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1.  Z n t r o d i c t i O a o  

Since  the  p u b l i c a t i o n  of  two i n f l u e n t i a l  p a p e r s  
on l azy  e v a l u a t i o n  in 1976 [Henderson  and M o r r i s ,  
Fr iedman and Wise ] ,  t he  i d e a  has  g a i n e d  w i d e s p r e a d  
a c c e p t a n c e  among language  t h e o r e t i c i a n s  - -  p a r t i c u -  
l a r l y  among t he  a d v o c a t e s  of  U f u n c t i o n a l  program-  

ming"  [Henderson80,  Backus78] .  There  a r e  two b a s i c  
r e a s o n s  f o r  the  p o p u l a r i t y  of  l azy  e v a l u a t i o n .  
F i r s t ,  by making some of  the  d a t a  c o n s t r u c t o r s  i n  
a f u n c t i o n a l  l anguage  n o n - s t r i c t ,  i t  s u p p o r t s  p r o -  
grams t h a t  m a n i p u l a t e  " i n f i n i t e  o b j e c t s "  such as 
r e c u r s i v e l y  , n u m e r a b l e  s e q u e n c e s ,  which may make 
some a p p l i c a t i o n s  e a s i e r  to  program.  Second,  by 

d e l a y i n g  e v a l u a t i o n  of  a rguments  u n t i l  they  a r e  
a c t u a l l y  needed ,  i t  may speed up c o m p u t a t i o n s  
i n v o l v i n g  o r d i n a r y  f i n i t e  o b j e c t s .  

D e s p i t e  t he  p o p u l a r i t y  of  l azy  e v a l u a t i o n ,  i t s  
s e m a n t i c s  a r e  d e c e p t i v e l y  complex.  A l though  t h e  
i m p l e m e n t a t i o n  of  l azy  e v a l u a t i o n  i s  easy  t o  
d e s c r i b e ,  i t s  s e m a n t i c  consequences  a r e  n o t .  In  
lazy  domains ,  t he  e x i s t e n c e  of  i n f i n i t e  o b j e c t s  
n u l l i f i e s  t he  u s u a l  p r i n c i p l e  of  s t r u c t u r a l  i n d u c -  
t i o n  f o r  progrsm d a t a .  As a r e s u l t ,  many s imple  
theorems abou t  o r d i n a r y  d a t a  o b j e c t s  do no t  h o l d  i n  
t he  c o n t e x t  of  l azy  e v a l u a t i o n .  For example ,  
a l t h o u g h  t he  f u n c t i o n  r e v e r s e , r e v e r s e  i s  t he  i d e n -  
t i t y  f u n c t i o n  on o r d i n a r y  l i n e a r  l i s t s ,  i t  does  no t  
e q u a l  t he  i d e n t i t y  f u n c t i o n  i n  t h e  c o n t e x t  of  l azy  
e v a l u a t i o n ;  a p p l y i n g  r e v e r s e  to  an i n f i n i t e  l i s t  
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y i e l d s  t h e  u n d e f i n e d  o b j e c t  1 .  R e p l a c i n g  conven-  

t i o n a l  d a t a  c o n s t r u c t o r s  by t h e i r  l a zy  c o u n t e r p a r t s  
r a d i c a l l y  a l t e r s  t h e  s t r u c t u r e  of  t h e  d a t a  domain.  
As a r e s u l t ,  r e a s o n i n g  abou t  programs d e f i n e d  over  
l a zy  spaces  i s  a s u b t l e  e n d e a v o r .  In  r e s p o n s e  t o  

t h e s e  i s s u e s ,  t h i s  paper  deve lops  a comprehens ive  
s e m a n t i c  t h e o r y  of l a zy  e v a l u a t i o n  and e x p l o r e s  

s e v e r a l  app roaches  to  f o r m a l i z i n g  t h a t  t h e o r y  
w i t h i n  a programming l o g i c .  The paper  i n c l u d e s  

f o u r  new i n t e r e s t i n g  r e s u l t s .  

F i r s t ,  t h e r e  a r e  s e v e r a l  s e m a n t i c a l l y  d i s t i n c t  
d e f i n i t i o n s  of  l azy  e v a l u a t i o n  t h a t  p l a u s i b l y  cap-  
t u r e  t h e  i n t u i t i v e  n o t i o n .  In c o n t r a s t  to  u s u a l  
i m p l e m e n t a t i o n - o r i e n t e d  a p p r o a c h e s  i n  t h e  l i t e r a -  
t u r e ,  we d e f i n e  l a zy  e v a l u a t i o n  as  a change i n  t h e  
v a l u e  space  over  which compu ta t i on  i s  pe r fo rmed .  
We use  a s m a l l  c o l l e c t i o n  of  domain c o n s t r u c t o r s  
from d e n o t a t i o n a l  s e m a n t i c s  [ S c o t t 8 1 ,  S c o t t 7 6 ]  t o  
b u i l d  a b s t r a c t  v a l u e  spaces  t h a t  c o r r e s p o n d  to  t h e  
meanings  of  c o m p u t a t i o n s  u s i n g  v a r i o u s  l a z y  con-  
s t r u c t o r s .  Our a b s t r a c t  approach  to  d e f i n i n g  l a zy  
domains acco - - , oda t e s  s e v e r a l  d i s t i n c t  i n t e r p r e t a -  
t i o n s  of  t h e  i n f o r m a l  concep t  Of l a zy  l i s t s  
deve loped  i n  t h e  l i t e r a t u r e  [Fr iedman  and Wise76,  
Henderson and Morris76]. Apparently trivial pro- 

grams produce  r a d i c a l l y  d i f f e r e n t  r e s u l t s  under  t he  
d i f f e r e n t  i n t e r p r e t a t i o n s .  

Second,  n o n - t r i v i a l  l azy  spaces  a r e  s i m i l a r  i n  
s t r u c t u r e  (under  t h e  a p p r o x i m a t i o n  o r d e r i n g )  to  
u n i v e r s a l  domains (as  d e f i n e d  by S c o t t  [ S c o t t S l ,  
S c o t t 7 6 ] )  such as  t h e  Pm model f o r  t h e  un typed  
iambda c a l c u l u s .  S p e c i f i c a l l y ,  we show t h a t  P a  
( w i t h  t h e  s t a n d a r d  p r i m i t i v e  o p e r a t i o n s  O, 8ucc ,  
p r e d ,  cond,  K, S, and a p p l y )  i s  i s o m o r p h i c  t o  t h e  
s imp le  lazy  space  

t r i v s e q  = t r i v  x t r l v a e q  

(w i th  c o r r e s p o n d i n g  p r i m i t i v e  o p e r a t i o n s )  where 
t E i v  i8  t h e  t r i v i a l  d a t a  domain c o n s i s t i n g  o f  two 
o b j e c t s  {1, t r u e }  and x d e n o t e s  t h e  s t a n d a r d  
c a r t e s i a n  p r o d u c t  of  two s e t s .  The c o r r e s p o n d i n g  
p r i m i t i v e  o p e r a t i o n s  on t r i v l e q  a r e  r e c u r s i v e l y  
d e f i n a b l e  ( u s i n g  f i r s t  o r d e r  r e c u r s i o n  e q u a t i o n s )  
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in terms of the constants t r u e  and I. the con- 

structor and selector functions for forming and 

tearing apart objects in tEiwseq, and the logical 

o p e r a t i o n s  amd and p o e  ( p a r a l l e l  o r )  on t z i v .  

Hence, lazy t r i v i a l  sequences  (as  d e f i n e d  above) 

p rov ide  an e l e g a n t  model of  the  (un typed)  lambda 

c a l c u l u s  t h a t  i s  i n t u i t i v e l y  f a m i l i a r  t o  most com- 
p u t e r  scientists. 

Third, we prove that neither initial algebra 

specifications [ADJ76.77] nor final algebra specif- 

ications [Guttag78. KaminS0] have the power to 

define lazy spaces. This result, which is surpris- 

ingly easy to  p rove ,  e s t a b l i s h e s  a fundamenta l  l im-  

i t a t i o n  on the  power of  e q u a t i o n a l  t h e o r i e s  as d a t a  
type  specifications. 

F o u r t h ,  a l t hough  lazy  space s  have the  same 
e h i g h e r - o r d e r e  s t r u c t u r e  as  Pm, they n e v e r t h e l e s s  

have an e l e g a n t ,  n a t u r a l  c h a r a c t e r i z a t i o n  w i t h i n  

f i r s t  o r d e r  l o g i c .  In  t h i s  pape r ,  we deve lop  a 

simple, yet comprehensive first order theory of 

lazy spaces relying on three axiom schemes assert- 

ing 

(I) the principle of structural induction for fin- 

ite o b j e c t s ;  

(2) t he  e x i s t e n c e  of  l e a s t  upper bounds f o r  
d i r e c t e d  s e t s ;  and 

(3) the continuity o~ functions. 

To demonstrate the deductive power of the system, 

we embed the higher-order logic LCF [Gordon?7] in 

our system and derive a generalized induction rule 

(analogous to fixed point induction in LCF) for 

a d m i s s i b l e  p r e d i c a t e s  c a l l e d  1 £ ~  ~ which 

ex t ends  c o n v e n t i o n a l  s t r u c t u r a l  i n d u c t i o n  to  l azy  

s p a c e s ,  g i e a t  ly s i m p l i f y i n g  the  p roof  of  many 

theorems .  An i n s t a n c e  of  t h i s  g e n e r a l i z e d  r u l e  
r e d u c e s  to  o r d i n a r y  f i x e d  p o i n t  i n d u c t i o n .  

The remainder  of  the  paper  i s  d i v i d e d  i n t o  s i x  

sections. Section 2 provides a brief overview of 

Scott's theory of data domains [ScottSl.Scott76]. 

Section 3 develops the specific machinery required 

to  d e f i n e  the  a b s t r a c t  s eman t i c s  of  lazy  da ta  

domains.  Using t h i s  mach ine ry ,  S e c t i o n  4 p r e s e n t s  

a taxonomy of lazy  l i s t s ,  d e m o n s t r a t i n g  t h a t  t h e r e  
a re  many s e m a n t i c a l l y  d i s t i n c t  da ta  domains t h a t  

c a p t u r e  the  i n t u i t i v e  n o t i o n  of  lazy  e v a l u a t i o n .  
S e c t i o n  5 e x p l o r e s  v a r i o u s  approaches  to  f o r m a l i z -  

ing  our semantics definition of lazy domains within 
a l o g i c a l  t h e o r y .  In the  p r o c e s s ,  we prove t h a t  

algebraic specification is too weak to accomplish 

the  t a s k  and t h a t  lazy  spaces  have the  8eme r i c h  
Whigher -o rdere  s t r u c t u r e  as  Pm. F i n a l l y ,  i n  Sec-  

t i o n  6,  we p r e s e n t  a s imple  f i r s t  o r d e r  t heo ry  f o r  
l azy  da ta  domains and demons t r a t e  t h a t  i t  i s  as 

l e a s t  as  powerful  as  the  c o r r e s p o n d i n g  theory  f o r -  
mula ted  in  the  h i g h e r - o r d e r  l o g i c  LCF. S e c t i o n  7 

a s s e s s e s  t he  i n t u i t i v e  s i & n i f i c a n c e  of our r e s u l t s  

and s p e c u l a t e s  about  p romis ing  d i r e c t i o n s  f o r  
f u t u r e  r e s e a r c h .  

2 • B a c k K r o u m d  

In  S c o t t t s  t h eo ry  of  da t a  domains ,  a domain D 

i s  a s e t  of  a b s t r a c t  da t a  o b j e c t s  p a r t i a l l y  o rde r ed  
under an app rox ima t ion  r e l a t i o n  ~ t h a t  s a t i s f i e s  

t he  f o l l o w i n g  t h r e e  p r o p e r t i e s :  

1.  Every d i r e c t e d  s e t  1 has a l e a s t  upper bound 

w i t h i n  t he  domain. 

2. The domain has a minimum element  I (=bo t tom") .  

In  i n t u i t i v e  t e rms ,  I c o r r e s p o n d s  to  the  r e s u l t  of  

a n o n - t e r m i n a t i n g  or  e r roneous  computa t ion .  

3 .  The domain D has  a c o u n t a b l e  s u b s e t  B = (b i 

i~N} (where N d en o t e s  t he  s e t  of  n a t u r a l  numbers 
{0, I, ...}). called the basis or the finite ele- 

ments of D. such t h a t :  

a .  leB and B i s  c l o s e d  under the  l e a s t  upper 

bound o p e r a t i o n  on f i n i t e  c o n s i s t e n t  2 s u b s e t s .  

b .  Every e lement  xeD i s  t h e  l e a s t  upper bound 

of  the  s u b s e t  of  B t h a t  app rox ima tes  i t ,  i . e .  

V xcD x = l u b  {y~B [ yXx}. 

c .  For every  e l ~ - e n t  x~B, the  s e t  {y~B J y<x} 

is finite. 

Note that the structure of D is completely 

determined by the structure of B; D is isomorphic 

to the set of filters 3 over B under the subset ord- 

ering. Any element of D that is not a basis ele- 

ment is called a ~ ~ or total f ~  of D. 

2 . 1 .  C o m p u t m b i l i t  7 

The domain D c o r r e s p o n d i n g  to  t he  b a s i s  s e t  B 

i8 ~ i f  and only  i f  i t  s a t i s f i e s  t he  f o l -  
lowing a d d i t i o n a l  c o n s t r a i n t s :  

1.  For every  e lement  x • D, the  s u b s e t  of  B t h a t  

app rox ima tes  x i s  r e c u r s i v e l y  enumerable .  In an 
imp lemen ta t i on  of  D, x i s  r e p r e s e n t e d  by a c o n c r e t e  

d e s c r i p t i o n  (such as a Goedel number or  l azy  l i s t )  

of  t h i s  r e c u r s i v e l y  enumerable  s e t .  

2. On the  b a s i s  s e t  B, the  t e r n a r y  r e l a t i o n  

z = IBb{x ,y}  

IA set S is directed iff for every finite subset 

E 9 S, S contains an upper bound for E. 

2A subset S 9 D is ~ under the partial 

ordering ~ iff there exists an upper bound for S in 

D. 

3A filter over B is a set F such that (i) Vx.y~Y 

lmb{x ,y}~F,  and ( i i )  Vx~F,ycB y~x =~ y~F. 
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and the binary r e l a t i o n  

3k keB k~x ^ kay 

are  both  d e c i d a b l e  assuming t h a t  we r e p r e s e n t  

b a s i s  e lements  b i by t h e i r  i n t e g e r  i n d i c e s  i .  

The computable f u n c t i o n s  on the da ta  domain D 

can be implemented s o l e l y  in  te rms of  the  two 

d e c i d a b l e  r e l a t i o n s  and o r d i n a r y  computable ( p a r -  

t i a l  r e c u r s i v e )  f u n c t i o n s  over  the  n a t u r a l  numbers.  
In  t h i s  paper ,  we w i l l  con f ine  our a t t e n t i o n  com- 

pu t ab l e  domains.  

Assume t h a t  we a re  g iven  the  computable domains 

DI,D 2 wi th  c o r r e s p o n d i n g  bases  BI,B 2, A / ~ t r J J ~ i g  

f 9 D1 ~ D2 i s  a r e c u r s i v e l y  enumerable 
b ina ry  relation f 5 BIXB2 such that: 

(I) ±1 f ±2 ; 

(2) x f y ^ x f y' ~ x f Imb{y,y'} ; 

(3) x f y n x ~ X' and y '  ~ y ~ x '  f y* . 

Every computable mapping f 9 D 1 ~ D2 determines a 

corresponding ~ ~ f: D 1 ÷ D 2 

defined by 

f ( x )  = l u b { y ' e B  2 [ ~x'eB I x '  f y '}  . 

The f u n c t i o n  f i s  computable in  the sense  t h a t  

g iven  an a r b i t r a r y  e lement  d e D 1 ( r e p r e s e n t e d  by a 

d e s c r i p t i o n  of  the  r e c u r s i v e l y  enumerable subse t  of  

B 1 approx imat ing  d ) ,  we can e f f e c t i v e l y  g e n e r a t e  Ca 

d e s c r i p t i o n  o f )  the  r e c u r s i v e l y  enumerable  s u b s e t  

of B 2 approximating f(d). 

There is a one-one correspondence between com- 

putable mappings (relations) over BIXB 2 and comput- 

able functions over DI÷D 2. A particularly appeal- 

ing property of Scottts theory of data domains is 

that the set of computable mappings (functions) 

between computable domains is a computable domain 

in its own right. We will discuss this issue in 

more detail below. 

2 .2 .  S a m p l e  D a t a  D o m a i n s  

Many common da ta  domains such as  the  n a t u r a l  

numbers and o r d i n a r y  ( i n d u s t r i o u s )  l i s t s  a re  degen-  

e r a t e  i n  the sense  t h a t  they c o n t a i n  no l i m i t  
p o i n t s ;  in  t h e s e  domains the  b a s i s  s e t  i s  t he  
e n t i r e  domain. For example,  l e t  Nat be d e f i n e d  as 
the set 

(1,  O, 1, 2, . . . }  

under the  p a r t i a l  o r d e r i n g  ~Nat d e f i n e d  by 

x ~ N a t  Y ~=~ x = y v x = I . 

Nat i s  a computable domain wi th  b a s i s  Nat.  S imi-  
l a r l y ,  l e t  Bool ,  the  domain of  Boolean t r u t h  
v a l u e s ,  he d e f i n e d  as  the  s e t  

(.1., tzme, f a l s e }  

under the  p a r t i a l  o r d e r i n g  ~Bool d e f i n e d  by 

x ~Bool Y ~=~ x = y v x = I .  

An example of a more interesting data domain is 

Pc, the power set of the natural numbers under the 

partial ordering ordering 9 (set inclusion). The 

finite (basis) elements of Pw are precisely the 

finite sets of natural numbers. Pm obviously is 

not computable because the set of finite sets 

approximating an arbitrary element of Pw is not 

necessarily recursively enumerable. On the other 

hand, the recursively enumerable elements of Pm 

form a computable subdomain of Fm. 

2 .3 .  S i m p l e  ~ N a a i a  C o m a t E m ¢ ¢ i o m a  

In s p e c i f y i n g  da ta  domains,  i t  i s  o f t e n  con- 
v e n i e n t  to  c o n s t r u c t  composi te  domains from s imple r  

ones .  There are  two fundamenta l  mechanisms f o r  

c o n s t r u c t i n g  composi te  domains:  the  C a r t e s i a n  p ro -  

duct  c o n s t r u c t i o n  and the  computable mapping con-  

s t r u c t i o n .  We w i l l  d i s c u s s  s e v e r a l  o t h e r  domain 
c o n s t r u c t o r s  l a t e r  in  the  pape r ,  but they a re  a l l  

based on these two mechanisms. 

Given computable domains DI,D 2 with bases 

BI,B2,  the  Cartesian produc t  DIXD 2 is the comput- 

able domain generated by the basis set 

{(x ,y )  [ x~n l ,  y~B 2} 

under the  p a r t i a l  o r d e r i n g  ~DIXD2 d e f i n e d  by 

(x l*Yl)  ~DIxD2 (x2*Y2) ~=~ Xl~DlX 2 ^ YI~D2Y2 * 

The bot tom element  of  DIXD 2 i s  ( IDI , ID2) .  

The second fundamenta l  domain c o n s t r u c t o r  i s  
the  f o r m a t i o n  of  the  space of computable mappings .  

Given the  computable domains D1,D 2 wi th  c o r r e s p o n d -  

ing b a s e s  BI,B2, the  domain of  computable mappings 

D 1 • • V 2 i s  t he  domain de te rmined  by the  b a s i s  s e t  

C o n s i s t i n g  of  the  f i n i t e  computable mappings under 
the  p a r t i a l  o r d e r i n g  g e n e r a t e d  by s e t  i n c l u s i o n ,  

i . e .  f i e f 2  ~ flc_.f2 . The c o r r e s p o n d i n g  s e t  o f  
computable f u n c t i o n s  f :  D 1 ÷ D 2 a l s o  forms a 

domain, but  we w i l l  focus on computable mappings 

instead since they are more intuitive from a compu- 

tational v i e w p o i n t .  

2 .4 .  R e t r m c t i o m a  om t h e  g m i v e r s a l  ~ m a i a  

A f a i r l y  r i c h  c o l l e c t i o n  of  domains can be con-  
s t r u c t e d  by s t a r t i n g  wi th  a few very  s imple  p r i m i -  

t i v e  domains (such as N and B) and c o n s t r u c t i n g  
more complex domains us ing  the  C a r t e s i a n  product  

and computable mapping c o n s t r u c t i o n s .  However, i t  

i s  easy to  d e v i s e  domains such as i n f i n i t e  c a r t e -  
s i a n  p ro d u c t s  of  p r i m i t i v e  domains t h a t  a r e  beyond 
the  scope of t h i s  s imple  scheme. 
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S C o t t  h a s  d e v e l o p e d  a much more  c o m p r e h e n s i v e  

a p p r o a c h  t o  t h e  p r o b l e m  of domain  c o n s t r u c t i o n  

b a s e d  on  t h e  c o n c e p t  o f  a ~ d o m a i n .  A 

u n i v e r s a l  doma in  U i s  a c o m p u t a b l e  d a t a  domain  

s u c h  t h a t  t h a t  e v e r y  d a t a  domain  D ( a s  d e f i n e d  

a b o v e )  i s  i s o m o r p h i c  t o  a s u b d o m a i n  4 o f  O. More-  

o v e r .  i f  D i s  c o m p u t a b l e ,  b o t h  t h e  p r o j e c t i o n  f u n c -  

t i o n  PD m a p p i n g  D i n t o  0 and  t h e  i n v e r s e  p r o j e c -  

t i o n  f u n c t i o n  a r e  c o m p u t a b l e .  

S i n c e  e v e r y  doma i n  D h a s  an  i s o m o r p h i c  image  

w i t h i n  t h e  u n i v e r s a l  d o m a i n ,  S c o t t  p r o p o s e s  d e f i n -  

i n g  d a t a  d o m a i n s  d i r e c t l y  a s  s u b s p a c e s  o f  t h e  

u n i v e r s a l  d o m a i n .  To s i m p l i f y  t h i s  e n d e a v o r .  S c o t t  

s u g g e s t s  u s i n g  c o m p u t a b l e  r e t r a c t i o n s  on t h e  

u n i v e r s a l  doma in  t o  i d e n t i f y  s u b d o m a i n s .  A r e t r a c -  

t i o n  on  g i s  a f u n c t i o n  a :  0 + 0 s u c h  t h a t  a o a  = 

a .  G i v e n  t h a t  a i s  c o m p u t a b l e ,  t h e  r a n g e  o f  a 

( i m a g e  o f  0 u n d e r  a D) s p e c i f i e s  a s u b d o m a i n  o f  • .  

M o r e o v e r .  i f  D i s  a c o m p u t a b l e  domain  t h e n  t h e r e  i s  

a c o m p u t a b l e  r e t r a c t i o n  aD: g ÷ 0 s u c h  t h a t  t h e  

range of a D is the isomorphic image of D in ~. 

H e n c e .  t h e r e  i s  a o n e - o n e  c o r r e s p o n d e n c e  b e t w e e n  

c o m p u t a b l e  s u b d o m a i n s  o f  O and  c o m p u t a b l e ,  r e t r a c -  

t i o n s  over • .  

There are many different possible choices for 

the universal domain. For our purposes, the par- 

titular choice is unimportant. All we need is an 

arbitrary universal domain g determined by the 

basis 0 B with the primitive rectractions RBool. 

R x. and R> > identifying the subdomains Bool 

(Boolean truth values), UxO, and ~> >•o and the 

following o p e r a t i o n s  (which a r e  d e f i n a b l e  in t e r m s  

of the primitive operations provided by the univer- 

sal d o m a i n ) :  

t r e e .  f a l s e  e Bool  
d e f :  M ÷ Bool  
cond :  ~ o o l  ÷ (O ÷ (U ÷ O ) )  
a a d :  B o o l  ÷ ( B o o l  + B o o l )  
o r :  Boo1 ~ (Boo1  * B o o l )  
p a r :  B o o l  ÷ (Bool + Bool) 
a o t :  B o o l  + Bool  
p a i r :  • ÷ ( •  ÷ U x 0 ) )  
p r o j l :  U x U + • 
p r o j 2 :  • x • ÷ •  

a p p l y :  • > > •  ~ (• + •) 
S: (U> ~g) ÷ CO> >U ~ U> >•) 
K: U + (O>>U)  

t h a t  obey  t h e  f o l l o w i n g  a x i o m s :  

d e f ( 1 )  = 
x ~ l  =~ d e f ( x ) = t r a c  
c o n d ( t r e a ) ( x ) ( y )  = x 
c o n d ( f a l s a ) ( x ) ( y )  = y 

4A s u b s e t  S o f  t h e  doma i n  D v i t h  b a s i s  B i s  a 

o f  D i f f  i )  l e D .  i i )  SUB i s  c l o s e d  u n d e r  

t h e  l a b  o p e r a t i o n  on  f i n i t e  c o n s i s t e n t  ( i n  D) s u b -  

sets, and iii) S is a domain under the ordering ~D 

with the basis set SNB. 

coud(~)(x)(y) = 

aad(x)(y) = cond(x)(y)(falae) 
or(x)(y) = condCx)CtEme)Cy) 
xZtEee ^ yZtEee =~ por(x,y)=or(x,y) 
x=tEec v y=tzee ~ por(x,y)=trae 
not(x) = cond(x)(falae)(tEae) 
Rx(x)=x =~ pair(projl(x))(proj2(x)) = x 
projl(pair(x)(y)) = x 
proj2(pair(x)(y)) = y 
R> >(f)=f 

apply(f,x) = leb{y~U B [ 3 UCUB u~x ^ u f y} 
apply(SCx))(y)(z) = 

a p p l y ( a p p l y ( x ) ( z ) ) ( a p p l y ( y ) ( z ) )  
a p p l y ( K ( x ) ) ( y )  = x . 

With the exception of poE. S, and B, these 

operations are generalizations of familiar opera- 

tions from lazy LISP (where car, cdr, and cons 

correspond t o  projlj proj2, and pair). The 

declared domain for each operation is its intended 

domain of usage. Each operation is actually 

defined over the entire universal domain U; domain 

declarations are enforced by projecting argument 

values outside the declared domain onto the 

declared domain (using the retraction R D) Note that 

since each operation f listed above is computable, 

there is a corresponding computable mapping mapf 

such that 

apply(mapf) = f . 

The S and  K o p e r a t i o n s  c a n  be  u s e d  t o  c o n s t r u c t  

an  a r b i t r a r y  c o m p u t a b l e  m a p p i n g ,  i n c l u d i n g  t h e  com- 

p u t a b l e  m a p p i n g  mapy c o r r e s p o n d i n g  t o  t h e  l e a s t  

f i x e d  p o i n t  o p e r a t o r  Y d e f i n e d  by 

Y: W>>U ÷ 0 = ~ u .  ( ~ x .  a p p l y ( u ) ( a p p l y ( x ) ( x ) ) )  
( ~ x .  a p p l y ( u ) ( a p p l y ( x . x ) ) )  . 

I t  i s  v e i l  known [ B a r e n d r e g t  77]  t h a t  any  c l o s e d  

t e r m  (no  f r e e  v a r i a b l e s )  i n  t h e  ( u n t y p e d )  Y c a l -  

c u l u s  c an  be  e x p r e s s e d  a s  a c o m p o s i t i o n  o f  t h e  

o p e r a t i o n s  S and  K. As a n o t a t i o n a l  c o n v e n i e n c e ,  we 

will use explicit ~-abstraction instead composi- 

tions of S and K, but on a formal level these 

abstractions are simply abbreviations for the 

corresponding compositions of S and K. 

In the remainder of the paper, we will also use 

the standard infix abbreviations for Boolean opera- 

t i o n s :  

i f  x t h e m  y e l s e  z m c o n d ( x ) ( y ) ( z )  
x a n d  y m aad(x)(y) 
x o r  y u o r C x ) C y )  
x p e r  y u p o r C x ) C y ) .  

3 .  T h e  C o a s t r e c t i o n  o f  L a z y  S p a c e s  

I n  c o n s t r u c t i n g  a c o m p o s i t e  doma in  ( s u c h  a s  a 

Cartesian product or discriminated union) from com- 

ponent spaces, we must decide how to form the 1 

element of the composite space, i.e. determine 

which constructed objects are identified with the 

u n d e f i n e d  c o m p o s i t e  o b j e c t .  T h i s  d e c i s i o n  

2 5 6  



i m p l i c i t l y  de t e rmines  whether  the  composi te  space 
co r r e sponds  to  lazy  or non- l azy  computa t ions .  

Let D I and D 2 be a r b i t r a r y  computable sub-  
domains of  our u n i v e r s a l  space • wi th  c o r r e s p o n d -  

ing  retractions R 1 and E 2 mapping U ÷ •. Using 

the Cartesian pairing function pair: U -~ U ÷ IJxU. 

we can form a surprisingly wide variety of simple 

composite domains using the following domain con- 

structions. 

I. Ordinary product. DIXD 2 = {<x,y> [ xcD I, 

Y~D2}. The corresponding primitive operations are: 

Px: D1 ÷ (D2 "~ DIXD2) = ~x. ~y. pair(x)(y) 

fStx: DIxD 2 ~ D I = Az. proj1(z) 

sndx: DIXD 2 ÷ D 2 = ~z. proj2(z) 

Rx: • ÷ D IxD 2 = 

Ix. PxCRI (fstx(X))) CRzCsndxCx))) 

2. Coalesced product. DIalD 2 = {<x.y> [ x~DIe 

ycD 2, x~l. y~l} O {I}. The corresponding primitive 

operations are : 

Pe: D1 ÷ (D2 ÷ DIiD2 = 

Ax. ~y. if defCx) alia def(y) tl~eli pair(x)Cy) 

e l s e  l 

fst®: DIiD 2 ÷ D I = Az. projl(z) 

snde: DI®D 2 ÷ D 2 = Az. proj2(z) 

I~: U + DIeD 2 = ~x. Pe(RiL~ste(x)))(R2(sn~(x))) 

3. Separated product. DIXlD 2 = {<tEme.<xey>> [ 

xeD I. yeD2}. The corresponding primitive opera- 

tions are : 

Px : DI "~ (D2 ~ DIXlD2 = 

~x. ~y. pairCtrae)(pair(x)(y)) 

fStxl: DIxlD 2 -~ D 1 = ~z. projl(proj2(z)) 

sndxl: DzxlD 2 -~ D 2 = ~z. proj2(proj2(z)) 

Rx~: U "+ DIxlD 2 = 

Ax. PxlCR IC fs tx lCx) ) ) )CR2Csndx l (x ) ) ) )  

4. Coalesced sum. DIOD 2 = {<true.x> J X~Dl, xZl} 

u {<false.y> J y~D2, yZl} U {I}. The correspond- 

ing primitive operations are: 

ZnLe: D 1 ÷ DIeD 2 = 
~x. if def(x) theli pair(true)(x) else I 

I~Re: D 2 ÷ DIeD 2 = 

~x. if def(x) theu pair(felse)(x) else 1 

OutLe: DISD 2 ÷ D 1 = Az. proj2(z) 

OutRe: DIeD 2 ÷ D 2 = ~z. proj2(z) 

Isle: DIeD 2 ÷ Boo1 = ~z. projl(z) 

lsRe: DIeD 2 ÷ Boo1 = kz. l iOt projl(z) 

Re: U ÷ DIeD 2 = 

~x. i f  I s l e ( x ) )  t h e , .  luLCPLCZlCOutLe(x)) 

e l s e  InRe(R2(OutRe(x) ) 

5. Separated sum. DI+D 2 = { < t r u e . x >  I xcD I }  u 
{< feXse jy>  I yED2} u { I }  The corresponding p r im i -  
t i ve  operations are: 

InL+: D 1 ÷ DI+D 2 = ~x. p a i r ( t r m e ) ( x )  

InR+: D 2 ÷ DI+D 2 = ~x. p a i r ( f e l m e ) ( y )  

OutL+: DI+D 2 ~ D I = ~z,  p r o j 2 ( z )  
Out&+: DI÷D 2 ÷ D 2 = Yr. proj2(z) 

IsL+: DI+D 2 ~ Bool = ~z. projl(z) 

IsIt+: DI+D 2 ~ Bool = Az. mot projl(z) 

It+: • ÷ DI+D 2 = 

~x. if IsL+ tkeu InL+(Rl(OutL+(x))) 

e lms  InR+ (E2(0utE+(x))) 

6. Lifted domain. D 1 = {<true.x> [ xeD} U {I}. 

Let R D be the retraction corresponding to D. The 

primitive operations corresponding to D 1 are: 

lift: D ÷ D 1 = Ax, pair(trme)(x) 

drop: D 1 + D = ~z, proj2(z) 

RI: • ~ • = Ax. lift(Rl(drop(x))) 

In constructing domain products and unions. 

there are three plausible ways to handle composite 

objects containing an undefined component: 

I .  A composi te  o b j e c t  (an o rde red  p a i r )  c o n t a i n i n g  

an undefined component may be identified with the 

undef ined  o b j e c t  in  the  c o n s t r u c t e d  domaZn. 
Coalesced p roduc t s  (e)  and sums (e)  obey t h i s  con- 
v e n t i o n .  

2. A constructed object containing at least one 

defined component may be distinguished from the 

bottom element of the composite domain. In this 

case, two such objects are equal only if all of 

their corresponding components are equal. Ordinary 

Cartesian products (x) obey this convention. 

3. A composite object may always be distinguished 

from the bottom element of the constructed domaxn. 

In this case, the bottom element is outside the 

range of  the  c o n s t r u c t o r  f u n c t i o n  co r respond ing  to  
the  composi te  domain. Separa ted  p roduc t s  ( x l ) ,  

s e p a r a t e d  sums (+) .  and l i f t e d  domains ( i )  a l l  obey 

t h i s  conven t ion .  

Each of t h e s e  t h r e e  d i f f e r e n t  approaches  to  

c o n s t r u c t i n g  composi te  data o b j e c t s  co r re sponds  to  
a d i f f e r e n t  e v a l u a t i o n  p r o t o c o l  (sometimes c a l l e d  a 
"computat ion r u l e "  [Manna 74]) f o r  e v a l u a t i n g  

a p p l i c a t i o n s  of  c o n s t r u c t o r  f u n c t i o n s  to  argument 
e x p r e s s i o n s .  The f i r s t  scheme co r r e sponds  to  con- 
v e n t i o n a l  " c a l l - b y - v a l u e "  e v a l u a t i o n :  e v a l u a t e  a l l  
argument e x p r e s s i o n s  b e f o r e  forming the  composi te  
o b j e c t .  The second scheme co r r e sponds  to  d o v e t a i l -  
ing the  e v a l u a t i o n  of  a l l  argument e x p r e s s i o n s  
u n t i l  one of  them converges ,  and forming a compo- 
s i t e  lazy object (where the arguments other than 

the one that converged remain unevaluated). The 

third scheme corresponds to forming a composite 

lazy object without evaluating any of the argument 

expressions. 

257  



In a lazy composite object, unevaluated argu- 

ments are evaluated only when the corresponding 

s e l e c t o r  f u n c t i o n  ( e . g .  car  and cdr  in  l azy  LISP) 

i s  a p p l i e d  to  the  composi te  o b j e c t .  I f  such an 

a p p l i c a t i o n  does no t  occur  in  the  course  of  e x e c u t -  

ing  a program, the  co r r e spond ing  argument i s  never  
e v a l u a t e d .  

The lifting operator l provides an explicit 

mechanism for constructing a domain of Ssuspended" 

or  eunevalua tedS e lements  c o r r e s p o n d i n g  to  a g iven  

domain D. Note t h a t  the  compos i t i on  of t he  l i f t e d  

domain c o n s t r u c t i o n  w i t h  the  o r d i n a r y  p roduc t  con-  
s t r u c t i o n  i s  i d e n t i c a l  t o  the  s e p a r a t e d  p roduc t  
c o n s t r u c t i o n ,  i.e. 

DlxlD 2 = DllXD21 • 

Similarly, the separated sum construction can be 

defined in terms of the appropriate composition of 

the  l i f t i n g  o p e r a t o r  w i t h  the  c o a l e s c e d  sum con- 
s t r u c t i o n :  

DI+D 2 = DIIeD21 • 

Consequen t ly ,  w i t h o u t  l o s s  of g e n e r a l i t y ,  we can 

c o n f i n e  our a t t e n t i o n  when i t  i s  conven ien t  to  t he  

four  domain c o n s t r u c t i o n  mechanisms:  x ( o r d i n a r y  

p r o d u c t ) ,  @ ( c o a l e s c e d  p r o d u c t ) ,  • ( c o a l e s c e d  sum), 

and i ( l i f t i n g  o p e r a t o r ) .  

4. £ Taxonomy ef L i s t s  

The v a r i e t y  of  mechanisms a v a i l a b l e  f o r  con- 
s t r u c t i n g  lazy spaces  s u g g e s t s  t h a t  t h e r e  may be 
s e v e r a l  d i f f e r e n t  l azy  spaces  t h a t  co r r e spond  to  an 

o r d i n a r y  ( i n d u s t r i o u s )  r e c u r s i v e  da t a  domain (such 
as  l i s t s )  - -  each wi th  s u b t l y  d i f f e r e n t  p r o p e r t i e s .  

In  f a c t ,  the  number of s e m a n t i c a l l y  d i s t i n c t  possi- 

bilities i s  s u r p r i s i n g l y  l a r g e .  We w i l l  i l l u s t r a t e  

t h i s  phenomenon by s tudy ing  l i s t  domains in  d e t a i l .  

In p a r t i c u l a r ,  we a re  i n t e r e s t e d  in  d e t e r m i n i n g  and 
c l a s s i f y i n g  the  p o s s i b l e  v a r i a t i o n s  on the  da ta  
industrious domain definition 

(O) List = Atom • (List • List) 

c o r r e s p o n d i n g  to  t he  r e t r a c t i o n  

RLis t  = 
Y(If. In. 

if IsLe(u) then luLe(ZAtom(OutLe(u)) 

e l s e  

Ingo(PQ(fste(Out~(u))) (saC(Out.(u))))) 

where Atom is a given flat subdomain of U. In the 

p r o c e s s ,  we would l i k e  t o  i d e n t i f y  which v a l u e  
space co r r e sponds  to  t he  i m p l e m e n t a t i o n - o r i e n t e d  
seman t i c s  p r e s e n t e d  in  the  l i t e r a t u r e  [Henderson 

and Morris76, Friedman and Wise76]. Our investiga- 

tion will demonstrate that t h a t  apparently innocu- 

ous variations in the definition of recursive data 

domains have profound semant ic  consequences .  For 

the  sake of s i m p l i c i t y ,  we w i l l  the  domain Nat ( t he  
domain of  n a t u r a l  numbers) as  t he  Atom domain in  

a l l  of our examples .  

The obvious  s y n t a c t i c  v a r i a t i o n s  on i n d u s t r i o u s  

L i s t  domain d e f i n e d  above r e p l a c e  @ by + or • by x 
or x l .  They a r e :  

(I) List = Nat + (List x List) 

(2) List = Nat + (List • List), 

(3) List = Nat • (List x List) 

(4) List = Nat • (List x I List) 

(5) List = Nat + (List x I List) 

We will subsequently consider other possible varia- 

tions that involve the explicit use of the I opera- 

tor. 

As a gross categorization, we can classify list 

spaces on the basis of whether they accommodate 

infinite lists. The ordinary industrious space (0) 

does not, but all of the lazy variants (I)-(5) do. 

For example, the list expression 

(0) YClu. In~(Po(InLe(2))(u))) 

denotes the undefined element of the industrious 

domain (0) while the corresponding expressions 

(1) Y(lu. I.R+CPx(InL+(2))(u))) 
(2) Y(~u. InR+(Pe ( InL+(2 ) ) (u ) ) )  

(3) Y(~u. I n R e ( P x ( I n L e ( 2 ) ) ( u ) )  ) 
(4) Y(~u. In~(Px1(In~(2))(u))) 
(5) Y(~u. InZ+(Pxi(luL+(2))(u))) 

iu  the  domains ( 1 ) - ( 5 )  r e s p e c t i v e l y ,  a l l  deno te  the  
infinite linear list of 21s -- a fact which can be 

e a s i l y  checked from our d e f i n i t i o n s .  

With in  the  c l a s s  of  domains t h a t  suppor t  i n f i n -  
i t e  o b j e c t s ,  we can ana lyze  what k ind  of i n f i n i t e  

and unde f ined  o b j e c t e d  t h a t  l i s t s  may c o n t a i n .  By 
us ing  t h i s  form of  a n a l y s i s ,  we can de te rmine  t h a t  

the first four spaces (I)-(4) have fundamentally 

different semantics and that space (5) is indistin- 

guishable from space ( 1 ) ,  u n l e s s  we c o n s i d e r  compu- 

t a t i o n s  t h a t  r e t u r n  paired l i s t s  ( o b j e c t s  in the  
space ListxlList) instead of lists. 

In space (1). lists can contain both undefined 

lists and undefined atoms. In space (2), lists can 

contain undefined atoms but not undefined lists. 

In space (3). lists can contain undefined lists but 

not undefined atoms. Space (4) is similar to space 

(3) except that it distinguishes the list consist- 

ing of two undefined lists from the undefined list. 

Space (5) is isomorphic to space (I), but the 

corresponding component spaces ListxlList and 

ListxList are n o t .  

By i n s p e c t i n g  a few s imple  examples ,  we can 

e a s i l y  prove t h a t  a l l  f i v e  spaces  a r e  s e m a n t i c a l l y  
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d i s t i n c t  ( c o r r e s p o n d i n g  computa t ions  w i l l  y i e l d  
different answers). In space (I), we can define 

(a) the infinite list containing no atoms; 

(h) the infinite sequence containing undefined 

l i s t s  (1) a l t e r n a t i n g  w i t h  z e r o s ;  and 

(c) the list consisting of the undefined atom 

as  f o l l o w s :  

Ca) Y(lu. z~+CPxCu)Cu))), and 

(b) Y(Iu. ~.R+(PxCI)(I.a+(Px(IuL+(0))(.))))) 

(c) InL+(YIu. u). 

However, in all the other spaces except (5) at 

l e a s t  one of the  c o r r e s p o n d i n g  l i s t s  does not  
exist. In space (2), expression (b) (with P® sub- 

stituted f o r  Px) deno t e s  the  d e g e n e r a t e  e x p r e s s i o n  

InR+( l ) ;  l i s t s  may no t  c o n t a i n  unde f ined  l i s t s .  In 

space (3)D bo th  e x p r e s s i o n  Ca) ( s u b s t i t u t i n g  InRe 
for INK+) and expression (c) (substituting InL e for 

InL+) denote the undefined list I; every defined 

list must contain a defined atom. In space (4), 

expression (c) (substituting InLe for InL+) denotes 

the undefined list I; lists not contain undefined 

atoms a l though  unde f ined  lists are  permitted. Note 

that no two of the spaces (I), (2), (3), and (4) 

are isomorphic; the notion of finite element (list) 

is fundamentally different in each case. 

The final lazy space presented above (5) is 

identical to (I) except that it contains a redun- 

dant level of delayed evaluation in paired lists. 

Hence, the meaning of the expression 

outR+(Ina+(px(~,~))) 

in space (I) is Px(l,l) = I while the corresponding 

computation in (5) (substituting Pxl for Px) yields 

pxl(l,l ) z I. Obviously, the semantic difference 

between these two spaces is slight since it 

requires a computation over the corresponding 

paired list space to demonstrate any difference in 

behavior between the two spaces. 

With the aid of the I operator, we can define 

an even wider  c l a s s  of  lazy l i s t  s p a c e s .  F i r s t .  we 
can d e f i n e  p a i r i n g  o p e r a t o r s  t h a t  a re  lazy in  only  
one argument ( un l i ke  Px, P x l ) -  Second, we can 
de lay  the  e v a l u a t i o n  of  atoms w i thou t  d e l a y i n g  the  

e v a l u a t i o n  of p a i r e d  l i s t s .  F i n a l l y ,  we can add 
redundan t  l e v e l s  of  de layed  e v a l u a t i o n  in  the  f o r -  

mat ion  of  e i t h e r  a tomic l i s t s  or p a i r e d  l i s t s  

ana logous  to  tbe  e x t r a  l e v e l  t h a t  appear s  in  p a i r e d  
lists in space (5). Since every space in this last 

class of lazy domains is isomorphic to a space out- 

side the class (assuming we ignore affiliated com- 

ponent spaces), we will not discuss it any further. 

To facilitate classifying the extra spaces, we 

r e d e f i n e  the  f i v e  lazy l i s t  spaces  t h a t  we have 

a l r e a d y  examined in  terms i n  te rms of  the  ~ o p e r a -  

t o r ,  o r d i n a r y  c a r t e s i a n  p roduc t  ( x ) ,  and the  the  
c o a l e s c e d  sum and produc t  Co and O): 

(I) List = Nat I • (List x List)l 

(2) List = Nat I • (List • List)~ 

(3) List = Nat • (List x List) 

(¢) List = Nat • (List x List)~ 

(5) List = Nat I • (List x List)l I . 

When the domain definitions are expressed in this 

simplified form, the close relationship between 

space (5) and space (1) i s  e v i d e n t .  

The remain ing  i n t e r e s t i n g  v a r i a t i o n s  on l azy  

l i s t s  a rez  

(6) List = Nat • (List I • List) 

(7) List = Nat • (List • Listl) 

(8) List = Nat I • (List I • List) 

(9) List = Nat Â • (List ® List I) 

(i0) List = Nat I • (List ® List) • 

V a r i a t i o n s  ( 6 ) ,  ( 7 ) ,  ( 8 ) ,  (9) a l l  de lay  the  eva lua -  

t i o n  of  only  one argument of  a p a i r e d  l i s t .  As a 

r e s u l t ,  spaces  (6) and (8) a l low i n f i n i t e l y  deep 

lists but not infinitely long ones while spaces (7) 

and (9) do the opposite. Spaces (6) and (7) prohi- 

bit undefined atoms while spaces (8) and (9) accom- 

modate them. Finally, lazy space (I0) does not 

accomlodate  i n f i n i t e  l i s t s  or  unde f ined  s u b l i s t s  
w i t h i n  l i s t s ,  but  atoms may be u n d e f i n e d .  

At t h i s  p o i n t ,  the  q u e s t i o n  a r i s e s :  which d e n , -  
r a t i o n a l  d e f i n i t i o n  of  l azy  l i s t s  c o r r e s p o n d s  to  

the  s t a n d a r d  i m p l e m e n t a t i o n - o r i e n t e d  d e f i n i t i o n  

g iven  in  the  l i t e r a t u r e  [Friedman and Wise76]? The 
answer i s  ( 4 ) ,  where we i n t e r p r e t  

( i )  c o n s ( x ,  y) as  I n R e ( L i f t ( P x ( x ) ( y ) ) ) ,  

(2) car(x) as fStx(Drop(OutRe(x))), 

(3) cdr(x) as sndx(Drop(OutRe(x))), and 

(4) a tomic c o n s t a n t s  a as I n L e ( a ) .  

The s i t u a t i o n  i s  somewhat more compl i ca t ed  in  

the  case  of  the  seman t i c s  p r e s e n t e d  in  [Henderson 

and Mor r i s76 ] .  Thei r  semant ic  d e f i n i t i o n  d e s c r i b e s  
a space i somorph ic  to  ( 1 ) ,  but  the  syn tax  of  t h e i r  
language p r o h i b i t s  the  c o n s t r u c t i o n  of  unde f ined  
atoms.  Hence, they could used space (4) i n s t e a d  
without affecting the semantics of their lazy LISP 

dialect. 

5. A x i o l a t i m i m g  Lamy Dmtm D o m a i n s  

Since t h e r e  a re  s i g n i f i c a n t  d i f f e r e n c e s  between 
v a r i o u s  f o r m u l a t i o n s  of l azy  da ta  domains,  i t  i s  

impor tan t  to  deve lop  c l e a r ,  comprehensive  ax ioma t i c  

d e f i n i t i o n s  f o r  the  a l t e r n a t i v e s .  Na ive ly ,  we might  
a t t emp t  to  f o rma l l y  s p e c i f y  a lazy  space l i k e  

List = Atom + List x List 
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(g iven  an a x i o m a t i z a t i o n  f o r  Atom) by d e v i s i n g  a 

l i s t  of e q u a t i o n s  such as  t hose  p r e s e n t e d  in  s e c -  
t i o n  3 and d e s i g n a t i n g  the  lazy  space  as  t he  

c o r r e s p o n d i n g  i n i t i a l  a l geb ra  (or  a l t e r n a t i v e l y  t he  
c o r r e s p o n d i n g  f i n a l  a l g e b r a ) .  Prom our p r e v i o u s  

d i s c u s s i o n ,  i t  seams r e a s o n a b l e  to  c o n j e c t u r e  t h a t  

t h i s  t a s k  w i l l  be d e c e p t i v e l y  d i f f i c u l t  g iven  the  
v a r i e t y  of  lazy  spaces  a v a i l a b l e .  In  f a c t .  i t  18 
i m p o s s i b l e .  No r e c u r s i v e l y  enumerable  s e t  of  equa-  

t i o n s  can s p e c i f y  a n o n - t r i v i a l  lazy  space  as  

e i t h e r  the  i n i t i a l  or  f i n a l  a l g e b r a  c o r r e s p o n d i n g  

to  the  s p e c i f i c a t i o n .  We w i l l  f o rma l ly  prove t h i s  
f a c t  a f t e r  we e s t a b l i s h  a few impor tan t  p r o p e r t i e s  
of l a zy  s p a c e s .  

Un l ike  o r d i n a r y  da ta  domains ,  lazy  space s  have 

infinite s t r i c t l y  a scend ing  cha in s  of o b j e c t s  d o 

d I ~ d 2 ~ . . .  (where ~ d e n o t e s  t he  app rox i ma t i o n  
r e l a t i o n  i n t r o d u c e d  in  S e c t i o n  3) where each o b j e c t  

d i i s  c o n s t r u c t e d  i n  e x a c t l y  the  same way as  di+ 1 
excep t  t h a t  d i uses  I t o  approximate  s u b s t r u c t u r e s  

of  di+ 1. In  o r d i n a r y  i n d u s t r i o u s  da ta  domains (such 

as  LISP S - e x p r e s s i o n s ) ,  the  Undef ined  o b j e c t  I can-  

not  be embedded i n s i d e  c o n s t r u c t e d  o b j e c t s ,  which 

p r e c l u d e s  the  e x i s t e n c e  of i n f i n i t e  a s c e n d i n g  
cha in s  of s u c c e s s i v e l y  more comple te  approxima-  

t i o n s ,  

This apparently small change in the definition 

of data constructors (e.g. the LISP UconsU opera- 

tion) radically alters the structure of the data 

domain. Ordinary structural induction, for exam- 

p i e .  no l onge r  h o l d s ,  because  lazy  spaces  c o n t a i n  
t he  l i m i t  e l emen t s  of  i n f i n i t e  a s c e n d i n g  ch a i n s  - -  

which cannot  be c o n s t r u c t e d  from p r i m i t i v e  con-  
s t a n t s  ( e . g .  atoms) i n  a f i n i t e  namber of  s t e p s .  

In  s h o r t ,  the  fundamenta l  d i f f e r e n c e  between lazy  

and industrious domains is that lazy spaces contain 

limit points while industrious spaces do not. 

Since  lazy  space s  i n c l u d e  l i m i t  p o i n t s ,  we can 

c o n s t r u c t  domain w i t h  a more i n t e r e s t i n g  t o p o l o g i -  
ca l  s t r u c t u r e  u s ing  lazy domain c o n s t r u c t o r s  (such 
as x) than  t h e i r  i n d u s t r i o u s  c o u n t e r p a r t s  (such as  

@). An important illustration of this phenomenon 

is the following observation: the lazy data domain 

trivseq = (triv x trivseq) 

i s  i somorph ic  to  S c o t t ' s  Pm model f o r  the  untyped 

lambda c a l c u l u s  under the  mapping a d e f i n e d  by: 

a ( x )  = { i  I x i = t r u e }  

where x i d e n o t e s  t he  i t h  e lement  of  x = <x O. x 1.  
. . . .  x j . . . .  >. Fu r the rmore .  the  p r i m i t i v e  o p e r a -  

t i o n s  of Pm 

0 • P~ 
SUCC: P~ ~ P~ 
pred :  Pw ~ P~ 

cond: P~ -~ (Pw "" (P~ "" P~)) 

app ly :  (P~ • • p~)xp~ ÷ p~ 

a re  a l l  d e f i n a b l e  by f i r s t  o r d e r  r e c u r s i o n  equa-  

t i o n s  ( r e c u r s i v e  d e f i n i t i o n s )  e x p r e s s e d  in  te rms of  
the  c o n s t a n t s  t r u t  and ~.  and t h e  b ina ry  f u n c t i o n s  

p I E  and mad on t r i v .  and the  c o n s t r u c t o r  and 
s e l e c t o r  f u n c t i o n s  f o r  t E i v a e q :  cons (Px)  
h d ( f s t x ) ,  and t l  ( s n d x ) .  The d e f i n i t i o n s  appear  i n  

t he  £ p p e a d i z .  

In  a d d i t i o n ,  the  computable mappings (e lement8  of  

Po> > P I )  maPsuc c .  mappre d.  maPcon d.  nmPK. and maPS 
c o r r e s p o n d i n g  to  the  p r i m i t i v e  f u n c t i o n s  s u c c ,  

p r e d .  cond,  K. and S a re  a l l  d e f i n a b l e  by ground 

terms in  t he  same f i r s t  o r d e r  t h e o r y ;  we can simply 

use t he  same scheme f o r  t r a n s l a t i n g  Y a b s t r a c t i o n  

used in  t he  d e f i n i t i o n  of  S and K in  t he  £ p p e a -  
d i s .  The d e t a i l s  a r e  l e f t  t o  t he  r e a d e r .  

Since Pm together with the operations S.K 

P I > > P e  and ap p l y :  Pm>>Pm x P m ÷  Pm forms a 

model fo r  the  (untyped)  lambda ca l cu l u a  ( e x c l u d i n g  

~ - r e d u c t i o n ) .  t he  l azy  space t r i v m e q  wi th  the  

c o r r e s p o n d i n g  o p e r a t i o n s  a l s o  c o n s t i t u t e s  a model 
f o r  t he  untyped lambda c a l c u l u s .  Lazy spaces  p r o -  
v i d e  a s imple  mechanism f o r  t r e a t i n g  h i g h e r  o r d e r  
o b j e c t s  ( f u n c t i o n s )  e x a c t l y  l i k e  o r d i n a r y  ones .  

Moreover. any first-order characterization of lazy 

spaces will indirectly provide a first-order theory 

of t he  lambda c a l c u l u s  and h i g h e r  o rde r  o b j e c t s .  

We have now deve loped  s u f f i c i e n t  machinery  to  

prove the  theorem e s t a b l i s h i n g  the  inadequacy of  
algebraic specification as a formalism for specify- 

ing l azy  spaces: 

Tkeorem: Neither initial a l g e b r a  specifications 

nor final a l g e b r a  specifications (consisting of a 

recursively enamerable set of equations) can define 

l azy  s p a c e s .  

P , o o f "  We w i l l  prove the  theorem f o r  the  s p e c i f i c  

l azy  space t r i v m e q ,  but  it is c l e a r  t h a t  

t r i v s e q  can be implemented (us ing  an i n v e r s e  

homomorphism) w i t h i n  any n o n - t r i v i a l  lazy  space .  

The i n i t i a l  a l g e b r a  c o r r e s p o n d i n g  to  a r e c u r -  
8 i v e l y  enumerable  s e t  of  e q u a t i o n s  A i s  the  s e t  o f  

e q u i v a l e n c e  c l a s s e s  of ground terms under the  r e l a -  
t i o n  MustEqual.  where MustEqual (x .y)  i s  t r u e  i f f  
x=y i s  d e r i v a b l e  f ro~  A by f i r s t  o rde r  d e d u c t i o n .  
Hence the  e q u a l i t y  r e l a t i o n  on ground terms i8 
r e c u r s i v e l y  enumerable .  Yet the  e q u a l i t y  r e l a t i o n  
f o r  a t E i v a e q  i s  o b v i o u s l y  not  r e c u r s i v e l y  enu- 
m e r a h l e ;  o t h e r w i s e ,  we could  r e c u r s i v e l y  enumerate  

the  s e t  of a l l  p a i r s  of  e q u i v a l e n t  programs (us ing  
the  untyped Y-ca l cu lu s  as  our programming language)  
- -  a s e t  which i s  obv ious ly  not  r e c u r s i v e l y  
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enemerable .  

S i m i l a r l y .  the  f i n a l  a l g e b r a  co r r e spond ing  to  a 

s e t  of  equa t i ons  A (asseming the  f i n a l  a l g e b r a  
e x i s t s )  i s  the s e t  of  e q u i v a l e n c e  c l a s s e s  under the  
r e l a t i o n  CannotEqual where CannotEqual (x .y)  i s  t r u e  

i f f  xxy i s  d e r i v a b l e  from A u { t r u e , f a l s e }  by 
f i r s t  o rder  d e d u c t i o n .  Note t h a t  i f  A has no f i n a l  
a l g e b r a ,  then  CannotEqual i s  not  an e q u i v a l e n c e  

r e l a t i o n .  For a f i n a l  a l g e b r a ,  the  i n e q u a l i t y  
r e l a t i o n  i s  obv ious ly  r e c u r s i v e l y  enumerable ,  but 

aga in  the  i n e q u a l i t y  r e l a t i o n  f o r  t r i v n e q  c l e a r l y  

i s  n o t .  O the rwise .  we could r e c u r s i v e l y  enumerate 
the s e t  of a l l  p a i r s  of i n e q u i v a l e n t  programs 

( c o r r e s p o n d i n g  to  unequal  ~ r e c u r s i v e  f u n c -  

t i o n s ) ,  a s e t  which i s  obv ious ly  no t  r e c u r s i v e l y  
enumerable .  

q . E . D .  

Since  lazy  spaces  a re  so s i m i l a r  in  s t r u c t u r e  
to  Pm. an obvious  approach i s  to  use a l e a s t  f i x e d  

p o i n t  l o g i c  s i m i l a r  to  Edinburgh LCF t h a t  con-  

v e n i e n t l y  e x p r e s s e s  the  p r o p e r t i e s  of  Pm" (See 
[Gi l e s78]  fo r  an LCF a x i o m a t i z a t i o n  of  lazy  l i s t s . )  

However. we would p r e f e r  not  to  abandon f i r s t - o r d e r  

logic for two reasons. First. first-order systems 

(such as f i r s t - o r d e r  Peano a r i t h m e t i c )  based on 

s t r u c t u r a l  i n d u c t i o n  p rov ide  a s imp le ,  e l e g a n t  

c h a r a c t e r i z a t i o n  of o r d i n a r y  da ta  s p a c e s .  The 

h igh ly  s u c c e s s f u l  Boyer-Hoore LISP V e r i f i e r  
[Boyer75.79] is based on such a first-order system. 

We would l i k e  to  ex tend  t h i s  approach to  hand le  
lazy l i s t s  as w e l l .  Second. the  comple teness  
theorem f o r  f i r s t  o r d e r  l o g i c  p r o v i d e s  a i n v a l u a b l e  
t o o l  f o r  a n a l y z i n g  the  deduc t i ve  power of  any 

t h e o r y .  I f  a f i r s t  o rde r  theory  i8 too  weak to  

e s t a b l i s h  a p a r t i c u l a r  theorem,  t h e r e  must be a 
n o n - s t a n d a r d  model i n  which t h a t  theorem i s  f a l s e .  
In  h i g h e r  o rde r  l o g i c s ,  on the  o t h e r  hand.  a t heo ry  
may be too  weak to  prove an impor t an t  theorem,  y e t  
t h e r e  may be no model t h a t  r e f u t e s  i t .  

6. • F i r s t - O r d e r  Ykeory o f  Laxy 8paces  

The c h i e f  o b s t a c l e  to  ex t end ing  o r d i n a r y  

f i r s t - o r d e r  s t r u c t u r a l  i n d u c t i o n  t h e o r i e s  t o  lazy  

spaces  i s  t h a t  c o n v e n t i o n a l  s t r u c t u r a l  i n d u c t i o n  i s  
a p p l i c a b l e  only  to  s e t s  w i thou t  l i m i t  p o i n t s ,  y e t  

lazy spaces  under the  (p rope r )  s u b s t r u c t u r e  o r d e r -  

ing < i n c l u d e  l i m i t  p o i n t s .  I f  we develop  a c a n d i -  
da te  axiomatization containing 

(1) i m p l i c a t i o n s  between e q u a t i o n s  r e l a t i n g  the  

p r i m i t i v e  domain o p e r a t i o n s  ( c o n s t r u c t o r s .  
s e l e c t o r s ,  c h a r a c t e r i s t i c  f u n c t i o n s ,  cond.  
computable e q u a l i t y )  ; 

(2) i n e q u a t i o n s  a s s e r t i n g  t h a t  the  Boolean t r u t h  
va lue s  t r u e .  f a l s e ,  and the unde f ined  

o b j e c t  I a re  a l l  d i s t i n c t ;  

(3) axioms d e s c r i b i n g  the  s u b s t r u c t u r e  o r d e r i n g  c 

(a p r e d i c a t e ) ,  the  app rox ima t ion  o r d e r i n g  ~. 
and the  c h a r a c t e r i s t i c  p r e d i c a t e  I s f i n  f o r  

finite objects (m¢#nber8 of the domain's 

b a s i s ) ;  and 

(4) the  s t r u c t u r a l  i n d u c t i o n  scheme 

Vx [Vx' (x'c~ ~ e(x,)) ~ eCx)] ~ V z  e(z); 

then  the  s p e c i f i e d  domain c o n t a i n s  only  the  f i n i t e  

o b j e c t s  of the  lazy space .  5 The s t r u c t u r a l  i nduc -  

t i o n  scheme (4) has the  e f f e c t  of banning the  
i n f i n i t e  o b j e c t s  from the  domain. In  f a c t .  we can 

prove t h a t  

~x I s F i n ( x )  

by s t r u c t u r a l  i n d u c t i o n .  

As a r e s u l t ,  r e c u r s i v e  d e f i n i t i o n s  over  the  

domain may not  have l e a s t  f i x e d  p o i n t s  because  

d i r e c t e d  s e t s  do no t  n e c e s s a r i l y  have l e a s t  upper 
bounds.  For example,  i f  we c o n s i d e r  a domain con-  

s i s t i n g  the  f i n i t e  o b j e c t s  i n  t r i v s e q ,  the  f u n c t i o n  
d e f i n i t i o n  

f ( x )  = c o n s ( t r u e . f ( x ) )  

i s  c o n t r a d i c t o r y ,  because  we can prove by s t r u c -  

t u r a l  i n d u c t i o n  t h a t  

V x .y  xZcons (y .x )  

i n c l u d i n g  x = 11 

I f  we r e p l a c e  i n d u c t i o n  scheme (4) by an i n d u c -  

t i o n  axiom scheme r e s t r i c t e d  t o  f i n i t e  o b j e c t s z  

(4*) ~X [IsFin(x) =~ [~t[xlCx =~ e(x')] =~ e(x)J] 

=~ [~z IsFin(z) =~ e(z)] . 

then  t h e  l azy  space i8 a model fo r  our a x i o m a t i z a -  

t i o n .  but  so i s  the  subspace  c o n t a i n i n g  on ly  f i n i t e  
o b j e c t s .  In such a t h e o r y ,  we could  no t  prove any 

i n t e r e s t i n g  s t a t e m e n t s  about  i n f i n i t e  o b j e c t s .  

6 . 1 .  • S a t i s f a c t o r y  k z i o a s t i n a t i o s  

The s o l u t i o n  to  the  problem i s  to  augment the  

axiomatization consisting of (I). (2). (3). and 

( 4 ' )  above by two a d d i t i o n a l  schemes a s s e r t i n g  
t h a t  : 

(5) every  d e f i n a b l e  d i r e c t e d  s e t  has  a l e a s t  upper 
bound and 

(6) every  t e m  t ( x )  i s  con t inuous  i n  t he  v a r i a b l e  
x .  

5Non-s tandard  models  may c o n t a i n  einfinite ob-  

j e c t s " ,  but  t h e i r  b eh av i o r  does no t  r esemble  t h a t  
of  lazy  da ta  o b j e c t s .  
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They a re  f o r m a l i z e d  as  f o l l o w s .  Let O(u) and t ( u )  

be an a r b i t r a r y  formula  and term r e s p e c t i v e l y  i n  

t he  language of the  da ta  domain and and l e t  x , y , z  

be variables not  free in either O(u) or t(u). Let  

Diz(t(u)[B(u)} abbreviate the formula 

~,y[O(x)Ae(y) =~ ~z[@(z) ^ xSt(z) ^ ySt(z)]] 

which asserts that {t(u)[e(u)} is a directed set. 

Let lub{t(u)le(u)}(v) abbreviate the formula 

Vx £(Ù(x) ~ t(x)~v) ^ 

VzCCxO(x) ~ t(x)~z) ~ t(x)~v] 

which a s s e r t s  t h a t  v i s  the  l e a s t  upper bound of 

the  s e t  { t ( u ) ] O ( u ) } .  Note t h a t  u i s  not  f r e e  in  
either Diz{t(u)lO(u)} or l.b{t(u)le(u)}(v) Then 

the  two n e c e s s a r y  schemes a r e :  

(5) ( t h e  e x i s t e n c e  of  l e a s t  upper bounds) 

Dir{t(u)JO(u)} = 3v [ l u b { t ( u ) l e ( u ) } ( v ) ]  

(6) ( t he  c o n t i n u i t y  of  f u n c t i o n s )  

l u b { t ( u ) J e C u ) } ( v )  =~ 

3v [ l u b { x J O ( x ) } ( v )  ^ v = t ( u ) 3 .  

where t ( u )  and Ù(u) a re  an a r b i t r a r y  term and f o r -  
mula c o n t a i n i n g  no f r e e  v a r i a b l e  o t h e r  than  u.  

This  scheme a s s e r t s  t h a t  the  f u n c t i o n  ~u. t ( u )  i s  

con t inuous  a t  the  d e f i n a b l e  p o i n t  lub{u[O(u)}  

assuming it exists. 

Although there are no blatant sources of incom- 

pleteness in this axiomatization 6 ((I), (2), (3), 

(4a), (4b), (5), (6)), it is not obvious that the 

system i s  s t r o n g  enough to  prove a l l  of the  impor-  
t a n t  p r o p e r t i e s  of  p a r t i c u l a r  lazy s p a c e s .  For t h i s  
reason, it is interesting to compare the power of 

our first-order system with the corresponding 

theory in LCF, a logic specifically designed to 

accommodate ehigher order" spaces like Pw. The LCF 

theory looks similar except: 

I .  I t  i n c l u d e s  the  typed lembda c a l c u l u s  in  the  

term syn tax  f o r  the  l o g i c .  

2. The i n d u c t i o n  axiom scheme i s  f i x e d  p o i n t  

i n d u c t i o n  on r e c u r s i v e l y  d e f i n e d  f u n c t i o n s .  This  

scheme has the  form 

e(±) ^ V f [ e ( f ) ~ e C ~ ( f ) ) 3 )  ~ e(Y(~f.~Cf)))  

where e(f) i s  a formula t h a t  admits induction on f. 

It is applicable only to ~ formulas, where 

admissibility is a complex syntactic test that 

analyzes the types of terms within the formula (see 

[Gordon77] for a precise definition). The closest 

ana log  of s t r u c t u r a l  i n d u c t i o n  in  LCF i s  f i x e d  

6For a n o n - t r i v i a l  lazy space ( e . g .  t r i w a e q )  

the  a x i o m a t i z a t i o n  i s  o b v i o u s l y  not  complete by 

Gode l t s  f i r s t  i ncomple t enes s  theorem.  

point induction on the retraction characterizing 

the domain of interest. 

After studying the two systems, we were 

surprised to discover that our system is at least 

as strong as LCF both in expressiveness and deduc- 

tive power.  We can s y s t e m a t i c a l l y  t r a n s l a t e  LCF 
statements into e q u i v a l e n t  first orde r  statements. 

by c o n v e r t i n g  a l l  lambda e x p r e s s i o n s  i n t o  

e q u i v a l e n t  e x p r e s s i o n s  formed u s i n g  the  s t anda rd  S 
and K combinators, which are definable in our 

first-order system using the construction shown in 

the Appeadix. Moreover, all of the LCF proof 

rules and axioms (expressed in terms of translated 

formulas) are derivable in our first-order system. 

In particular, we can derive the LCF fixed point 

induction scheme for admissible formulas. The 

derivation critically relies on the structural 

induction scheme for finite objects (4'), the least 

upper bound scheme (5), and and the continuity 

scheme (6). We call this first order analog of 

fixed point induction, J~ ~ .  The formal 

derivation of lazy induction within our system is a 

tedious induction on the structure of formulas that 

is beyond the scope of this paper, but the basic 

idea underlying the proof is instructive. 

The admissibility test in LCF ensures that 

passing to the limit of a directed set (of lazy 

data objects) does not change the meanings of sub- 

formulas that determine the truth of the entire 

formula. The idea behind the derivation is that 

the metamathematical justification for fixpoint 

induction on a function within a particular admis- 

sible formula can be translated into a proof in our 

first order system consisting of two parts. The 

first part utilizes conventional structural induc- 

tion to establish that the formula holds for all 

finite approximations to the function. The second 

part extends the result to the entire function (an 

infinite lazy object) by appealing to the defini- 

tion of admissibility. 

Lazy induction is a particularly useful rule 

for reasoning about a lazy data domains when it is 

applied to the retraction characterizing the lazy 

space. In this case. the premises of the rule are 

identical to those of conventional structural 

induction. Hence, if a formula is admissible, con- 

ventional structural induction establishes the for- 

mula ho lds  f o r  a l l  o b j e c t s ,  not  j u s t  f i n i t e  ones l  

6.2. A Sample Program P r o o f .  

Consider the  recursive definition 

app(x,y) = if atom x tke, y 
else cons(car x,app(cdr x,y)) 

over the data domain List x List where 

List = Atom + ListxList 
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car = fStxOOutR+ 
cdr  = sndxoOutR+ 
cons = InR+oP x 
atom = IsL+ . 

The following formula 

Vx,y,z:List app(x,app(y,z)) = app(app(x,y),z). 

is obviously true on the domain of finite objects. 

The proof is a trivial induction on the structure 

of x. Does the same theorem hold for all lazy 

lists? The answer must be yes, because the formula 

stating the theorem i8 admissible! Lazy induction 

enables us to prove theorems about lazy spaces 

using conventional structural induction. 

7. ¢ o m © l m s i o m 8  a n d  F u t u r e  R e s e a r c h  

Although i m p l e m e n t a t i o n - o r i e n t e d  d e f i n i t i o n s  of 

lazy e v a l u a t i o n  prov ide  some i n s i g h t  i n t o  the  
behav io r  of p a r t i c u l a r  computa t ions ,  they are  

inadequa te  as the b a s i s  of a l o g i c a l  theory  of  lazy 
s p a c e s .  They a l s o  b l u r  s u b t l e  but  impor tan t  seman- 

t i c  distinctions between different forms of lazy 

evaluation. Our abstract characterization in terms 

of domain constructors provides a much clearer pic- 

ture of the mathematical properties of lazy spaces 

and d i r e c t l y  co r r e sponds  to  a n a t u r a l  formal  system 

f o r  r e a s o n i n g  about  them. 

Since lazy spaces  have e s s e n t i a l l y  the  same 

complex s t r u c t u r e  as S c o t t ' s  Pm model of the 

untyped lambda c a l c u l u s ,  they cannot  be s p e c i f i e d  
by restrictive specification methods such as alge- 

braic specification. One approach is to axiomatize 

lazy spaces  w i t h i n  a l e a s t  fixed p o i n t  l o g i c  such 

as  LCF. In t h i s  paper  we have p r e s e n t e d  a f i r s t -  

o rde r  theory  of  lazy spaces  t h a t  we p r e f e r  to  
higher o r d e r  formalizations because i t  r e l i e s  on 

c o n v e n t i o n a l  s t r u c t u r a l  i n d u c t i o n  r a t h e r  than f i x e d  
point induction as the fundamental axiom scheme. 

In our system, the admissibility test for fixed 

point induction is simply a sufficient set of con- 

ditions for its derivation. Moreover, our system 

ex tends  c o n v e n t i o n a l  s t r u c t u r a l  i n d u c t i o n  (as 

implemented in the  Boyer-Moore LISP Verifier 

[Boyer75,79])  t o  the  c o n t e x t  o f  lazy  da t a  domains .  
providing programmer with a s imple  intuitive frame- 
work f o r  r e a s o n i n g  about  f u n c t i o n s  t h a t  man ipu l a t e  
lazy da ta  o b j e c t s .  

Since computable f u n c t i o n s  have a n a t u r a l  
e x t e n s i o n a l  r e p r e s e n t a t i o n  as  l a z i l y  e v a l u a t e d  

graphs  (mappings) ,  our f i r s t - o r d e r  f o r m a l i z a t i o n  of  
lazy spaces  a c c o ~ o d a t e s  f u n c t i o n  spaces  as w e l l .  
However, we must overcome one major  o b s t a c l e  to  

make our t r e a t m e n t  of  f u n c t i o n s  i n t u i t i v e l y  a c c e s -  
s i b l e  to  p r o g r a ~ n e r s :  our r e l i a n c e  on cembina to r s  

r a t h e r  than  lembda e x p r e s s i o n s  to  denote  computable 
mappings. In response to this issue, we are 

c u r r e n t l y  deve lop ing  a c o l l e c t i o n  of  combina to r s  

t h a t  c l o s e l y  cor respond  to  c o n v e n t i o n a l  lambda 

notation. 
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9. Appendix ' -  E, ,beddimK Pm im t r i v s e q  

Po t  t he  sake  of c l a r i t y ,  a l l  of t he  r e c u r s i v e  
definitions in this appendix obey the following 

s y n t a c t i c  c o n v e n t i o n s .  

I. The names of t r i w  operations (functions t h a t  
r e t u r n  v a l u e s  of type  £ r i v )  a r e  c a p i t a l i z e d ;  t he  
names of t r i v n e q  o p e r a t i o n s  ( f u n c t i o n s  t h a t  
r e t u r n  v a l u e s  of  type  t E i v a e q )  o t h e r  t h a n  S and K 
a r e  n o t .  

2.  V a r i a b l e s  r a n g i n g  over  t r i v a o q  t h a t  a r e  
i n t e n d e d  t o  d e n o t e  a r b i t r a r y  s e t s  i n  P J  a r e  c a p i -  
t a l i z e d .  V a r i a b l e s  r a n g i n g  over  t r i v m e q  t h a t  a re  
i n t e n d e d  t o  d e n o t e  i n d i v i d u a l  n a t u r a l  numbers ( s i n -  

g l e t o n  s e t s )  a r e  n o t .  No v a r i a b l e s  r a n g e  ove r  
t E i v .  

3. Each t r i w  o p e r a t i o n  i s  a n n o t a t e d  with comment 
(a  s t r i n g  of  t he  form ~ . . . )  s p e c i f y i n g  t h e  o b j e c t  
i n  t E i v  t h a t  t h e  o p e r a t i o n  computes .  

4 .  Each t r i v m o q  o p e r a t i o n  i s  a n n o t a t e d  w i t h  a 
comment s p e c i f y i n g  t he  t he  a b s t r a c t  o b j e c t  i n  Pm 
c o r r e s p o n d i n g  t o  t he  e l ~ e n t  of  t r i v s e q  t h a t  t he  
o p e r a t i o n  computes .  

R e c u r s i v e  d e f i n i t i o n s  f o r  a l l  t he  p r i m i t i v e  
operations of P~ (O, p r e d ,  succ ,  cond,  S, Ks 
a p p l y )  appea r  be low.  

0 = Cons(true,l) # C0} 
succ(X) = cons(~.X) @ (u+l I u • a(x)} 
pred(X) = t t  X # {u I u+l ~ a(X)} 

cond(X,Y,Z) = 
{u ~ a(~)lO • a(x)) u {v • a(Y)l~ w ~r~l • aCx)} 
c o n s ( [ h d  X s a d  hd Y] pOE [Def t l  X mad hd Z]. 

cond(X, t l  Y. t l  Z) )  

# l e t  <u.v> = [ ( u + v ) ( u ÷ v + l ) ] / 2  ÷ u 
p a i r ( e , v )  = # {<usv> [ ~u • ~ ( U ) , v  • aCv)} 

p lu s  ( h a l v e  ( t i m e s  ( p l u s  (U, V) ,  
p lu s  ( p l u s  (U,V) .  succ  (@)) ) ) ) ,  

. )  

fst(z) = fst1(O.Z) @ {u I 3v <u.v> • a(z)} 
fstl(i.z) = # (u-i I ~,  <u.v> e a(Z)} 

c o n s C C h e c k 2 C i . 0 . Z ) . f s t l ( s u c c ( i ) . Z ) )  
Check2(i,jsZ) = # ~ k~j  <i,k> • a(Z) 

Consist(pair(i,j),z) poe  C h e c k 2 C i , s u c c ( j ) , Z )  
Consist(XsY) = # 3i i ¢ a(X) ^ i ~ a(Y) 

hd X mud hd Y por Cousist(tl Xstl ¥) 

snd(X) = sndl(O,Z) # {v I ~u <u,v> e =(Z)} 
sud1(j,Z) = @ (v-j 1 3u <u,v> • a(Z)} 

c o n s C C h e c k l ( 0 s j . Z ) . s n d l ( s u c c ( j ) . Z ) )  
Checkl(i,j,Z) = # ~ kki <k,j> ¢ a(Z) 

Consist(pair(i,j),Z) pOE C h e c k l ( s u c c ( i ) . j . Z )  

plus(X,¥) = # {u+v [ u e a(X) ^ v • a(Y)} 
cons (hd  X S a d  hd Y, 

c o n s ( [ h d  t l  X mad  hd ¥]  p o t  
[hd X 8 1 d  hd t l  Y].  

p l u s ( t l  X, t l  Y))) 

times(X,Y) = # {u*v [ u • a(X) ^ v • ~(Y)} 
cons([Def X aid hd Y] poe [hd X and Def Y], 

p l u s ( t L  X, t imes (X ,  t l  ¥))) 

Def(X) = hd x poe Def tl X # ~u ~ a(X) 

top = cons(true,top) ~ {i) 
K(X) = pair(top,filter(X)) # {<u,v> [ v e a(X)} 

# l e t  e i \ , U  d e n o t e  t he  f i n i t e  s e t  i n  Pm 
# c o r r e s p o n d i n g  to  code i 
filter(X) = filterl(X,0) # {i [ eig~(X)} 
filterl(X,i) = # {j-i [ ejg~(X)} 

cons(Approx(i,X),filterl(X, succ(i))) 

ApproxCi,X) = # ei_c~CX) 
hd i p o l  

[ ( [ o d d  i s a d  hd X] p o e  odd t l  i )  s a d  
Approx(halve(i),tl X)] 

odd(X) = hd t l  x p o e  odd t l  t l  X # 3 i  2 i+I  • a(X) 
halve(X) = # {il2i • a(X)} u (j[2j+la(X)} 

cons (hd  X p@r hd t l  X. h a l v e  t l  t l  X) 

s2(X,Y.Z)  = a p p l y ( a p p l y ( X , Z ) . a p p l y ( Y . Z ) )  
s l (X ,Y)  = a b s t r 2 ( X . Y , O )  # YZ. s2(X.Y.Z)  
abstr2(X,T,i) = 

{<u,v>-i [ v ~ =(s2(X,Y,a-l(eu)))} 
cons (Approx( snd  i,s2(X,Y.fst i)), 

abstr2(X,Y,succ(i))) 
S(X) = a b s t r l ( X , 0 )  # bY. s l ( X . ¥ )  
a b s t r l ( X , i )  = # { < u . v > - i  J v • ~ ( s l ( X . ~ - L ( e u ) ) }  

cons (Approx( snd  i . s l ( X . f s t  i ) ) ,  
a b s t r l ( X . s u c c ( i ) ) )  

a p p l y ( F . X )  = # {v [ 3u <u,v>~F ^ euHX) 
s n d ( a p p l y l  ( O , ¥ . X ) )  

a p p l y l ( i , F , X )  = 
# {p [ 3p~i ^ p~F ^ efst(D)HX} 

( cons  (Tes t  ( i . X , F ) .  a p p l y l  ( s u e t  ( i )  .P ,X) )  ) 
Test(p,X,P) = # pep ^ efst(p)gX} . 

Consist(p,F) mad Approx(fst(p),X) 
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