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Abstract

We explore the notion of an induction variable in the context of a set-
theoretic programming languge. An apvrooriate definition, we believe, in-
volves both the necessitv that changes in the variable around a 1loop be
easily computable and that they be small. We attempt to justify these re-~
quirements and show why they are independent assumptions. WNext the cues~
tion of what operators on sets play the role of +, ~ and * for arithmetic
languages is explored, and several theorems allowing us recursively to
detect induction variables in a loop are given. It is shown that most of
the usual set operations do fit nicely into the theory and help form induc-~

tion wvariables. The reason most variables fail to be induction variables
concerns the structure of control flow, more than it does the operators ap-
plied.

1. Background Our answer to that problem is that a

set of permissible transformations must be
"Reduction in strength," that is, the built up "“from the bottom,” starting with

replacement of multiplication by addition a few obviously safe transformations and

in a loon, and its attendant detection and developing additional safe transformations

elimination of induction variables (those recursively. Schwartz [9] has a similar

whose value assumes an arithmetic progres~ idea, based on the notion of “continuous"

sion at a point) forms a key optimization functions, where an expression

for arithmetic 1languages 1like FORTRAN e(xl, X,,e+., X ) is sald to be continuous

[1~4]. Recently, there has been consider-~ in ~x if smatl changes 1in (presumably

able interest in algorithms for performing set~vdlued) variable x. produces a change

this kind of optimization [5-7]. However, in e which can be easily calculated from

in the FORTRAN environment, there is never the o0ld value of e and the old and' new

more than a constant factor speedup avail- values of x.. We propose a related idea,

able by these methods. but one which we believe is more aeneral

in 1its treatment of Boolean valued opera-

On the other hand, recent proposals tors on sets, such as the rela@ion of set

such as [8~9] have dealt with reduction in inclugion, and 1in its extension from ex~

strength applied to set~theoretic pressions to programs.

languages. In this context, reduction in

strength becomes a method for altering al-~ 2. The Model

gorithms to improve their asymptotic run~ .

ning time, and order of magnitude improve- We assume a set-oriented language

ment is ©possible. Earley [8] proposes such as SETL [18]. The opera§1ons which

"iterator inversion." which is a powerful we assume can be done in unit time are:

technique for improvina algorithms au- i

tomatically. Unfortunately, as [8] ad- (1) arithmetic on integers

mits, it is not clear how to tell in ad~ . i .

vance whether a transformation is helping (2) insertion of an element into a

or hurting the running time. set
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(3) deletion of an element from a set

(4) selection of some member
set

from a

(5) testing whether an atom is in a
set

, These assumptions are valid, at least
ln an exvected time sense, if one uses a
hash.table representation for sets, such
as 1n [10], with elements which are sets
represented by pointers to their values.
We take it as a corollary to (4) that a
igt may be tested for emptiness in unit
ime.

It is assumed further that we are
presented a program as a flow graph, with
basic blocks consisting of three-address
statements, e. g., A = B U C, but not A =

BUC D, which would appear as:
T=C /YD
A=BUT
3. Goals
We are interested primarily in

developing a theorv of induction variables
and reductions in strength for set~
theoretic languages that is analogous to
the one for FORTRAN~like ones. However,
in the environment of a set~theoretic
language, where large amounts of time are
already given up to system overhead, it
does not make sense to concern ourselves
solely with constant factor speedups, as
one does for FORTRAN. We orient our de~
finitions so that induction variables are
those for which an order of magnitude im~
provement 1in the running time of the pro~
gram is possible by properly evaluating
its induction variables.

4. Induction variables

The canonical situation for a FORTRAN
level induction wvariable is a 1loop in
which statements like:

1
J

I +1

2 * I

appear. If I is not changed elsewhere in
the loor, it is clearly an induction vari~
able. Moreover, J is an induction vari-
able, at 1least at the point immediately
after J = 2 * I. We can arrange to . main~
tain the value of J by additions and sub~
tractions only, if we create a temporary T
whose wvalue 1is always twice that of I.
Then follow I = I + 1 by T =T + 2, and
where I is initialized outside the loop,
initialize T to twice I. Replace J = 2 *
I by J =T, yielding the seguence:
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I =1+ 1

T =T+ 2

J =T
In many cases we can disvense with I
and/or identify J with T, adding to our

savings. 1In any event, we have eliminated
the "expensive" multiplication at the cost
of several copies and additions~ perhaps a
worthwhile change.

Now let’s repeat the above in the
set~theoretic context. It 1is generally
recognized that the basic role played by
statements of the form I = 1 + 1 and I =1
-~ 1 in the arithmetic world belongs to S =

S U {x} and S = S ~ {x} in the set world
(see [8,9]). These statements are just
insertions and deletions of elements,
operations which we have taken as primi-

tive. We might see in a loop the pair of
statements:

A
C

x}

AU {
A UB
where B is presumed constant within the
loop for simplicity in our opresent infor~
mal discussion. It is natural to suppose
that we «could create set T, whose value
will always be that of A U B. Then we
could follow A = A U {x} by T =T U {x}
and initialize T to A U B outside the
loop. If we replace C = A U Bby C =T we
have:
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Have we saved significantly here? The
answer is that probably we haven’'t, since
the operation of copying T and assigning
the value to C takes the same order of
time as computing A U B.

Of course it is possible that on ex~
amination of the entire loop we would find
that C and T could be identified, thus re~
placing the union of arbitrary sets A and
B by the adjoining of one element x. This
would definitely be an order of magnitude
savings. However, it is possible that the
value of C 1is used in the loop in a way
that makes its identification with T im~
possible. In that case, we propose the
following.

Definition: A loop is a set of blocks with
a header which dominates all other blocks
in the loop, i. e., access to the loop is
via the header only.

Definition: Define A(A, p), for identifier
A and point p to be the pair of sets

AJ(A. p) and A (A, p), where Af(A, p) is



the set of elements added to A and not re-~
moved from A since the last time control
passed point p, and A (A, p) is the set of
elements removed from A and not added.
That is, AJ(A, o) and AT (A, ») are new set

valued identifiers whose value it is pos-—~
sible to wmaintain. Every time control
passes point p, we set A(A, n) to (g, &)

and alter A(A, n) as the "current"” value

of A changes and as long as control does
not again reach p.
Definition: Call A an induction wvariable

of Ioop L at point p if there is a con-
stant Upper bound on the work necessary to
maintain the value of A(A, p) between any
two consecutive times that control passes
point p, staying within loop L.

Returning to our informal example of
the statements:

A
C

AU {x}
AUB

ihn

we may let © be the point immediately fol-
lowing C = A U B. If the only assignment
to A in the loop is A = A U {x}, then
surely A(A, p) can be maintained in con-
stant work by writing the piece of program
as:

if x not in A +
then AY(a, ») = A (A, p) U (x}

A =AU {x}
C+= A UB

A (A, p) = oS
A~(Ar p) =@

If B is a constant within the 1loop,
we can use A(A, p) to simulate the assign~
ment C = A U B. Technically, what happens
is this. We observe that since B presum-
ably does not change, the change 1in the
expression A U B from point p is almost

the same as A(A, p). In particular,
At(aus, » = AT(A, p) ~ B and AT (AUB, p) =
A (A, D) ~ B. If both A"(A, p) and
A (A, ») are bounded, as they are in this
example, then Af(AUB, v) is easy to com~
pute. In general, if A and B vary in the
loop, we can compute A(AUB, p) from
A(A, p) and A(B, p), provided both are
small.

Now we assume that C is only assigned
at C = A U B within the loop. Therefore,

A(C, ») = A(AUB, p), and we <can replace
the above program by:
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if x not in A then

AT, oy = AY(A, 0) U {x}
if x not in B then

(AUB, p) = A (AUB, p) U {x}

A =AU {x -
C,= CUA (aUB, p) ~ A (AUB, D)
A_EA, P) =§

A, p) =
%:(AUB, p) =@
A (AUB, p) = ¢4

Note that the A" “s can be ignored here but
were 1included for form. Also, depending
on what goes on elsewhere in the loop, we
may drop consideration of A(A, p) or even
of A itself.

We see that in the above simple case
we have been able to replace a union of
arbitrary sets A and B by unions and
differences of sets that remain small, in
fact they have at most one element. Thus
an asymptotic order of magnitude savings
has been achieved.

We would now like to formalize furth-
er the two important factors in this type
of code improvement, (1) the ability to
efficiently maintain Af(e, p) for expres~
sions e and (2) the boundedness of these
sets.

e, and point p, to stand i\
A (e, p) and A (e, D). A (e, )
represents the set of elements added to
the set denoted by e and not removed from
that set, since the last time control
passed point p. A (e, p) represents the
set of elements removed from and not added
to that set since control last passed p.
Note that this definition coincides with
the earlier definition of A in the case e
is a single identifier.

for the pair

We say e is an induction expression
QE.;OOB L at point p whenever we can main-
tain A(e, p) with a bounded amount of work
between successive times through point p,

as long as control does not leave L.

Definition: Let us say an expression is of
limited perturbation at point p in loop L
It A (e, P D)
size
L.

and A (e, p) are of Dbounded

&

as long as control stays within loop

It is important to note that the "no-~
tions of “"induction expression” and "ex-~
pression of limited perturbation" are not
the same, nor does one imply the other.
For example, Af(e, p) might be known to be

either g or {a}, but we have to solve the
halting problem for Turing machines to
tell which. Thus an expression could be

of limited perturbation yet not be an in~
duction expression. Conversely, consider
the situation of Fig. 1, where A could be



Figure 1.

assigned either B U C or D U E before con~

trol reaches point p.

Then if B U C and D

U E are induction expressions, at points g

and r, respectively, we shall see that

is an induction variable

tion expression) at point p. B

yet

A

(hence an induc~
u C

and D U E can differ by arbitrary amounts,

and we might travel a path such

JueesPeesleespy so.AJA, p)
limited perturbation.

5. Building Induction Variables and
Expressions

We shall now develoo the mechanism
whereby induction variables can be detect~
ed in a straightfoward manner and reduc~
tion in strenath performed on them where
possible, retaining the assurance that
what changes to the proaram are made will
actually improve things. The theorems
presented here encompass most of the stan-~
dard set operators. The implication is
that the reason reduction in strength can~
not be performed in many cases has to do

with the structure of control flow in the
program rather than the properties of the
operators used in calculation.

The first theorems enable us to con~

struct new induction variables and expres-
sions from o0ld ones. These theorems will
all be stated in a simple form that ig-
nores the possibility that two or more
variables could be mutually dependent in~
duction variables, e. g., in a 1loop con~
taining assignments A B U {x} and B A
U {y}, both & and B might be induction
variables. Once the principles are under~
stood, this type of extension is easy.

Call incidental

A

Definition:

{x}.

an assignment
form A = A U {xJ or & =

as
is surely.not of
‘induction
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Theorem 1: If in loop L, identifier A has
only incidental assignments, then it is an
induction variable and is of limited per~
turbation at all points in L where there
is a bound on the number of incidental as~
signments to A encountered going from p to

p in L.

Proof: The size of AY(a, p) and A (A, p)
changes by at most one and can be updated
by a bounded amount of work each time an
incidental assignment of A is encountered.
Since there is only a bounded number of
incidental assignments of A going from P
to P within L, the size of A'(a, p) and
A (A, p), and the total work involved in
maintaining A(A, p) from p to p are also
bounded. Hence A is an induction variable
and is of limited perturbation at p.

The example in Figure 2 shows a si~
tuation where A is not an induction vari-~
able and is not of limited perturbation at
a point p 1in loop L even though all as~
signments to A in L are incidental.

Theorem 2: If in loop L, A and B are in-
duction variables and of limited perturba~
tion at point p, then & U {x}, A - {x}, A
U B, A I|-| Band A ~ B (in general, any
binary Boolean operation on A and B) are
expressions and of limited ver-
turbation at p.

We shall show that if e is one of
x}, A ~ {x}, A UB, A
then A"(e, p) and A (e, p)
in size and can be obtained
from A(A, p) and A(B, p) using a bounded
amount of work. Hence e is an induction
expression and is of limited perturbation
at p.

Proof:
the expressions A U
-1 8, A - B,

are bounded

First let e be the expression A U
{x}. Then Al(e, p) can be calculated from
A(A, p) by the following program:

- ® &




Ate, p) =AM, 9

AN (e, p) =4 (A, D)

if x in A (A, P)
then A"(e, p) = A (e, p) ~ {x}
else if x not in A" (e, D)

Ehen A*(e, p) = Af(e, ©) U {x}

Since A*(a, ») and AT(A, D) are
bounded in size and can be maintained us~
ing a bounded amount of work, Af(e, p) and
A (e, o) are also bounded in size and can
be obtained wusing a bounded amount of
work.

let e be & ~
can be calcu%gted as follows:
A (e, p) = A (A, D)
A (e, D) =/ (A, D)
if x in A (e, D)

then At(e, v) = AM(e, p) -

, : { {x}
else if x not in A (e, P)
=A~(el o)

Let e be A U B. Then A'(e, p)

Similarly, {x}. Ale, p)

U {x}

A++(Ar D) U A+(Br D) - and A (er D) _=
[AT(A, D) ~v(b)] U [A (B, ») =~ v},
where v(A) and v (B) denote the current

value of A and B respectively.

, Note that both A (A, p) ~ v(B) and
A (B, p) ~ v(A) may be obtained in time
proportional to the size of A (A, p) and

+ [y
A(B, p).

For example, let C = A (A, p) ~ v(B).

C can be obtained by the following piece
of code:
cC =4 3
for x in A (A, p) do
if x not in v(B) then C = C U {x}

Since we have assumed that membership
testing and insertion can be performed in
unit time, C can be obtained in time opro~
portional to the size of A (A, p).

+ Let e be A |~| B. hen Af(e, p) =
A (B, p) 1=l v(BY] U [A"(B, ») I-] v(A)]
and A (e, p) = A (A, o) UA (B, p).

B. Then A+(e, D
U A (B, o) |-l v
A (A, p) 1] AN (B, p)
~ v(B)] U [A (B, ») |-] v(&)

Let e be A ~
AY(a, o) - v(B)]"
and A" (e, p) = A
A (A, p)

Before going on to Theorem 3, we need
some definitions of operations on the A’s.

) Definition: Let A,B,C,D be sets. De~
fine (A,B) [+] (C,D) to be the pair
((A-D) U (C-B), (D~-A) U (B-C) )
Definition: Let A, B, E, F be sets. Define

T1E,F) [~<] (A,B) to be the pair

" Let

((E U B) ~ (FUBA), (F U A) ~ (E U B))

Lemma l: Let p, @. r be points in loop L.
Suppose control passes from p to q through
path 11, then from g to r through path 12.
Let A, be the pair A(A, p) at g after con~
trol passes from p to g through path 11.
Let A, be the pair A(A, @) at r after con-
trol passes from g to r through path 12.
Ay Dbe A(A, p) at x after control
passes from o to r through 11 followed by
12. Then if we write each A., i = 1,2,3
as the ordered pair Qﬁ{, Ag), then

(1) Ay =2y (41 A,
(2) Ay = Ay [-] &y

Proof: The proof of (1) is straightfor~

To prove (2), let Aﬂ , ., A, be (A,

B), (C, .D) and (E, F) respgctiselv. By
(1) .

E = (A~D) U (C~B)

F = (B~C) U (D~A)
We claim that C = (E U B) - (F U a), i.e..
C = [(A~D) U (C~B) U B] -~ [(B~-C) U (D~A) U
Al = [(A~D) U CUB}] ~ [(B~C) UDU al.
Let Tl = (A~D) U C U B and let T2 = (B~C)
UDUA. We shall show that C is a subset

of T1 - T2, and T2 ~ T1 1is a subset of C.
X is in (A-D) U C U
B, i.e., x is in Tl. Obviously x is not
in (B~C). Also x is not in D because C
and D are disjoint by definition of A.
Again x is not in A because A and C are
disjoint due to the fact that 11 and 12
are consecutive paths. Hence x is not in
(B=C) U D U A, i.e. not in T2. Therefore
x is in Tl ~ T2. i.e. C is a subset of TI1
~ T2.

For all x in C,

To prove that Tl -~ T2 is a subset of
C, supvose the contrary, i.e, there exists
X in Tl ~ T2 which is not in C. Since x
is in T1 = (A~D) U C U B, and not in C, X
must be in either (A~D)~C or in (B~C). 1In
both cases x is in (B~C) U D U A, contrad-
icting the assumption that x is not in T2.

Hence T1 ~ T2 is a subset of C. Therefore
c=T1 - T2.

That D = (F U A) -~ (E U B) <can be
proved in similar fashion.
Theorem 3: Suppose there is a unique as~

signment A = e which is always the last
non~incidental assignment to A before con-~
trol reaches p, and that there is a bound~
ed number of incidental assignments to A
going from assignment A = e to point p.
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If e is an induction expression and of
limited perturbation at the point of as-~
signment A = e, then A is an induction

variable and of limited vperturbation at p.
Proof: Let g be the point of assignment A
e . We want to show that A(A, p) is of
bounded size and can be obtained using a
bounded amount of work.

Consider the path as control passes
from p the i~th time to p the i+l~st time.
Since g is always the last non~incidental
assignment before control reaches p, we
can consider the following three paths:
ll’ followed by 12, followed by l3 where

1. is the path followed as control passes
f}om g to p the ith time.

1, is the path followed as control passes
f?om p the i~th time to a.

1, is the path followed as control passes
fPom g to p the i+l~st time.

Let A denote the wvalue of A(A, g)
after control passes from g to a through
path 1. followed by 1,. A is bounded in
size ,énd can be mai%tained using bounded
amount of work because A is an induction
variable and is of limited perturbation at

d.

Let A’ denote the value of A(A, g) at
p after control passes from g to p through
path 1.. A’ is bounded in size and can be
mainta}ned using a bounded amount of work
because there are only a bounded number of
incidental assignments between g and p.

Hence by (2) of Lemma 1, A(A, P) at a
after control npasses from » to o through
path 12 is given by

Al-1 A

Let A" denote the value of A(A, a) at
p after control passes from g to p through
path 1,. By (1) of lemma 1, A(A, p) when
controf passes from p to p through path 12
followed by l3 is given by

A T-1 A [+] A"
which is bounded in size anu can be ob-~
tained using a bounded amount of work.
Theorem 3 illustrates a situation 1in

which A can not be identified with the ex~
pression e in the loop L, and shows how it
can be handled without using a temporary
the size of A or copying between A and the
temporary.

We can extend part of Theorem 3 to the
common case where A has a value outside
loop L, and the first time through point p
after entering L, the external assignment

109

to A is the most recent non~incidental as~
signment. In fact, a far stronger result
is vossible. as far as induction variables
are concerned.

Theorem 4: L

Suppose at point p in 1loop
there are k possible assignments to A, say
A==¢e ,A=¢,,..., A= e_which could be
the iast nofi~incidental "assignment to A,
and suppose all e. for which A e. 1is ac~
tually in loop L are induction expiessions
and of limited perturbation at the point

of assignment. Let q; be the point of as~

signment A = e., suppose there 1is a
bounded number “of incidental assignments
of A going from g. to p. Suppose further

that there is a bound on the number of as~
signments to A encountered going from p to
p in L. Then A is an induction variable
of L at p.

Proof: Intuitively, the value of A at
switches among Kk expressions, each of
which is an induction expression. If k
copies of A are kept, where the i-th copy
has the value of A after its most recent
assignment to ey, A(A, p) may be
represented by a Switch (an integer) and
the 1list Ale,, pP), .., zx(ek, P). The
switch 1is se to i to indicate that the
i~th copy of A 1is currently applicable,
i.e. any reference to A should be made to
the i~th copy. If the last non~incidental
assignment to A before reaching p is A
e., then A(e., p) = Ale; a), if there
nd assignmeﬁts to A bdtween g and p. If
there are incidental assignments to A
between g and p, Aﬂei, p) may be obtained
as in THeorem 3. A(g., a) and Afle., o)
are reset only if the~ last non~incidéntal
assignment to A before reaching o is A
e.. The work to maintain the switch and
all the /A’s is bounded, since each of the
/A’s is maintained in bounded time, and the
switch is changed a bounded number of
times by the hypothesis of the theorem.

p

is

Note that we are missing from Theorem
4 a statement about A being of limited
perturbation of L at p. The reason, obvi~
ously, 1is that one cannot always conclude
such a statement, and Fig. 1 provides the
canonical example why not. Thus, while
one can oscillate between Theorems 2 and 3
to find more and more induction variables
and expressions within a loop, one cannot
do so between Theorems 2 and 4. We can,
however, extend the idea of the switch to
a generalization of Theorem 4.

Theorem 5: Consider a point p in loop L,

and suppose that the finite collection
€.,..., e_comprises all the formulas for
the wvalué of variable A at p, in terms of

the values of variables the previous time
through point p. If each of the e, s are
induction expressions and of limited per~
turbation at p, then A is an induction
variable at .



Proof: There are only a finite number of
different sequences of assignments which
can affect the value of A as we travel
from p to p within L, or else the set of
expressions for A would be infinite.
Represent A(A, p) by a switch and the set
of Ale.,p)’s for all 1 < i < k. k
"copieé" of A have to be kept so that each
A(e.. p) represents the change with
resﬁe t to the i~th copy of A.

6. Boolean Valued Expressions
While we have stated
induction wvariables 1in great generality,
when it comes to specific operators that
help form induction expressions we have
only mentioned wunion, intersection and
similar operations. In fact, the theory
does extend nicely to the usual set
theoretic relations, such as inclusion.

our theory of

When dealing with an expression 1like
A ¢ B, whose value is Boolean, the A nota-
tion and the notion of limited perturba~
tion are meaningless, and in fact the ac~
tual value of the expression is no harder
to maintain than it is to increment. Thus
we define a Boolean valued expression to
be an induction expression of L at p if
its value (rathér than its increment) can
be maintained with a constant amount of
work from p to p within L.

Theorem 6: If A and B are induction vari-
ables, then A ¢ B and A B (as well as a
variety of similar relations) are induc~-

tion expressions.

Proof: Consider A ¢ B. By Theorem 2, A

B is an induction expression and of limit~
ed perturbation. The value of A ¢ B can
be maintained by computing A -~ B and test-
ing it for emptiness when it changes, a
task we assume takes unit time per change.
In the actual  implementation, however,

only the cardinality of A -~ B, whose value

is @ if and only if A ¢ B, need be main-
tained.
Theorem 7: Boolean operations on Boolean

expressions.

7. Applications to Iterators

we would like to extend the notion of
induction wvariable to interesting itera-
tors as discussed in [8). Let us consider
the set former {x € A | B(x)} to be
specific. Now in the intermediate code we
use, this iterator is actually a loop of
its own, in which x runs through every
element of A. Since x is not an induction
variable here, the expression {x € A |
h(x)} cannot be an induction expression

for this loop except under the most trivi-
al of circumstances. Thus, the set former

cannot be an induction expression in a
loop outside its own internal loop.

There is, on the other hand, a fairly
broad condition under which we can prove
an order of magnitude improvement in the
calculation of the set former is possible.

Theorem 8: Let L be a loop containing set
former {x € A | #(x)} at point p. Suppose
A and h(x) for all x which could ever be
members of A are all induction expressions
and of limited perturbation at o in L.
Then the wvalue of {x € A | @i(x)} can be
maintained with work proportional to [A]| +
costh(x), where by costd(x) we mean the
work necessary to compute h(x) for any X
that may be in A. (Note that the
straightforward evaluation of the set
former requires {A} costfi(x) work.)

Proof: Between any two consecutive execu~
tions of {x € A | h(x)}, the number of x
in A such that the value of 4(x) changes
is bounded by |Al. Since each %(x) is an
induction expression and 1is of 1limited
perturbation at p, the total work involved
in maintaining them is bounded by |Af}.
Between any two consecutive executions of
the set former, the number of new elements
added to or deleted from A is also bounded
because A is an induction variable and is
of limited perturbation at p. The work
involved in the addition and deletion is
proportional to costd{x). Hence the total
work necessary is proportional to |A] +
costli(x) .

Theorem 9: Let L be a loop containing the
predicate P(A) at p where P(A) is ¥x € A :
h(x) or ¥} x € A : H(X). suppose A and
ft(x), for all could ever be

x which
members of A, are expres~

all induction
sions and are of limited perturbation at b
in L. Then the value of P(A) at p can be
maintained with work proportional to [A] +
costh(x), where costh(x) is the work
necessary to compute f©i(x) for any x that
may be in A. (The straightforward evalua-
tion of P(A) regquires |A| costl(x) in the
worst case.) .

Proof: Let P(A) ¥X € A : h(x). The
value of P(A) at p can be obtained by com~
puting t, the cardinality of the set {x €
A | not Ww(X)}, which can be maintained
with work proportional to JA| + costh(x),
by Theorems 7 and 8. P(A) is true iff t

@. Again in actual implementation , only

*t rather the set itself is maintained.
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. Similarly, if P(A) = ¥x € A : @&(x),
its wvalue 1is true 1iff the set {x € a |
©(x)} is nonempty.

In the actual imolementation,
those x in A such:that G(x)
changed should be updated.

only,
has actually,
If the size of,



this subset of A is considerably smaller
than |A| and that the mapping to obtain
this subsets can be precomputed outside
the loop, it may be desirable to have this
mapping available. In some cases, this
mapping always maps to a subset of A of
constant size, then the total work in-
volved in maintaining the set :former |is
proportional to costh(x). We shall illus-
trate this with examples.

(1) Consider P(X) =¥y € B : f(y) = X.

If B and f (consider a function as a
set of ordered pairs with distinct first
elements) are induction variables and are
of 1limited wperturbation at p, then the
value of P(X) can be maintained by main-
taining the wvalue t = cardinality of the
set {y € B | f(y) # X} as follows:

for y in AY(B, p) do
if f(y) # X then t

for v in AT (B, p) do
if £(y) # X thén t = t ~ 1

t o+ 1

A change of £, say f£fl(y) is

rewritten as:

U}
N

if vy is in B then
begin o
If f(y) = x then t = ¢t - 1
if z = x then t =t + 1
end T

f(y) = z

(2) Consider e = {x €A | x ¢ B }.

If B is an induction variable and is
of 1limited perturbation at p, then @i(x) =
X ¢ B is .an induction expression and is of
limited perturbation at » for all x in A.

If A is also an induction wvariable
and is of limited perturbation at p, then
e is an induction variable and is of 1lim~
ited perturbation at p.

Let t(x) = |x~Bl

Let FIND(y) = {x € A | vy € x}

Ale, p) can be computed as follows:
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Al(e, p) = ¢
N(e, p) =68
for vy in A" (a,_p) do
A (e, D) =N (e, ®) U {v}
for v in A*(a, ») do
begin
compute t(y) = }y-Bl

if t{y) = 0 then

Afe, o) = AT(e, ©) U {y}
end
for vy in A" (B, p) do
begin o
for z in FIND(y) do
77 begin
if t(z) = @ then
AN (e, p) = A (e, v} U {2}
t(z) = t(z) + 1
end
end =

for y in A'(B, p) do

begin

for z in FIND(y) do
begin
t(z) = t(z) ~ 1
if tfz) = 0 then

AT(e, o) =AF(e, o) U {z}

end

end

If FIND is computed outside the loop,
then the work necessary to obtain
Ale, p) is proportional to ¢ + costh(x),
where ¢ is an upper bound on the size of
FIND(y) for any y in A, and #{x} is |x~
Bl. In the worst case c¢ is |A|. Howev-
er, if ¢ is a constant independent of

|A}l, then Af(e, p) can be computed using
work proportional to costhl(x).
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