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tI~STRAC'r 

Because it is more intuitively understandable than 
the previously existing convolution algorithms, 
Mean Value Analysis (MVA) has gained great popular- 
ity as an exact solution technique for separable 
queueing networks. However, the derivations of 
MVA presented to date apply only to closed queue- 
ing network models. Additionally, the problem of 
the storage requirement of MVA has not been dealt 
with satisfactorily. In this paper we address both 
these problems, presenting MVA solutions for open 
and mixed load independent networks, and a 
storage maintanence technique that we postulate is 
the minimum possible of any "reasonable" MVA 
technique. 

1. INTRODUCTION 

S e p a r a b l e  queueing ne twork  models  are  a sub-  
se t  of t h e  g e n e r a l  class of queue ing  models  dis- 
t i ngu i shed  by the  fact  t ha t  the equ i l ib r ium d l s t r ibu-  
t ions  of the  s ta tes  of these  mode ls  have a pa r t i cu -  
lar ly  s imple analy t ic  form. This fact  has b e e n  used 
to c o n s t r u c t  highly efficient exac t  solut ion tech-  
n iques  for them.  Because the'se t echn iques  are  
efficient, and the  solut ions of the more  genera l  class 
of ne twork  models  are i n t r a c t a b l e  (they requ i re  
excessive t ime and  space),  sepa rab le  queueing  ne t -  
works have become  the mos t  c o m m o n l y  used ana-  
lyt ic models  of c o m p u t e r  sys tems .  

Historically,  the convolu t ion  a lgor i thms [Buzen 
73], [Chandy et  al. 75], [Reiser  & Kobayashi 76] were 
the  first  efficient, exact  solut ion t echn iques  for 
sepa rab le  networks.  The convolut ion  a lgor i thms  
exploit  the form of the equ i l i b r ium sta te  probabi l i -  
t ies  to save c o m p u t a t i o n a l  effort. These a lgor i thms  
are compl ica ted  in  the sense  tha t  it  is of ten  not  
c lear  in tu i t ive ly  how they  work. 

Reiser  and  Lavenberg [78,80] developed an 
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a l t e rna t ive  efficient Solution technique ,  Mean Value 
Analysis (MVA), that was designed to overcome some 
numerical problems that can arise with the convolu- 
tion algorithms. This algorithm has widespread 
appeal,  p r imar i ly  because  it  is m u c h  eas ier  to 
u n d e r s t a n d  and  i m p l e m e n t  t h a n  the convolut ion  
a lgor i thms.  It should be noted ,  however, tha t  the  
convolu t ion  a lgor i thm is more  genera l  t h a n  MVA, 
and  tha t  the re  exist  s epa rab le  ne tworks  tha t  can  be 
solved sa t i s fac tor i ly  by the  fo rmer  bu t  no t  by  the 
la t te r .  

To date,  mos t  pub l i shed  appl ica t ions  of queue-  
ing ne tworks  to c o m p u t e r  s y s t e m  model ing have 
involved closed models .  Two o the r  types of models ,  
open  and mixed,  are becoming  inc reas ing ly  impor -  
t an t ,  however, s ince they  are n a t u r a l  r e p r e s e n t a -  
t ions  of t r a n s a c t i o n  process ing  and mixed 
b a t c h / t i m e s h a r i n g  sy s t e ms  respect ively .  Although 
solut ions  for open  and  mixed  models  have r e c e n t l y  
appea red  ([Chandy & Sauer  80], [Schwetman 80]), 
no simple,  ge ne r a l  der iva t ion  of t hem has b e e n  
shown. The nex t  sec t ion  of this  pa pe r  p r e sen t s  s im- 
ple der iva t ions  of gene ra l  r e su l t s  for load indepen-  
den t  open,  closed, and  mixed  networks,  the purpose  
of which is to encourage  the  use of these  more  gen-  
era l  models  by  providing s imple  exp lana t ions  of 
the i r  solut ions.  

The so lu t ion  me thods  for bo th  closed and  mixed 
ne tworks  involves the  ca lcu la t ion  of solut ions for all 
popula t ions  f rom zero c u s t o m e r s  in the  ne twork  to 
the full c u s t o m e r  popula t ion .  The prec ise  m a n n e r  
in which these  solut ions  are c o m p u t e d  has 
s ignif icant  effect on the  s torage  r e q u i r e m e n t  of the 
t echn ique .  The l a t t e r  p a r t  of this  paper  p r e s e n t s  a 
new s torage s c h e m e  tha t  is more  efficient t han  the 
previously  pub l i shed  methods .  

In sec t ion  2 we p r e s e n t  a br ief  overview of the 
known MVA solu t ion  m e t h o d  for closed networks,  
and  t h e n  ex t end  this t echn ique  in  a n a t u r a l  way to 
inc lude  open  and  mixed networks .  In sec t ion  3 a 
s torage efficient s cheme  for closed ne tworks  is 
p r e sen t ed .  Sec t ion  4 conc ludes  with an  example  
ut i l izing the r e su l t s  in the previous  two sect ions.  

Z. M~.AN VALUE ANALYIS SOLUTION OF SEPARABLE 
NETWORKS 

M e a n  v a l u e  a n a l y s i s  [ R e i s e r  & L a v e n b e r g  80]  is  
based  on appl ica t ions  of Lit t le 's  t h e o r e m  [Little 61] 
to separab le  queuei_ng ne twork  models  [Baskett et  
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al. 75]. The fir-st of these  applies  Lit t le 's  t h e o r e m  to 
the  en t i r e  ne twork  to der ive s y s t e m  th roughpu t :  

x , ( ~ )  . . . . . . .  -~'- . . . . . . . .  (1) ~v,.,,.w,,,,,(~) 
k 

Here ~(}~) is the system throughput of class" r 
with population J~ = (Nt,N z ..... NR) in the network, 
Hr is the multiprogramming level of class T, Vr. ~ is 
the average number of visits to device /c Made by a 
class  r job, and  Wr ~,(~) is the  m e a n  t ime spen t  in  
queue  or in se rv ice '  (i.e., the  r e sponse  t ime)  a t  dev- 
ice/c by a c l a s s  r c u s t o m e r  when the  ne twork  popu-  
l a t ion  is N. Note t h a t  (I)  could be c o m p u t e d  f rom 
i n p u t  p a r a m e t e r  da t a  if the  values  of the ~ r , k ( ~ )  
w e r e  k n o w n .  

The second  app l ica t ion  of Li t t le 's  t h e o r e m  
der ives  the  m e a n  queue lengths  at  each  device f rom 
device t h r o u g h p u t  and  m e a n  r e sponse  t ime:  

~.,,,.(~) = v,.,.x,,(~)~,,.~(~) (~) 
where ~r j t ( /~)  is the  m e a n  class  r queue l eng th  a t  
device k with popu la t ion  A7 in  the  ne twork .  

To c o m p u t e  equa t ion  ~I), and  he nc e  equa t ion  
(2), the  va lues  of the  W~,~(/~) m u s t  be known. It is 
hhe c o m p u t a t i o n  of these  values  t ha t  is the key s t ep  
in  the  MVA techn ique .  For Inf ini te  Servers  + (IS) ser-  
vice cen te r s ,  we have by  def ini t ion that 
WrA(/~) = Sr,~, t he  m e a n  service t ime  of class r a t  
c e n t e r  k.  Thus, these  service c e n t e r s  pose no p rob-  
l em  in closed, open,  or mixed  ne tworks .  In l ight  of 
this ,  the r e m a i n d e r  of our  d i scuss ion  re fe rs  to FCFS 
s e r v i c e  c e n t e r s  only. 

2 .1 .  C l o s e d  N e t w o r k s  
The r equ i r ed  express ion  for the m e a n  response  

t imes  of c losed  sepa rab le  models  with R c u s t o m e r  
c l a s s e s  is g iven [Reiser  & Lavenberg  80] by 

R 
w,.~(~7) = s~.~(~ + Y,~.~C~-'e~))  (~.closed) 

An in tu i t ive  exp lanaUon  of (8.closed) is easily g iven 
for f i r s t -come-f i r s t - se rved  (FCFS) and p rocessor  
shar ing  (PS) service  cen te r s .  In bo th  cases the 
exp lana t ion  re l ies  on the  arr ival  i n s t a n t  d i s t r i bu t ion  
t h e o r e m  [Sevcik & Mitrani  79] t h a t  the m e a n  
n u m b e r  of c u s t o m e r s  s een  in  queue  by an  ar r iv ing 
c u s t o m e r  is equa l  to t he  e q u i l i b r i u m  n u m b e r  of 
c u s t o m e r s  the re  in  the  ne twork  with the  s ame  
popu la t ion  less the  ar r iv ing  cus tome r .  Using this 
t h e o r e m ,  (3.closed) can  be expla ined  for FCFS 
c e n t e r s  as the  t ime  s p e n t  in  service (Sr,~) plus  the  
t ime  spen t  waiting for all c u s t o m e r s  ahead  of the 
ar r iv ing c u s t o m e r  to comple t e  service  
( S r ~ } , k ( ~ 7 - ~ e r ) ) .  For  PS cen te r s ,  (3.closed) is 

4 

s impl~ the  basic  service t ime  r e q u i r e m e n t  t i me s  a 
blow-up fac tor  t h a t  is caused  by c o m p e t i t i o n  with 
the  o the r  c u s t o m e r s  at  the  c e n t e r  for use  of the  
server .  It should be no ted  t h a t  a l though the  a r r iva l  
i n s t a n t  d i s t r i bu t i on  t h e o r e m  provides  a s imple  
exp lana t ion  of (2.closed), i t  is no t  a f u n d a m e n t a l  

r~-nce all load independent networks with class changing 
are equivalent to networks without class changes 
([Krzes;.nski & Teunissen 77]. [Bruell 78]), we use the term 
"class" in the same manner that some authors have used 
"chain". 
+IS ~t~ic~ ~nte~-~ h ~ e  m~le|ent servers that all eusto- 

~1-11~e-r~ can be served in parallel. Thus, no que~eing delay 
/-~ occurs at these centers.  

p a r t  of the MVA technique .  In fact,  t he  or ig inal  
r e p o r t  [Reiser & Lavenberg  78] proved (3.closed) 
wi thout  proving the  arr ival  i n s t a n t  t heo rem.  

Combining (3.closed) with (I)  and  (2) above we 
ge t  the following a lgor i thm,  which is the  MVA tech-  
n ique  for closed, load i n d e p e n d e n t  queue ing  ne t -  
work models .  We note  he re  t h a t  a t  each pass 
t h r ough  the  FOR loop, so lu t ions  for only some of the  

can  be compu ted .  The p a r t i c u l a r  o rder  in which 
t h e - s o l u t i o n s ' a r e  c o m p u t e d  d e t e r m i n e s  the  s to rage  
r e q u i r e m e n t  of the  t echn ique .  In sec t ion  3 this  
p r o b l e m  is cons ide red  in  more  detail .  

FI(~q[yP~ I - MVA ~ R I T H X  (Closed Ned-works) 

t ~ - - , i - e :  ~. , . , (8 )  = o 

all feasible ~ ~ ~ DO 
~Yr j~ Sr ~ /S 

I - I  

2.Z. O p e n  N e t w o r k s  

The t h r o u g h p u t  r a t e s  at each  c e n t e r  of an  open 
ne twork  are  inpu t  p a r a m e t e r s ,  and  thus  eoua t i on  

I 1) is r e p l a c e d  by these  values.  However, equa t i on  
2) mu.~t still  be computed ,  and  so the re  is a n e e d  to 

ca lcu la te  the Wr, k (AT). 

In o r de r  to derive an  equa t i on  c o r r e spond ing  to 
(3.closed) for open  ne tworks ,  we appeal  to the  
ar r iva l  i n s t a n t  t h e o r e m  and  our  knowledge of separ -  
able  ne tworks .  F r o m  the  r e su l t s  of [Baske t t  et  al. 
75] we know t h a t  for any  load i n d e p e n d e n t ,  separ -  
able ne twork  QN we c a n  c o n s t r u c t  an  equ iva len t  
(possibly the same)  s epa rab l e  ne twork  QN' cons is t -  
ing of only FCFS and  IS service cen te r s .  QN' has the  
s ame  VrkSr,  k p roduc t s  and  c u s t o m e r  popu la t i on  ,~ 
as QN. The s t a te  space  of QN' i somorphic  with t ha t  
of QN, and  co r r e spond ing  s t a t e s  of each  have the  
same  e qu i l i b r i um probabi l i t i es .  Thus the  two ne t -  
works have iden t ica l  high level p e r f o r m a n c e  meas -  
ures .  In light of this,  we r e s t r i c t  our  d i scuss ion  to  
ne tworks  cons is t ing  en t i r e ly  of FCFS and  IS service  
cen te r s .  Doing so allows us to fo rmu la t e  equa t ions  
co r r e spond ing  to (3.closed) by appea l ing  to the  
a r r iva l  i n s t a n t  t heo rem,  thus  avoiding m u c h  of the  
t e d i u m  of the  proof of t hese  equa t ions  f rom firs t  
p r inc ip les .  

The arr ival  i n s t a n t  t h e o r e m  for open  ne tworks  
s ta tes  t h a t  the m e a n  queue  l eng th  seen  a t  arr ival  to 
a queue  by a c u s t o m e r  is iden t i ca l  to the  
e q u i l i b r i u m  m e a n  queue  length.  This resu l t  coin- 
c ides  with our  in tu i t ion .  S ince  all p r o d u c t  form ne t -  
works  are equ iva len t  to some ne twork  with all ser-  
vice c e n t e r s  in  se r ies  (i.e., no loops), and  the  M -* M 
p r o p e r t y  [Muntz 73] holds in p r o d u c t  form ne t -  
works,  ar r ival  i n s t a n t s  in open  models  occur  a t  r an -  
dom.  Thus the  arr ival  i n s t a n t  d i s t r i b u t i o n  m u s t  be  
t h e  equ i l ib r ium d i s t r ibu t ion ,  and so 

R 
Wrk = Sr.~( 1 + ~ ~J,k), This observa t ion ,  c o m b i n e d  

with the  fac t  thJa~ 1 the  t h r o u g h p u t  of class r at  dev- 
ice k ,  ~ . ~ ,  i s  an  i n p u t  p a r a m e t e r  of an  open ne t -  
work ( . .  c a n  be  tr ivial ly der ived  f rom the  inputs ) ,  
g i v e s  
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~,~ = x,.~ w,.~(~7) 

= x,.~s,~(~ + ~.~.~)) 

We now note that the parenthesized expression 
above is independent of the class r. Thus we have 

= 

for  any two classes ~ and s.  Using this in format ion,  
a n d  d e f i n i n g  

w h i c h  is t h e  u t i l i z a t i o n  of  d e v i c e  /~ by  c l a s s  r ,  we  
h a v e  

_~._~_ W~ = ~ , . ~ ( l  + Z W.~) 
~=1 Pr.l= 

F r o m  this  we ge t  

- -  P r  .k 
vN' ,~ = . . . . . .  h -  . . . . . .  

$ = I  

and,  applying Li t t le ' s  t h e o r e m ,  

F , k  = ...... ~- ...... (3.open) 

- ~. p#.~ 

Performance measures of interest for all classes 
can then be computed from these equations. 

E.3. M i x e d  N e t w o r k s  
Mixed ne tworks  consist of some open and some 

closed classes. For these networks, the throughput 
rate of class r at device/c is an input parameter for 
the open classes, but must be calculated as part of 
the solution for the closed classes. 

The arrival instant theorem for mixed networks 
shows that customers in the open classes s~e the 
equilibrium queue length at arrival, while customers 
in the closed classes see the equilibrium queue 
length with a population diminished by one custo- 
mer of their own class. Let O be the set of open 
classes, and C the set of closed classes. Then, for 
any class r ¢ O, we have 

~,,(~) = x,,s,,(l + r. ~(~) + E ~--= ~(~)) 

~.~(~ * r, ~=.~(~z)) 
: ° ° C (3.mixed.o~e_n) 

c o o  

whe re  ~ - - ( n t , n  z . . . . .  vtlCl) r e p r e s e n t s  the  ci~sed 
class  populat ions .  

The m e a n  r e s p o n s e  t i m e  of any closed class I- is 
g iven  by 

,~oC o ¢ 0  

s,~ (1 + r. ~=~(~-~,) + 

0 + Z ~=.,(~-~,)) E p°.~l 
____c__,~ . . . . . . . . . . . .  .~_ ~_p_ . . . .  j 

s . ~ ( 1  + E ~o~(~-~,)) 
_ _ _  c ~c (3.m:_xed.c'osed) 

I - Yl. Po.k 

Equat ion  (3 .mixed.c losed)  shows tha t  the  per for -  
m a n c e  m e a s u r e s  of the c losed cla~ses in a .m!.~.ed 
ne twork  are  iden t i ca l  to those  tha t  would be 
obse rved  in an equ iva len t  c losed r.et:vork w~.th a 
popu la t ion  consis t ing  only of the closed classes,  a~d 
with t he  se rv ice  r a t e s  of all c e n t e r s  deg raded  by the 
to t a l  usage of aU the  open c lasses  in the m ~ e d  ~et-  
work. This e f fec t  had been  noted  prev'~.~'_'sly by 
[Krezinski  & Teunnissen  ?7], a l though t~e i r  p r : : f  
was m u c h  m o r e  tedious ,  and did not g:.ve an exyres -  
sion for the  p e r f o r m a n c e  m e a s u r e s  cf ".he o~.en 
c lasses  of  the ne twork .  

A so lu t ion  t echn ique  for mixed  ne:v:~.-k~ can be 
c o n s t r u c t e d  using equa t ion  (3.mixed ci:_~ea_) aE~.s.  
First, the total utilizations of all dev~.ces by the c~'en 
classes are computed using the ut.':~zaticn l=-:~ " 
Pr.k = ~Fr.#:Sr./~" A c losed mode l  co-.taL,1ing ~n!y 
the  c losed  c lass  c u s t o m e r s  is then  2o.nstructed. 
The loadings of this mode l  a re  the :,-r.~Sr~ of the  
original model, divided by the ul~.!-z~-tions of the 
open classes at each center. The .~o!ution of thls 
model yields throughputs, response t!mes, and 
queue lengths for the closed classes (u'.iHze/ion_~ are 
obtained by multiplying these throL~;~puts wi'h the 
loadings of the original mixed network). Perfor- 
mance m e a s u r e s  for the  open c lasses  can  t h e n  be 
c o m p u t e d  for any popuia t ions  of i n t e r e s t  using 
equa t i on  ( 3 . m i x e d . o p e n ) a b o v e .  

In s ec t ion  4 we will i l lus t r a t e  the use of t he se  
f o r m u l a e  with  an  example .  In the  nex t  sec t ion  we 
f irs t  d i scuss  t he  eff ic ient  i m p l e m e n t a t i o n  of the  
basic  MVA r e c u r s i o n  r equ i r ed  for c losed  and mixed  
ne tworks .  

3.  STOP~CE CONSIDERATIONS WITH MVA 
Because the solution of a network with closed 

class population vl depends on the R sets of mean 
ueue lengths for the network with populations 
-~rr, ~=I ..... R, it is apparent that at any point in 

the MVA recursinn solutions of the network for a 
number of intermediate populations must be main- 
rained. In reference to figure I, the iteration 
defined by the FOR statement must occur over all 

_ AT, but at each step of the iteration, solutions 
can be computed for only those 71 for which the R 
solutions for populations ~-~r are already known. 
In this section we present a new scheme for deter- 
mining the order and manner of storage of these 
intermediate solutions that is more efficient than 
those previously demonstrated. 

The most straightforward way to implement the 
FOR loop of figure I is shown in figure 2. At each 
pass through the body of the loop, it is certain that 
the mean queue lengths of all necessary predeces- 
sor populations have been computed. By simply 
storing the mean queue lengths for all populations 
from 0 to ]~, all required values are available when 
needed in an iteration step. This was the scheme 
suggested by Reiser and Lavenberg [78] in the origi- 
nal presentation of MVA. 

]~ne above scheme requires that queue lengths 

for ]-[ (Nr÷ I) populations be stored simultaneously 
t'----1 

Even for moderately sized networks, this require- 
m.ent can be excessive. A simple modification of 
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FIGURE 2 - S I M P L E  M~'A RECUF.SION 

F O R  rz i = 0 UNTIL N 1 DO 
F O R  n 2 = 0 UNTIL N2 DO 

F O R  n R = 0 Lr~TIL NR DO 

< b o d y  of loop>  

E N D  

END;  
END;  

t h i s  ba s i c  s c h e m e  [Myhre  79] r e s u l t s  in s i g n i f i c a n t  
sav ings ,  h o w e v e r .  I n s t e a d  of s t o r i n g  al l  i ~ l t e rmed i -  
a t e  p o p u l a t i o n s ,  on ly  t h o s e  p o p u l a t i o n s  for  w h i c h  
n~ = c ,  16c_~N. ,  a r e  s t o r e d ,  w h e r e  g is t h e  c l~ss  
w i t h  t h e  l a r g e s ~  p o p u l a t i o n .  Us ing  th i s  s c h e m e ,  t h e  
loop  for  c l a s s  g m u s t  be  t h e  o u t e r m o s t ,  and v a l u e s  
fo r  q u e u e  l e n g t h s  wi th  p o p u l a t i o n  (n  1 ..... ng ..... nR)  
c a n  be  o v e r l a y e d  d i r e c t l y  o n t o  t h e  s t o r a g e  u s e d  fo r  
p o p u l a t i o n  (n  1 ..... ~zg-1 ..... n R) .  The n u m b e r  of solu-  
t i ons  t h a t  m u s t  b e  s t o r e d  s i m u l t a n e o u s l y  is t h e r e -  

f o r e  l-I (N,+I). 
te = l , t ' ~ g  

An a l t e r n a t i v e  i t e r a t i o n  o r d e r  [ Z a h o r j a n  80] is 
t o  c o m p u t e  a t  e a c h  s t e p  t h e  s o l u t i o n s  of all p o p u l a -  

R 
t i o n s  ~ = (z~ 1 ..... n R )  s u c h  t h a t  ~ , ~ r  - = ~  is a c o n -  

t ' = l  

s t a n t .  In w h a t  fo l lows we a s s u m e  t h a t  t h e  c !a~ses  
a r e  n u m b e r e d  in o r d e r  of i n c r e a s i n g  p o p u l a t i o n  
s ize .  Def ine  P a ( / ~ )  to  be  th i s  s e t  of p o p u l a t i o n s .  
F o r  e x a m p l e ,  f i gu re  3 shows  t h e  Pu(N) for  a n e t -  
w o r k  wi th  t h r e e  c l o s e d  c l a s s e s  and  N = (1,2,2).  The 
s o l u t i o n  of  t h e  n e t w o r k  is c a l c u l a t e d  by f i r s t  c o m -  
p u t i n g  t h e  q u e u e  l e n g t h s  for  al l  p o p u l a t i o n s  PI(A~), 
t h e n  us ing  t h e s e  to  c o m p u t e  q u e u e  len~.ths fo r  
p o p u l a t i o n s  Pa ( /~ ) ,  a n d  so  fo r th ,  up  to  t h e  full  p o p u -  
l a t ion .  

Le t  ~( /~)  be  t h e  m a x i m u m  c a r d i n a l i t y  ( o v e r  n )  
of t h e  s e t s  of p o p u l a t i o n s  Pn ( /~ ) .  ¢0(/~) is a m e a s u r e  
of t h e  s t o r a g e  r e q u i r e m e n t  of th is  s c h e m e .  I t  
s e e m s  i n t u i t i v e l y  c l e a r  t h a t  m(h ~)  is less  t h a n  t h e  
c o m p a r a b l e R m e a s u r e  for  t h e  p r e v i o u s l y  d i s c u s s e d  

m e t h o d ,  l ' I  ( N r + I ) .  U n f o r t u n a t e l y ,  i t  a p p e a r s  to  
r = l . r # ~  

be  e x t r e m e l y  d i f f i cu l t  to  d e r i v e  a c l o s e d  f o r m  
e x p r e s s i o n  fo r  t h e  a c t u a l  s t o r a g e  r e q u i r e m e n t .  
B r u m f e l d  [81] h a s  d e m o n s t r a t e d  t h a t  a s p e c i a l  c a s e  
of B u z e n ' s  c o n v o l u t i o n  a l g o r i t h m  [ B u z e n  73] c a n  be  
u s e d  to  n u m e r i c a l l y  c a l c u l a t e  ~( /q) .  This p r o c e d u r e  
is shown  in f i gu re  4. The  c o m p u t a t i o n  r e q u i r e s  t i m e  
0 (RNa),  a n d  r e s u l t s  in a m a t r i x  H of s ize  R x(N + 1), 

R 
w h e r e  N = ~ N r .  E a c h  e l e m e n t  [Tt , . ]  of t h e  m a t r i x  

v= l  
r e p r e s e n t s  t h e  n u m b e r  of d i s t i n c t  val id  p o p u l a t i o n s  
t h a t  c a n  be  c o n s t r u c t e d  b y  a l l o c a t i n g  n c u s t o m e r s  
to  t h e  f i r s t  r c l a s s e s  s u c h  t h a t  m u l t i p r o g r a I ~ . m t n g  
c o n s t r a i n t s  a r e  o b s e r v e d .  Thus ,  c0(~ -~) is g iven  by 
MAX IH[R,~t]~. F i g u r e  5 shows  t h e  m a t r i x  H r e s u l t -  

ing f r o m  t h e  e x a m p l e  g i v e n  in f igure  3. 
The  b a s i c  MVA s o l u t i o n  t e c h n i q u e  r e q u i r e s  th=-:t 

s o l u t i o n s  of p o p u l a t i o n s  P . _ I ( ~ )  be  calct!l~.,ted, e n d  

FIGUI~ 3 

= (I,2,2) (I class A. 2 class B, and 2 class C customers) 

n Populations 

5: (i,a.z) 
4: (1.a,l) (i , i ,a) (0,a,a) 
a: (i.a,0) (1,1.i) (0.a,1) (i,0,2) (0.1,2) 
z: ( i . l .o)  (o.a.o) (1.o,l) (o, l , i )  (o.o.z) 
l: (1.o.o) (oA,o) (o,o.0 

t h a t  i n f o r m a t i o n  a b o u t  m e a n  q u e u e  l e n g t h s  fo r  
t h e s e  p o p u l a t i o n s  be  m a i n t a i n e d .  This i n f o r m a t i o n  
is t h e n  u s e d  to c a l c u l a t e  s o l u t i o n s  fo r  p o p u l a t i o n s  
P~(A~), and  so  f o r t h ,  un t i l  t h e  s o l u t i o n  of t h e  net- 
work wi th  t h e  ful l  p o p u l a t i o n  is d e r i v e d .  A 
s i g n i f i c a n t  p r o b l e m  in i m p l e m e n t i n g  th i s  s c h e m e  in 
a n  MVA s o l u t i o n  p a c k a g e  is how to  o v e r l a y  t h e  o u e u e  
l e n g t h s  of p o p u l a t i o n s  P ~ ( / ~ )  o v e r  t h e  s t a t i s t i c s  fo r  
p o p u l a t i o n s  P~_i(hT). If th i s  o v e r l a y ' n g  w e r e  n o t  
done ,  t h e  s t o r a g e  r e q u i r e m e n t  for  t h e  t e c h n i q u e  
Would be  d o u b l e d .  

FIGURE 4 

H[%*] := O; 
TOTAL-POP :-- O; 
F O R  n:=O U N T I L  N 1 DO 

H [ 1 , n ]  := 1; 
F O R  r : = 2  to R DO 

TOTAL-POP := TOTAL-POP + N r _ l ;  
F O R  n : = 0  UNTIL TOTAL-PGP DO 

s u m  := 0; 
F 0 R  j : = n  DOWNT0 MAX IO,n-Nr~ DO 

s u m  := s u m  + H [ r - l , / ] ;  
H [ r  ,n ] := s u m ;  
e n d ;  

e n d ;  
A s i m p l e  and  e f f i c i en t  s o l u t i o n  to th is  p r o b l e m  

is p r o v i d e d  by  t h e  fol lowing.  The s o l u t i o n s  for  p o p u -  
l a t i o n s  P • ( N ) a r e  p a r t i t i o n e d  i n t o  subs~ts'~ Pn,c (/~) 
s u c h  t h a t  for  all  p o p u l a t i o n s  in t h e  s u b s e t  n R = c .  
Then ,  t h e  s t o r a g e  fo r  P n ( / ~ )  is o r g a n i z e d  as s h o w n  
below:  

P,~.o(/G) I Pn.l(- 'q)  I ' ' "  I P,~.~(~,)(:9) 

where 7:r~(rl) = MIN I'~./V~I. The overlay of P,~÷l(s?) 
on  P .  (N)  c a n  be  i l l u s t r a t e d  as 

P"+i'°(l'7) l t:"'Li(i~) i P"'i'2(lq) l "" l P'~+l"~''+t)(~)- I,', 
P,,.o(D ~) Pn.t(D ~ ) ~,,.~.(,,),-+ J 

It  is c l e a r  t h a t  I P . + I , j + I ( H ) I  = IP .~ , j 0q ) l ,  s i n c e  in 
e a c h  c a s e  t h e  n u m b e r  of p o p u l a t i o n s  is e q u a l  t o  t h e  
n u m b e r  of  ways  of  d i s t r i b u t i n g  n - j  eu :# .omer s  o v e r  . 
c l a s s e s  1,2 ..... R - 1 .  Thus,  t h e r e  is suo:]~icnt  r o o m  to  
p e r f o r m  t h e  s u b s t i t u t i o n .  

FIGURE 5 

CLASS 
' A _ _ B _ _ C  

0 l 1 1 
1 1 2 3 
2 2 5 
3 1 5 
4 3 
5 1 
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By order in~  the  s t o r age  of the popu!at[ons  
within P n ÷ l . ÷ ~ 0 ~ )  and P.~.(~@) in the sam~ way, 
e a c h  popula '[ ion of Pa  1 ( ~ )  ~s ove rwr i t t en  only when 
i t  is no longer  needed .  A p a r t i c u l a r  popula t ion  
(n i ..... n a _ l , j ~  of Pn j ( /~)  is n e e d e d  to c o m p u t e  solu- 
t ions  for the (at  mos t )  R popula t ions  tha t  are 1 
g r e a t e r  in any one of the  R indices .  R - 1  of t he se  
d e s c e n d a n t  popu la t ions  are  ob ta ined  by i n c r e m e n t -  
ing some c lass  o t h e r  than  class R ,  and so fa!l in 
P~÷I  ~.(/~), which is c o m p u t e d  be fo re  the s to rage  for 
P ~ j ~ )  is over layed .  The r ema in ing  popula t ion  
( n i , n  e ..... j + 1) r e p l a c e s  the  or iginal  popuia t ion  when 
it  is c o m p u t e d ,  bu t  at  t h a t  t i m e  the  original  popula-  
t ion is no longer  needed .  Thus, eve ry  popula t ion  is 
r e p l a c e d  i m m e d i a t e l y  when it is no longer  needed ,  
and so no u n n e c e s s a r y  s to rage  is p r e se rved .  In 
l ight  of this  fact ,  we c o n j e c t u r e  tha t  this s c h e m e  
r e q u i r e s  the  s i m u l t a n e o u s  s to rage  of solut ions of 
t he  ne twork  for the  fewest  popula t ions  of all those  
for  which the  i t e r a t i o n  is done accord ing  to the  
s c h e m e  i l l u s t r a t ed  in f igure S. 

It is fair ly easy  to  show t h a t  the  s c h e m e  dis- 
cussed  above r e q u i r e s  less s to rage  than  .~yhre 's  
me thod .  The key to this  is to note  tha t  the s to rage  
r e q u r i e m e n t  of Myhre 's  t e chn ique  is ~ H [ R - I , n ] ,  

t h a t  is, the  s u m  of all e l e m e n t s  of c o l u m n  R -1  of H.  
The s to rage  r e q u i r e m e n t  of the  new s c h e m e  at  s tep  
n of the i t e r a t i o n  is 

IP,,.o(/q')l + IP,.,-,(/~)I = H[R - 1 , n ]  + H[R,n] 
= ~, H [ R  -1 , j ]  

0 -~2" =n -~'¢~ - 1 

Thus, the  s to rage  r e q u i r e m e n t  for any n is given by 
the  sum of a po r t i on  of the e l e m e n t s  of co lumn R - 1 
of H,  and so m u s t  be  less t han  tha t  of Myhre 's  
s cheme ,  the  m o s t  eff ic ient  previous ly  pub l i shed  
t echn ique .  

In addi t ion  to the  p r o b l e m  of s tor ing the  solu- 
t ions of the i n t e r m e d i a t e  popula t ions ,  a solut ion 
package  i m p l e m e n t i n g  this s c h e m e  m u s t  deal  with 
the  p r o b l e m  of e n u m e r a t i n g  the popula t ions  of 
P~(/q) .  In g e n e r a l  th is  is a difficult  p rob lem,  bu t  
g iven  an e n u m e r a t i o n  of Pn_~(/~), eff icient  s c h e m e s  
exist .  These s c h e m e s ,  and the  tr ivial  e n u m e r a t i o n  
of P0(/~) provide  the  n e c e s s a r y  function.  

A p a r t i m d a r l y  s imple  e n u m e r a t i o n  s c h e m e  is 
s u g g e s t e d  by examing  figure 3. Atl popula t ions  
Pa+l , j ( /~)  can  be ob ta ined  for j ~ l  by inc reas ing  
e a c h  popu la t ion  of P . (h~)  by one class R c u s t o m e r  
(and e l imina t ing  those  popula t ions  tha t  violate  [be 
m u l t i p r o g r a m m i n g  level  c o n s ' r a i n t s ) .  Thus only the  
e n u m e r a t i o n  of Pn+l.0(hT) p r e s e n t s  a problem.  

Let PL0( /~ )  be the  subse t  of pop~:la~ious of 
Pn,0(h ~) for which c lasses  R , R - 1  . . . . .  R - j  have 
popu la t ion  level  zero.  P .÷ l ,00q)  can  be g e n e r a t e d  
by addin  R one c u s t o m e r  of c lass  H - j - I  to each  
popula t ion  P ~ ( / ~ )  for j = 0  ..... R - 2 .  This e n u r n e r a :  
t ion of popula t ions  can  then  be used to d e t e r m i n e  
which solut ions  are  n e c e s s a r y  in the nex t  s tep  of 
the MYA i te ra t ion .  

In t he  nex t  s ec t i on  we cons ide r  a s imple  e x a m -  
ple t h a t  i l lus t r a t e s  the  r e su l t s  of sec t ions  2 and 2. 
This examp le  should help to clarify the ac tua l  
r e p l a c e m e n t  s c h e m e  used.  

4. AN I~AMPLE 

In this  s ec t ion  an exam ple  is used to i l lus t r a t e  
our  resul ts .  The ne twork  to be solved cons is t s  of 
t h r ee  c losed classes ,  and two open classes .  Such a 
mode l  m igh t  be c o n s t r u c t e d  for a s y s t e m  p r o c e s s -  
ing bo th  b a t c h  jobs ( the  c losed classes)  and da ta  
base t r a n s a c t i o n s  ( the open  classes) .  The popula-  
t ions of c losed  c lasses  .4,B, and C are  I, 2, and 2 
respec t ive ly .  The arr ival  r a t e  of open c lasses  D and 
E are  2 transactions/second and 3 
transactions/second respectively. There are three 
service centers in the network. Center I has an IS 
scheduling discipline, while centers 2 and 3 have PS 
and FCFS respectively. The service demands 
(VmkSr. k products) of the classes at each device are 
shown in figure 6. 

F I G U R E  6 

It - - - 4  . . . . .  t 
l a s s /  ~ / C1 ] C2 ] C3 I 
Z -  ] - -  _~_-- ] T.t~- F_-~_- T- ~_- -I 
.B . . . .  2 ,  _ _ 1 2  ,'3.. 2 -  

I-_ L__I  J_ o_ 4_ 1 j Z [ Zl 

The solut ion of this  mode l  begins  by first com-  
put ing the  to ta l  u t i l iza t ion  of each  non-IS se rv ice  
c e n t e r  by the open classes.  This is done using the 
u t i l i za t ion  law [Denning & Buzen 78] tha t  u t i l i za t ion  
equals  the p r o d u c t  of t h r o u g h p u t  and serv ice  t ime.  
Thus, PD,2 = .25, PE,2 = . 5 ,  PD,3 =-25,  and PE,3 = .25. 
Next the  solut ion of the  t h r e e  closed c lasses  is com-  
pu ted  by solving the  c losed nc[v.,~ork v:iLh the 
Vr,*.Sr.~ loadings for each  mul t ip l i ed  by -1-- for 

.25 
c e n t e r  2, and _1__ for c e n t e r  3. T.hi~ it,fl;~tion of the 

.5 
basic loading accoun t s  for the  i n t e r f e r e n c e  of the 
open classes.  

The c losed model  solut ion is c c m p t q e d  u.-~ng 
the MVA a lgo r i thm of figure 1. The s~o ~,~' .  ::. map~,L_"-'- 
m e n t  tha t  takes  p lace  is shown in ~ u r e  3. The 

r e su l t s  of this solut ion yield the following r~man 
queue  l eng ths  for the  c losed  classes:  

E--A,, = . 1 7 z  _~A,2 = . 3 7 2  ~,~ = . 4 5 6  
~___B,I = .418 r~B, 2 = 1.136 ~a,3 = .448 
nO, 1 = .514 n--c.2 = .584 no,  3 = .903 

These can  t h e n  be used in an appl ica t ion  of equa t ion  
(3 .mixed .open)  to c o m p u t e  the following open class 
queue  lengths :  

= 3 . 0 9 1 6  = 1 . 4 0 4  

r~ ,  2 = 8.183 n~:,3 = 1.404 

Addi t ional  p e r f o r m a n c e  m e a s u r e s ,  such  as device  
u t i l iza t ions ,  can  be c o m p u t e d  s t r a igh t fo rward ly  
using well known re l a t ionsh ips  with m e a n  r e sponse  

ueue  len  th -seo *De~nin~ t i m e  and m e a n  q g ( ~ [ .. ~ & Buzen 
78] for  a su rvey  of these  formulae) .  

ft. S U M M A R Y  

In th is  p a p e r  we have add re s sed  the  solut ion of 
s e p a r a b l e  queue ing  ne tw ork  mode l s  using the Mean 
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Value Analysis [Raiser & Lavenberg 80] solution 
technique. The basic MVA derivation has been 
extended to include both open and mixed load 
independent  networks. In addition, a ne:~ scheme 
that  reduces the storage requirement of the closed 
and mixed solution algorithms was developed. 
Together, these results represent  methods for 
broadening the applicability of the MVA technique to 
the important  class of open and mixed models, and 
to include larger closed models than were previ- 
ously feasible. 
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