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Con t r i bu t i ons  to th is  d e p a r t m e n t  m u s t  be in t he  fo rm 
s t a t e d  in t he  A lgor i thms  D e p a r t m e n t  pol icy  s t a t e m e n t  
(Communications, F e b r u a r y ,  1960) except  t h a t  A L G O L  60 
n o t a t i o n  should  be used (see Communications, M a y  1960). 
C o n t r i b u t i o n s  should  be sen t  in dup l ica te  to  J.  H.  Wegs te in ,  
C o m p u t a t i o n  L a b o r a t o r y ,  Na t i ona l  Bureau  of S t anda rds ,  
W a s h i n g t o n  25, D.  C. Algor i thms  should  be in t he  Re fe rence  
fo rm of A L G O L  60 and  w r i t t e n  in a s ty le  p a t t e r n e d  a f t e r  t he  
mos t  r ecen t  a lgo r i thms  appea r ing  in th is  d e p a r t m e n t .  Fo r  
t he  convenience  of t he  p r in te r ,  p lease  under l ine  words  t h a t  
are  de l imi te rs  to  appea r  in bo ldface  type .  

A l though  each  a lgo r i t hm has  been  t e s t ed  by  i ts  con t r ib -  
u tor ,  no w a r r a n t y ,  express  or impl ied ,  is m a d e  by  the  con- 
t r i bu to r ,  t he  ed i tor ,  or t he  Assoc ia t ion  for  C o m p u t i n g  
M a c h i n e r y  as to  t he  accuracy  and  func t ion ing  of t he  al- 
go r i t hm  and  re l a t ed  a lgo r i t hm mate r ia l ,  and  no respons i -  
b i l i ty  is a s sumed  by  the  con t r ibu to r ,  t he  ed i tor ,  or t he  
Assoc ia t ion  for C o m p u t i n g  M a c h i n e r y  in connec t ion  the re -  
wi th .  

T h e  r ep roduc t i on  of a lgo r i t hms  appea r ing  in th is  depa r t -  
m e n t  is expl ic i t ly  p e r m i t t e d  w i thou t  any  charge .  W h e n  re- 
p roduc t i on  is for  pub l i ca t ion  purposes ,  re ference  m u s t  be 
made  to  t he  a lgo r i t hm a u t h o r  and  to  t he  Communications 
issue bea r ing  the  a lgor i thm.  

A L G O R I T H M  129 
M I N I F U N  
V.  W .  WHITLEY 

Signal Missile Support  Agency, White  Sands Missile 
Range, N. Mex. 

p r o c e d u r e  M I N I F U N  (t l ,  bl ,  cps, n, ncnt, fmin ,  xmin, kl,  
GFUN) ; 

v a l u e  t l ,  bl ,  eps, n, ncnt; i n t e g e r  n, ncnt, kl ;  r e a l  fmin ;  
r e a l  p r o c e d u r e  GFUN; a r r a y  t l ,  bl ,  eps, xmin; 

c o n n n e n t  M I N I F U N  is a sub rou t ine  to  find the  m i n i m u m  of a 
func t ion  of n var iab les ,  us ing  the  m e t h o d  of s t eepes t  descen t .  
I n p u t  is : 
1. t l ( i ) ,  i = 1,2, . . .  , n, t he  upper  l imi ts  of t h e  search  region  
2. b l ( i ) ,  i = 1,2, • - • , n,  t h e  lower  l imi ts  of t he  search  region  
3. eps(i), i = 1,2, . . .  , n, t he  convergence  cr i te r ia .  T h e  func-  

t ion  m u s t  be a m i n i m u m  in the  region [ x(i) -- xmin(i) I 
=< eps(i) 

4. n, t he  n u m b e r  of var iab les  ( the d imens ion  of t he  a r rays)  
5. ncnt, t h e  m a x i m u m  n u m b e r  of i t e r a t i ons .  The  rou t ine  

searches  for a m i n i m u m  un t i l  Ix(i) - xmin(i) I =< eps(i) 
for  all i ,  or  un t i l  i c n t =  ncnt, whicheve r  h a p p e n s  first .  

O u t p u t  is : 
1. fmin ,  t he  n f in imum value  of t he  func t i on  
2. xmin(i),  i = 1, . . .  , n, t he  p o i n t  a t  wh ich  the  m i n i m u m  

o c c u r s  

3. kl ,  an e r ror  code 
If kl  = 1, a m i n i m u m  has  been  found  w i th in  t he  specif ied 

n u m b e r  of i t e r a t i ons  and  t h e  n f in imum is less t h a n  all 

values  of t he  func t ion  at  t he  cen te r s  of t he  p lanes  fo rming  
t h e  b o u n d a r y  of t he  eps i lon-cube  

If  kl  = 2, Ax(i) ~ eps(i) b u t  a new m i n i m u m  has  been  found  
If kl  = 3, nent has  been  exceeded  w i t h o u t  Ax(i) ~ eps(i). 

In  th i s  case,  a t e s t  is m a d e  to  see if t he  cu r r en t  m i n i m u m  
is a m i n i m u m  in the  eps i lon-cube .  

M I N I F U N  has  been  w r i t t e n  as a FORTRAN I I  sub rou t ine  and  is 
ava i lab le  f rom the  SMSA C o m p u t a t i o n  Cen te r .  I t  shou ld  be  
n o t e d  t h a t  t he  FORTRAN I I  deck  has  been  t e s t e d  only on some 
re l a t ive ly  s imple  func t ions  of two  var iab les ,  such  as GFUN 
(x,y) = cos(xy).  T h e  wr i t e r  does no t  c la im t h a t  t h e  a l g o r i t h m  
has  been  t h o r o u g h l y  t e s t e d ;  

b e g i n  i n t e g e r  j, i, icnt, k; r e a l  w, dmax, alamb, ft; 
a r r a y  wnew [1 :n],  xt[1 :hi ,  xlb[1 :hi, xub [1 :hi ,  

delx[l:n], dl2x[l:n], xmin[l:n], x[l:nn, 1:4], g [ l : n ,  1:4], 
dxmin [1 : n ], d2xmn [1: n ]; 

c o m m e n t  s t a r t  looking for a m i n i m u m  at  m i d p o i n t  of reg ion;  
f o r  j : =  1 s t e p  1 u n t i l  n d o  

b e g i n  wnew[]] :=  (tl[]] + bl[]])/2; xt[]] :=  wnew[]]; 
xubD ] :=  tl~']; xlb[j]  := bl[ j] ;  delx[j] :=  (xub[j] 

-- xlb[j])/5; 
dl2x[j] :=  delx[J]T2; xmin[j] :=  xt[]] 

e n d  ; 
fmin  :=  G F U N  (xmin); 
f o r  j : =  1 s t e p  1 u n t i l  n do 

b e g i n w  := xt[j]; f o r /  :=  1 s t e p l u n t i 1 4 d o  
b e g i n  x~', i] :=  xlb[j]  + i X delx[j]; 

xt~'] :=  x[j , i];  g[j,i] :=  GFUN(xt); 
e n d  ; 
xtb'] := w; 
dxmin[j] :=  (g[L3] -- g[j,2])/clelxlj]; 
d2xmn[j] :=  (g~',4] - g[j,3] -- g[j,2] -4- g[j,1])/dl2x[]] 

e n d  ; 
c o m m e n t  first  and  second  dif ference q u o t i e n t s  have  been com-  

p u t e d ;  
icnt := 0; dmax :=  dxmin[1]; k := 1; 

nustep: f o r  j :=  2 s t e p  1 u n t i l  n d o  
b e g i n  i f  abs(dmax) < abs(dxmn[j]) t h e n  

b e g i n  dmax := dxmin[j]; k :=  j 
e n d  ; 

e n d ;  
alamb :=  dxmin[k]/d2xmn[k]; w :=  xt[k] -- alamb; 

c o m m e n t  a new coord ina t e  has  been  c o m p u t e d  for t he  va r i ab le  
hav i ng  the  la rges t  f irst  pa r t i a l  de r iva t ive .  I t  will be checked  to  
see if t h e  new p o i n t  s t i l l  lies w i th in  t he  region and  sea rch  will 
con t i nue ;  
i f w  < bl[k] t h e n  w := bl[k] e l s e  i f w  > tl[k] t h e n  w :=  tl[k]; 
xt[k] := w; ft := GFUN(xt); 
i f  f t  < fmin  t h e n  go  t o  check e l s e  

restart: i f  xt[k] < wnew[k] t h e n  go  t o  lbdchk 
e l s e  i f  xt[k] = wnew[k] t h e n  go t o  stnubds 
e l s e  i f  tl[k] > xt[kl t h e n  go  t o  nupbds 
e l s e  xt[k] :=  1.5 X wnewlk]; 

nupbds: xub[k] :=  tl[k]; xlb[k] :=  2 X xt[k] -- tl[k]; go  t o  

newdel ; 
stnubds: xlb[k] :=  xt[k] -- 0.5 X wnew[k]; xub[k] :=  xt[k] "4- 

0.5 X wnew[k]; 
newdel: delx[k] :=  0.2 X (xub[k] -- xlb[k]); d12x[k] :=  delx[k]T2; 

f o r  i : =  1 s t e p  1 u n t i l  4 d o  

b e g i n  x[k,i] :=  xlb[k] + i X delx[k]; w :=  xt[k]; 
xt[k] :=  x[k,i]; g[k,i] := GFUN(xt); xt[k] :=  w 

e n d  ; 
dxmin[k] :=  ( g [ k , 3 ] -  g[k,2])/delx[k]; 
d2xmn[k] :=  (g[k,4] - g[k,3] -- gtk,2] -4- gtk,1])/dl2x[k]; 
icnt := icnt + 1; 
i f  i c n t >  ncnt t h e n  go  t o  outcd e l s e  go  t o  nustep; 

lbdchk: i f x t [k ]  ~ bl[k] t h e n  xt[k] :=  0.5 X wnew[k] 
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elsexlb[k]  :=  bl[k]; xub[k] :=  2.0 X x t [ k ] -  bl[k]; 
go  t o  newdel; 

check: f m i n  :=  f t ;  xmin[kl :=  xt[k]; 
f o r  ] : ~  1 s t e p  1 u n t i l  n d o  ifdelx[]] > epsb" ] t h e n  g o  t o  restart; 

rechecl:: f o r  j :=  1 s t e p  1 u n t i l  n d o  
b e g i n  w :=  xmin[j]; xmin[j] :=  w A- eps~']; f t  :=  GFUN 

(xmin) ; 
i f  f t  < f m i n  t h e n  go  t o  set2; xmin[jJ :=  w - eps[]]; 
f t  := GFUN(xmin);  i f  f t  < f m i n  t h e n  g o  t o  set2; xmin[]] 

e n d ;  
i f k l  < 3 t h e n  kl  :=  1; go  t o  bgend; 
set2: kl :=  2; g o  t o  bgend; 
outcd: k l :  = 3 ;  go  t o  recheck; 
@end: e n d  M I N I F U N ;  

ALGORITHM 130 
PERMUTE 
L t .  B .  C .  EAVES 

U.S.A. Signal Center and School, Fort Monmouth, N. J. 

p r o c e d u r e  P E R M U T E  (A, n, x) 
a r r a y  A ;  i n t e g e r  n ,  x; 
e o n l m e n t  E a c h  e n t r y  i n t o  P E R M U T E  g e n e r a t e s  t h e  n e x t  pe r -  

m u t a t i o n  of t he  f irst  n e l e m e n t s  of A .  If A is r ead  as a n u m b e r  
(A[1]A[2] . . .  A[n]) ,  e ach  g e n e r a t i o n  is l a rge r  t h a n  t h e  l a s t :  
n : ~  4,  ~ :-~ 1 

A[1] 1 1 1 8 8 8 

A[2] 1 8 8 1 1 8 P e r m u t a t i o n s -  4! 
A[3] 8 1 8 l 8 1 2!2! 
A[4] 8 8 1 8 1 1 end  

Iden t i c a l  e l e m e n t s  in  A reduce  t h e  n u m b e r  of p e r m u t a t i o n s .  T h e  
a r r a y  s h o u l d  be o rde red  before  t h e  first  call  on P E R M U T E .  
I n t e g e r  x specif ies t h e  first  e l e m e n t s  whose  o rder  s h o u l d  be p re -  
s e rved :  n :=  4, x :=  3 

A[1] 1 1 1 4 

A[2] 2 2 4 1 P e r m u t a t i o n s  = 4_] 
A[3] 3 4 2 2 3! 
A[4] 4 3 3 3 end  

Before  t h e  f irst  call  on P E R M U T E  for  a g iven  a r r a y ,  first 
s h o u l d  be m a d e  t r u e .  If  more is t r u e ,  t h e n  P E R M U T E  was able  
to  give a n o t h e r  p e r m u t a t i o n ;  

b e g i n  a r r a y  B [ l : n ] ;  i n t e g e r  f ,  i ,  k, m,  p;  r e a l  r ;  o w n  r ea ]  t; 
i f  first t h e n  t := A[x];first  := f a l s e ;  
f o r  i :=  1 s t e p  1 u n t i l  n d o  B[i] :=  0; 
f o r  i :=  n s t e p  --1 u n t i l  2 d o  

b e g i n  i f A [ i ]  > tAA[i]  > A[i  - 1] t h e n  go  t o  find; e n d ;  
more := f a l s e ;  go  t o  exit; 

find: f o r k  :=  n s t e p  - 1  u n t i l i d o  
b e g i n  i f  A[k] > tAA[k] > A[i  - 1 ]  t h e n  

b e g i n  B[k] :=  A[k]; m :=  k; e n d ;  e n d ;  
f o r  k :=  n s t e p  --1 u n t i l  i d o  

b e g i n  i f  B[k] > 0 AB[k] < B[m] t h e n  
b e g i n  B[m] :=  B[k]; f : =  k; e n d ;  e n d ;  

r :=  A [ i - -  1]; A [ i - -  1] : =  B[m];  A[f]  :=  r ;  
schell: p :=  i - 1 ; m  :=  n - p ;  

f o r  m :=  m / 2  -- .4 w h i l e  m > 0 d o  
b e g i n  k :=  n - m ;  
f o r  f :=  p -4- 1 s t e p  1 u n t i l  k d o  

b e g i n  i :=  f ;  
comp: i f  A[i]  > A[ i  A- m] t h e n  

b e g i n r  :=  A[i ~ m];  A[i-4- m] :=  A[i] ;  
A[i] :=  r ; i  :=  i - - m ;  
i f / > -  p + 1 t h e n  g o  t o  comp; 
e n d  e n d  e n d  schell; 

exit : e n d  P E R M U T E  

ALGORITHM 131 
COEFFICIENT DETERMINATION* 
V.  H .  SMITH AND M .  L .  A L L E N  

Georgia Institute of Technology, Atlanta 13, Ga] 
* T h i s  p r o c e d u r e  p e r t a i n s  to  r e s e a r c h  work  s p o n s o r e d  in p a r t  

by  N S F  G r a n t  G-7361. 

p r o c e d u r e  D E T  (n, G, H ) ;  
a r r a y  G, H ;  i n t e g e r  n ;  
c o m m e n t  G i v e n  t h e  f irst  n coeff icients  of t h e  power  ser ies  

G(z) = g~ + g2z + g3z ~ + . . .  + g,z ~-1 + . . .  , a n d  H(z) = h~ + 
h2z + h3z ~ + . . .  + h,,z,,-1 + . . .  , t h i s  p r o c e d u r e  d e t e r m i n e s  t h e  
coeff icients  d~ , i = 1, . . .  , n,  of t h e  power  ser ies  wh ich  is t h e  
e x p a n s i o n  of t h e  q u o t i e n t  H(z)/G(z).  I t  is a s s u m e d  t h a t  gL ~ 0. 
T h e  a r r a y s  G a n d  H in i t i a l l y  c o n t a i n  t h e  coeff icients  of G(z) a n d  
H(z), r e s p e c t i v e l y .  T h e  i n t e g e r  n is t he  n u m b e r  of k n o w n  coeffi- 
c i en t s  in  t h e  e x p a n s i o n  of G(z) a n d  H(z).  A t  t h e  conc lus ion ,  H~ 
c o n t a i n s  t h e  coefficient  di . T h e  p r o c e d u r e  m a y  a lso  be use fu l  in  
c a l c u l a t i n g  r e s idues  for c e r t a i n  c o m p l e x  f u n c t i o n s .  S u p p o s e  
F(z) = H(z)/G(z) is a c o m p l e x  v a l u e d  f u n c t i o n  of a co m p lex  
v a r i a b l e  a n d  t h a t  F h a s  a p01e of o rder  m a t  z = b, wh e re  H(z) = 
~ = ~  hk(z -- b) ~-~, G(z) = ~?=~ gk(z - b) k+''-~, a n d  gl ~ 0, 
h~ re 0. T h e  r e q u i r e d  r e s idue  a t  z = b is d~ w h e r e  

= ~ dj(z -- b)i-L 

F o r  m o r e  on t h i s ,  one is r e fe r red  to  E i n a r  Hi l le ,  " A n a l y t i c  F u n c -  
t i on  T h e o r y ,  Vol. I,  " G i n n  a n d  Co. ,  1959, pages  242-244; 

b e g i n  i n t e g e r  i,  j ,  n; r e a l  alpha, beta; 
alpha :=  1/G[I]; 

f o r  j :=  1 s t e p  1 u n t i l n  d o  
b e g i n  beta :~ alpha X H[j];  

f o r  i :=  j T 1 s t e p  1 u n t i l  n d o  
H[i] :=  H[i] -- (beta X G[i - j + 1]) e n d ;  

f o r  j :=  1 s t e p  1 u n t i l  n d o  
H[]] :=  H[j] X alpha; 

e n d  D E T  

ALGORITHM 132 
QUANTUM MECHANICAL INTEGRALS OVER 

ALL SLATER-TYPE INTEGRALS 
J. C. BROWNE 
The University of Texas, Austin, Tex. 

r e a l  p r o c e d u r e :  allslater (p,q,pe,qe,np,nq,lp,lq,mp,mq,na,nb) 
i n t e r n u c l e a r  d i s t a n c e :  (r);  
r e a l  pe,qe,r; i n t e g e r  p,q,np,nq,lp,lq,mp,mq, 

na,nb ; 
c o m m e n t  T h e  S l a t e r - t y p e  o rb i t a l s  f r e q u e n t l y  u se d  in q u a n t u m  

m e c h a n i c a l  c a l c u l a t i o n s  on a t o m s  a n d  mo lecu le s  are  def ined as 
m p  

p = k(np,pe) r u b l e  -(p~)r Y~v (0, q~), where  k(np,pe) is a n o r m a l -  
i z a t i on  c o n s t a n t ,  Y~'ffO,¢~) is a sphe r i ca l  h a r m o n i c  w i th  t h e  
p h a s e  c o n v e n t i o n  [Y1"(0,4~)]* = (-1)mY~"(O,¢),  np is a pos i t i ve  
i n t ege r ,  lp is an  in t ege r ,  lp < up, mp is an  in t ege r ,  - lp ~ mp 
=< lp; and  pe is a real  p o s i t i v e  c o n s t a n t .  A l g o r i t h m  110, Y.  A. 
K r u g l y a k  a n d  D .  R .  W h i t m a n  (Comm. ACM,  J u l y  1962) s e rves  
to  c o m p u t e  i n t e g r a l s  over  c e r t a i n  ope ra to r s  of a q u i t e  r e s t r i c t e d  
c lass  of S l a t e r - t y p e  o rb i t a l s ,  np ~ 4, lp ~ 1, m p =  0. T h e  a lgo-  
r i t h m  g iven  here  will c o m p u t e  all  i n t e g r a l s  of t h e  fo rm 

f p~(r:¢)q~dr 
w h i c h  can  be  exp re s sed  in t e r m s  of t h e  s imp le  A,~(b) an d  B,(a) 
f u n c t i o n s .  T h e  s u b s c r i p t  c d e n o t e s  e i t h e r  of t h e  two  nuc le i  of 
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a diatoinic molecule.  These  in tegra ls  include all those  one-elec- 
t ron  in tegrals  necessary  for a convent iona l  energy calculat ion 
on a dia tomie molecule. In  the  a r g u m e n t s  of allslater p and q 
are numerica l  des ignat ions  for the  respect ive  orbi ta ls ,  p and q 
are even or odd as t hey  respect ive ly  are associa ted  wi th  the  
" l e f t , "  a, nucleus  or " r i g h t , "  b, nucleus  of a d ia tomie  molecule.  
Global  a r rays ,  fact 1, of factor ials  and binom, of binomial  co- 
efficients are assumed.  We first define some procedures  uti l ized 
by  allslater. The  main  p r o g r a m  begins at  the  label set; 

b e g i n  r e a l  normn, r2, alpha, beta, s, clp, clq, bpci; 
i n t e g e r  nsum, lsum, peven, qeven, podd, godd, l imitp,  limitq, 
g, h, i, j ,  n lp ,  nlq ,  lmp, Imq, gama, gamb, aidaa, aidab, gain, 
aida, num2; r e a l  a r r a y  avalues [0:21], bvalues[0:21]; r ea l  p r o -  
c e d u r e  el, bpc, 'modulus; 

r e a l  p r o c e d u r e  el(1,m,j); v a l u e  1,re,j, i n t e g e r  1,re,j; 
b e g i n  cl := ((--1)TJ)X fac t l [2X( l  - i)]/((2tl)  × fact1 

[ l - 2 X j - m ] X  
factl[l -- j ]X factl[i]) 

e n d  cl ; 
r e a l  p r o c e d u r e  bpe(i, i, k); v a l u e  i , j ,k,  i n t e g e r  i,],k; 

b e g i n  r e a l  t; i n t e g e r  m;  t :=  0; 
f o r  m := 0 s t e p  1 u n t i l  k d o  
b e g i n  t := t + ( ( - 1 )  ~ (k -- m) 

X binom It, m ] X  binom [J, k - m] 
e n d  

e n d  bpc ; 
r e a l  p r o c e d u r e  modulus (i, j) ; v a l u e  i, j; i n t e g e r  i, j ;  

b e g i n  modulus :== 1 --abs(i + j) X i 
e n d  modulus ; 

p r o c e d u r e  avector (b, nmax, avalues); v a l u e  b, nmax; 
r e a l  b; i n t e g e r  nmax; r e a l  a r r a y  avalues; 

b e g i n  i n t e g e r  m; 
avalues [O ] = ex p ( -  b ) /b ; 
i f  nmax = 0 t h e n  go t o  exit; 
f o r  m = 1 s t e p  1 u n t i l  nmax do 
b e g i n  avalues[m] = avalues[O] + (m/b) X avalues[m - 1] 
e n d ;  

exit: e n d  avector; 
p r o c e d u r e  bvector(a nmax, bvalucs); v a l u e  a, nmax; r e a l  a; 

i n t e g e r  nmax; r e a l  a r r a y  bvalues; r e a l  p r o c e d u r e  modulus; 
c o m m e n t  This  procedure  computes  a sequence of va lues  for the  

in tegral ,  B,,(a) = f _l x~e_~,dx ' for  n = 0 to n = nmax. If  a 
alim then  Bo(a) is compu ted  and u p w a r d  recurs ion  is used to  
generate  the  h igher  n values .  If  a < alim t hen  B ...... (a) is com- 
pu t ed  by  series expans ion  and  dow nw ard  recurs ion  is used to 
generate  the  smal ler  n values ,  alim is de te rmined  wi th in  the  
p r o g r a m  by a s implif icat ion of a resul t  of Gautsch i  (J. A C M  8, 
21 (1961)). Gau t sch i  has  made  an analys is  of the  recurs ive  pro-  
cedures for the  B,(a)  which  could be t aken  as a model  for  workers  
in molecular  q u a n t u m  mechanics ;  
b e g i n  r ea l  fxx,  fxy,  numerator, dehorn, sum, factorl,  tsum 

factor2, t, aa; i n t e g e r  m,mn; 
b e g i n  i f  abs(a) >= ((nmax+nmax/6+3)/2 .3)  t h e n  

up: b e g i n  fxx  := exp(a); 
fxy  := 1/fxx; 
bvalues [0] := (fxx-fxy)/a; 
f o r  m := 1 s t e p  1 u n t i l  nmax do 

l )eg in  fxx  :=  -- fxx;  
bvalues[m] := ( f x x - f x y  + m X 
bvalues Ira-- l ] ) /a  

e n d  ; 
go t o  ex i t ;  

e n d  up  ; 
down: b e g i n  aa := axa; 

i f  modulus (nmax, 2 ) # 0  t h e n  

setodd: b e g i n  numerator := nmax +4- 2; 
sum := a/numerator; 
factorl :=  --2;  

factor2 := 3; 
go t o  compute; 

e n d  setodd ; 
seteven : b e g i n  numerator :=  nmax + 1; 

sum :=  1~numerator; 
factor1 :=  factor2 :=  2; 

e n d  seteven ; 
compute: b e g i n  denom :=  numerator + 2; 

t :=  sum; 
t :=  ((((t/factor2)Xaa) 

/ ( factor2-1) ) X numerator) 
/denom; 

tsum :=  t + sum; 
i f  ( s u m - t s u m ) = O  t h e n  
b e g i n  bvalues[nmax] := sum X factor1; 

go t o  recur; 
e n d ;  

b e g i n  factor2 :=  factor2 + 2; 
numerator :=  dehorn; 
sum := tsum; 

go t o  compute; 
e n d  compute ; 

recur : b e g i n  f xx  := exp(a) ; 
f x y  :=  1/ fxx;  
mn :~ nmax --1; 
i f  modulus(nmax, 2) ~ 0 t h e n  

f xx  := -- fxx;  
f o r  m := mn s t e p  --1 u n t i l  0 d o  
b e g i n  f xx  = -- fxx  ; 

bvalues[m] := ( fxx+fxy  + a X 
bvalues[m + l ]) / (m + l ) ; 

e n d  
e n d  recur ; 

e n d  down ; 
e n d ;  

exit: e n d  bveetor; 
set: b e g i n  i f  (rap + mq) # 0 t h e n  

b e g i n  allslater := 0.0; go  t o  exit e n d ;  
set: b e g i n  norm := sqrt (((2Xpe)T 

( 2 X n p + l )  X ( 2 x l p + l )  X f a c t l [ l p - m p ]  X (2Xqe)T 
( 2 X n q + l )  X ( 2 x l q + l )  X factl[lq-mq])/(factl[2X 
np] X fact l[ lp+mp] X factl[2Xnq] X factl[lq+mq] X 
4));  

nsum := n p + n q ;  
lsum :=  lp+lq;  
r2 := r/2; 
norm :=  norm X ( r2T(nsum+l+na+nb) ) ;  
alpha := r2 X (pe+qe) ; 
beta := r2 X (( ( - -1)~p)Xpe +4- ( ( - 1 ) Tq )  X qe); 
hum2 := 2; 
avector (alpha, nsum, avalues) ; 
bvector (beta, nsum, bvalues) ; 
peven := modulus ( p + l , 2 ) ;  
qeven := modulus ( q + l , 2 ) ;  
podd := modulus (p,2); 
qodd := modulus (q,2); 
l imi tp  :=  ( l p - m p )  +num2;  
limitq := ( l q -mq)  +hum2;  
s : = 0 ;  

e n d  set; 
sum: b e g i n  f o r  g := 0 s t e p  1 u n t i l  l imitp d o  

b e g i n  clp  := cl(lp,mp,g); 
f o r  h := 0 s t e p  1 u n t i l  l imitq do  

b e g i n  clq := cl(lq,mq,h); 
n l p  := n p - l p + 2 X g - - 1 ;  
n l p  := n q - l q + 2 X h - 1 ;  
lmp := l p - m p - 2 X g ;  
lmp :=  l q - - m q - 2 X h ;  
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gama := nlp  X peven + nlq X qeven +1 +na; 
gamb := nlp  X podd + nlq X godd +1 +nb; 
aidaa := lmp X peven + Imq X qeven; 
aidab := l i p  X podd + lmq X qodd; 
gain = gama + gamb; 
aida = aidaa -4- aidab ; 
for  i := 0 s t e p  1 u n t i l  gain d o  
b e g i n  bpci := bpc(gama, gamb, i) ;  
for  j := 0 s t e p  1 u n t i l  aida d o  
b e g i n  
s := s+ clp X clq X bpci X 
bpc(aidaa, aidab, j) X 
avalues [nsum + na + nb--i--  j ] 
X bvalues[lsum - 2  X (g+h) q - i - j ] ;  
e n d  
e n d  
e n d  
e n d ;  

allslater := s X norm; 
e n d  sum ; 

exit: e n d ;  
e n d  allslater; 
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R A N D O M  

PETER G. BEHRENZ 

M a t h e m a t i k m a s k i n n ~ m n d e n ,  S t o c k h o l m ,  S w e d e n  

real  p r o c e d u r e  R A N D O M  (A, B, X0); 
v a l u e  A, B, X0; 
real  A, B; 
i n t e g e r  X0; 
c o m m e n t  R A N D O M  generates a rectangular dis t r ibuted 

pseudo-random number in the interval A < B. X0 is an integer 
start ing-value.  The first t ime R A N D O M  is used in a program 
X0 should be a positive odd integer with 11 digits, X0 < 2 ~5 = 
34 359 738 368. The following times R A N D O M  is used, X0 should 
be X0 = 0. The inathematical  method used is X~+~ = 5 X~ 
(rood 235). This sequence has period 233). R A N D O M  was suc- 
cessfully run on F A C I T  EDB using FACIT-ALGOL 1, which 
is a realization of ALGOL 60 for F A C I T  EDB,  except for the 
declarator own,  which is not included in FACIT-ALGOL 1. 
To test  RANDOM,  we computed 1/N ~ X~ and 1/N ~ Xn ~ 
in the interval 0,1 for N = 500, 1000, 5000. The s tar t ing-  
value was X0 = 28 395 423 107. The results were 0.50625, 
0.48632, 0.50304 and 0.34304, 0.31681, 0.33469. Theoretically 
one expects 0.50000 and 0.33333; 

b e g i n  
i n t e g e r  M35, M36, M37; 
o w n  i n t e g e r  X;  
i f  X0 ~ 0 t h e n  b e g i n  
X := X0; M35 := 34 359 738 368; M36 := 68 719 476 736; 
M37 := 137 438 953 472 e n d ;  X := 5 X X;  
i f X  ~ M37 t h e n  X := X -- M37; 
i f  X >= M36 t h e n  X := X - M36; 
i f X  >= M35 t h e n  X := X - M35; 
R A N D O M  := X/M35 X (B -- A) + A e n d  

) 
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E X P O N E N T I A T I O N  O F  S E R I E S  

HENRY E.  FETTIS 

A e r o n a u t i c a l  R e s e a r c h  L a b o r a t o r i e s ,  W r i g h t - P a t t e r s o n  

Ai r  F o r c e  Base ,  Ohio  

p r o c e d u r e  S E R I E S P W R ( A ,  B, P,  N) ; 

c o m m e n t  This procedure calculates the coefficients B[i] for 
the se r ies ( f  (x)) P ~g(x )  =" l + ~ B[i] X x T i , ( i =  1,2, . . .  ,N )  
given the coefficients of the series f(x) = 1 + ~ A [ i ]  X x T i. 
P may be any real number; 

v a l u e  A ,  P ,  N ;  
a r r a y  A, B ; 
i n t e g e r  N ; 
b e g i n  i n t e g e r  i, £; 
r ea l  p, s; 

B[1] := P X A[1]; 
fo r  i := 2 s t e p  1 u n t i l  N do 
beg in  s := 0; 

for  k := 1 s t e p  1 u n t i l  i - -1 d o  
S := s + (P X [i-k] -- k) X B[k] X A[ i -k] ;  
B[i] := P X A[i] + (s/i) 
e n d  for i;  

end  S E R I E S P W R  
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C R O U T  W I T H  E Q U I L I B R A T I O N  A N D  I T E R A T I O N  

WILLIAM MARSHALL M c K E E ~ A N *  

S t a n f o r d  U n i v e r s i t y ,  S t a n f o r d ,  Calif .  
* This work was supported in part  by the Office of Naval Re- 

search under contract  Nonr 225(37). 

p r o c e d u r e  L I N E A R S  Y S T E M  (A) order :(n) r ight-hand sides :(B) 
number of r ight-hand sides :(m) answers :(X) determinant  :(det, 
ex) condition of: A :(cnr) ; 

i n t e g e r  n, m, ex; rea l  det, cnr; rea l  a r r a y  A, B, X;  
c o m m e n t ,  L I N E A R  S Y S T E M  uses Crout 's  method with row 

equilibration, row interchanges and i terat ive improvement  
for solving the matrix equation A X  = B where A is n × n and 
X and B are n X m. As special cases one sees tha t :  for m =< 0, 
only the determinant  of A is evaluated, for m = 1, the algo- 
r i thm solves a system of n equations in n unknowns, for m = n 
and B = the ident i ty  matrix,  the algorithm inverts  A. 

If the algorithm breaks down for a singular or nearly singular 
matrix A, exit to a non-local label "s ingular"  is provided. Five 
auxiliary procedures: E Q U I L I B R A T E ,  CROU.T, PRODUCT,  
R E S I D U A L S  and S O L V E  are declared with appropriate com- 
ments after the end of this procedure. This code is the result of 
the joint  efforts of G. Guthrie, W. McKeenmn, Cleve Moler, 
Margaret  Sahnon, Alan Shaw and R. Van Wyk. I t  was wri t ten 
following ideas presented by J. H. Wilkinson as a visiting lec- 
turer in Professor George E. Forsythe ' s  class in Advanced Nu- 
merical Analysis at  Stanford, 1962; 

b e g i n  i n t e g e r  a r r ay  pivot [l:n]; i n t e g e r  i, j, k; rea l  mx; 
rea l  a r r a y  LU[i:n,  l :n] ,  y, res, mult[l:n]; 
c o m m e n t ,  remove appropriate  factors from the rows of A... ; 
E Q U I L I B R A T E ( A ,  n, malt); 
c o m m e n t  ... and save the result for the eventual computation 
of residuals during i terat ion;  
fo r  i := 1 s t e p  1 u n t i l  n d o  

for  j := 1 s t e p  1 u n t i l  n do LU[i,j] := A[i,]]; 
c o m m e n t ,  decompose the matr ix  into tr iangular  factors; 
CROUT(LU, n, pivot, get); 
c o m m e n t ,  assuming tha t  there was no exit to "s ingular" ,  
evaluate the determinant  in the form det × (10.0 T ex) ; 
for  i := 1 s t e p  1 u n t i l  n do y[i] := LU[i,i] X mult[i]; 
det := det X PRODUCT(y,I,n,ex); 
c o m m e n t ,  now begin to process r ight-hand sides; 
f o r  k :=  1 s t e p  1 u n t i l  m d o  
b e g i n  i n t e g e r  i, count, limit; rea l  normy, kr; 

kr : = k ;  
c o m m e n t ,  scale the r ight-hand side; 
for  i := 1 s t e p  1 u n t i l  n do  res[i] := B[ifl] := B[i,k]/mult[i]; 
c o m m e n t ,  store the first approximation and its L(1) norm; 
normy := 0; 

C o m m u n i c a t i o n s  o f  t h e  ACM 553 



SOLVE(LU,  n, res, pivot, y) ; 
f o r  i :=  1 s t e p  1 u n t i l  n d o  
b e g i n  

normy :=  normy + abs(y[i]); 
X[i,k] :=  yli] 

e n  d ; 

c o m m e n t ,  e n t e r  t h e  i t e r a t i n g  loop.  T h e  i t e r a t i o n  is t e r m i -  
n a t e d  on t h e  i n t e g e r  " l i m i t "  w h i c h  i t se l f  is d e t e r m i n e d  on 
t h e  bas i s  of t h e  succes s  of t h e  first  i t e r a t i o n  a n d  a m a c h i n e -  
d e p e n d e n t  retfl n u m b e r  d e s i g n a t e d  he re  b y  "eps". F o r  
"eps", t h e  p r o g r a m m e r  m u s t  i n s e r t  t h e  l a r g e s t  real  n u m -  
ber  s u c h  t h a t  eps + 1.0 = 1.0 ; 

f o r  count :=  1, 2 s t e p  1 u n t i l  limit d o  
b e g i n  i n t e g e r  i ;  r e a l  t; 

c o m m e n t ,  c o m p u t e  t h e  r e s idua l s  of t h e  so l u t i on  y; 
R E S I  D U A L S  (.A ,n,B ,k,X ,res ) ; 
c o m m e n t  ... a n d  find t h e  n e x t  i n c r e m e n t  to  t h e  s o l u t i o n ;  
SOL VE (LU ,n,res,pivot,y) ; 
c o m m e n t ,  se t  tip t e r m i n a t i o n  c o n d i t i o n s ;  
i f  count = 1 t h e n  
b e g i n  r e a l  normdy; 

normdy :=  0; 
f o r  i :=  1 s t e p  1 u n t i l  n d o  normdy :=  normdy~-abs(y[i]) ; 
i fnormdy = 0 t h e n  b e g i n  cnr :=  1.0; go  t o  enditer e n d ;  
t :=  normy/normdy; 
c o m m e n t ,  T h e  q u a n t i t y  ][ A [[.]] A -~ [[ ( spec t ra l  n o r m )  

is ca l led  t h e  c o n d i t i o n  n u m b e r  of t h e  m a t r i x  A .  I t  is 
a m e a s u r e  of t h e  di f f icul ty  in  so l v i ng  t h e  i n p u t  e q u a t i o n  
a n d  a p p e a r s  n a t u r a l l y  in  e r ro r  b o u n d s  for t h e  s o l u t i o n  
(see W i l k i n s o n  [3]). cnr is a d i rec t  m e a s u r e  of t h e  
e r ro r  a n d  e x p e r i m e n t a l l y  a p p r o x i m a t e s  t h e  c o n d i t i o n  
n m n b e r  ; 

cnr :=  ((kr -- 1.0) X cnr + 1.O/(eps X t))/kr; 
i f  t < 2.0 t h e n  go  t o  sing~dar; 
limit :=  ln(eps)/ln(1.O/t); 

e n d ;  
c o m m e n t ,  s to re  t h e  new  a p p r o x i m a t i o n ;  
f o r /  :=  1 s t e p  1 u n t i l  u d o  X[i,k] :=  X[i,k] :=  X[i,k] + y [ i ] ;  

e n d  iteration; 
enditer : 

e n d  right-hand sides 
e n d  L I N E A R  S Y S T E M ;  
p r o c e d u r e  E Q U I L I B R A T E  (A) orde r : (n )  multipliers:(mult); 
i n t e g e r  n ;  r e a l  a r r a y  A,  mult; 
c o m m e n t ,  sca l ing  t:he rows of t h e  m a t r i x  A to  r o u g h l y  t h e  s a m e  

m a x i m u m  m a g n i t u d e  (here,  d i v i d i n g  by  t h e  l a r g e s t  e l e m e n t )  
a l lows t h e  p r o c e d u r e  CROUT to se lec t  e f fec t ive  p i v o t a l  e l e m e n t s  
for  t h e  G a u s s i a n  d e c o m p o s i t i o n  of t h e  m a t r i x .  T h e  i t e r a t i n g  
p r o c e d u r e  will c o n v e r g e  to  t h e  s o l u t i o n  for  t h e  e q u i l i b r a t e d  
m a t r i x  r a t h e r  t h a n  t h e  i n p u t  m a t r i x .  If  t h e  m a t r i x  is  b a d l y  
c o n d i t i o n e d  t h e n  the  s o l u t i o n  is s e n s i t i v e  to  p e r t u r b a t i o n s  in  
t h e  i n p u t  a n d  t h e  sca l ing  d iv i s ion  m u s t  be done  n o t  b y  t h e  
l a r g e s t  e l e m e n t  b u t  r a t h e r  by  t h e  power  of t h e  m a c h i n e  n u m b e r  
base  (2 a n d  10 for b i n a r y  a n d  dec imal  m a c h i n e s ,  r e s p e c t i v e l y )  
n e a r e s t  t h e  l a r g e s t  e l e m e n t  so  as to  a v o i d  r o u n d i n g  e r ro r s .  
E q u i l i b r a t i o n  is d i s c u s s e d  in r e fe rence  [3] p. 284; 

b e g i n  i n t e g e r  i ;  r e a l  rex; 
f o r t  :=  1 s t e p  1 u n t i l n d o  
b e g i n  i n t e g e r  j ;  

mx  :=  0.0; c ( ) r n m e n t ,  find t h e  l a r g e s t  e l e m e n t ;  
f o r  j :=  1 s t e p  1 u n t i l  n d o  

i f  abs(A[i,k]) > mx t h e n  mx  : =  abs(A[i,k]); 
i f  m x =  0.0 t h e n  go  t o  s i n g u l a r ;  
c o m m e n t ,  now s to re  t h e  m u l t i p l i e r  a n d  scale  t h e  row;  
mult[i] := mx; c o m m e n t  :=  ba se  T ex for  exac t  s ca l ing ;  
i f  mx ~ 1.0 t h e n  

f o r  j :=  1 s t e p  1 u n t i l  n d o  A[i,j] :=  A[i,j]/mx 
e n d  

e n d  EQ U I L I B R A  TE; 
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p r o c e d u r e  CRO UT  (A) order  : (n) p i v o t s  : (pivot) i n t e r c h a n g e s  : (sg). 
i n t e g e r  n ;  i n t e g e r  a r r a y  pivot; r e a l  a r r a y  A ;  r e a l  sg; 
c o m m e n t ,  t h i s  is C r o a t ' s  m e t h o d  w i t h  row i n t e r c h a n g e s  as 

f o r m u l a t e d  in  r e fe rence  [1] for  t r a n s f o r m i n g  t h e  m a t r i x  A i n to  
t h e  t r i a n g u l a r  d e c o m p o s i t i o n  L U  w i t h  all t h e  L[k,k] = 1.0. 
pivot[k] s to re s  t h e  i n d e x  of t h e  p i v o t a l  row a t  t h e  k - t h  s t a g e  of 
t h e  e l i m i n a t i o n  for use  in  t h e  p r o c e d u r e  SOLVE; 

b e g i n  i n t e g e r  i, ], k, imax, p; r e a l  t, quot; 
r e a l  p r o c e d u r e  IP1 (A) e x t r a  t e r m  : (t) l e n g t h  : (f) ; 
i n t e g e r  f ;  r e a l  t; r e a l  a r r a y  A ;  c o m m e n t  non- loca l  i ,  ], k; 
c o m m e n t ,  IP1 f o rms  a row by  c o l u m n  i n n e r  p r o d u c t  of A ,  

n a m e l y  t h e  s u m  of All,p] X A[p,k] for  p :=  1, 2, ... , f ,  a n d  
t h e n  adds  t h e  e x t r a  t e r m  t. If  f < 1, t h e  v a l u e  of IP1 is t. 
T h i s  p r o c e d u r e  is t h e  i n n e r  loop of t h e  a l g o r i t h m .  T h e  p ro -  
g r a m m e r  c a n  expec t  a s u b s t a n t i a l  a d v a n t a g e  f r o m  s u b s t i -  
t u t i n g  a f a s t e r  a n d  m o r e  a c c u r a t e  i n n e r  p r o d u c t  h e r e ;  

b e g i n  r e a l  s u m ;  i n t e g e r  p;  
s u m  :=  t;  
f o r  p :=  1 s t e p  1 u n t i l f  d o  s u m  :=  s u m  + All,p] X A[p,k]; 
IP1 := s u m  

e n d  IP1 ; 
sg := 1.0; 
c o m m e n t ,  k is t h e  s t a g e  of t h e  e l i m i n a t i o n ;  
f o r  k :=  1 s t e p  1 u n t i l  n d o  
b e g i n  

t : = 0 ;  
f o r  i :=  k s t e p  1 u n t i l  n d o  
b e g i n  c o m m e n t ,  c o m p u t e  L.  N o t e  t h a t  t h e  first  ca l ls  on IP1 
are  e m p t y ;  

A[i,k] :=  - - I P i ( A ,  - A [ i , k ] , k - 1 ) ;  
i f  abs(A[i,k]) > t t h e n  

b e g i n  t :=  abs(A[i,k]); imax :=  i e n d  
e n d ;  
i f  t = 0 t h e n  go  t o  singular; 
c o m m e n t ,  A[imax,k] is t h e  l a r g e s t  e l e m e n t  in  t h e  r e m a i n d e r  

of c o l u m n  k. I n t e r c h a n g e  rows if n e c e s s a r y  a n d  r eco rd  t h e  
c h a n g e ;  

pivot[k] :=  imax; 
i f  imax ~ k t h e n  
b e g i n  

s g  :=  - - s g ;  
f o r  j :=  1 s t e p  1 u n t i l  n d o  
b e g i n  

t :=  A[k,]l; A[k,jl :=  A[imax, 3']; A[imax, j] :=  t 
e n d  

e n d ;  
c o m m e n t ,  c o m p u t e  a c o l u m n  of m u l t i p l i e r s ;  
quot :=  1.0/A[k,k]; 
f o r  i :=  k + l  s t e p  1 u n t i l  n d o  A[i,k] :=  A[i,k] X quot; 
c o m m e n t ,  a n d  c o m p u t e  a row of U;  
f o r  j :=  k-4-1 s t e p  1 u n t i l  n d o  

A[k,j] :=  - I P i ( A , - A [ k , j l , k - 1 )  
e n d  

e n d  CROUT ; 
r e a l  p r o c e d u r e  PRODUCT ( fac tors )  s t a r t : ( s )  f in i sh : ( f )  

e x p o n e n t  : (ex) ; 
i n t e g e r  s,f,ex; r e a l  a r r a y  factors; 
c o m m e n t ,  PRODUCT m u l t i p l i e s  t h e  n u m b e r s  s t o r e d  f r o m  i n d e x  

s t h r o u g h  f i nc lu s ive  in  t h e  a r r a y  " f a c t o r s " ,  p r e v e n t i n g  ex-  
p o n e n t  overf low. T h e  a n s w e r  is n o r m a l i z e d  so t h a t  1.0 > abs 
(PRODUCT) ~ 0.1. T h e  e x p o n e n t  a p p e a r s  in  ex; 

b e g i n  i n t e g e r  i ;  r e a l  p,  p l ;  
ex :=  0; p :=  1.0; 
f o r t  :=  s s t e p  1 u n t i l f d o  
b e g i n  

p l  :=  factors [i1; 
i fabs(p l )  < 0.1 t h e n  b e g i n  p l  = 10.0 X p l ;  ex :=  e x - 1  

e n d  ; 
p : = p X p l ;  



i f p  = 0 t h e n  b e g i n  ex := 0; go t o f i n  e n d ;  
1: i f  abs(p) < 0.1 t h e n  

b e g i n p  := p X  10.0; ex : = e x - - 1 ; g o t o l e n d ;  
2: i f a b s ( p ) ~ l . 0  t h e n  

b e g i n p  := p/10.0; ex := e x + l ;  g o t o 2 e n d ;  
e n d  ; 
fin: PRODUCT := p 

e n d  PRODUCT;  
p r o c e d u r e  R E S I D U A L S  (A) order:(n) r ight-hand sides:(B) 

column of B:(k) approximate soluti0n:(X) residuals:(res);  
i n t e g e r  n, k; rea l  a r r a y  A,  B, X ,  res; 

e m n m e n t ,  R E S I D U A L S  computes b -- A y  where b is the kth 
column of the r ight-hand side matr ix  B and y is the kth column 
of X;  

real  p r o c e d u r e  I P 2  (A) row: (i) order:(n) approximate  
solution :(X) 

column :(k) extra therm :(t) ; 
i n t e g e r  i, k, n; r ea l  t r ea l  a r r a y  A,  X ;  
c o m m e n t ,  IP2  forms the inner product  of row i of the matr ix  

A and column k of the solution matr ix  X, then adds the 
single term t. I t  is essential tha t  I P 2  be an "accumula t ing"  
or double precision inner product  as discussed in reference 
[3] p. 296. The value of I P 2  is the rounded single precision 
result of the double precision ari thmetic.  The body of the 
procedure is left undefined; 

b e g i n  i n t e g e r  i;  
for  i := 1 s t e p  1 u n t i l  n do 

res[i] := - -1P2(A, i ,n ,X,k , - -B[i ,k])  
e n d  R E S I D U A L S  ; 
p r o c e d u r e  S O L V E  (A) order:(n) r ight-hand side:(b) pivots:  

(pivot) answer :(y); 
i n t e g e r  n; i n t e g e r  a r r ay  pivot; rea l  a r r ay  A, b, y; 
c o m m e n t ,  S O L V E  processes a r ight-hand side b and then back- 

solves for the solution y using the L U  decomposition provided 
by CROUT ; 

b e g i n  i n t e g e r  k, p; r ea l  t; 
for  k := 1 s t e p  1 u n t i l n d o  
b e g i n  

t := b[pivot[k]]; b[pivot[k]] := b[k]; 
for  p := 1 s t e p  1 u n t i l  k--1 do t := t -- A[k,p] X b[p]; 
b[k] := t 

e n d  .. .having modified b by L inverse; 
c o m m e n t ,  now the back solution for y; 
for  ]c := n s t e p  --1 u n t i l  1 do 
b e g i n  

t := b[k]; 
for  p := k + l  s t e p  1 u n t i l  n do t := t -- A[k,p] X y[p]; 
y[k] := t 

e n d  backsolution 
e n d  S O L V E  
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E N L A R G E M E N T  O F  A G R O U P  

M .  WELLS* 

U n i v e r s i t y  of Leeds ,  E n g l a n d  
* Current ly with Burroughs Corporation,  Pasadena,  California 

p r o c e d u r e  Enlarge group (G, n, g, Abelian); 
a r r a y  G, g; i n t e g e r  n; Boo l ean  Abelian; 

c o m m e n t  This procedure combines the element g with the sub- 
group G, of n elements,  to form a new group. The B o o l e a n  
Abelian has the value t r u e  if the group to which G and g belong 
is Abelian. Two p r o c e d u r e s ,  mult iply  and equal are assumed 
to be declared: multiply (G[i]) by : (G[j]) to give : (G[k]) will set 
the element Gk equal to the product  of the elements G~ and Gi. 
equal (G[i], G[j]) is a Bo o l ean  p r o c e d u r e  whose value is t r u e  
if, and only if, the elements G~ and Gj are equal. On leaving the 
p r o c e d u r e  the enlarged group is in G, and n is equal to the 
number of elements in the new sub-group G. The p r o c e d u r e  
will function correctly if g is included in G on entry.  I t  is prob- 
able tha t  g and the elements of G will be a r rays ,  and the pro- 
cedure body will, in practice, need to be altered considerably. 
The p r o c e d u r e  has been used successfully in connection with 
problems of space-group theory;  

b e g i n  i n t e g e r  i, j, k; 
for  i := 1 s t e p  1 u n t i l  n do 
i f  equal (G[i], g) t h e n  go to  not new generator; 
n := n + 1; G[n] := g; 
fo r  i := n s t e p  1 u n t i l  n do 
b e g i n  for  j := 1 s t e p  1 u n t i l  n do 
b e g i n  mult iply  (G[i], G[j], G[n+l] ) ;  

for  k := 1 s t e p  1 u n t i l n  do 
i f  equal (G[k], G[n+l])  t h e n  go to  not new element 1; 
n : = n + l ;  

not new element 1: i f  Abelian t h e n  go to  take next element; 
mult iply (G[j], Gill, Gin+l]) ;  
for  k := 1 s t e p  1 u n t i l n d o  
i f  equal (G[k], G[n+l])  t h e n  go to  not new element 2; 
n : = n + l ;  

not new element 2: take next element: 
e n d  of j-loop; 
e n d  of i-loop; 

not new generator: e n d  of group enlargement 
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N E S T I N G  O F  F O R  S T A T E M E N T  I 

DAVID M .  DAHM & M .  WELLS* 

B u r r o u g h s  Corp . ,  P a s a d e n a ,  Calif .  
* On leave of absence from the Universi ty  of Leeds, England.  

p r o c e d u r e  Fors 1 (n, P) ;  
va lue  n; i n t e g e r  n;  p r o c e d u r e  P ;  
c o m m e n t  Fors 1 generates a nest of n for s ta tements  with the 

procedure P at  their  center.  Two non-local arrays I and U, 
which give the value of the controlled variable and its upper 
bound for each level are assumed to be declared; 

b e g i n  i n t e g e r  j;  
i f n  = 0 t h e n  P 
e lse  for  j := 1 s t e p  1 u n t i l  U[n] do 
b e g i n  l[n] := j ;  Fors 1 ( n - l , P )  e n d  e n d  Fors 1 
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N E S T I N G  O F  F O R  S T A T E M E N T  I I  

DaViD M .  DAHM & M.  WELLS* 

B u r r o u g h s  Corp . ,  P a s a d e n a ,  Calif .  
* On leave of absence from the Universi ty  of Leeds, England.  

p r o c e d u r e  Fors 2 (P);  
p r o c e d u r e  P ; 
c o m m e n t  Fors 2 performs the same function as Fors 1, but is 

more economic of storage space. I t  is expected, however, 
t ha t  Fors 1 would be more economic of time. The formal 
parameter  n is now replaced by the non-local integer n; 
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b e g i n  i f  n = 0 t h e n  P 
e l se  f o r  I[n] := 1 s t e p  1 u n t i l  U[n] d o  
b e g i n  n :=  n - - l ;  Fors 2 (P)  e n d ;  
n := n + 1 e n d [ F 0 r s 2  

ALGORITHM 139 
SOLUTIONS OF THE DIOPHANTINE EQUATION 
J. E. L. PECK 
University of Alberta, Calgary, Alberta, Canada 

p r o c e d u r e  D i o p h a n t u s  (a,b,c); in teger  a,b,c; 
c o m m e n t  Th i s  procedure  seeks the  in teger  so lu t ions  of the  

equa t ion  ax +4- by = c, where  the  in tegers  a,b,c are given. I t  
a ssmnes  a non-local  in teger  M, which  should  be as large as 
s to rage  will allow, two nonlocal  labels I N D E T E R M I N A T E  
and NO S O L U T I O N  and two non-local  Boolean  var iab les  
'general  so lu t ion '  and ' t ime pe rm i t s '  which  are self exp lana to ry .  
I t  also assumes  the procedures  abs,  sign and p r in t ;  

b e g i n  i n t e g e r  n,r ,s ,d , i ;  i n t e g e r  a r r a y  q[l :M]; 
n := i :=  0; d := s := abs (a ) ;  r := abs(b) ;  
c o m m e n t  d will become the  g rea tes t  com m on  divisor  of a and  b. 

If  b = 0 then  d = [ a  [. The  vec to r  q will re ta in  the  successive 
quo t i en t s  in the  Euc l idean  a lgor i thm r i_, = r lq~ -4- r~+~, 
i = 1, 2, . . .  , n, where  0 =< r i+ l  < r ~ ,  r0 = [ a  ], r, = Ib  I, 
and rn+~ = 0; 

f o r  i :=  i +4- 1 w h i l e  r ~- 0 do  
b e g i n n : = i ;  d : = r ;  q [ i ] : = s + d ;  
r := s -  d X  q[i]; s := d e n d  This  records the  quo t i en t s  and 

the  n u m b e r  n of divis ions for  use below; 
i f d  = 0 t h e n  go  to i f  c = 0 t h e n  I N D E T E R M I N A T E  
e l se  N O  S O L U T I O N ;  c o m m e n t  The  case d = 0 occurs  when 

a ~ + b 2 = 0. If  d now does no t  divide c then  the  equa t ion  can- 
no t  be solved so; 

i f  (c + d) X d ~ c t h e n  go  t o  N O S O L U T I O N ;  
i f  d ~ 1 t h e n  

b e g i n  a := a /d ,  b := b/d; c := c /d  e n d ,  which removes  
the  common  fac to r  and reduces the  equa t ion  to the  case 
where  a and b are re la t ive ly  pr ime;  

b e g i n  c o m m e n t  We shall now find u, and Vl in order  to 
express  
1 = au,  + by, , using the  re la t ions  r,, = rlvl + ri-lUi , 
i = n , n - - 1 ,  . . -  ,1, v, = 1, u~, = 0, andr¢+l  = - r l q l  J r r i - 1 ,  
i = n - - l ,  n - 2 ,  . . .  , 1; i n t e g e r  u,v; 

i f  n = 0 t h e n  
b e g i n  v := 0; u :=  1 e n d ,  which  takes  care of the  case 

b = 0  
e l se  

b e g i n  v := 1; u :=  0; 
f o r  i := n- -1  s t e p  --1 u n t i l  1 do  

b e g i n  i n t e g e r  t; 
t := v; v := u -- v X q [ i ] ; u  := t 
e n d  i 

e n d  the case n ~ 0. I t  r emains  now to m u l t i p l y  the  equa l i t y  
1 = au, -4- by, t h r o u g h  by c; 

b e g i n  i n t e g e r  x0, y0; 
x 0 : =  c X u N  s ign(a) ;  y 0 : =  c X  v X  s ign(b) ;  p r in t (x0 ,y0 ) ;  
c o m m e n t  If x0 ,y0 is a pa r t i cu la r  so lu t ion  t hen  xo ± ib, 

yo :V ia, i=1 ,2 ,  ... gives the  general so lu t ion .  There fore ;  
i f  general  so lu t ion  t h e n  

b e g i n  u :=  b; v := a; 
A:  pr in t (x0  + u, yO -- v); p r i n t @ 0 - - u ,  y0 -4- v); 
u := u + b ;  v := v + a ;  
i f  t ime pe rmi t s  t h e n  go  t o  A 
e n d  general  so lu t ion  and 

e n d  solut ion.  
e n d  u,v 

e n d  D i o p h a n t u s .  - 

ALGORITHM 140 
MATRIX INVERSION 
P.  Z. INGERMAN 

University of Pennsylvania, Philadelphia, Penn. 

p r o c e d u r e  inve r t  (a) of o rder : (n )  w i th  to le rance : (eps )  and  
e r ror  exit  :(oops) ; 

v a l u e  n, eps; a r r a y  a; i n t e g e r  n ;  r e a l  eps; l a b e l  oops; 
e o m m e n t  Th i s  p rocedure  inver t s  a m a t r i x  by  us ing  e l emen ta ry  

row opera t ions .  A l though  the  m e t h o d  is no t  pa r t i cu l a r l y  good 
for  i l l -condi t ioned mat r ices ,  the  s impl ic i ty  of the  a lgo r i t hm 
and  the  fact  t h a t  the  invers ion  occurs in place make  i t  useful  
on occasion;  

b e g i n  i n t e g e r  i ;  
f o r  i := 1 s t e p  1 u n t i l  n do  
b e g i n  i n t e g e r  j ,  k; r e a l  q; 

q :=  a[i,i]; 
i f  abs(q) =<abs(eps) t h e n  go  t o  oops; 
all,i] :=  1; 
i f  q ~ l  t h e n  f o r  k :=  1 s t e p  1 u n t i l  n do  a[i,k] :=  a[i,k]/q; 
f o r  j := 1 s t e p  1 u n t i l n  do  

i f  i ~ j  t h e n  
b e g i n  q := aLl,i]; a[j,i] :=  0; 

f o r  k := 1 s t e p  1 u n t i l n d o  
all,k] :=  a [ j , k ] - q X a [ i , k ]  e n d  e n d  e n d  

ALGORITHM 141 
PATH MATRIX 
P.  Z. INGERMAN 

University of Pennsylvania, Philadelphia, Penn. 

p r o c e d u r e  find p a t h  (a, n ) ;  
v a l u e  n;  B o o l e a n  a r r a y  a; i n t e g e r  n;  

e o n l m e n t  This  p rocedure  is mere ly  an  Algol i m p l e m e n t a t i o n  

of the  me thod  of Warsha l l  ( JACM 9(1962), 11-12). Some ad- 

van t a ge  is t aken  of the  charac te r i s t i c s  of the  p ro b l em to in- 

crease the  efficiency; 
b e g i n  i n t e g e r  i ,  j ,  k; 

f o r  j := 1 s t e p  1 u n t i l  n do  

f o r  i := 1 s t e p  1 u n t i l  n do  

i f  all,J] A i # j  t h e n  
f o r  k := 1 s t e p  1 u n t i l  n d o  

a[i,k] := a[i,k]Va[],l~] e n d  f indpa th  

CERTIFICATION OF THE CALCULATION OF 
EASTER.. . [Donald Knuth, Comm. A.C.M., Apr. 1962] 

M. R. WILLIAMS 
University of Alberta, Calgary, Alberta, Canada 

The  two p r o g r a m s ,  wr i t t en  to  d e m o n s t r a t e  ALGOL and  COBOL, 

were t r a n s l a t e d  in to  FORTRAN for the  I B M  1620. B o t h  p r o g r a m s  

correc t ly  deternf ined the  m o n t h  and  day  of the  " W e s t e r n  E a s t e r "  

for the  years  1901 to  1999. N o  fu rhe r  checking was  done because  

a more  comprehens ive  reference l ist  of the  dates  of the  " W e s t e r n  
E a s t e r "  was no t  avai lable .  

If  the  s t a t e m e n t :  

epact := rood (11 X golden number  + 20 + Clavian 
correction - Gregorian correction, 30); 

is changed to: 

epact :=  rood (11 X golden number  + 19 + Clavian 
correction -- Gregorian correction, 30) + 1; 

i t  el infinates the  s t a t e m e n t :  , 

i f  epact __< 0 t h e n  epact :=  epact + 30; 
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CERTIFICATION OF ALGORITHM 84 
SIMPSON'S INTEGRATION [P. E. Hennion, Comm. 

ACM, Apr. 62] 
PETER G. BEHRENZ 

Matematikmaskinn~mnden, Stockholm, Sweden 

SIM was successfully run on FACIT EDB using FACIT-ALGoL 
1, which is a realization of ALGOL 60 for FACIT EDB. No changes 
in the program were necessary. To test  SIM some polynomials 
were integrated.  

CERTIFICATION OF ALGORITHM 94 
COMBINATION [J. Kurtzberg, Comm. ACM, June 1962] 
RONALD W.  MAY 

University of Alberta, Calgary, Alberta, Canada 

Algorithm 94 was t ranslated into FORTRAN for the IBM 1620 
and run successfully with no corrections. The variable A, how- 
ever, has not been declared. 

REMARK ON ALGORITHM 99 
EVALUATION OF JACOBI SYMBOL [S. J. Gar- 

land and A. W. Knapp, Comm. ACM 6, June 1962] 
RONALD W. MAY 
University of Alberta, Calgary, Alberta, Canada 

One syntactical  error was found in this procedure.  It occurs 
in the second i f  s ta tement  following the l abe l  even. The state- 
ment  

i f  q t h e n  i f  pari ty ((roT2-1)÷8) t h e n  
p := -Tp ;  

nfight be changed as follows. 
i f  q t h e n  go to  C H E C K ;  

next 1: i f  n = 1 t h e n  go to  done; 
CHECK:  i f  par i ty  ((m T 2 - 1) + 8) t h e n  

p : = ~ p ;  
go to  next 1; 

The two s ta tements  beginning with C H E C K  could be inserted 
before the l abe l  done and after the s ta tement  g o  t o  loop;. 

REMARK ON ALGORITHM 106 
COMPLEX NUMBER TO A REAL POWER [Mar- 

garet L. Johnson and Ward Sangren, Comm. ACM 
5, Jul. 1962] 

GRANT W .  ERWIN, JR. 

The Boeing Co., Renton, Wash. 
The comment " i f  W is a reciprocal integer it  does not  follow 

tha t  the desired power (a root) will be calculated" might  be t te r  
read "if W is the reciprocal of an integer N ,  the procedure will 
calculate an n th  root, but possibly not the part icular  n th  root 
desired. E.g. w = ½, x = - 1 ,  y = 0 uields A = ½, B = ½~¢/3 rather  
than the simpler A = - 1 ,  B = 0." 

The comment should be made tha t  it  is assumed tha t  the arctan 
function yields a result between -~r/2 and ~r/2. 

The following four corrections should be made: 
(1) i f  x<0  A Y < 0 t h e n  b e g i n  THETA:  = 3.1415927; 

should read: 
• -. THETA:  = -3.1415927; 

(2) go t o  R E T U R N  e n d :  
should read: 

go to  R E T U R N  e n d ;  

(3) i f  x = 0 A y<0  . . .  
should read: 

i f  x = 0 / ~  y > O  - - -  

(4) i f ~ . =  0 ALl > 0 
should read: 

i f x = O A y < O . . .  

CERTIFICATION OF ALGORITHM 135 
CROUT WITH EQUILIBRATION AND ITERATION 

[William Marshall McKeeman,* Comm. ACM, Nov. 
1962] 

WILLIAM MARSHALL MCKEEMAN, 

Stanford University, Stanford, Calif. 
* This work was supported in part  by the Office of Naval Re- 

search under contract  Nonr  225(37). 

A BALGOL translat ion of the algorithm was tes ted for accuracy, 
proper terminat ion and running t ime on the Burroughs 220. 
The exact inverse of the Hilbert  segment of order 6 can be stored 
in the 8-decimal-digit floating word of the B220 and was used in 
the accuracy and terminat ion tests .  The Hilbert  segment tI6 
is very ill-condit~bned (for the spectral norm, 11 H6 I1"11 H~i II = 
1.3 × 107). Hence the number of i terat ions required should not  
be taken as typical.  

~.:~The [n,n] element (mathematically ef = .090909 - • - ) is repre- 
sentat ive of the behavior of the rest:  

"exact" equilibration equilibration by 
(by pawers of 10) largest element in row 

initial solution .092587535 .094091506 
first i terat ion :090877240 . 091498265 
second i terat ion .090909695 .091570311 
third  i terat ion .090909080 .091568310 
fourth i terat ion .090909091 .091568365 
fifth i tera t ion terminated .091568364 

terminated 

Conclusions: The i terat ing procedure te rminated  correctly, 
or performed one extra i terat ion in each case. If the equilibration 
procedure alters the data,  the i terat ion will converge to the solu- 
tion for the altered matrix.  If the matr ix  is ill-conditioned, as in 
the case above, the equilibration may cost a great deal more than  
i t  gains. As a practical mat ter ,  a machine language subst i tu te  for 
EQUILIBRATE which.wil l  not cause rounding of the data is 
probably the best  course of action. 

The running time is approximately proport ional  to n 3 as ex- 
pected.  If for a given machine, ~ is the floating mult iply t ime in 
Seconds, one can expect tha t  run tinm will be given by rt := 1.3 X 
t~ X (n + 7) 1" 3 seconds for a call on LINEARSYSTEM with one 
right~hand side. 

The division of run t ime between the various phases of the 
algori thm is as follows: 

ioo ~ E " 

/ 2 Iterations (IP1) 
/ 

~.. I i I I 
0 i0 20 3O 40 50 

n - 

ORDER OF MATRIX 
R E F E R E N C E  : 

1. SAVAGE AND LUKACS, Tables of inverses of finite segment of 
the Hilbert  matrix.  In Olga Taussky (Ed.), Contr ibut ions to 
the Solution of Systems of Linear Equat ions  and the Deter-  
minat ion of Eigenvalues,  pp. 105--108, Nat .  Bur. Standards 
Appl. Math.  Series no. 39, U. S. Government  Pr in t ing Office, 
Wash., D.C.,  1954. 
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