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Abstract We exploit the fact that the set of all polynomials PelK[x1,..,xn] of degree sd
which can be evaluated with sv nonscalar steps can be embedded into a Zariski-closed af-

fine set W(d,n,v),dim W(d,n,v)s(v+1 +n)2 and deg W(d,n,v)s(2vd) (V¥1B) %, As a con-
sequence we prove that for u:= 2v(d+1)2 and s:= 6(v+1+r_1)2 there exist

al,..,a%e [y = {1,2,..,u}™ such that for all polynomials PeW(d,n,v):P(al) = P(gz) =...
= P(gs) = O implies P=0. This means that 31,...,35 is a correct test sequence for a zero

test on all polynomials in W(d,n,v). Moreover, "almost every" sequence 31,..,Qse fun
is such a correct test sequence for W(d4,n,v). The existence of correct test sequences
31,..,355 fu]® is established by a counting argument without constructing a correct test
sequence. We even show that it is beyond the known methods to establish (i.e. to con-
struct and to prove correctness) of such a short correct test sequence for W(d,n,v).

We prove that given such a short, correct test sequence for W(d,n,v) we can efficiently
construct a multivariate polynomial PGEK[X1,..,xn] with deg(P) = 4@ and small integer
coefficients such that Pq,W(d,n,v). For v>n log d lower bounds of this type are beyond
our present methods in algebraic complexity theory.

1. Introduction and Preliminaries

There is already a respectable list of applications of Bezout's theorem in complexity
theory. StraBen (1972) proved that the evaluation of all elementary symmetrical functions

of n variables requires Q(n log n) nonscalar steps. Strafen's method has been extended
n

l=1xgyi)2}n log d provided

by Schnorr (1979) to single multivariate polynomials, e.g. L, (L

ns {d. Heintz and Sieveking (1978) established new lower bounds1oq the complexity of uni-
variate polynomials with algebraic coefficients, e.g. Lns(zg=12 /JxJ) = Q(\,%SE—E), see
von zur Gathen and StraBen (1979) for additional examples. Mignotte and Morgenstern (1979)

d 3y _ d s C s . .
observed Lns(Zj=1 JEBX ) = 0 TBE_E) for pairwise distinct prime numbers pj. Heintz (1979)

proved good upper bounds on the number of solutions of first order formulae in the theory
of algebraic closed fields. In this paper we establish a connection between lower bound
proofs for the complexity of polynomial evaluation and the problem of testing polynomial
identities. Indeed the same methods are involved in both problems which shows that the
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methods for proving lower bounds might be useful in some other, even more practical con-
text as well.

We give examples of the powerful and elegant counting method which derives from Bezout's
theorem. Because of its large and easy applicability and its concise formulation Bezout's
inequality might be useful even for non experts in algebraic geometry. 1Indeed for our
applications of Bezout's theorem we only need some very basic facts of the highly de-
veloped machinery of modern algebraic geometry.

For a multivariate polynomial PelK[x1,..,xﬁJ let L,g(P) be the minimal number of nonscalar
steps which are necessary to evaluate P. By the methods of Schnorr (1978) and Heintz and
Sieveking (1978) the set

{PeR(xy,../x] | deg Psd, L (P)sv]

can be embedded into a (Zariski-)closed set W(d,n,v) such that 51) W(d,n,v) is definable
over @, (2) dim W(d,n,v)s(v+1+n)2, deg W(d,n,V)S(ZVd)(V+1+n) . Using this basic
theorem and Bezout's inequality one obtains lower bounds on polynomials with algebraic
coefficients. We also derive a rather elegant proof for

max{L__(z3__a,x) |a; € 10,1132 J3a/109 a -1

i=o%i
which avoids the lengthy calculations used in Schnorr (1978). Moreover, this proof shows

that the bound ./%d/log d-1 is achieved for "almost all" (ao,..,ad)é {0,1}d+1.

Another application of the basic theorem concerns the following problem: given a short

computation for P€K[x4,..,X,] , decide whether P=0. Suppose deg Psd then it can easily

be seen that for every AciK, A finite:
#{xea™ | P(x) = 0) s a(4a)™" provided P%0
This gives raise to a random decision procedure for P=zO since
prob{x e A"|P(x) = 0} < d/4Aa provided PO

with respect to the uniform distribution on AP, see Schwarz (1979). It is an interesting
open problem whether in this case there is an efficient deterministic algorithm that tests
P=0. Lovasz (1979) gave a particularly interesting example of this situation showing that
the (linearly represented) matroid parity problem can be solved by deciding whether a given
determinant with polynomial entries is identical zero. The basic theorem implies that
given any u22v(d+1)2 and s26(v+1+n) 2 there exist 31,..,gse ful®, (ul:= {1,2,..,u} such
that for all P& W(d,n,v):P(31) = P(Ez) = ,.. = P(gs) = O implies P=0. This means that
51,..,55 is a correct test sequence for zero testing all polynomials in W({(d,n,v). More-

over, "almost every" sequence 31,..,355 [ul® forms such a correct sequence of test points
for W(d,n,v). This statement sounds much like Adleman's (1978) observation that every
problem which is decidable in random polynomial time has polynomially bounded network size.
However, in our situation Adleman's argument is not applicable since W(d,n,v) is not
finite but dim W(d,n,v) = Q(v+n)2 . Observe that in our computations arbitrary con-
stants in K are given for free. Of course Adleman's argument can be applied if we re-
strict the computations such that only a fixed finite set of constants is given for free
and if we count .all arithmetical operations. In this case the number of polynomials

computable with sv scalar + nonscalar operations is at most ZO(V log v).
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On the other hand we give evidence that it is beyond our present proof methods to estab-
lish for given d,n,v a specific correct test sequence 31,..,556 [u]n for W(d,n,v) with
S,u polynomially bounded in d+n+v. We prove that given such a correct test sequence

for W(d,n,v) we can efficiently construct a multivariate polynomial Pe K[Xq,..,Xpn] with
deg Psd such that P has only small integer coefficients (P even has ss+1 coefficients $0)
and P¢vudqn,v). Lower bound proofs of this type are beyond our present methods in al-
gebraic complexity theory. The best we can prove so far are lower bounds for polynomials
with rapidly increasing integer coefficients, e.g. Lns(2g=022ixi) = 0( Jd/log @) and lower
bounds with small integer coefficients which are not much greater than the number of in-
determinates, e.g. Lns(22=1xg yi)E%n log 4 with n<d1/4, see Schnorr (1979).

Throughout the paper K is an algebraic closed field with prime field @ and let K <K be
some subfield. xXq,..,Xn,¥,¥i,24 are indeterminates over [K,. Kg[{X{,..,Xp) is the ring
of multivariate polynomials in the indeterminates xq,..,xp with coefficients in Kg,.
Ko(x1,..,%) is the field of rational functions in the indeterminates xq,..,¥,. N, 2, @,
R, € are the sets of natural, integer, rational, real and complex numbers. log n is the
logarithm of n to base 2. A denotes the cardinality of set A. We use f(n) = Q(g(n)) as
an abbreviation for 3IJcelN: Vn:c-f(n)?g(n). Tuples are underlined, e.g., x = (x1,..,xn).
We abbreviate xd:= H?=1xiji and (x-n)d = H§=1(xi-ni)31,lil = Jy+i*...+j . For uel let
{ul:= {1,2,..,ul.

2. A useful bound on the degree of (Zariski)~-closed sets

In this section we introduce notions from algebraic geometry. In order to make the paper
understandable for readers without prior knowledge in algebraic geometry we present all
concepts and facts to be used. For convenience we will work with affine closed sets. Our
main tool is the Bezout inequality for the degree of affine closed sets. In proposition
2.3 we establish a bound on the degree of closed sets which lateron will be applied in
many situations.

A subset EcK" is called (Zariski-)closed (over IKO) if it is definable as the set of

common zero's of some set of polynomials Bc:«o[x1,..,xﬁl, i.e.

E = {aeK” | YP€B:P(a) = O}.

These closed sets are called definable over [ K, since they are defined by polynomials
with coefficients in K . Note that an arbitrary intersection and a finite union of closed
sets is closed. These closed sets define the Zariski~topology of IKR. The closure 2 of a

set AcKD is the intersection of all closed sets E that contain A, or equivalently, & is
the smallest closed set containing A. A closed set EcK"® is called a hypersurface (hyper-
plane, resp.) if it is definable by a single polynomial (single linear polynomial, resp.)

A closed set EcK® is called irreducible (E is then called a variety) if there do not exist
closed sets Eq,E, such that E = EqVE, and E1,E2+E. The irreducible closed sets EcKD are
exactly those sets E cKP which are definable as the sets of zero's of a prime ideal
B<:2[x1,..,an. Each closed set E is a finite union of irreducible closed sets, E = \)Ci'

This representation of E is unique, if it is not redundant, i.e. if Ci¢ Cj for itj.
Therefore the Ci appearing in this representation of E are called components of E. The
dimension dim E of a closed set Ec KP,E}g is the maximal integer m such that there exist

distinct irreducible closed sets Zq¢,..,Zp such that ¢+Z1c 2,6 2%, cE. Every closed set

264



E4¢ has a finite dimension. We have dim K'=n. The zero dimensional closed subsets of K=
are finite. The dimension of a hypersurface HcK® is n-1. This definition immediately
implies

Fact 2.1 Let E,D be closed sets, E irreducible and E¢D, then dim(En D)<dim E.

The degree deg E of an irreducible closed set EcK" is the maximal cardinality of a finite

set which is obtained by intersecting E with a linear affine subspace
deg E:= max{#(Er\L)<w|Lc[Kn affine linear subspace}
Following Heintz (1979) we extend this definition to reducible closed sets as

deg E:=§:degc
C component of E
Every closed set Eff has a finite degree.

Our main tool in applying algebraic geometry is Bezout's inequality for the degree of
affine varieties. The corresponding Bezout equality with respect to projective varieties
can be found in Kendig p.207 and Van der Waerden p.177. The Bezout inequality for affine
varieties follows from Bezout's equality for projective varieties, as is shown in the
appendix of Schnorr (1979), [10]. Heintz (1979) has given a direct proof, based on com-
mutative algebra. Our formulation of Bezout's inequality avoids the quite complicated
notion of intersection multiplicity. We hope that this will facilitate applications by
non experts.

Bezout's inequality

Let E,Dc K™ be closed sets, then deg(EAND)sdeg E+deg D.
We shall also use the theorem on the dimension of fibres:

Theorem 2.2 (Schafarewitch, p.69)

Let E,D be closed sets, E irreducible and let f:E =+ D be a regular map, dim E=n, dim D=m,
n2m. Then for all ye€ f (E):dim £ (y)2n-n.

Proposition 2.3 Let Ejc K" i=1,..,r

dim E

be closed sets, then deg /.\ EiSdeg E1(max deg Ei) 1.
i>1

isr
Proof We proceed by induction on r. The case r=1 is trivial, we introduce E2:= n’ thus

max deg Ei=1. Now let C, veJ be the components of Eq. It suffices to prove under the
i>1

induction hypothesis for r-1 that

dim C,

deg(C, A /M E,)sdeg C,(max deg E,) for ved.

T<isr i>1

In the case C,€Ey, the intersection with E2 has no effect and we are already in the case
r-1. In the case Cv<tE2 we apply the induction hypothesis to Ei== Cv"E2~ Since
dim(Cvr\E2)<dim C, Bezout's inequality and the induction hypothesis yield

deg(C,n /) E,) sdeg (C, N E,) max (deg Ei)dlm Cy-1 dim C,

<deg Cv‘(max deg Ei)
1<isr i>2

i>1
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3. The closed sets of all polynomials which are easy to compute

Following the methods of Schnorr (1978) and Heintz and Sieveking (1978) we can embed the
set of all polynomials Pe[K[x1,.. ,xn] with deg P=d and computable with sv nonscalar steps
into a closed set W(d,n,v) with small dimension and small degree. We reformulate this
basic theorem and give some illuminating examples for its application.

A straight-line computation over Kui{x.,..,x } is a sequence of rational functions
1 n
R1,..,Rwe K(x1,..,xn) such that for i=1,..,w either (1) RielKu{x1,..,xn} or (2) Ri=Rj°Rk
with j,k<i andoe{+,-,%,/}.
" -—

step Ri--chRk
RkélK. For P€[K(x1,..,xn) let Lns(P) be the minimal number of nonscalar steps in any
computation of P over mu{x1,..,xn}.

R1""Rw are the results of the computation. A "computation
is called nonscalar provided (1) o is * and Rj,Rk¢iK or (2) o is / and

The following is a straightforward extension of theorem 2.1 in Schnorr (1978) from one
indeterminate x to n indeterminates XyreerXp . The theorem means that the coefficients a,
of all polynomlals P eﬂ([x1,..,x J with L, (P)SV can be represented as the values of poly-
nomials Q with small degree and dependlng on O(v ) indeterminates in total.

Theorem 3.1 (Schnorr 1978, theorem 2.1)
For every v€N there exist polynomials Qgez[z1,..,zmj for iean with m = (v+1+n)2—
deg QV$2|1|V such that for every PeIK(x17..,x ) with Lns(P)SV there exists a hypersurface

Hc KD such that for all Y)élKn—H there exist ay (n) € K with

P=1z a,(n) (x-n)-— and  (ay(n): til>o) eIm(Q;.':

. j|>0).
jen" =

Here Im(Q;: §,|jl>0.

Following Heintz and Sieveking (1978) this rather complicated theorem gives raise to a
concise statement in terms of Zariski-closed sets. We identify a polynomial P€IK[x1,..,xﬁj
with deg Psd with its coefficient vector in Kt,t:= (n;d).

Basic theorem 3.2 (Heintz, Sieveking 1978)

For every d,n,vé N there exists a closed set W(d,n,v)c Kt definable over Q,t —(ngd)

such that
(1) W(d,n,v) contains all P& K[x1,..,x£] with deg Psd and Lns(P)SV

2
(2) daim W(d,n,v) s(v+1+n)?2 deg W(d,n,v)s(2vd) (v+1+n)

Proof Take the polynomials Qg of the above theorem and set QX =z, (let Q = (O,..,O)Ean)

with an additional variable z;. Then define

wW(d,n,v) = Im(

i,e. W(d,n,v) is the closure of the image of the Qg. Theorem 3.1 immediately implies that
(1) holds., Observe that the restriction on the point of development n in theorem 3.1 has
been eliminated in theorem 3.2 by reasons of continuity. We can always choose 1n=0 since

w(d,n,v)c K® is closed. Obviously dim W(d,n,v)s (v+1+n)2 since the Qg with |i|5d only

depend on (v+1+n)2 indeterminates. Thus the crucial point_is to prove the

degree bound on W(d,n,v). We refer the reader to the Lemma in Heintz and Sieveking (1978).
11
(1

266



Next we consider the maximal nonscalar complexity of univariate polynomials of degree =d
with O,1-coefficients:

ns _ d
CO,1(d).- max{Ln (z

i . a+1
s (Tio2;x) [ (ags..ray) € {0,177}

By rather lengthy calculations we obtained lower bounds
cod, (A= Vd/(4 log d) (Schnorr 1978) and

r
cgs1(d)a} V3d/1log(2d)-3 (Schnorr, Van de Wiele 1978).

r

We now give an elegant proof for a better result.

Corollary 3.3

a+1
(1) #{(aol"lad)e {0,1} ]Lns i=0?i 3 Tog @
ns 2 d _
(2) ¢y 42/ 51553 7
o d+1 a+1 .
Proof We use proposition 2.3 and theorem 3.2 to bound #(W(d,1,v)n {0,1} y. {o,1} is
the intersection of hypersurfaces Hi which are defined by zi(zi-1) = 0 for i=1,..,d+1.

Applying proposition 2.3 to E := wW(d,1,v) and E
#0(a,1,vN (0,13

141°= Hi i=1,..,d+1 we obtain

) sdeg W(d,1,v)'2dim W(d,1,v)s(2Vd)(v+1)(v+2)2(v+1)(v+2)=(4vd)(v+1)(v+2)

In order to prove (1) it is sufficient to verify:
vs /%—TGE—E -2 and d22 imply (v+1) (v+2) log(4vd) =d- J %d log d.

It turns out that the lower bounds on specific polynomials with algebraic coefficients in

Heintz and Sieveking (1978) and von zur Gathen and StraBen (1979) can be obtained in the

same way. Following Mignotte and Morgenstern we obtain:

d (%3 f2__4
Corollary 3.4 Lns(Zj=o pjx )= T Tog d 1,
for any choice of pairwise distinct primes pj.
The proof is similar to the proof of Corollary 3.3. 1In this case we intersect W(d,1,v)

with Vi= ( V’pé,.., y/EE) which consists of all conjugates of (‘/po"” Jpé). V is de~
fined by the equations pi-zi2 =0 i=0,..,4 and the points in V define equally hard

polynomials.

In the same way one proves Lns(2f=opl/dxl)2 Va/2.5-2

for pairwise distinct primes Py This lower bound is sharp up to a constant factor. The

corresponding upper bound is known from Paterson, Stockmeyer (1973).

The above methods apply to other complexity measures as well. For instance they can be
used (1) if we count additions/subtractions no matter how many multiplications/divisions
are used (2) if we separately count additions/subtractions and nonscalar steps (3) if we
count the total number of arithmetical operations. This is a consequence of the repre-
sentations of the polynomials which are easy to compute given in Schnorr and Van de Wiele
(1978).

Another extension of these results concerns the approximate evaluation of polynomials.
Let p be the Cartesian distance on Kd+1, K:= €. Since W(d,n,v) is topologically closed
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with respect to p it follows that W(d,n,v) contains all polynomials which can be approxim-
ately evaluated with sv nonscalar steps, i.e. for n=1:

d+1l

{rec Ve>o:31>ee W(d,1,v):0(P,P )<elcW(d,1,v)

Hence there exists €>0 such that every approximate evaluation of Z?=Opl/dxi which for all
aeC with |a|s1 has an error <e,requires Vad/2.5-2 nonscalar steps.

4., On the verification of polynomial identities

We consider the following problem: given a short computation for a polynomial

Pe K[x1,..,xﬁj, decide whether P=O,

Schwartz (1979) suggested a probabilistic algorithm in the spirit of the Rabin, Solovay,
Strafen primality test: choose random values gie K® i=1,..,s and check whether

P(gi) = 0 for i=1,..,s. Of course we like to draw the gi out of a domain where P can be
evaluated efficiently and where P has not too many zero's provided P$0O. The following
Lemma may be helpful.

Lemma 4.1 Suppose PesK[x1,..,xn], deg Psd and let E;c K™ i=1,..,r be closed sets,

deg E;Sm and let Ei=( ), E; be finite. Then #{x€E|P(x) = 0}sdm~1 provided P}0.

Proof 1If P#O then P defines a hypersurface HPc KD over K with dim HP=n—1, deg HPsd.
n-1

Then by proposition 2.3 we have #{xeE[P(x) = 0} = deg (Hpn /Wieri)sdm . EE

In particular the bound of Lemma 4.1 applies to direct products E = I1XI2><..><In with
#Iism. In this case E is the intersection of hypersurfaces HiciKn defined by

(x,-a) = 0 for i=1,...,n.
_aeIi
However, in this special case, Lemma 4.1 can be proved by elementary induction, see
Schwartz (1979).

We shall discuss whether the probabilistic choice of test points 31,...,gse K" is ap-
propriate or whether we can find a universal set of test points for a correct O-test over
large classes of polynomials. We call §1,..,gse K" a correct test sequence for
UeK[xy,...,x,3 1ff YPeU: P(ah) = ... = P(a%) =0 implies P=0.

Kroneckers method yields a correct single test point for polynomials Pe€ Z[x1,..,x£J with

bounded weight and bounded degree. The weight w(P) is the sum of the absolute values of
the coefficients of P,

Lemma 4.2 (Kronecker) Let Pé€ z[x1,..nﬂg, w(P)sm, deg Psd then
4 a2 an~?
P(2m,(2m) ", (2m) = ,...,(2m) ) = 0 implies P:=O. T
a dn-1
Unfortunately a test point (2m, (2m) ,...,(2m) ) as in Lemma 4.2 is impractical since

this test point has exponentially binary length dn—1log(2m) and we do not know any ef-
ficient method for verifying P(2m,(2m)d,..,(2m)dn—1) = 0. However this can efficiently be
verified by a random algorithm which randomly choosed small prime numbers Pyre- Py and
checks whether P(2m,..,(2m)dn_1)go mod Py for i=1,..,s. Surprisingly we can establish
nice test points with algebraic coefficients which are correct for all polynomials

Pe Q[x1 . ,xn1 with bounded degree:
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Lemma 4.3 Let U(d,n):= {Peg Q[x1,..,xﬁ]|deg Psdl.
Then every choice of pairwise distinct primes p1,..,pnelN yields a correct test point
(p11/(d+1),..,pg/(d+1)) for U(d,n).

1/ (d+1) 1/(d+1))

n

Proof by contradiction. Suppose P#0 and P(p1 = O.

7

1/ (3+1) .

Let V:= (p11/(d+1),..,pn1/(d+1)) be the closure of (p1 ,pn1/(d+1)) with respect

to the closed sets definable over @. V consists of all conjugates of

(p11/(d+1),..,pn1/(d+1)). Clearly 4V = (@&+1)™ and V is contained in the intersection of
the hypersurfaces Hic K" which are defined by pi-xid+1 = 0 for i=1,..,n. Let HP be the

hypersurface defined by P, then dim HP = n-1,deg Hpsd.

n -—
Hence VcH,N f\Hi and Proposition 2.3 implies #V<deg HP'(d+1)n 1<(d+1)n which yields a
i=1
contradiction to #V = (a+1) 7. HH
Presumably the test point of Lemma 4.3 is impractical, too. We do not know an efficient
method for verifying whether P(p11/(d+1),..,pn1/(d+1))
whether there exist "practical"” correct test points. There cannot exist "practical" test

sequences 31,..,§de'Qn of length d which are correct for all PeK[x1,..,xﬁ],deg Psd which

= 0., Thus the guestion remains

are easy to compute. Observe that such a test sequence is falsified by the simple poly-
nomial H?=1(xa—a%). Nevertheless we shall establish the existence of short, practical
and correct test sequences for all polynomials which are easy to compute, i.e. test se-
guences which are correct for the classes W(d,n,v).

Theorem 4.4 For every v,deN and for u:= 2v(d+1)2 and s:= 6(v+1+n)?2 the number of
correct test sequences (31,--,25)6 [u]ns for W(d,n,v) is at least u®S(1-u~S/9),

Proof Let t:=(ngd) and for all Pe(K[x1,..,xﬁ] with deg Psd identify P with its coef-

ficient vector in Kt. Then

ns+t PE€ W(d,n,v) }

v(d,n,v,s):= {(31,--,§s,P)€ K Vvss:P (aV)=0

is a closed set definable over Q. Let xi v i=1,..,n,v=1,.,s and zE,|E|sd be the coordin-
7
ates of KPSTE, Then V(d,n,v,s) is defined by the polynomial equations defining W(d,n,v)

together with the following equations of degree d+1:
Wi
n
Liyysa?pli=i®y,v =
By Bezout's inequality and Theorem 3.2 we have

v=1,...,8

$/6 (3415,

deg V(d,n,v,s) s deg W(d,n,v) (da+1)°%  (2va)
Let ﬂ1:V(d,n,v,s) ~ K™ and nzzv(d,n,v,s) > W(d,n,v)clKt be the projections. Let Cj je J
be all those components of v(d,n,v,s) such that "2(Cj) contains some polynomial P$O.
Clearly n1( L)Cj)c KDS contains all incorrect test sequences for W(d,n,v). In order to
jeJ

bound the cardinality of n1( k}cj)r\[u]ns we need the following
€T

Fact dim st(n—1)s+s/6 for all jeJ.
Proof Let P& nz(Cj), P}0. Then clearly dim ﬁ£1(P) = (n-1)s, since n;1(P) =
{(31,..,55)] Vvss:P(aV) = 0}.
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Applying theorem 2.2 to E:= Cj' D:= W(d,n,v) yields
aim 75" (P) 2dim C-dim W(d,n,v).

Hence dim st(n-1)s+s/6.

Let Hi vclKns+t be the hypersurface defined by
’
(xi,v_1)(xi,v—z)"'(xi,v_u) =0 for i=1,..,n,v=1,..,s.
Then T, ( V) C)n[u] = 1( C. ,\ﬂ Hy
jeJ jeJ
Therefore #(m,( \_J C, ) A (u]™®
J J
je
= #ﬂ1( C n /\ H, v
jed
< deg( k) C a) f\ H v
jed

applying proposition 2.3 to E,:= U Cj, dim E1s(n—1)s+s/6 yields

sdeg (\J c; )u(n-1)s+s/6
jed
s(2vd)s/6(d+1)s u(n—1)s+s/6
_2s
= o™ 4"%/6 (2va)%/6 (a+1) S u 3
s uS u-s/6 since u22v(d+1)2.
Hence at most u®® u—s/6 seguences in [u]ns are incorrect test sequences for W(d,n,v).

This proves the theorem.

It is an interesting observation that so far the provably correct test sequences for
W(d,n,v) and the coefficient vectors of multivariate polynomials which are provably not in
W(d,n,v) both are of the following three types:

(1) integer vectors with doEb%y exponentially increasing components,

2 -
e.g.: (m,md, md ,...,md )

(2) vectors (a,,..,a,) with algebraic coefficients that generate a large
R RAREAY. 3
closure (a1,..,ak)c KX with respect to closed sets definable over Q.

(3) for sufficiently large ueWlN almost all (a1,..,ak)e [u]k.

Indeed so far our methods for proving substantial lower bound on the arithmetical complex-
ity of polynomials and the methods for establishing a correct test sequence for

W(d,n,v) are essentially the same. This does not happen accidentally. Indeed we can re-
duce the problem of establishing multivariate polynomials not in W(d,n,v) to the problem
of constructing a correct test sequence for W(d,n,v).

For a sequence (a1,..,as)€ Zns with gv = (ag,..,ax)e 2" we define the weight as

w(a reer@ Sy Z Ia As before we identify a polynomial Pe(K[x1,..,xh],deg P<d with

its coefficient vector in K , ti= (ngd). Moreover, we fix an arbitrary ordering of the
coefficients of P and for r<t we identify K'Y with the set of all polynomials that have

non zeros only within the first r coefficients and all other coefficients being zero.
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Theorem 4,5

Given a correct test sequence 31,..,256 2" for W(d,n,v) we can construct a polynomial

Pe gs+! (i.e. the polynomial P has non zeros only within the first s+1 coefficients),deg P
£d, P¢ W(d,n,v) and the construction time is polynomial in s d log w(31,..,§s). In
particular log w(P) = 0(52d log s log w(§1,..,gs)).

Given a correct test seguence 31,..,35 for W(d,n,v) then the construction of a polynomial

P¢wW(d,n,v) deg Psd isparticularly easy if d is sufficiently large, i.e. d>s:

Lemma 4.6 Let 31,..,355 0"° be a correct test sequence for W(d,n,v) and d=s. Then

1]

s _l
Lns(ni=1(xv av))zv for v 1,¢4,n.

Proof Every polynomial H§=1(xv-a$) falsifies the test sequence (21,..,35). Since ss=d

. \ . i
this implies Lns(n§=1(xv av))av. ax
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