so far en- 
countered.  For  n = 8, P E R M  is 25% faster than  P E R M U T E  
(989 against 1316 sec.). The values for rn are (for a definition of 
r~ , see Certification of Algorithm 71, Comm. ACM, Apr. 1962) : 

n 6 7 8 

rn .92 .95 .98 

ACM Sort Symposium 

November  29, 30, 1962 

Nassau Inn,  Princeton,  N. J. 

Featuring 

. . .  La tes t  techniques implemented  by computer  
manufacturers  and users 

. . .  Hypothe t ica l  solutions for future  generat ion 

computers  

. . .  New techniques for computers  having special 
peripheral  devices 

Open Discussion Periods Will Follow Each Paper 

Are you a member  of the comput ing profession? 

Are you interes ted in sorting? 

If so, you are urged to a t t end  and par t ic ipate  

Advance Registration Required 
No Registration Fee 

Only advance payment  for lunch 

Conference Chairman: M A R T I N  A .  GOETZ,  

Applied Da ta  Research,  Inc., Pr inceton,  N. J. 

Address registration requests and inquiries to: 
Mrs. L. R. Bccker, Applied Data Research, Inc., 

759 State Road, Princeton, N. J. 
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