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Abstract 

A f u n c t i o n  Is s a i d  to  be  strict In one  o f  Its f o r m a l  

p a r a m e t e r s  If, in all  cal ls  to  t h e  f u n c t i o n ,  e i t he r  t h e  cor- 

r e s p o n d i n g  a c t u a l  p a r a m e t e r  Is e v a l u a t e d ,  o r  t h e  call does 

n o t  t e r m i n a t e °  D e t e c t i n g  w h i c h  a r g u m e n t s  a f u n c t i o n  

will s u r e l y  e v a l u a t e  Is a p r o b l e m  t h a t  a r i ses  o f t e n  in 

p r o g r a m  t r a n s f o r m a t i o n  a n d  c o m p i l e r  o p t i m i z a t i o n .  W e  

p r e s e n t  a s t r a t e g y  t h a t  a l lows  one  to  infer  s t r i c t n e s s  

p r o p e r t i e s  o f  f u n c t i o n s  e x p r e s s e d  In t h e  l a m b d a  ca lcu lus .  

O u r  a n a l y s i s  I m p r o v e s  o n  p r e v i o u s  w o r k  In t h a t  (1) a set-  

t h e o r e t i c  c h a r a c t e r i z a t i o n  of  s t r i c t n e s s  is used that per-  

m l t s  t r e a t m e n t  o f  f r e e  variables, w h i c h  In t u r n  p e r m i t s  a 

b r o a d e r  r a n g e  o f  I n t e r p r e t a t i o n s ,  a n d  (2) t h e  a n a l y s l s  

p r o v i d e s  a n  e f f ec t i ve  t r e a t m e n t  o f  h i g h e r - o r d e r  f u n c t i o n s .  

W e  also p r o v e  a r e s u l t  d u e  t o  M e y e r  [15]: t h e  p r o b l e m  of 

f l r s t - o r d e r  s t r i c t n e s s  a n a l y s i s  is c o m p l e t e  In d e t e r m i n i s t i c  

e x p o n e n t i a l  t i m e .  H o w e v e r ,  b e c a u s e  t h e  size of  m o s t  

f u n c t i o n s  is s m a l l ,  t h e  c o m p l e x i t y  s e e m s  to  be  t r a c t a b l e  In 

p rac t i ce .  

T h i s  r e s e a r c h  w a s  s u p p o r t e d  In  p a r t  b y  N S F  G r a n t  

R4CS-8302018 ,  a n d  a F a c u l t y  D e v e l o p m e n t  A w a r d  f r o m  

I B M .  

io Introductlon 
A f u n c t i o n  Is s a i d  to  be  strict In one  of  I ts  f o r m a l  

p a r a m e t e r s  If, in  all cal ls  to  t h e  f u n c t i o n ,  e i t he r  t h e  cor- 

r e s p o n d i n g  a c t u a l  p a r a m e t e r  Is e v a l u a t e d ,  or  t h e  call does  

n o t  t e r m i n a t e .  M o r e  f o r m a l l y ,  a f u n c t i o n  f ( x l , x 2 , . . , ~ X n )  

Is s t r i c t  In x I If f ( x l ~ . . . ~ X i . l ~ J _ , x i + l ~ . o . ~ X n ) = J _  for  all 

v a l u e s  o f  x j ,  J ~ 1. D e t e c t i n g  w h i c h  a r g u m e n t s  a f u n c t i o n  

will surely evaluate Is a problem that arises often In 

p r o g r a m  t r a n s f o r m a t i o n  a n d  c o m p i l e r  o p t i m i z a t i o n .  I t  ls 

e spec ia l ly  I m p o r t a n t  In l a n g u a g e  I m p l e m e n t a t i o n s  s u p -  
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p o r t i n g  n o r m a l - o r d e r  e v a l u a t i o n  ( s u c h  as A L F L  [8], S A S L  

[18], a n d  F E L  [ld]),  w h e r e  k n o w i n g  t h a t  a f u n e t l o n  is 

s t r i c t  in a c e r t a i n  a r g u m e n t  a l lows  one  to  c o m p u t e  Its 

v a l u e  a h e a d  of  t l m e ,  t h u s  a v o i d i n g  t h e  o v e r h e a d  o f  a 

" c l o s u r e , "  " s e l f - m o d l f y l n g  t h a n k "  [9], " f u t u r e , "  or  s o m e  

s i m i l a r  ob j ec t .  O n e  can  t h i n k  o f  t h i s  as c o n v e r t i n g  f r o m  
a " c a l l - b y - n a m e "  o r  " c a l l - b y - n e e d "  e v a l u a t i o n  s t r a t e g y  

to  one  of  "call-by-value." A n o t h e r  a d v a n t a g e  o f  s u c h  a n  

e f fo r t  ls t h a t  o n  pa ra l l e t  a r e h l t e c t u r e s  I% a l lows  o n e  to  

l d e n t l f y  s u b e x p r e s s l o n s  t h a t  m a y  be  sa fe ly  c o m p u t e d  In 

pa ra l l e l ,  w l t h  a p o t e n t i a l l y  l a rge  r e d u c t i o n  In overa l l  ex- 

e c u t i o n  t i m e  [10, 11]. 

A s  an  e x a m p l e ,  c o n s i d e r  t h e  f u n c t i o n  f ( x ~ y , z )  - - -  i f  

p(x) then y else z, which Is strict In x (assuming p Is), 

bt l t  n o t  y o r  z. T h u s  a l a n g u a g e  u s i n g  lazy  e v a l u a t i o n  

m a y  r e s u l t  In a m o r e  e f f l c l en t  p r o g r a m .  O n  t h e  o t h e r  

hand, f(x~y~z) = if p(x) then y-J-z else z is strlet In x 

(if p Is), a n d  a lso  z.  In  m o s t  I m p l e m e n t a t i o n s  one  w o u l d  

llke to  c o m p u t e  × a n d  ¢ prior" to  ca l l ing  f ,  to  avo id  t h e  

o v e r h e a d  o f  a c losu re .  

A m o r e  I n t e r e s t i n g  e x a m p l e  d e r i v e s  f r o m  t h e  s l m p l e  fac-  

to r i a l  f u n c t i o n :  

f~e(n) = if n:o men ~ else n * r ~ ( n - ~ )  
In  I n t r o d u c t o r y  p r o g r a m m i n g  one  is t a u g h t  t h a t  t h i s  Is a n  

e l e g a n t  w a y  to  e x p r e s s  f ac to r i a l ,  b u t  t h e  u n b o u n d e d  n a -  

t u r e  o f  t h e  s t a c k  m a k e s  It p e r h a p s  Inef f ic ien t .  A b e t t e r  

a p p r o a c h  w o u l d  be  to  m a k e  It t a I l - r e c u r s l v e  by  I n t r o d u c -  

Ing a n  " a c c u m u l a t o r , "  ~ I12; 

f a c ( n , a c c )  = if n:O then a c e  
e l s e  f a c ( n - l , n * a c c )  

w h i c h  a s u i t a b l e  o p t i m i z i n g  c o m p i l e r  will c o n v e r t  In to  a 

loop.  H o w e v e r .  In a l a n g u a g e  u s i n g  lazy  e v a l u a t i o n  a~ 

t h e  d e f a u l t  f u n c t i o n  call s e ro logy ,  a c losure  will h a v e  to  

be  c r e a t e d  to d e l a y  t h e  e v a l u a t i o n  o f  t h e  e x p r e s s i o n  

n , a c e ,  an t i  t h o s e  c lo su re s  will n o t  get I n v o k e d  u n t i l  t h e  

v e r y  e n d  of  t h e  r e e u r s l o n .  A l i t t le  t h o u g h t  s h o u l d  con-  

v i n c e  t he  r e a d e r  t h a t  t h i s  is no  m o r e  e f f ic ien t  ( in fac t .  

p r o b a b l y  less so) t h a n  t h e  o r ig ina l  so lu t lon!  I t  Is on ly  

t h r o u g h  a s u i t a b l e  s t r i c t n e s s  a n a l y s i s  t h a t  a c o m p i l e r  c an  

Infer  t h a i  t h e  s e c o n d  v e r s i o n  o f  f o e  Is s t r l e t  In a c c  (as 

well  as n ) ,  a t  w h i c h  p o i n t  t r a n s f o r m a t i o n  i n to  a loop 

p a y s  off. 
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In thls p a p e r  we p r e s e n t  a s t r a t e g y  t h a t  a l l ows  one  to  

Infer  s t r i c t n e s s  p r o p e r t i e s  o f  f u n c t i o n s  e x p r e s s e d  111 t i le  

l a m b d a  ca lcu lus°  T h e  s t r a t e g y  l [ n p r o v e s  oil p r e v i o u s  

work In t h a t :  (1) a s e l - t h e o r e t l e  e i m r a c t e r l z a t i o n  o f  

strictness is u sed  t l la t  p e r m i t s  t r e a t m e n t  of  f r e e  

uariab{es,  w!flch In t u r n  p e r n l l t s  a b r o a d e r  r a n g e  of  h i r e r -  

p reca r ious ,  a n d  (2) t h e  a n a l y s i s  p r o v i d e s  a n  e f fec t ive  

t, r e a t m e n t  o f  h lg l ?e r -o rde r  f u n c t l o a s ,  w h l c h  Is c ruc ia l  for  

a n y  i m p l e m e n t a t i o n  of  a p r o g r a m m i n g  l a n g u a g e  t h a t  

t r e a t s  f u n c t i o n s  as ~ ' i ] rs t -c lass  c i t i z ens . "  W e  a lso  p rove  a 

r e su l t  due  to b i e y e r  [15]: t h e  p r o b l e m  of  f l r s t - o r d e r  s t r i c t -  

hess a n a l y s i s  is c o m p l e t e  In d e t e r m h f l s t i e  e x p o n e n t l a ]  
t ime .  H o w e v e r .  b e c a u s e  t h e  size of  m o s t  f u n c t i o n s  Is 

sma l l ,  t h e  c o m p l e x i t y  s e e m s  to  be t r a c t a b l e  in p r ac t i c e ,  

2 ,  P r e t l m h ~ a r ~ e s  

Before  one  c a n  be g i n  5o s p e a k  of s t r i c t n e s s  p r o p e r t i e s ,  

one  n e e d s  to  e s t a b l i s h  s o m e  p r e l i m i n a r y  n o t i o n  o f  s y n t a x  

a n d  ( s t a n d a r d )  s e m a n t i c s .  

2.1o S y n t a x  

I n s t e a d  o f  a d h e r i n g  to  d i e  c o n v e n t l o n a i  s y n t a x  for  t h e  

t a m b d a  c a l c u l u s ,  we use  a " s y n t a e t l c  s u g a r i n g "  t h a t  h a s  

b e c o m e  r a t h e r  p o p u l a r  In t h e  f u n c t i o n a l  p r o g r a m m i n g  

c o m m u n i t y .  T h ! s  n o t a t i o n  a l l ows  o n e  to  g ive  narn.es to  

f u n c t i o n s  by  e x p r e s s i n g  t h e m  as  a se t  o f  m u t u a l l y  r ecu r -  

s i r e  e q u a t i o n s  ( a n d  a lso ,  a t  l ea s t  n o t a t i o n a l ] y ,  a v o i d s  t h e  

need  for  t h e  Y o p e r a t o r ) °  W% wr i t e  f(xl~x2~oo.~Xn) = 

b o d y  to  de f ine  t h e  n - a r y  f u n c t l o n  f ( e q u l v a l e n t l y ,  in u n -  

n a m e d  f o r m ,  k(Xl~X2~.o .~Xn)°body) .  W e  a s s u m e  t h a t  t h e  

l a n g u a g e  h a s  b e e n  e x t e n d e d  to  l n c l u d e  s o m e  s t a n d a r d  s e t  

of  p r i m i t i v e  c o n s t a n t s  ( i n c l u d i n g  f u n c t l o n s )  s u c h  as t h o s e  

to s u p p o r t  a r i t h m e t i c .  G e n e r a l l y  f u n c t i o n  a p p l i c a t i o n  Is 

w r i t t e n  as f ( e l~e2~ . .o , en ) ,  w h e r e  f m a y  be e i t h e r  a u se r -  

de f i ned  f u n e t l o n  or  p r i m i t i v e  o p e r a t o r  ( i n f o r m a l l y  we 

s o m e t i m e s  use  in f ix  n o t a t i o n  fo r  p r i m i t i v e  f u n c t i o n s ,  as In 

etff-e 2 -- t h e  c o n t e x t  s l l ou ld  m a k e  t h e  m e a n l n g  c lear) .  

W e  a lso  t a k e  as  p r l m l t l v e  a c o n d i t i o n a l  o p e r a t o r ,  w h i c h  

p e r m i t s  e x p r e s s i o n s  o f  t h e  f o r m  p r e d - +  e o n , a l t ,  a n d  ls 

e q u i v a l e n t  to  t h e  m o r e  t r a d i t i o n a l  i f  p r e d  then c o n  else 
alga. F l n a l l y ,  we c o n s i d e r  o u r  p r o g r a m  to  be  a s e t  o f  

m u t u a l l y  r e e u r s l v e  f u n c t i o n  d e f i n i t i o n s  ( o b s e r v i n g  stan-- 

d a r d  lexlcal  s e o p l n g  c o n v e n t i o n s  as  in t h e  l a m b d a  

ca lculus)°  W e  f o r m a l i z e  all t h i s  in  t h e  fo l lowing  a b s t r a c t  

s y n t a x :  

e E Con c o n s t a n t s  

x 6 B y  b o u n d  v a r i a b l e s  

f f f  Fn f u n c t i o n  v a r i a b l e s  

P 6 P f  p r l m l t l v e  f u n c t i o n  n a m e s  

e 6 E x p  e x p r e s s i o n s ,  d e f i n e d  by;  

e ;:'~ e I x  l e t - - ~  eg,e  8 1 f ( e l , o" , e  k) I P ( e l ,  ..... e k) 
p r  6 P r o g  Is ~he se t  o f  e q u a t i o n  g r o u p s  

( p r o g r a m s )  d e f i n e d  by: 

p r  ::: { f t ( X l , . . o , X k l  ) --- e i ,  .,o, 

%(x 1 . . . . . .  x k ) = % } 

w h e r e  k i is t h e  a r l t y  o f  qo 

P r e s u m a b l y  t h e  r e s u l t  o f  th.e p r o g r a m  ]s t h e  v a l u e  of  

one  of t h e  f u n c t i o n s  b e i n g  d e f i n e d ,  s u c h  as t h e  Flrst or  
t im las t  .... ~hls i s sue  does  n o t  c o n c e r n  tlS here .  S i m i l a r l y ,  

we amSUnle t h a t  " n e s t e d "  s e t s  of  e q u a t i o n s  can  be 

l~andled t h r o u g h  t h e  o b v i o u s  e x t e n s i o n s ,  b u t  for  c l a r i t y  

we leave  o u t  t l le  d e t a i l s .  

No t e  t h a t  a n  i m p o r t a n t  r e s t r i c t i o n  m a d e  a t  t h l s  p o i n t  is 

t h a t  f u n c t i o n  n a m e s  m a y  a p p e a r  o n l y  In f u n c t i o n  ap p l i c a -  

t i on  posit, ion; l .e. ,  t h e y  m a y  n o t  be  p a s s e d  as a r g u n l e n t s  

to f u n c t i o n s  n o r  r e t u r n e d  as v a l u e s  f r o m  e x p r e s s i o n s .  W e  

re lax  t h i s  r e s t r i c t i o n  c o m p l e t e l y  In Sec t i on  4. 

2 . 2 ,  S t a n d a r d  F i r s t - O r d e r  S e m a n t i c s  

2~2.1. S t a n d a r d  S e m a n t l e  D o m a i n s  

B u s  : I n t + B o o t  

F u n  : B a r  n --~ Bass 
D : B a s @ F u n + { e r r o r }  
E n v  : (Bv+Fn) --~ D 

Bas ic  v a l u e s ,  i n t e g e r s  

a n d  b o o l e a n s .  

F i r s t - o r d e r  f u n c t i o n s °  

D e n o t a b l e  v a l u e s .  

EllVironments, 

2o2 .2 ,  A u x i l i a r y  S e m a n t i c  F u n c t i o n s  
D o m a i n  p r e d i c a t e s :  I n t ? ,  B o o l ? ,  B a s ? ~  E n v ? ,  a n d  D? .  

C o n d i t i o n a l :  

% -+ ea,e  a == ~ ,  i f  e l = ]  [ 

e r r o r ,  If n o t  B o o l ? ( e l )  

e 2, If e l - ~ t r u e  

% ,  o t h e r w l s e .  

P l u s  s t a n d a r d  d e f i n i t i o n s  for  a r i t h m e t i c  a n d  b o o l e a n  

o p e r a t o r s .  

2 .2 .3 ,  S t a n d a r d  S e m a n t l c  Functions 

\.Ve a d o p t  t h e  c o n v e n t i o n  o f  u s i n g  

~o~,]] a r o u n d  s y n t a c t i c  a r g u m e n t s °  

d o u b l e  b r a c k e t s  

K: ( C o n + P f )  -~  D ,  m a p p i n g  c o n s t a n t s  to  

s e m a n t i c  v a l u e s ,  

E :  E x p  --* E n v  -+  D ,  g i v i n g  m e a n i n g  to  

e x p r e s s i o n s .  

E p :  P r o g  --~ E n v ,  g i v i n g  m e a n i n g  to  p r o g r a m s .  

K En~ ~ n,  If n Is an lnteger 
K E t r u e ~  == t r u e  
K ~ f a l s e ~  = fa l s e  

K E + ~  = x(×,y) ,Unt? x A N D  Int? y) ~ x + y ,  
e r r o r  

K [ [ a n d ] ]  • X ( x , y ) . ( B o o l ?  x A N D  B o o l ?  y )  

--~ x A N D  y~ e r r o r  
K~cons]~ -~. X ( X , y ) 0 < × , y >  

a n d  so  on  for  o t h e r  p r i m i t i v e  f u n c t i o n s .  
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E Ee3  e n v  ~ -  K Ec]] 

E ~ x 3  e n v  ~ -  e n v  [~x3 

E g e  1 -+ e2 ,ea]]  e n v  -~- E Eel ] ]  e n v  -~ E Ee2]] e n v ,  

E flea]] e n v  

E ~ f ( e l , o . . , e k ) ] ]  e n v  == 

e n v  ~f~] ( E  g e l ~  e n v , . . o , E  Eek]] e n v )  

E C p ( e l , . o . , e k ) ~  e n v  ~ -  

K ~ p ~  ( E  g e l s  e n v , ° . o , E  [~ek]] e n v )  

E p  ¢{ f l ( x l  . . . . .  X k l  ) = e l ,  . . . .  

fn (Xl . , . . . ,Xk  ) -~- e n }]] -~- e n v '  
n 

w h e r e r e c  e n v  ~ -~- 

[ k(Vl ,O. . ,Vkl  ) ~E [~el?  e n v '  [ V l / X l , o . . , V k t / X k l  ] / f l '  "°" 

X(Vl,o.° ,Vkn ) . E  ~en]]  e n v '  [ V l / X l ,  . . . .  V k n / X k n  ] / q  ] 

N o t e  t h a t  t h e  " m e a n i n g "  of  a p r o g r a m  ls an 
eT~vironcvzent c o n t a i n i n g  va lues  for  all of  the  top- leve l  

f u n c t i o n s  f l  t h r o u g h  fn" 

3 .  I n t r o d u c t i o n  t o  S t r i c t n e s s  A n a l y s i s  

3.1. A N a l v e  A p p r o a c h  

A na ive  a p p r o a c h  to  l n fe r r lng  f u n c t i o n  s t r i c tne s s  can be 
d e s c r i b e d  In t h e  fo l lowing  way:  Tile  f u n c t i o n  f de f ined  

by  f (xl~oo. ,xk)  == b o d y  Is s t r i c t  In x i w h e n e v e r  t he  ex- 

p re s s ion  b o d y  is g u a r a n t e e d  to eva lua t e  x i, a cco rd ing  to 

t h e  fo l lowing ( recurs lve)  se t  o f  rules:  

I, T h e  e v a l u a t i o n  of  a p a r a m e t e r  x a lways  

e v a l u a t e s  x .  

2. T h e  e v a l u a t i o n  of  P ( e l , . . . ~ e k )  d e p e n d s  on  p.  

F o r  e x a m p l e ,  If it  ls a s t r i c t  b ina ry  o p e r a t o r  

such  as + ,  t h e n  b o t h  e I a n d  e~ are  a lways  

e v a l u a t e d ;  If It ls a " s e q u e n t i a l "  o p e r a t o r  such  
as and, then only e I ls always evaluated. 

3. The evaluation of e I -+ e2~e 3 always results in 

the evaluatlon of e l , and also all varlables 

t h a t  are  e v a l u a t e d  In both e 2 a n d  e 3. 

4. T h e  e v a l u a t i o n  of  f(el ,oo.~ek)  a lways  resul ts  in 

t he  e v a l u a t i o n  of e i w h e n e v e r  f ls s t r i c t  in Its 

Rh  f o r m a l  p a r a m e t e r .  

F o r m a l i z i n g  t h e  a b o v e  ana lys l s  for  a se t  of func t lon  
de f in i t i ons  resu l t s  In a se t  of  m u t u a l l y  reeurs lve  (because  
o f  t h e  las t  rule)  e q u a t i o n s  t h a t  can be so lved  In any  num-  
b e r  of  ways .  T h i s  ls essen t ia l ly  t h e  ana lys i s  ca r r ied  o u t  In 
[13], exc e p t  t h a t  t h e r e  a boo lean  d o m a i n  Is used t h a t  In- 

d i ca t e s  w h e t h e r  o r  not  a particular var iab le  wlll be 

e v a l u a t e d .  

U n f o r t u n a t e l y ,  t h e  a b o v e  ana lys i s  has  a f u n d a m e n t a l  
d i f f i cu l ty ,  w h i c h  b e c o m e s  a p p a r e n t  w h e n  one  cons iders  

t h e  fo l lowing s i m p l e  p r o g r a m :  

{ f ( x , y , z )  = x = O  -+ y , z  
g ( a , b )  = f ( a , b , ( b + l ) )  } 

No te  t h a t  g Is s t r i c t  in b o t h  a a n d  b ,  ye t  t he  s imple  
analys is  desc r ibed  ear l ie r  on ly  d e t e c t s  t h a t  g Is s t r i c t  in a.  
Th i s  p r o b l e m  arises because  even  t h o u g h  we t a k e  in to  ac- 
coun t  t h e  I n t e r a c t i o n s  b e t w e e n  the  c o n s e q u e n t  and  a l te r -  

na te  express ions  In t h e  cond i t iona l ,  we fail to propagate 
that i~zforrnation across function boundaries. Cor rec t -  
ing th i s  s l t u a t l o n  requ i res  a n o n t r l v l a l  sh i f t  in t h e  

m e t h o d o l o g y ,  for  now we m u s t  c o m p u t e  a f u n c t i o n  t h a t  
cha rac t e r i ze s  t he  s t r i c t n e s s  p r o p e r t y  o f  each  de f ined  func -  
t ion i n  terrn~s of information describin9 what is 
evaluated in the arguments to the function. T h e  w o r k  
of M y e r o f t  [18] does  exac t ly  t h a t ,  b u t  us lng a boo l ean  
d o m a i n  as m e n t i o n e d  above .  In t h e  nex t  sec t ion  we 
p r e s e n t  a s o l u t i o n  b a s e d  on  t h e  m o r e  In tu i t ive  Idea  of  
f u n c t i o n s  on sets .  

3 .2 ,  A n  E f f e c t i v e  F i r s t - O r d e r  S o l u t i o n  
By  r eeons lde r lng  t h e  p r o b l e m  h-om a s e t - t h e o r e t i c  

s t a n d p o i n t ,  we  can fo rma l i ze  ou r  so lu t ion  as follows: In- 
tu i t ive ly ,  for  any  expres s ion  e,  we let  N e e d  Iie]] d e n o t e  

the  se t  of  f ree  v a r i a b l e s  w h i c h  are  " n e e d e d "  to  c o m p u t e  
the  va lue  of  e. A p p l y i n g  th i s  n o t l o n  In tu i t ive ly  to  t he  
above  e x a m p l e  m e a n s  t h a t  N e e d  ~ f ( x , y , z ) ] ]  - -  
N e e d  Ex--+ y , z ~  -~- N e e d  [Ix]] U ( N e e d  E y ~  

N e e d ~ z ~ ) .  N o t e  carefu l ly  how the  cond i t i ona l  Is 
t r e a t e d  -- t h e  i n t e r s e c t i o n  of  t he  c o n s e q u e n t  a n d  a l t e rna t e  
comes  f r o m  t h e  fac t  t h a t  s o m e t h i n g  eva lua t ed  In both 
s u b e x p r e s s l o n s  will be  e v a l u a t e d  r ega rd les s  of  t he  va lue  of  
the  p r e d i c a t e  (unless  t h e  p r e d i c a t e  d iverges ,  In w h i c h  ease 
t he  en th 'e  exp re s s ion  d iverges) .  C o n t i n u i n g  w l t h  t h e  ex- 
ample ,  N e e d E g ( a , b ) ] ]  - =  N e e d  E f ( a , b , ( b + l ) ) ~  = 
Need  IZa~ O ( N e e d  Eb]] N N e e d  E b + l ] ] ) .  Clear ly ,  
N e e d [ [ b + l ] ]  = N e e d E b ] ] ,  so N e e d  [ [g(a ,b ) ] ]  - ~  
Need  Ea]] U N e e d  [ [b] ] ,  as In tu i t ive ly  Infer red .  

W e  can fo rma l i ze  t h e  above  ana lys l s  by  der iv ing  an 
a b s t r a c t  I n t e r p r e t a t i o n  [5, 17] of  t he  or ig inal  f u n c t l o n s  to  
o b t a l n  a new set  o f  m u t u a l l y  reeurs lve  equa t ions  t h a t  
c a p t u r e  the  p r o p e r t i e s  of In te res t .  R a t h e r  t h a n  give an 
" I n f o r m a l "  a b s t r a c t  I n t e r p r e t a t i o n  as sugges t ed  above ,  we 
p rov ide  an a l t e r n a t i v e ,  o r  " n o n - s t a n d a r d . "  s e m a n t i c s  t h a t  
c a p t u r e s  t h e  p r o p e r t i e s  of  In te res t .  V/e In t roduce  the  
s e m a n t i c  f u n e t l o n  N t h a t  fo rmal ly  c a p t u r e s  t h e  i n t e n t  of 
Need  as  used above ,  a n d  hav ing  t y p e  
E x p - +  Senv--~ S t .  w h e r e  S e n t  Is an  e n v h - o n m e n t  con-  
t a i n i n g  s t r i c t n e s s  p r o p e r t i e s  o f  free var iables ,  and  S v  Is 
t he  p o w e r s e t  o f  V (iahe se t  o f  all va r i ab l e s  of  In te res t ) .  

More  fo rmal ly :  

3.2.1 .  N o n - s t a n d a r d  S e m a n t i c  Categor ie s  (First-  
Order  Strictness) 

V ,  the set of  va r l ab l e s  of  i n t e r e s t .  
S t ,  t he  p o w e r s e t  o f  V .  

S f u n  - -  S v  n -+ S t .  t h e  f u n c t i o n  s p a c e  m a p p i n g  
se ts  o f  s t r i c t  va r i ab l e s  

to  o t h e r  sets .  
S e n v  = ( B v + F n )  ~ ( S v + S f u n ) ,  

t h e  s t r i c t n e s s  e n v i r o n m e n t .  
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3o2.2. N o n o s t a n d a r d  S e r n a n $ i c  F u n c t i o n s  ( F i r s t s  

O r d e r  S ~ r l e t n e s s )  

Km Pf ~ ( S f u n + S v ) ,  s t r i c tness  proper t ies  of 
p r imi t ive  funct ions ,  

N :  E x p  -~ Senv -.~ Sv ,  as i n tu i t ive ly  descr ibed 
earl ier .  

N p ;  P r o g  -+ S e n v ,  the  m ean i ng  of programs° 

K n  [[-+]] == k(£,50o£ U 9 
(4- evMuates both of Its arguments) 

( " sequen t i a l  a n d "  always eva lua tes  Its 

f i rs t  a r g u m e n t )  

K n  [[cons]]  ~ -  X(2,~)o~ 
(~lazy cons ~' eva lua tes  ne i the r  a r g u m e n t )  

and  so on for  o the r  pr ImRlve  funct ions ,  

N Ec:~ s env  : 

N [[x~ s e n v  : s e n v  ~x]] 

N lie 1 --~ e2~es~ senv : =  

N Eel3 senv U ( N  Eel3 s e n v  ~ N Ees]] s e n v )  

N g f ( e  I .... ,ek)]] s e n v  -- 

s e n v  Ef~ ( N  ~e t ] ]  s e n v  .. . . .  N ~ek]] s e n v )  

N ~ P ( e l , . . o , e k ) ~  s e n v  - - '  

K n  gp]]  ( N  [ [e l~  s e n v , o . . , N  gek]]  s e n v )  

N p  [[{ f t ( x l  . . . . .  Xkl  ) : e:t . . . . .  

fn (Xl  .... ,X k ) : e n }~ = s e n v '  

w h e r e r e e  s e n v '  = 

[ X ( i l , o . . , i k l ) . N  E e l ] ] s e n v ' [ . . o ,  x i / x  I . . . .  ], o.., 

X(£1,. . . ,£kn)ON t e n  s e n v ' [ o . . ,  2 i / x  P oo.] ] 

Thus the meaning of  £ p rog ram is stI l i  an envh'onment ,  
but  now one tha t  b inds the top- leveI funct ions to eie.- 
ments  of S f u n .  In general  we say t h a t  s e n v '  [[f~ is the  
,str{cD~zes8 f~?e t ion  of f, wh ich  we wri te  In s h o r t h a n d  as 

fo Thls  cor responds  to our  use of ~ for b o u n d  var iab les  
in the " s t r i c tness  d o m a i n , "  as a way of emphas iz ing  t h a t  
we are using a n o n - s t a n d a r d  semant ics .  

Note  t h a t  the  e n v l r o n m e n t  s e n v  ~ e s t a b l b h e s  the  

p roper ty  t h a t  when  f is appl ied  to the  sets cor responding  
to the  s t r i c tness  behav io r  of f ' s  a rgumen t s ,  It r e t u rn s  the  
set of va r iab les  " n e e d e d "  by the  appl ica t ion  of f to  those  
a rguments ,  Note  f u r t h e r  t h a t  expressloas llke -!P(x~y) get  
m a p p e d  to £ U .9, not  {x~5"}. This emphasizes the  fact. 

t h a t  £ and  5" are 8eta, and  t h a t  f l s a  func t ion  on sets 
and is an a b s t r a c t  i n t e r p r e t a t i o n  of f t h a t  descr ibes  l ts  
s t r ic tness  proper t ies .  

3o3. C o m p u t ~ i n g  %he L e a s t  F i x p o l n l ~  

Consider  die  following reeursive func t lon :  ~ 

f ( x , y , z , p , q )  == p > 0  --~ ( p = l  --~ (~=0 -~ x , y ) ,  
f(~,~,0,>*,×) ), 

f (0 ,0 , z , l , y )  

IThis in*,eresting e×ample Is a variatiof~ of one (hie to Simon 
Pey~on Iones. 

It follows f rom the  above  def in i t ions  t h a t :  

~(~,9,~,~A) = ~ u ( (~ u ((~ u (~ n ~)) n 
f(~,~,~,~,~) ) n 

f ( ~ , ~ , ~ , ~ , . ~ )  ) 

= ~ u  ( (~  u (~ n ~)) n 
~(~,~,~,f,,~) n f(~,~, ,<y)  ) 

F r o m  th i s  a func t iona l  G can  easily be def ined  such  tha t :  

~( .~ ,~ ,~ ,b , .~ )  = ~ @ ) ( ~ , ~ , ~ , ~ , @ ,  or: 

{" = c(~) 
so t h a t  !~ Is a f ixpoin t  of the  func t iona l  G .  One  s t a n d a r d  
way of co£uput lng such  a f lxpolnt  ls by  cons t ruc t i ng  
Kleene ' s  a scend ing  cha in  of " a p p r o x i m a t i o n s , "  s t a r t i ng  
w!th  the  b o t t o m  e l emen t  In the  la t t ice  of func t ions ,  aIld 
t ak ing  the  least  uppe r  b o u n d  as the  f ixpolnt ,  In our  case 
the  la t t ice  of f unc t i ons  is fo rmed  based  on the  superse t  
re la t ion;  t h a t  is: 

and  f l  ~ f2 iff f l ( 1 )  ~ f 2 ( i )  for all £ 

which  general lzes  In the  obv lous  way to n - a r y  funct ions .  
Tile superse t  re la t ion  ls used because  we wish to f ind as 
m a n y  s t r l e t  va r i ab les  as possible° The  least  def ined ele- 
m e n t  In S v  we deno te  by  _Lsv, and  It ls s imply  the  set 

V,  and  the  least  def ined f u n c t i o n  O n In each n - s t y  func- 

t ion  space s lmp ly  r e t u r n s  _Lsv. Note  t h a t  by construc,- 

t ion,  all of our  func t i ons  are m o n o t o n i c  and  c o n t i n u o u s  
(because they  are all cons t ruc t ed  solely f rom set  un ion  
and  Intersect ion) ,  t hus  g u a r a n t e e i n g  a unique  least  fix- 
point .  

C o n t i n u i n g  w l th  our  example ,  we get the  fol lowlng as- 
cending chain  of ref ined e s t ima te s  for the  desired rune- 
t lon (e lements  In 
superscr lp t lng) :  

P(£# ,¢ , f ) , e~)  = 

P(fq,5",~,f~,¢) = 

f 2 ( ~ , 5 . , ¢ , # , ~ )  = 

f a ( £ , S ' , e , f , 4 )  = 

the  cha in  are Ident i f ied  by 

u s ( £ ~ , ~ , f , 4  ) = v 

f, u ( (~ u (~ n 2)) n v n v )  
b u ~ u (~ n 50 

u ( (~  u (~ n 2)) n 
(,~ u ~) n ~, ) 

j~u~ 

U ( (~, U (2 f l  ,~)) n ~ n ~) 

u ( ( ~  u (~ n D )  n ~ n ~) 

CleaNy, for I > 3, ~i ~ i~8 so ~3 mus t  be the  least  fix- 
point .  

tn  t h b  example  R was obv ious  w h e n  the  least  u p p e r  
b o u n d  In the  cha in  was reached ,  bu t  how is th i s  done  In 

gene,ral? In o t h e r  words ,  how do we d e t e r m i n e  w h e n  [i  

== ~i+17 A~ It t u r n s  out ,  th ls  p rob l em ls NP~complete ,  
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a n d  t h e  o b v i o u s  e x p o n e n t i a l  a l g o r i t h m  to  t e s t  for  e q u a l i t y  

Is t o  t r y  all  2 n c o m b i n a t i o n s  o f  t r u e  ( c o r r e s p o n d i n g  to  

n o n - e m p t y )  a n d  f a l se  ( c o r r e s p o n d i n g  to  ~) a r g u m e n t s  in 

t h e  d e r i v e d  b o o l e a n  f o r m u l a e .  B e c a u s e  t h e  f u n c t i o n s  in 

t h e  c h a i n  a re  i n c r e a s i n g  in  d e f l n e d n e s s ,  t h e  2 n c o m b i n a -  

t i o n s  need to be tried only once. 

It would be convenient if we could look for a fixpolnt 

w h e n  applying _~i t o  s o m e  g i ven  a r g u m e n t s ,  r a t h e r  t h a n  

f i n d i n g  a f l x p o i n t  in  t h e  f u n c t i o n a l  i tself .  H o w e v e r ,  t h e  

a b o v e  e x a m p l e  s h o w s  t h a t  t h i s  Is n o t  t h e  case; even  

t h o u g h  t h e  s e q u e n c e  o f  f u n c t i o n s  < [ i >  is ~tmctly 
increasing u n t i l  t h e  f l x p o i n t  ls r e a c h e d ,  t h e  s e q u e n c e  of  

s e t s  < f i ( ~ l S ~ C 1 ) >  m a y  n o t  be .  T h e  e x a m p l e  above  

w a s  spec i f i ca l l y  d e s i g n e d  to  d e m o n s t r a t e  t h i s ,  u s i n g  ac- 

t u a l  parameters ~ = { ~ ) ,  ~ = { y } ,  ~ = (~} ,  f~ = 
{ p } ,  a n d  ~1 = {q} ;  1.e. for  a n  " o r d i n a r y "  a p p l l e a t l o n  of 

f. For h e r e  we  f i n d  t h a t  *,he s e q u e n c e  o f  a p p r o x i m a t i o n s  

to the sets is { x , y , z , p , q } ,  { p # ) ,  { p # } ,  { p } ,  {P}  . . . .  -- 

note tile "false summit" reached at {p#}. 

Of course, It would be convenlent if there existed an al- 

gorlthm to compute the fixpolnt in less than exponential 

time, IIowever, strictness funetlons are easlly seen as 

recurslve monotone boolean functions, under the Inter- 

pretatlon of set variables as boolean varlables, set union 

as boolean or, and set Intersectlon as boolean and. Ap- 

pendlx I shows that evaluating even one such function at 

a n y  p o i n t  m u s t  t a k e  a t  l ea s t  a n  e x p o n e n t i a l  a m o u n t  of  

t i m e  in t h e  l e n g t h  o f  t h e  f u n c t i o n  de f i n i t i on  (more  

p rec i se ly ,  i t  is c o m p l e t e  in  d e t e r m i n i s t i c  e x p o n e n t i a l  

t i m e ) .  T h u s  we  c a n  do no  b e t t e r  t h a n  t h e  above  s t r a t e g y  

in  t h e  g e n e r a l  ca se .  F o r t u n a t e l y ,  in m o s t  a p p l i c a t i o n s  

u s e r - d e N n e d  f u n c t i o n s  a re  r a t h e r  s m a l l ,  a n d  do n o t  g row 

w i t h  p r o g r a m  s ize ,  so  t h i s  m e t h o d  m a y  be p r a c t i c a l  

d e s p i t e  I ts  e x p o n e n t i a l  n a t u r e .  T h e  I n t e r e s t e d  r e a d e r  

s h o u l d  re fe r  to  [4] for  a use fu l  d i s c u s s i o n  o f  t h e  p r a g -  

m a t l c s  o f  s t r i c t n e s s  a n a l y s i s .  

3 , 4 ,  C o r r e c t n e s s  
I n  w h a t  s e n s e  ls o u r  a l g o r i t h m  cor rec t?  A t  a m i n i m u m .  

it  s h o u l d  p o s s e s s  t h e  fo l lowing  safety property: t h e  

a n a l y s i s  m u s t  n e v e r  f a l s e ly  dec l a re  t h a t  a f u n c t i o n  is 

s t r i c t  In I ts  i t h  a r g u m e n t °  T h i s  is i m p o r t a n t ,  s ince  

p r e s u m a b l y  o n e  o f  t he  p r i m a r y  r e a s o n s  for d o i n g  t h e  

a n a l y s i s  is so a l low c o m p i l e r  o p t l m l z a t l o n s  t h a t  m i g h t  

c h a n g e  t h e  p r o g r a m  s e m a n t i c s  If t h e  a n a l y s i s  were  w r o n g .  

H o w e v e r ,  we  cannot e x p e c t  t h e  c o n v e r s e  p r o p e r t y  ~o 

ho ld ,  s i nce  t h a t  w o u l d  c o n s t i t u t e  a d i r ec t  s o l u t i o n  to  t he  

h a l t i n g  p r o b l e m .  T h a t  is,  we e a n n o ~  a l w a y s  e x p e c t  t he  

a n a l y s i s  to  d e t e r m i n e  t h a t  a f u n c t i o n  Is i n d e e d  s t r i c t  in 

i t s  k h  a r g u m e n t .  O u r  a n a l y s l s  is t h u s  o n l y  an  
approximation, b u t  t h a t  ls t h e  b e s t  t h a t  we  can  h o p e  for.  

A p p e n d i x  II c o n t a i n s  d e t a i l e d  p r o o f s  fo r  t he  fo l l owing  

t h e o r e m s :  

T h e o r e m  1: ( F i r s t - O r d e r  Sa f e ty ) .  L e t  e a r  ~ 

E p  ~ p r ] ]  a n d  s e n v '  == N p  [ [pr ] ]  for  s o m e  p r o g r a m  p r :  

pr  = { q ( x  i ,  . . . .  × h )  = e i ,  . . o ,  

%(×i,.o.,~k ) = % } 

Then 

x c s e n v  ~fi~ (x l , . . . ,  h )  

e n v '  Efl]] ( d l , . . . , d k l ) = =  J_, 1 = 1  ..... n 

w h e r e  d j = j _  w h e n e v e r  × C f2j, J==l ..... ki. 

T h e  p r o o f  o f  T h e o r e m  1 i n v o l v e s  a c lass ica l  u se  o f  

s t r u c t u r a l  a n d  f l x p o l n t  I n d u c t i o n .  

N o t e  t h a t  if o u r  a n a l y s i s  w a s  p e r f e c t  we cou ld  p r o v e  

t h a t :  

× E s e n v '  [~fi]] (K1, . . . ,~:kl)  Iff 

' d - -  e n v  l I f l ] ] ( d l , . . ,  k . ) - - Z ,  l = l  ..... n 
1 

w h e r e  dj=-~..j_ w h e n e v e r  x E i j ,  J = l  ..... k i. 

l.e., t h a t  t h e  l m p l I e a t l o n  goes  b o t h  w a y s .  B u t  we k n o w  

t h a t  t h e r e  does  n o t  ex i s t  s u c h  a p e r f e c t  ana ly s i s ,  b e c a u s e  

If t h e r e  d id  It w o u l d  c o n s t i t u t e  a d i r ec t  s o l u t i o n  to  t h e  

h a l t i n g  p r o b l e m .  

T h e o r e m  2: ( F i r s t - O r d e r  T e r m i n a t i o n ) .  If -[-Sv Is 

f in i te ,  t h e n  t h e  s t a n d a r d  l t e r a t i v e  t e c h n i q u e  o f  d e t e r m l n -  

ing S l I p~  a l w a y s  t e r m i n a t e s  in a f i n i t e  n u m b e r  of  s t ep s ,  

for all p .  

4. A n  E x t e n s i o n  t o  H a n d l e  H i g h e r - O r d e r  
F u n c t i o n s  

D e s p i t e  t h e  s i m p l i c i t y  a n d  I n t u i t i v e  appea l  o f  ~he 

a n a l y s i s  g i v e n  so  f a r ,  It Is o n l y  a p p l i c a b l e  to  f i r s t - o r d e r  

s y s t e m s  -- n o t e  t h a t  we h a v e  n o t  c o n s i d e r e d  f u n c t i o n s  

p a s s e d  as p a r a m e t e r s  In f u n c t i o n  cal ls  or  r e t a r n e d  as  

v a l u e s  f r o m  e x p r e s s i o n s  ( i n c l u d i n g  f u n c t i o n  calls).  F o r  

e x a m p l e ,  c o n s i d e r  t h i s  s i m p l e  p r o g r a m :  

{ f(x) - -  × 
g(x)  = x + l  
h (~ ,b)  -~  (~=o  ~ f ,g) b } 

O u r  a n a i y s l s  so  f a r  is u n a b l e  to  d e t e c t  t h e  fact  t h a t  h Is 

s t r i c t  In b ,  even  t h o u g h  i t  ls o b v i o u s  to  the  r e a d e r  t h a t  It 

Is. I ndeed ,  we  h a v e  a v o i d e d  t h i s  s i t u a t i o n  en t i r e l y  b y  dis-  

a l l owing  f u n c t i o n s  f r o m  a p p e a r i n g  i n  o t h e r  t h a n  f u n c t i o n  

a p p l i c a t i o n  p o s i t i o n ,  w h i c h  w o u l d  ru le  o u t  t h e  w a y  f a n d  

g a re  u s e d  he r e  (i .e. ,  as  t h e  r e s u l t  o f  t h e  cond i t i on a l ) -  W e  

now r e m o v e  t h a t  r e s t r i c t i o n  e n t i r e l y  a n d  p r e s e n t  a n ew  

a n a l y s i s  t h a t  e f f e c t i v e l y  dea l s  w i t h  h i g h e r - o r d e r  f u n c t i o n s  

o f  t h l s  so r t .  

4 . 1 .  P r e l i m i n a r i e s  - -  S t a n d a r d  H i g h e r - O r d e r  

S e m a n t i c s  
W e  now c o n s i d e r  all f u n c t i o n s  to  be  " c u r r i e d "  

( i n c l u d i n g  p r i m i t i v e  ones )  a n d  ~fhus o u r  f u n c t i o n  def ln l -  

t l ons  m i g h t  look  l ike:  f x I x 2 . . .  x n = b o d y .  H o w e v e r ,  

we  u s e  t h e  m o r e  v e r b o s e  l a m b d a  c a l c u l u s  n o t a t i o n  f = 

x x l . X x  2 . . . .  XXnobOdy (or  e q u l v a t e n t y ,  f == x x  1 x 2 
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ooo x n , b o d y ) ,  because It simplifies the lnferenelng rules. 

The one o ther  change to the syn tax  Is t ha t  we now allow 

nested groups of equations,  and we take the value of tile 
r lght- l :and-slde of the first equat ion as the value of the 
equation troupe The new abs t rac t  syn tax  is tl:us: 

c ~ C o n  constants ,  lncludlng prhnl t lve  funct ions 
x ~ f ~ V  variables  

eg ~ E q G r p  equat ion groups,  defined by: 

eg :::: { fl == el~ "°~ 

%==e n } 
e 6 Exp expressions, defined by: 

e : := :  e I x I f l e l - - ' e 2 , e g  ] el. e2 I Xxoe ] e g  

p r  (~ P r o g  is the  set of progran:s ,  defined by: 

p r  ::: eg  

4o1.1. S t a n d a r d  S e m a n t i c  C a t e g o r i e s  

B a s  == I n t  ÷ B o o l ,  domain  of basis values. 
D ~ Bass q.- (D --~ D),  domain  of denotable  values. 
Env ~ V - ~  D,  domain  of env i ronments .  

4,1o2o S t a n d a r d  S e m a n t i c  F u n c t i o n s  

K :  C o n  -+ D 
E:  E x p  -~ E n v  --~ D 
E p :  P r o g  -* D 

E I ! c ~ e n v  -~. K I t e D  
E E x ~ e n v  = e n v  Ex~ 

E g f~  e n v  ~ -  e n v  Ef~ 

E [~e 1 -+ e~,e3~ a n y  = E Eel]]  e n v  --~ E [~e2~ e n v ,  

E l~ea~ e n v  

E Ee a e~ env == (E [~el]] env) (E [~e2~ any) 

E lXx .e~  e n v  == Xv.E Ee~ e n v [ v / x ]  

E l i  { f l = = e l ,  ooo, 

fn : en } ~ : El[eli]any' 
w h e r e ~ o  e~v'  = env[  e E % ] ] / q  . . . . .  

E p  gpr~] : E [[pr]] n u l l - e n v  

4.2~ S ~ r l c t n e s s  P a i r s  

The Impor t an t  observa t ion  to  be made  ls tha t  an ex- 

pression not only  has a "d i rec t  s t r ic tness"  (the set of 
variables which  are eva lua ted  when It Is), but  also a 

"delayed s t r ic tness"  ( the set  of  variables whleh are 
evaluated when  the expression Is applied). In fact ,  an ex- 
pression has a doubly,  tr iply,  indeed "n-Iy" delayed 

strictness,  corresponding to the  variables  which wilt be 
evaluated when  the expression Is applied twice, three 
times, and n t imes,  respectively,  This  suggests  t h a t  the 
s t r ic tness  p rope r ty  should  pe rhaps  be cap tu red  by an ob- 

ject  of type T ,  say, where  T = S v  X (T-+ f i r )  X 

(T -+ T ~ Sv) X -on Note  In par t icu lar  t ha t  the  abs t rac t  
funct ions  take a rgumen t s  of type  T ,  since In the  higher- 
order  case funct ions  may  be passed as arguments~ 

2Indeed, th~ was the domain off atrictnes~ ladderv used in {12], 

However,  a more  concise and  complete ly  equivalent  

represen ta t ion  Is the  d o ma i n  of atrictnesa paira, SP ,  

defined by: 

S P  = Sv  X ( S P  S P )  

We often write a par t icular  s t r ic tness  pair as <sv~ s f > ,  
and 'we use the following subscr ip t  no ta t ion  to select  ele- 

ments  from the pah': 

< s v ~  s f >  v : sv 

<[sv', s f2>f  : s f  

VVItl~ every expression e x p  in a "str lctnes8 

env i ronmen t "  s e n v ,  we associate a s t r ic tness  pair 
S [ [ e × p ] ] s e n v  t h a t  provides  s t r ic tness  proper t ies  of e x p  

both  as an isolated value and as a func t ion  to be applied, 

We write S v g e x p ~ s e n v  for (S g e x p ~ s e n V ) v ,  and 

Sf  E e x p ~  s e n v  for (S Eexpl ]  s en v ) f f  Intui t ively,  

Sv~exp~senv is a set  of s t r ic t  var iables  much  llke 

N ~ [exp l ] s env  In our  previous analysis.  But  In addi t ion 

we now have Informat ion  tl~at cap tu res  e x p ' s  belmvlor  as 

a funct ion.  In par t icular ,  N[][exp e ] ] s e n v  == 

S v ~ e × p ~  s e n v  U ((Sf [ [exp~ s e n v )  (S Iie]] s e n v ) ) ,  since 

when evaluat ing a funct ion  call one mus t  evaluate  the 

funct ion,  and then  apply  it to its a rgument°  Similar 
results are ob ta ined  for repea ted  (i.e., curried) applica- 

tions. Note  t h a t  the  entire strictness pair S ~ e ~ s e n v  ls 

passed to  S f ~ e x p ~ s e n v ,  slnce we do no t  know how e 

will be used wi th in  the body of e x p ;  i.e., It could be used 

as a base value, appl ied to one a rgumen t ,  appl ied to two, 

etc. We formalize all tiffs below (whlch the  reader  should 
compare  to t ha t  given for the  f i rs t -order  ease)° 

4 .2ot .  Non-standard S e m a n t i c  C a t e g o r i e s  ( H i g h e r -  
Order Strictness) 

V, variables of Interest 
Sv, the powerset of V 

SP : S v  X ( S P  ~ S P ) ,  domain of s t r ic tness  pairs  
Senv = V-+ SP, the  "strictness environments" 

For  clarity,  we wri te  e I [-1 e 2 to  mean  X ~ , < ( e  1 X)v n 

(e 2:2)v,  (e 1 K)f N (e 2 ~ ) f > .  We also define a special er- 

ror e lement  s e r r  -~- X K .<~ ,  s e r r ~ ,  to  be used when  an 
expression has been  appl ied " too  m a n y  times.'* 

4°2,2° N o n - s t a n d a r d  S e m a n t i c  Funct ions  ( H i g h e r -  
O r d e r  S t r i c t n e s s )  

Ks: Con -~ S P ,  maps  cons t an t s  to SP~ 

S : E x p  -~ S e n v  -+ S P ,  maps  expressions to s-palrs .  
S p :  Prog -* Senv, gives meaning to programs° 

K s ~[c~  = <~, s e r r 2 > ,  if c Is integer or  boolean 

Ks[l+~ = <~, X~.<~, xS'o<RvUPv , serf> 2> > 

Ks E=I] = ~ E+11 

iris IIA2qD~ -~ <l~, XR.<~ >,5,,<~v, serr2> 2> 2> 

and so on for other pNmRlve functions. 

S Ec~ s = Ks gc]] 
SExes = sE×~ 

SE~s = sEN 
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S [[e I --+ e2~ cal l  s == 

< S v [ [e l i ]  s U (S  v [[e2]] s U/ S v [[ea]] s) ,  

Sf [ [e2]]  S f-] S f [ [e3] ]  S> 

S [ [ e  I e 2 ] ] s  = <2.8 v [ [ e l ] ] s  U s v ,  s f >  

where  < s v ,  s f [  = ( ( S f [ [ e l ] ~ s )  (S [ [e2]]s) )  

S [[Xx.e]] s = <2 (~, x 2 . S  [[eli s [ 2 / x ]  > 

S [[{ fx == ex . . . . .  

== e n }] ]a  - ~  S [ [ e l ] ] s '  

w h e r e r e e  s '  = s[  S [fel l ]  s ' / f l ,  . . ,  

s ~e~ s'/~ ] 

Sp [[{ f l  == e l  . . . .  ' 

f 
w h e r e r e c  s '  == s[  S [ fe l l ]  s ' / f l ,  . . . .  

s [[%]] s ' / f  ] 
T h u s  t l le a b s t r a c t  " m e a n i n g "  oi' a p r o g r a m  Is aga in  a 

" s t r i c t n e s s  e n v i r o n m e n t , "  b u t  t h a t  now b inds  t l le top-  

level f u n c t i o n s  t o  strictness pairs. .As in o u r  ear l ler  
analys is ,  we  refer  i n f o r m a l l y  to  t h e  s t r i c t n e s s  pa i r  of  one 

of  these  f u n c t l o n s  as f .  

As  an  e x a m p l e ,  cons ide r  t he  p r o g r a m  given earl ier ,  

r e w r i t t e n  be low in  cu r r i ed  fo rm:  

( f x = x  
g x = + x l  
h ab = ( (= a O ) ~ f ,  g )  b } 

F r o m  th i s  we  de r i ve  t h e  fo l lowing  (In wh leh ,  roe c lar i ty ,  

we  o m i t  t h e  e n v i r o n m e n t  a r g u m e n t  to  S in all cases):  

} ~ -  8 [[xx.x]]  = < ~ ,  x i . i >  
g =  S[[xx.+xl]] 

= < ~ ,  x £ . S [ [ +  x 11] > 
_~- <~, Xi.<iv, s e r r > >  

S [[((= a 0)  --~ f ,  g ) b ] ]  = 

<,%u(? n Ousv, sf> 
where < s v ,  s f >  = 

w h i c h ,  a R e r  s u b s t i t u t i n g  for  f a n d  ~,  ylelds:  

S [[((= a 0)  --~f ,  g ) b ~  - ~  < g r U b ,  s e r e >  

so f inal ly:  

- ~  S ~Xa b . ( ( =  a 0)  -+ f ,  g )b ] ]  

== <~, X £ . < 0 ,  X h < g v U  ~ ,  s e r f >  > > 

Thls lndlcates that the function h is strict in both of Its 

a r g u m e n t s ,  as w a s  i n tu i t i ve ly  i n f e r r e d  ear l ier .  

4 . 3 .  C o r r e c t n e s s  
As  w i t h  f i r s t - o r d e r  s t r i c tne s s ,  we  w o u l d  like to  p rove  

c e r t a i n  c o r r e c t n e s s  p r o p e r t i e s  o f  t h e  h i g h e r - o r d e r  analys is .  
T o  m a k e  t h e  p r e s e n t a t i o n  c lear ,  we  f i r s t  de f ine  s o m e  

aux i l i a ry  f u n c t i o n s  a n d  c o n c e p t s .  

Definition: L e t  SAP n be a spec ia l  " a p p l y "  o p e r a t o r  

fo r  s t r i c t n e s s  p a i r s  t h a t  gives  m e a n i n g  to  t he  a p p l i c a t i o n  
o f  a s t r i c t n e s s  p a i r  to  n s t r i c t n e s s  pa i rs .  I t  Is d e f i n e d  by: 

S A P n ( S P '  sPl . . . .  # P n )  == 

s p y ,  If n : O  

sPv U SAPn_i( spf spl ~ sP2~...#p n )~ 
l f n > O  

By c o n v e n t i o n ,  S . A P n ( s P )  _~. ~ If n < O. 

D e f i n i t i o n :  Le t  A P  n be a s imi la r  " a p p l y "  o p e r a t o r  for  

e l e m e n t s  in t h e  s t a n d a r d  d o m a i n ,  de f i ned  by: 

flkPn(e, el~o..~en) = 

% if n=O 

A P n . i (  e el, e 2 . . . . .  e n ), If n > 0 

A P  n is used  to  give s y m m e t r y  to  o u r  p r e sen t a t i on ;  no te  

t h a t  A P n (  e~ e l , . . . ~ e  n ) ls real ly  Jus t  e e 1 e 2 ... e n. 

N e x t  we def ine  o u r  i n t e r e s t  In s a fe ty ,  w h i c h  is a b i t  
m o r e  compl ex  t h a n  in t he  f l r s t - o r d e r  case, because  now 
we m u s t  cons ide r  exp res s ions  t h a t  m a y  eva lua te  to  func-  

t ions° W e  say  t h a t  s p  E S P  is safe at Ie.uel n for va lue  
e E E  (wi th  r e spec t  to  a va r i ab l e  v )  If for all m < n, 

8 iE SP,]  a n d  e i E D (1=1 ..... m)  s u c h  t h a t  s~ Is safe  a t  

level n-1 for  el,3 we have :  

v E S A P m (  s p ,  s l ,  . . . .  sea ) 

aPm(e,e 1 . . . .  ' e m ) = ± D  
F u r t h e r m o r e ,  we s a y  tl~at a s t r l c t n e s s  pale s p  Is ~afe for 
a v a l u e  e (w i th  r e s p e c t  to v)  if for all n > 0, s p  ls safe  a t  
level n for  e.  

F ina l ly ,  we  wish  to  def ine  a po ln t -wi se  s a fe ty  p r o p e r t y  
for  e n v h ' o n m e n t s .  W e  say  t h a t  a s t r l e t n e s s  e n v i r o n m e n t  
s e n v  Is safe for  a s t a n d a r d  e n v i r o n m e n t  e n v  (wltl~ 
r e spec t  to  a v a r i a b l e  v)  If g x  ~ V~ s e n v  ~x]] Is safe for 
e n v  [[x]] (w l th  r e s p e c t  to  v) .  T w o  e n v l r o m n e n t s  r e l a t ed  
In th i s  w a y  are sa id  t o  correspond. TMs leads us to: 

T h e o r e m  3:  ( H i g h e r - O r d e r  S a f e t y )  F o r  all expres-  
s ions  e x p ,  v a r i a b l e s  v ,  a n d  c o r r e s p o n d i n g  e n v h ' o n m e n t s  
s e n v  a n d  e n v  (wi th  r e spec t  to  v) ,  

S E e x p ~  s e n v  Is safe  for  E ~ e x p ] ]  e n v .  

P r o o f :  See A p p e n d i x  III. 

4.4. Computing the Least Fixpoint of Strictness 

P a i r s  
G i v e n  o u r  h i g h e r - o r d e r  analysis ,  how does one  app ly  it 

to  a p a r t i c u l a r  p r o g r a m ?  T h a t  is. h o w  does one c o m p u t e  

t he  f lxpoln t  o f  t h e  r e su l t i ng  m u t u a l l y  recurs lve  equa t ions  

defining strictness pairs? The domaln S P  - ~  Sv X 
(SP--~ SP) seems ~o have unbounded "depth." making 

the computation seemingly dlffieult. Fortunately. the 

s e c o n d  e l e m e n t  In a pa i r  a l mos t  a lways  d e g e n e r a t e s  to  
s e r f  a t  s o m e  po in t ,  w h i c h  can  be r e p r e s e n t e d  compact ly°  
F u r t h e r ,  s t r i c t n e s s  pa i r s  are  a l m o s t  never app l i ed  m o r e  
t h a n  a f in i te  n u m b e r  o f  t i mes .  T h u s  one  m a y  use the  
s t a n d a r d  t e c h n i q u e  o f  s t a r t i n g  w i t h  an  ini t ia l  a p p r o x i m a -  
t ion  J--SP for  all s t r i c t n e s s  pai rs ,  a n d  I t e ra t ing  in t h e  n o >  

real w a y  to  re f ine  t h e  a p p r o x i m a t i o n s  to  w h a t e v e r  degree  

is neces sa ry  for  the  p a r t i c u l a r  app l i ca t ion ,  
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T h e  c o m p l e x i t y  of t he  r e su l t i ng  ana lys i s  is, of  course ,  no  

be t t e r  t h a n  in the  f i r s t -o rde r  ease.  Indeed ,  it is worse ,  for  

In general  it is no t  g u a r a n t e e d  to  t e r m i n a t e !  T h e  reason  

Is t h a t  there  ls occas ion  w h e n  a s t r ie tnes8  pa i r  needs  to  be 

appl ied  an  inf in i te  n u m b e r  of  Nines. Cons ide r ,  for  ex- 

ample ,  the f u n c t i o n  f ~ kx, f x x: 

= <0, X£.<J~v U (f~ % U (¢f  £) f  £)v, 

(([.~ £)f i )e> >~ 
Note  t h a t  ea r ly  S v  e l em en t s  in the  nes t ed  pa i r s  d e pe nd  

on " d e e p e r "  S P - - ~  879 e l emen t s ,  c r ea t i ng  a e l reu la r l ty  In 

c o m p u t i n g  f. T h l s  a spec t  of  u n t y p e d  l a m b d a  cMcutas  Is 

an u n f o r t u n a t e  one,  cons ide r ing  t h a t  m o s t  p r o g r a m s  have  

little need for f u n c t i o n s  such  as th is .  5 O u r  on ly  so lu t ion  

to th is  p r o b l e m  c u r r e n t l y  Is to  i m pose  a weak  type  dis- 

clpllne that. d i sa l lows  f u n c t i o n s  whose  type  Is of al%ItPary 

"ordel ' "  or  " d e p t h " .  [n p a r t i c u l a r ,  Itlost ve rs ions  of  

typed  t a m b d a  ca lculus  p rov ide  the  necessa ry  c o n s t r a i n t s  

[2}, and  sc l~emata  of  th i s  k ind  have  been s t ud i ed  exten-  

sively e l sewhere  [6, 7]. 

4 .5 ,  Other I n t e r p r e t a t i o n s  

A s s u m e  x does  no t  occur  free In e. T h e n  no te  t h a t  

S [ e  x ~  == .<@v o sv~ s f >  w h e r e  < s v ~  sf2> = -  @f x,  

and thus :  

S gxx,,e x~ -- < ~ ,  >,i,<@vUsv, sf> > 
However ,  by E t a - c o n v e r s i o n  kxoe x ~: e, yet: 

So strictness Is not preserved under Eta-converslon by 

our  aaalys ls .  T h i s  ref lects  o u r  I n t e r p r e t a t i o n  of  a l a m b d a  

express ion  as a " t l m n k , "  wllose b o d y  is no t  eva lua t ed  un-  

til It Is called, and  Is m a n i f e s t e d  m o r e  ser lous ly  in ex- 

amples  such  as g x y == 'k  x y ,  wi~lch yields: 

5 Eg]] . . . .  g : 
<0, X £ o < ~ ,  Xg.<£vUS~'v~ serr> >> 

For  here note  t h a t  S E Z  e l 3  : <@~ X g ' < S v E e i ~ U g v ~  

s e r f >  > a n d  t h u s  g e I does  'sot eva lua te  e I (since 

S v [ g  e l i  ] = ~), even t h o u g h  g e 1 e 2 does. 

A l t h o u g h  th l s  i n t e r p r e t a t i o n  of  s t r i c tness  Is r easonab le ,  

it is easy to  imag in e  s i t u a t i o n s  w h e r e  one w o u l d  w a n t  g 

e I to eva]ua te  e I wh.enever  g e I e 2 does. Indeed ,  tile 

only t ime one wou ld  n o r m a l l y  evah ia t e  g e I is w h e n  It ls 

abou t  to be appl ied ,  so e v a l u a t i n g  e 1 ' t a r ] y "  wou ld  seem 

to be a safe t h i n g  to do, T h e  on ly  excep t ion  to t h b  is In 

the use of  p r ed i ca t e s  such  as f u n c t i o n ?  which  mlgl l t  be 

expected  to r e t u r n  t r u e  w h e n e v e r  Its a r g u m e n t  ls a ifunc- 

tlono Bu t  s ince E t a - c o n v e r s l o n  Is p rese rved  In on ly  

l imited and  o f t en  dIf fer lng w~.ys in a given h r ip lemen-  

..... <~:~ u (~f % o ((ff *)f *),,,, ((~f % ~)f>. 
5 . iNote that the function g ..... Ax,g does i~ot have tile circularity 

problem mentior.~ed above, since "deep u dements depend only o~ 
more "shallow" ones. yet g is equivabnt to f in the Betad~heory of 
the !ambda calculus -- their Bohm trees a.re klentieal. 

t a t l on ,  it m i g h t  a lso  be r e a s o n a b l e  to  def ine f u n c t l o a ?  

(g  ~L) == _~ i n s t e a d  of  t r u e .  W e  can  alter" o u r  ana lys i s  

to  c o n f o r m  to th i s  new i n t e r p r e t a t i o n  by s h n p l y  c h a n g i n g  

the  def in i t ion  of  S when  app l i ed  to l a m b d a  express ions ,  

froin:  

S Exx.eI] s : < ~ ,  ~ i .S  Ee]] s[~/x]  > 

to: 

S i lk×or ] i s  : < S  v [[e]]s[_J_.se/X],  

xios Ee]] s[~/×] > 

W i t h  th i s  new i n t e r p r e t a t i o n ,  we ar r ive  a t  the  fo l lowing 

for  die  f u n c t i o n  g def ined above:  

t E g ] ]  - -  < ~ ,  x £ . < £  w x Y o < £ - ~ U 2 v ,  
serf > > > 

so t h a t  S v ~g  e t ] ]  == S v E e l ] i ,  wh ich  m e a n s  t h a t  e I !78 

evaluated -when g e I Is. This result hlgh]IZhts the 

genera l i ty  of the  s t r i c t n e s s  pa l r  a p p r o a c h ,  s t e m m i n g  f r o m  

I t ' s  t r e a t m e n t  of  free var lab les .  6 

Note  t h a t  a s imi l a r  el lange ( to preserve  cons l s t eucy  In 

the  w a y  par t i a l  a p p l i c a t i o n s  are t r ea t ed )  could be m a d e  

to  the p r i m i t i v e  def}nlt lon of  -b :.ks given by  K s :  

KsE+[~ : <~, ~£ '< iv ,  k2°<ivuYv, 
s e e r  > > > 

4,.6° Comparison ~o First-Order Analysis 

I t  shou ld  be o b v i o u s  t h a t  o u r  new ana lys i s  p rov ides  ad- 

di t ional  i n f o r m a t i o n  t h a t  t he  old ana lys l s  does not .  It  Is 

also the  ease t h a t  the  new ana lys i s  does no t  lose a n y  of 

the  power  of  the old, In  p a r t i c u l a r ,  s u p p o s e  we have  an 

u n c u r r l e d  f u n c t l o n  f of  n a r g u m e n t s  def ined  by  f (xl~ 

x2p.O~×n) : :  e x p  and  s u b j e c t  to  the  r e s t r i c t i ons  g iven in 

Sect ion 3°9 (I.e., f u n c t i o n s  on ly  appear '  in a p p l i c a t i o n  

pos l t lon) .  -\Ve w o u l d  llke the  s t r i c t n e s s  p r o p e r t l e s  com-  

p u t e d  for  it to  be the  s a m e  as fo r  the cu r r i ed  f u n c t i o n  f '  

def ined by  f '  x 1 x 2 o - x  n == e x p ' ,  w h e r e  e x p '  cor- 

r e s p o n d s  to  e x p  excep t  t h a t  all f u n c t i o n  app l i e~ t l oa s  are 

curr ied ,  In o t h e r  words ,  we w o u l d  llke the  se t  of  

" t h i n g s "  needed  to  eva lua t e  an app l i ca t i on  of  the  un-  

cur r ied  f u n c t i o n  to be the  s a m e  as those  needed  to 

eva lua t e  the  a p p l i c a t i o n  of  the  c o r r e s p o n d i n g  cur r led  

func t ions  

W e  can s t a t e  th i s  m o r e  prec ise ly  by  f i rs t  c rea t ing  an  hl- 

d u e d o n  h y p o t h e s i s  In w h i c h  s e  and  s e '  are two 

" s t r i c t n e s s "  e n v i r o n m e n t s  w h o s e  b l n d l n g s  p rese rve  the  

p r o p e r t y  in q u e s t l o n  for  the  f i r s t -o rde r  a n d  h lgher-oPder  

cases,  respec t ive ly ,  T h e n  w h a t  we wlsh  to p rove  is: 

X ~ e ) Theorem 5: iN[[exp]]se == S vile p ]is 

T h a t  is, t he  f i r s t  e l e men t  of  the  s t N c t n e s s  pa l r  pPovldes 

all of t he  I n f o r m a t i o n  t h a t  the  f i r s t - o r d e r  ana lys i s  

p rov ided .  A review of the  de f in i t ions  for  N and  S sh o u ld  

convince the  r e ade r  of this,  but. the  de ta l l s  are o m i t t e d  

5Note  t h a t  by g i v i n g  a un ique  n a m e  to  each ~lode lu a parse- t ree ,  

one  c a l l  l i se  t h e  saF~~e s t r a t e g y  t o  det,  eP~t l i r }e  all ,~z/)e:t~p~.ess~co~18 that  
will  be eva lua t ed .  T h i s  may  be useful  for' compi le r  opt.hnizatiou;% 
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here .  

4 . 7 .  A F i n a l  t 3 x a m p l e  

T h e  obse rvan t ,  r e a d e r  wlll  h a v e  n o t i c e d  t h a t  we d id  no t  

p r o v l d e  a s t r i c t n e s s  pa i r  for  c o n s  In t he  de f i n i t i on  o f  K s .  

I t  t u r n s  o u t  t h a t  one  c a n  def ine  c o n s ,  c a r ,  a n d  e d r  as 

h i g h e r - o r d e r  f u n c t i o n s  in t h e  p u r e  l a m b d a  ca lcu lus ,  a n d  

ge t  t h e  " l a z y "  b e h a v i o r  t h a t  we desire .  "12he de f i n i t i ons  

are:  

c o n s x  y g - -  g x  y 

c a r  a = a (Xx y . x )  

c d r  a == a ( x x  yoy )  

A p p l y i n g  o u r  a n a l y s i s  to  t h e s e  f u n c t i o n s  Is a good  t e s t  o f  

Rs  e f f ec t i venes s ,  s i nce  h i g h e r - o r d e r  f u n c t i o n s  ge t  u sed  in 

s e v e r a l  w a y s .  I n d e e d ,  t h e  a n a l y s i s  ls ab le  to  d e t e r m i n e  

t h a t  t h e  f u n e t l o n  f d e f i n e d  by:  

f p × s = (p  - ,  ~ r ,  car )  ( ~ o ~ s  ~ ( +  ~ y) )  

ls s t r i c t  In p and x .  T h e  de t a i l s  o f  t h e  a n a l y s i s  are  Ieft to 

t h e  r e ade r .  

5o . A c k n o w l e d g e m e n t s  

O v e r  t h e  p a s t  y e a r  m a n y  peop l e  h a v e  c o n t r i b u t e d  in 

v a r i o u s  w a y s  to  t h e  ove ra l l  c o n t e n t  of  t h i s  pape r .  

T h a n k s  f i r s t  o f  all to  S i m o n  P e y t o n  Jones ,  w h o s e  en-  

l i g h t e n i n g  v i s i t  i n s p i r e d  u s  to  p u r s u e  t h i s  t op le  f u r t h e r .  

W e  are  a lso  I n d e b t e d  to  S a m  t ( a m l n ,  w h o  f i r s t  p o l n t e d  

o u t  t h a t  o u r  o r i g i na l  d o m a i n  o f  s t r i c t n e s s  l a d d e r s  cou ld  

be  s imp l i f i ed .  A l b e r t  M e y e r  w a s  t he  f i r s t  to  s t a t e  t h e  

c o m p l e x i t y  r e s u l t  In A p p e n d i x  I [15]; g iven  hls  r e su l t ,  o u r  

p roo f  w a s  d e v e l o p e d  I n d e p e n d e n t l y  In c o n j u n c t i o n  w i t h  

Nell  I m m e r m a n ;  D a n a  i n g l u l n  a n d  M i c h a e l  F i s c h e r  also 

p r o v i d e d  i n v a l u a b l e  he lp .  

L C o m p l e x i t y  R e s u l t  f o r  F i r s t - O r d e r  

S t r i c t n e s s  
D e f i n i t i o m  A r e e u r s l v e  m o n o t o n e  b o o l e a n  f u n c t i o n  

(RlvIBF) Is a n  e q u a t i o n  f ( x l , o . ° , x n )  -~- b o d y ,  w h e r e  

b o d y  ls a n  e x p r e s s i o n  w i t h  s y n t a x :  

e x p  : : - ~  e x p  A e x p  l e x p  V e x p  1 0  I 1 I 

f (  eXP x  . . . .  , e x P n  ) IX  I (1--1 ..... n)  

T h e  s e m a n t i c s  a re  t h a t  f Is t h e  least, f l x p o l n t  of  t h i s  

e q u a t i o n  on  t h e  b o o l e a n  d o m a n  o ~  1, w i t h  t h e  s t a n d a r d  

I n t e r p r e t a t i o n  o f  A a n d  V. T h a t  Is, If we  v lew b o d y  as a 

f u n c t i o n  f r o m  (2 n --~ 2) --~ (2 a -+  2), t h e n  f is t he  f i xpo ln t  

f o u n d  by I t e r a t i n g  b o d y  a p p l i e d  to z e r o ,  t he  f u n c t i o n  

w h i c h  m a p s  all a r g u m e n t s  to  zero:  

z e r o ,  b o d y ( z e r o ) ,  b o d y ( b o d y ( z e r o ) ) ,  .o. 

(C lea r ly  t h i s  s e q u e n c e  t e r m i n a t e s  a t  a u n i q u e  f ixpo ln t ,  

s ince  ti~ere a r e  a f i n i t e  n u m b e r  o f  s u c h  f u n t l o n s  a n d  

b o d y  ls m o n o t o n i c . )  

D e f l n i ~ i o n :  ( R M B F )  A n  instar~ee of  R M B F  ts an  equa -  

t i on  e q  ~ -  f ( x l , . . . , x n ) - ~ - b o d y  a n d  a se t  of  n a r g u m e n t s  

a == {a 1 .... ,%}.  (~q,~) c RMB~ iff f ( ~  ..... % ) = 1  un- 

der t h e  a b o v e  s e m a n t i c s .  

D e f i n R i o m  Determinis t ic  exponential t ime Is d e f i n e d  

by:  

E X P T I M G [ n ]  --- Lj T I M E [ e  n] 
c ~ 0  

(See [1] for  t h e  d e f i n i t i o n  o f  T I M E  c lasses . )  

T h e o r e m :  R M B F  ls c o m p l e t e  In d e t e r m i n i s t i c  e x p o n e n -  

t ial  t i m e  In t h e  l e n g t h  o f  t h e  I n s t a n c e  ( e %  a ) .  T h a t  Is, 

e v a l u a t i n g  a RMBI?  a t  a n y  p o i n t  t a k e s ,  in  t h e  w o r s t  case ,  

an  e x p o n e n t i a l  a m o u n t  o f  t l m e  as  a f t m e t l o n  o f  t h e  

l e n g t h  of t h e  f u n c t i o n  de f i n i t i on .  

P r o o f :  C l e a r l y  It t a k e s  no  longe r  t h a n  e x p o n e n t i a l  t i m e  

to e v a l u a t e  a RlvIBF f ( x i p , ° ~ X n ) = = b o d y  a t  a n y  p o i n t .  

O b s e r v e  t h a t  t h e  n u m b e r  o f  a r g u m e n t s  (n)  Is b o u n d e d  b y  

the  l e n g t h  o f  t he  f u n c t i o n ,  1, a n d  w r i t e  d o w n  a t r u t h  

t ab l e  of  slze 2 n, all zero.  I t e r a t l v e l y  f i nd  b o d y ( g )  w h e r e  

g ls t h e  f u n c t i o n  r e p r e s e n t e d  by  t h e  t r u t h  t ab l e  u n t i l  t h e  

t ab l e  ceases  to  c h a n g e .  T h i s  ls t h e  t r u t h  t ab l e  for  f.  W e  

h a v e  t a k e n  a t  m o s t  2 n I t e r a t i o n s ,  e v a l u a t i n g  

b o d y ( g ) ( x  1 . . . . .  Xn) a t  2 n p l aces  for  e a c h  i t e r a t i o n .  

C lea r ly ,  e v a l u a t i n g  b o d y ( g ) ( x  1 . . . .  ,Xl) t a k e s  a t  m o s t  1 

l o o k u p s  In g ' s  t a b l e ,  o r  t , n * 2  n, so  we t o o k  to t a l  t i m e  

T < 2 n * 2 n * l * n * 2  n < c 1 for  n > 8 a n d  s u f f i c i e n t l y  l a rge  1. 

( R e m e m b e r  t h a t  n < 1). 

N o w  we m u s t  s h o w  t h a t  R M B F  ls E X . P T I M E - h a r d .  

T h l s  is s h o w n  b y  s i m u l a t i n g  a n  a l t e r n a t i n g  t u r l n g  

m a c h i n e  [3] w l t h  O(n )  s c r a t c h  apace  by  a r e c u r s l v e  

m o n o t o n e  b o o l e a n  f u n c t i o n  o f  l e n g t h  O(n) .  T h e  f u n c t i o n  

app l l ed  to  a s e t  o f  a r g u m e n t s  wilt r e t u r n  1 If a n d  o n l y  If 

t h e  t u r l n g  m a c h i n e  a c c e p t s  o n  the  c o r r e s p o n d i n g  I n p u t .  

Reca l l  f r o m  [3] t h a t  a n  a l t e r n a t i n g  t u r l n g  m a c h i n e  l a a  

t up l e :  

M -~- (k, Q,  £ ' , /" ,  & q0' g) '  w h e r e  

k is t he  n u m b e r  o f  w o r k  t ape s ,  

q Is a f in i t e  se t  o f  s t a t e s ,  

E Is a f ln l te  i n p u t  a l p h a h e t .  

f '  Is a f i n i t e  w o r k  t a p e  a l p h a b e t ,  

~SC(Q x r k x .i:) x (Q x rk  x {left ,  r i gh t}  k + l )  

ls t he  n e x t  m o v e  r e l a t i on ,  

qo ~ Q ls t h e  in i t i a l  s t a t e ,  

g :Q - -  { A N D .  O R .  N O T .  a c c e p t ,  r e j ec t  } 

If g(q) = A N D  ( respee t lve ly°  O R .  N O T ,  accep t ,  r e j ec t / .  

t h e n  q is s a ld  to  be a u n i v e r s a l  ( r e spec t ive ly ,  ex i s t en t i a l .  

n e g a t i n g ,  a c c e p t i n g ,  r e j e c t i n g  ~ s t a t e .  

Q u o t i n g  [3], " w e  requh 'e  of  ~ t h a t  an  a c c e p t i n g  or 

r e j e e t l n g  c o n f i g u r a t i o n  h a v e  no s u c c e s s o r s ,  u n i v e r s a l  a n d  

e x i s t e n t i a l  c o n f i g u r a t i o n s  h a v e  a t  least, one .  a n d  n e g a t l n g  

c o n f i g u r a t i o n s  h a v e  e x a c t l y  one . "  (Reca l l  t h a t  a n o n -  

d e t e r m i n i s t i c  t u r l n g  m a c h i n e  h a s  o n l y  ex l s t eu t l aL  accep t -  

Ing,  a n d  r e j e c t i n g  s~a~es, whi le  a d e t e r m i n i s t i c  t u r l n g  

m a c h i n e  has a-{ m o s t  one  s u c c e s s o r  for  e ach  

c o n f i g u r a t i o n . )  

S u p p o s e  t h a t  A ls a n  A T M  w h i c h  uses  a t  m o s t  O(n)  

s p a c e  o n  i n p u t  x ({xl --- n).  N o t e  t h a t  by T h e o r e m  2.5 In 
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{3], we can a s s u m e  t h a t  A has  no neg~ t lng  s t a t e s .  In ad-  
dlt]Ol], we a~sutlle t h a t  f does  no t  use Its h l p u t  t ape ,  

since, In 11ght of  t he  fac t  t h a t  we have  O(n)  space ,  -we 

could s i m u l a t e  d ie  I n p u t  t a p e  on the  w o r k  t a p e  by  copy-  

]rig It t he re  f i rst ,  So we will t a k e  k : l  and  F : { 0 .  1}. 
An ID (or c o n f i g u r a t i o n )  for  A looks ]lke ( q ~ Q ,  

J 6 {1 ..... n},  T = = ( t i , t  2 ...... In) ), w h e r e  T Is t he  contents of  

the w o r k  tape .  

We wllt sl:Inulate A by a RNfBF C such  t h a t  C(ID) : :  1 
Just  w h e n  A ha l t s  u f te r  be ing  s t a r t e d  hl s t a t e  IDo 

f.et  C( ql .... .  qq' Pt  ..... Pn'  Pl ..... ~a' t l  .. . . .  tip g:t ..... gn ) be 

our  func t i on .  T h e  a r g u m e n t s  to C wltl  r e p r e s e n t  tl~e IDa 

as fol lows:  ID (qi' Pj' T~=( t l  ... . .  In) ) will c o r r e s p o n d  to: 

C( o ..... q~,=l  ..... on 

0 ..... p j = l  ..... O, 

1 ...... % = 0  . . . . .  1, 

t l , . , . , t  n, 

- ' t  l~O-.,~t n ) 

Let  Z E R O  : V (pj £ %), 

and  O N E  =: V (p] k tj) 

Clear ly ,  if t h e  v a r i a b l e s  r e p r e s e n t  a va l id  ID, t, h e a  
Z E R O  Is t r u e  Iff t h e  t a p e  h e a d  r eads  a zero,  whi le  O N E  
!s t rue  Iff the  t a p e  h e a d  r eads  a one.  

Let  C O D E [ q , b ]  (for  q C  Q,  b ~ {0 , i} )  be 
1 If q Is an  a c c e p t i n g  s t a t e  

0 If q Is a r e j ec t ing  s t a t e  

A(V)  C( ...ca'..., 

( p i + l A ( d l r = I e f t ) )  V 

( P j _ l A ( d l r = r l g l l t ) )  .... 

. -% : (~+aA(dlr:left)) V 

(i%., A ( d i r = r l g h t ) )  .... 

_ . t . j - -  (~]Atp V (Pj A b') .... 

-.~] = (~A%) V (p] A -~b').,, 
) 

if q is a un ive r sa l  ( ex i s t en t i a l )  s t a t e  w h e r e  t h e  large  
A N D  or  O R  Is ove r  ail ( (q ,b ) , (q ' , b ' , d l r ) )  In & 

NOW, C ( I D  ) = 

[ ON~; A (V qi A CODE{qi ,1  ] ) ] V 

[ Z E R O  A (V qi A CODS[q i , 0  ] ) ]  

(where  t h e  O R  ls o v e r  all qi 6 Q).  

I t  s h o u l d  be d e a r  t h a t  if C ls ca l led  w i t h  a r g u m e n t s  

r e p r e s e n t i n g  a va l ld  ID, t h e n  C o n l y  m a k e s  r eeur s lve  calls  
wi th  a r g u m e n t s  r e p r e s e n t l n g  v a l t d  IDs,  so we can  de f ine  

the  C " t r a n s i t i o n  r e l a t i on  '~ ID ~ I D '  If C(ID) calls  C( ID ' )  

r ecurs lve ly  In o n e  s t ep .  It, should be c lear  t h a t  t he  t r a n -  

s i t ion  re l a t lon  ~ Is e q u i v a l e n t  to  the ATivI t r a n s i t i o n  

re la t ion  a~ d e f i n e d  In [3] ( because  C p r e s e r v e s  t h e  s t a t e ,  
pos l t lon ,  a n d  t a p e  c o n t e n t s  during each t rans l t lon)o  In 

addRIon ,  by  co i l s t rue t io i t  C c o r r e c t l y  dea l s  wl th  accep t ing  

and  r e j ec t i ng  s t a t e s  a n d  q u a n t i f i e d  t r a n s i t i o n s ,  and so 
C(ID) Is 1 lff t l ie A T M  a c c e p t s .  (The  !ndu<t lve  p roof  is 

lef t  to tile r eade r ,  w h o  sho~dd n o t e  t h a t  t he  s e m a n t i c s  of 

an  A T M  " a c c e p t i n g "  a re  t h e m s e l v e s  ~ least  f ixpo ln t  

c o n s t r u c t i o n )  

Now we no te  t h a t  the  slze of  C is O(n) ,  w h e r e  n was 

the  slze of  the  i n p u t  to  t h e  ATb ' i .  Th l s  fol lows b (cause  

ioNml = IZEROI = O(u), a,,<i lCOOi~S[q,i)}! = o(,), so 

M = iONEI + tzl~;aol + 2<a • Icoo~;[q ,@i  : .  o(n).  ~ 

T h u s  R M B F  Is c o m p l e t e  for  A S P A C E ,  wh ich  by  [3] ls 

t he  s a m e  as E X R T I M E .  

Ho Correctness Proofs for First-Order 

Strlctness 

To ald t h e  p r o o f s  t h a t  fol low,  we need  to mo~e prec ise ly  
def ine  the  e n v i r o n m e n t s  e n v '  a n d  s o n y '  as f l x p o / n t s  of 

t he  whererec clauses, T h e s e  e n v l r o n n i e n t s  s h o u l d  be 

v i ewed  gs v e c t o r s  of  f u n c t i o n s  t h a t  s a t i s fy  t he  r e spec t ive  

sys ten l s  o f  m u t u a l l y  r ecu r s ive  e q u a t i o n s .  T h e r e f o r e  we 
call talk about solutions to the system as Instances of 

these environments. ConsIde1'hlg tile system as a whole, 

let, <env~senv> be one such solution. 'Then starting 

wit l l  t he  pfogi 'zlnl: 

{ - "  fi(×~'""Xk~)= ~i' ""} 

we def ine  the  f u n c t i o n a l  T a u  by: 

T a u  < e n v a ~ s e n v  > _~ < e n v b ~ s e n v b : > ~  

where :  

e n v  b . ~  

[o--, X(V 1 . . . .  ,Vk ) . E  [[el]] e n v s [ v l / ×  1 . . . .  ,Vki /×k i ]  

/ q ... .  ] 
s e n Y  b 

[o,., X(X 1 . . . .  ,5~kl)ON [[el]] s e n ~ a [ X l / X  1 , - . , S r k i / x k i ]  

/ %- . ]  

T h e  des i r ed  s o l u t i o n  can  t h e n  be f o u n d  I t e r a t l ve ly  In 
t h e  s t a n d a r d  w a y ;  i.e., by  c r e a t i n g  K l e e n e ' s  a s c e n d i n g  
c h a i n  of  a p p r o x i m a t i o n s ,  s t a r t i n g  w i t h  t h e  " l e a s t , "  or  
b o t t o m  e l e m e n t :  

< e n v 0 , s e n v  0 > w h e r e  

env 0 = [ . . . .  X( h . . . .  ,Vk ) o _ L D / %  ...] 

s e n v  o = [..., X ( i l , . . . , i k l ) . 2 S v / f ] ,  ,..] 

7Unfortunately, under a strict interpretation of input length this 
proof is not quite correct, If we charge for each character ia the 
function definition, including subscripts, we may need O(nlog(n)) 
characters to write the whole  funct ion  definit, ion, because the s u ~  

script  n takes  tog(n) space (written in binary). Al~hougl l  our proof 
still works, we should really be more rigorous and state what type of 

reduction w e  ~re ustag to prove  completeaess ,  It  is clear that a 

polynomial-time (say O(n2)) transducer could output C given a 
d~scription of  the machine A, so the proof  holds  under a polynomiab 
time reduction. We believe ~,hat a tog-space reduction would not be 
difficult. 
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where  _L D and  -J-sv are the  b o t t o m  e lements  In the 

domains  D and  Sv ,  respect ively ( thus  JL8 v - ~  V) .  Tile 

next  so lu t ion  is: 

< e n v l , s e n v i >  = T a u  < e n v o , s e n v 0 >  

and  general ly:  

< < e n v p s e n v i >  - ~  T a n  < e n v i . l ~ s e n v i _ l >  

Note  t h a t  < e n v i ~ s e n v i >  is less defined than  

< ,<envj~senvj ;>  w h e n e v e r  i < j .  We then  define 

< e n v ' , s e n v ' >  (def lned earl ier  using w h e r e r e c )  as the 
least, upper  b o u n d  of tills ascending  chain,  and  it Is thus  
the  least f lxpoln t  of the  system.  

T h e o r e m  1: ( F i r s t - O r de r  Sa fe ty ) . .  Let  e n v '  - -  
E p  [[pr]] a n d  s e n v '  - ~  N p  EprN for some program pr :  

p~ = {. . . ,  q ( x ~ , . . . , ~ k )  = e i, . . .} 

Then: 

x E s e n v '  [ f i n  (5:1,.. . ,Ski) 

e n v '  ~fiN ( d l , . . . , d k ) - - j _ ,  1=1  ..... n 
1 

where  d j = J _  wheneve r  x E 5:j, J - -1  ..... ki. 

P r o o f =  (using f ixpo ln t  Induc t ion)  

Le t  P s i  be the  p red ica te :  

P s i  < e n v , s e n v >  = 

x 6 s e n v  Efl]] (5:1 . . . . .  5:k.) ~ 
! 

e n v  Ef~]] (d l , . . . , dk . ) - -%j  , i - -1  ..... n 
1 

where  d . - ~ ] _  w h e n e v e r  x C Rj, J - -1  ..... k i. a 
Cons ider  f irst  t he  least e lement :  

P a l  <envo,senvo> ~- (x C J - N  ~ J-=-]-) 

which  is t r iv ia l ly  true° 

Now suppose  P s i  is t rue  for some e lement  

~envk_ l~senvk .1L~>  In t he  ascending chain.  T h e n  con- 

s ider  <envk,senv k >  --~- T a u  < e n v k _ l , s e n v k _  1 >  : 

P s i  < e n v k , s e n v k >  

= x 6 s e n v  k Cfi]] (5:1 . . . . .  5:m ) a 

e n v  k [ f i n  (d l , . . o ,dm)- -%j  , I - -1  ..... n 

where  d . : [  wheneve r  x C 5:] a 

= x @ N ~eiN s e n v k < t [ R l / x  1, .... Rm/Xm] 

E ~ e f i  ~ n V k _ ~ [ a ~ / x ~ , . . . , a ~ / x  m] 
: _ l_ , l=~  ..... n (~) 

where  d j ~ _ J _  wheneve r  x 6_ 5:j 

t he  proof  of w h l e h  requh'es s t ruc tu ra l  induc t ion  on  e i. 

F i r s t  let a : e n v k . l [ d l / x l , . . . , d m / X m ]  and b --= 

s e n v k _ l [ 5 : l / x l , . . . , 5 : m / X m ]  , where  dj-~-A_ whenever  

x ~ f9.. T h e n  e i ther :  

1. e i is a cons t an t .  T h e n  the  lhs of (1) mus t  be 

false, and  so t he  Impl ica t ion  is t r ivia l ly  ~rue. 

2, e I is a b o u n d  var iab le .  T h e n  there  ls some t 

such  t h a t  (1) becomes: × ~ x l  ~ dl -~--k '  

wh ich  ls t rue  because  of the  quallf ieaNon tha t  
d j = - J _  wheneve r  x C 5:j, J-~-I ..... kg 

3. e i = e 1 - + e 2 ~ e  S, Fo r  the  lhs of (1) to  be 

t rue ,  e i ther :  

a. x E N EelN b .  T h e n  by the  ( s t ruc tura l )  

i nduc t ion  hypothes is ,  E [[el]] a = j_ 

and  by  def in i t ion  of the  eondi t lonal ,  
E[ [e iN a ~ -  ~ .  T h u s  the  Impllcat lon 

(1) holds. 

b. ( x E N E e 2 N b )  AND ( × C N E e a N b ) .  

T h e n  by a s lmllar  appl lca t lon  of the 
( s t ruc tu ra l )  induction hypothesis ,  

EEeiNa ~ ( p r e d - +  J_ ,_ [ )  = _L and 

t hus  impl ica t ion  (1) follows. 

4. e~ - ~  f (e  1 .. . . .  en) .  Then  (1) becomes: 

x C b ~fN ( N  [[el]] b , . ° . , N  ~enN b)  

a Ef~ (E [[el]] a,o..,E ~enN a ) =  J_ 
But a ~fN : e n v k .  l EfN and 

b EfN = s e n v k _  1 ~ f ~ ,  since f ~ B y ,  leading to: 

x E s e n v  EfN ( N  Eex]] b , ° . . ,N  EenN b)  

e n v  Ef]] ( E  [[el]] a ,  ... .  E EenN a)- -_[_  

Note  now t h a t  by  the  ( s t ruc tu ra l )  lnduc t lon  
hypothes is ,  E Eei~ a-~- j_  whenever  

× E N [~e~N b.  B u t  t hen  the  (f ixpolnt)  Induc- 

t ion  hypothes i s  Immedia te ly  applies,  and  tl]e 
Impl ica t ion  (1) holds.  

5. e i -~- p (e l , . . .~en) .  Th i s  depends  on  the  c o l  

rectness  of K n ,  which  we take  as given. 

Thus  Impl lca t lon  (1) holds,  and  the  t l ]eorem follows. [] 

C o r o l l a r y  1: 
P s i  < e n v , s e n v  > 

(× C N E e ] ] s e n v  ~ E [ [ e N e n v [ _ [ / x ]  -~- 2 )  

T h e o r e m  2: (Te rmina t i on ) .  If -J-gv is finite,  t hen  the  

s t a n d a r d  I tera t lve  t echn ique  of de te rmln lng  S ffpN at- 
ways t e rmina te s  in a f ini te  n u m b e r  of steps,  ror all p. 

P r o o f =  R a t h e r  obvious:  The  s t ra tegy  t e rmina te s  when  
one i t e ra t ion  yields the  same solut ion as the  previous  one. 
Since .J_$~¢ Is finite,  and the  approx ima t ions  are 

monotonlca l ty  decreasing,  a f lxpolnt  m u s t  be reached  in a 

finite n u m b e r  of s teps.  D 

I I L  C o r r e c t n e s s  P r o o f  f o r  H i g h e r - O r d e r  

S t r i c t n e s s  
T h e o r e m  3: ( H i g h e r - O r d e r  S a f e t y )  For  all expres- 

sions exp ,  var iab les  v.  and  cor responding  e n v i r o n m e n t s  
s e n v  and e n v  ( w i t h  respect  to  w), 

8 EexpN s e n v  is safe for  E EexpN e n v .  

P r o o f :  w e  proceed by  s t ruc tu ra l  Induc t ion  on exp .  

(1) e x p  ls a cons t an t :  Tr iv ia l ly  t rue.  
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(2) exp  Is a bound variable vo Then S[~v~senv 
s e n v g v ~  and E g v ~ e n v  == e n v ~ w ~ ,  but, since env  
and senv  correspond, s env  ~[v]] Is safe for e n v  gv]] (wrt 

(3) exp  is a functlon application f e. Firs t  recall: 

S [If e l ] s e a r  == '<SA/al(S [[f]]senv, S ge] ] senv) ,  

((S g f ?  senv) f  S [jell s e a r ) f >  

E [~f e~ env  = (E gf]] env)  (E  [ e l l  env) .  

Then -we proceed by first fixing n > O, and showing that  
S ~f  ell senv  ls safe at level n for E [~f e~ env .  To do 
this we must show that for m < n, and s i safe a~ n-i  for 

el, ( I : 1  ..... m), then: v 6  S A P m (  S fff e ~ s e n v ,  s t ,  .... sin) 

a P m (  E R r  e ? e n v ,  e 1 .... 'era ) ~- J-D" 

v e S A P m (  S fff e~ s exy ,  %,. . . ,s  m ) 
v 6 (  S v ~ f e ~ s e n v  0 

$ A P m . i (  (g [If ell senv)f s l ,  s2,oo.,s m )) 

(by defn of SfkPn) 
v 6 ( S A P i ( S  l i fe  s e a r ,  S [ e l l  senv)  U 

S A P m . t (  ((S gf]] s env) f  S ~e~ senv) f  

s 1, %,. . . ,s  m )) 
(by defn of S) 
v 6 ( S A P I ( S  [[f]] s env ,  S [[e[~senv) U 

S A P m (  (S [[f]] s env ) f  S [~e~ senv ,  

q ' " " ~ m  )) 
(because SAPra .1  ( s p f  s 1, ..o, s m ) 

S.APm( sp ,  sl,. .o,Sm ) ) 
v ~ ( S .APi (S  [[f]] senv~ S Ee~] senv)  U 

S . A P m + l (  S [~f]] sen% $ ~Ie]] senv ,  

s i , " - S r a  )) 
either A P i ( E ~ f ] ] e n v ~  EEe~env) ~ _L D 

or APm.+ l (  E g f ~ e n v ,  E g e ~ e n v ,  

e l " ° " e m  ) ~ - J - D  
(an te  S [ f ~  senv  Is safe for E [f]] env  and 

S Eel] s env  ls safe .for E ge]] env)  

Then clearly the result: 

A P m (  E g f  ell env ,  e 1 , . . , e  m ) = J - D  
%llows by a case-by-case analysis (since ..L_ D e - ~  J_D ). 

(4) exp  is a lambda abstract ion Xv,e. Recall: 

S gXvoe~ s e a r  = < ~, Xg.S EE]] senv[~ /v ]  > 
E [~Xvoe~ env  = )~x.E fie]] e n v [ x / v ]  

\Ve need to show that  S[exp]]senv ls safe for 
E[ [exp] ]env .  That  Is, for all n, m < n, and s i safe at 

n-I for e i (t~-1 ..... m): 

v 6 S A P m (  S ffXv.e]]senv~ Sl,.~.,S m ) 

A P m (  E E~,v,e~ env ,  el, .... e m ) = = i  D 

Clearly t hb  ls true for n=-0, since: 

SAPo(S  [Xv,e]] senv)  ~ -  S v gXv.e]] senv  == 

On the other hand, for n > 0, we have: 

S A P = (  S ~Ixv.e l tsenv,  % . . o # ~  ) 
== S v gXv.e~ senv  tO 

S A D = _ i (  (S gkv.e]] s e n v ) f  s l , . .o ,s  m ) 

== fJUSA.P 4 ( ( S E x y . e l ] s e a r ) f % ,  .... s ) 
== 8APr~_I ( S ~ E ~ s e n v [ s x / v ] ,  s= .. . . .  s m ) 

But s l .ce  s e n .  and en~ correspond, a . d  q ls safe at >1  
for e r ,re have s e n v [ q / q  corresponds to e n ' < e F q  
(wrt v), and thus S[E~senv[sl/v ] ts safe for 

E:E~e.~[h/q. Further: 
e S i e = . g  S l E S s e n s [ q / q ,  %,. . . ,s= ) 

A P m . l (  E [SEll e n v [ e l / v  ], ea,ooo,era ) == Z. D 

A P m . i (  E E k v 0 E ~ e n v  e l ,  ca, .... em )='J-D 

A P m (  E E , v . E ~ e n v ,  e i ,  e¢,.0,er~ ~ ) ~ - - [ D  

(5) exp  is an equation group {.oo~ fl a= e U .o.}: 

SK{. . . ,  f~ =~ ep . .o}~senv -~- S C e l ~ J s e n v '  

w h e r e r e c  s e n v '  == senv[S  gei~ s e n v ' / f l ]  

E[{... q .~- e U .o .}~env = E [ ~ e l ] ] e n v '  

w h e r e r e c  e n v '  ~ -  env[E[[el] ]  senv'/fi] 

We must show that  S ~ e × p ~ s e n v  is safe for 
E ~ e x p ~ e n v ,  whlc:h we do by flxpolnt Inductlon. First  
recalt -J-SP ~-  <V~ k s p . j _ S p >  ls tile bottom element 

of SP.  Then tet: 

sear' 0 ~- Xxox==q --~ "ASP' senv gx~ 

e a r ' 0  == a x ° x ' ~ f l - +  -J-D' e n v  [ x ~  

Clearly s e n v '  0 Is safe for e n v '  o. Now let: 

s e n v ' n  ~ Xx 'x~-f l  -~ S ~ei~ s e nv ' n_ l , s e nv  Ex~ 

e n v '  n == Xxox~f  i --~ E gel]] e n v ' n . l , e n v  [[x~ 

Then we ctahn that  s e n v '  n Is safe for e n v '  n for all n, 

since senV~n-1 ls safe for env'n_x~ and thus by the struc- 

tural Induction l~ypotlaesls S [~e i~senv 'n .  1 ls safe for 

Egel]]en n.lO Then by flxpolnt Induction s e a r '  Is safe 

for e n v ' ,  and thus S [[exp]] s e n v '  ls safe for 
E [ ~ e x p ~ e n v t  D 
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