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AB STILAC T 

Some t h e o r e m s  showing  u n d e c i d a b i l i t y  f o r  c o m p u t a t i o n a l  c o m m u t a t i v i t y ,  b o u n d e d n e s s ,  t e r m i n a t i o n  
a n d  d e t e r m i n a c y  of p a r a l l e l  p r o g r a m  s c h e m a t a  a r e  g i v e n .  T h e s e  r e s u l t s  a r e  t h e n  c o m p a r e d  wi th  c o n t r a s t -  
i ng  d e c i d a b i l i t y  r e s u l t s  i n  [ I ]  showing  tha t  the  d e l e t i o n  of the  h y p o t h e s i s  of r e p e t i t i o n - f r e e n e s s  f r o m  the  
d e c i d a b i l i t y  t h e o r e m s  p r o d u c e s  u n d e c i d a b i l i t y .  

I .  I N T R O D U C T I O N  

In  a t t e m p t s  to b e t t e r  u n d e r s t a n d  the  s t r u c t u r e  of c o m p u t e r  p r o g r a m s  a n d  to c i r c u m v e n t  the w e l l  
k n o w n  u n d e c i d a b i l i t y  r e s u l t s  c o n c e r n i n g ,  fo r  e x a m p l e ,  the t e r m i n a t i o n  a n d  e q u i v a l e n c e  of p r o g r a m s , p e o p l e  
h a v e  t u r n e d  to m o d e l i n g  c e r t a i n  r e s t r i c t e d  a s p e c t s  of p r o g r a m s  for  w h i c h  s o m e  m o r e  p o s i t i v e  { d e c i d a b i l i t y )  
r e s u l t s  c a n  be  o b t a i n e d  [ 1 - 5 ] .  The  d e t e r m i n a t i o n  a n d  f o r m u l a t i o n  of i m p o r t a n t  p r o p e r t i e s  of p r o g r a m  
s t r u c t u r e  and  b e h a v i o r  a r e  of i n t e r e s t  i n  t h e m s e l v e s .  In  a d d i t i o n  h o w e v e r ,  r e s u l t s  t h a t  e s t a b l i s h  b o u n d a r -  
i e s  b e t w e e n  w h e n  s u c h  i n h e r e n t  p r o p e r t i e s  a r e  d e c i d a b l e  o r  u n d e c i d a b l e  p r o v i d e  a f u l l e r  u n d e r s t a n d i n g  of 
w h a t  m o d i f i c a t i o n s  a n d  s i m p l i f i c a t i o n s  of p r o g r a m s  c a n  be c a r r i e d  out  i n  a n  a l g o r i t h m i c  f a s h i o n .  

I n  t h i s  p a p e r  we e x t e n d  s o m e  u n d e c i d a b i l i t y  r e s u l t s  of [ 5] to d e t e c t i n g  c o m p u t a t i o n a l  c o m m u t a t i v i t y ,  
b o u n d e d n e s s ,  t e r m i n a t i o n  a n d  d e t e r m i n a c y .  I n  p a r t i c u l a r ,  the  u n s o l v a b i l i t y  of d e t e r m i n a c y  h o l d s  f o r  
f i n i t e - s t a t e  s c h e m a t a  ( T h e o r e m  4). T h i s  a n s w e r s  n e g a t i v e l y  a p r o b l e m  p o s e d  i n  [ l ]  c o n c e r n i n g  the  e x i s -  
t e n c e  of a n  e f f e c t i v e  t e s t  fo r  d e t e r m i n a c y  fo r  the c l a s s  of f i n i t e  s t a t e  s c h e m a t a .  In  S e c t i o n  V we c o m p a r e  
t h e s e  r e s u l t s  wi th  the  d e c i d a b i l i t y  r e s u l t s  of [ l ] ,  a n d  show t h a t  the  d e l e t i o n  of the s i n g l e  h y p o t h e s i s  of 
r e p e t i t i o n - f r e e n e s s  p r o v i d e s  a b o u n d a r y  b e t w e e n  d e c i d a b i l i t y  a nd  u n d e c i d a b i l i t y  f o r  t h e s e  p r o p e r t i e s  of 
p a r a l l e l  p r o g r a m  s c h e m a t a .  

If.  P R E L I M I N A R I E S  

To m a k e  t h i s  p a p e r  f a i r l y  s e l f - c o n t a i n e d  we r e v i e w  s o m e  of the b a s i c  d e f i n i t i o n s  of p a r a l l e l  p r o g r a m  
s c h e m a t a  [ 1 ] .  

A p a r a l l e l  p r o g r a m  s c h e m a  ~ = {M, A , ~ )  c o n s i s t s  of: a se t  M of m e m o r y  l o c a t i o n s ;  a f i n i t e  s e t  
A of o p e r a t i o n s :  we a s s o c i a t e  w i th  e a c h  a c A  a p o s i t i v e  i n t e g e r  K{a) c a l l e d  the  n u m b e r  of o u t c o m e s  of 
a ,  a n d  s e t s  D { a )  ~ M  a n d  R{a) C M c a l l e d  the  d o m a i n  l o c a t i o n s  a n d  r a n g e  l o c a t i o n s  of a r e s p e c t i v e l y ;  
a n d  a t r a n s i t i o n  s y s t e m  c o n t r o l  ~ = (Q, q0 '  ~ '  T ) w h e r e  Q i s  a se t  of s t a t e s ,  q0 i s  a d e s i g n a t e d  i n i t i a l  
s t a t e ,  ~ = 2~i tJ Xt i s  the  a l p h a b e t  w h e r e  ~'i = a~JcA {-~} i s  the  se t  of i n i t i a t i o n  s y m b o l s  a n d  

Xt = a~JA{al ' . . . .  aK{a)} i s  the se t  of t e r m i n a t i o n  s y m b o l s ,  a nd  T i s  a p a r t i a l  t r a n s i t i o n  f u n c t i o n  f r o m  

Q ×  X to Q wh ich  i s  t o t a l  on  Q ×  S t- 

A n  i n t e r p r e t a t i o n  ~ of a s c h e m a  ~ i s  g i v e n  by  a f u n c t i o n  C w h i c h  a s s o c i a t e s  a se t  of v a l u e s  C{i) 
w i th  e a c h  i c M ,  a n  i n i t i a l  m e m o r y  c o n t e n t s  c0¢ icNMC{i), a nd  fo r  e a c h  a c A  two f u n c t i o n s  

a ieXD(a) C{i) ieXR(a)C{i) and  Ga:  leND(a) C{i) - -  {a l  . . . . .  aK(a)  }. F o r  a p e r f o r m a n c e  of a ,  1 r a  d e t e r -  

m i n e s  the  r e s u l t s  to be  s t o r e d  i n  l o c a t i o n s  R(a)  a n d  G d e t e r m i n e s  the  c o n d i t i o n a l  b r a n c h  to be  t a k e n .  a 

A f i n i t e  o r  i n f i n i t e  w o r d  z o v e r  ~ i s  c a l l e d  a n  ~ - c o m p u t a t i o n  for  ~ i f  fo r  c0,  F a n d  G a a 
d e f i n e d b y 2  : (1) e v e r y  p r e f i x  y u  of z wi th  uc23 s a t i s f i e s  the  c o n s t r a i n t s  t ha t  T ( q 0 , y ~ )  i s  d e f i n e d ,  
a n d  if  u i s  a t e r m i n a t i o n  s y m b o l  for  a~A t h e n  the  n u m b e r  of i n i t i a t i o n  s y m b o l s  ~ i n  y i s  g r e a t e r  t h a n  
the  n u m b e r  of t e r m i n a t i o n  s y m b o l s  i n  y f o r  o p e r a t i o n  a; (2) i f  z i s  f i n i t e  t h e n  for  a l l  u e Z  C o n d i t i o n  (1) 
i s  no t  s a t i s f i e d  fo r  zu; {3) i f  x i s  a p r e f i x  of z a n d  ue~, w i th  the  p r o p e r t y  t ha t  fo r  e v e r y  y such  tha t  
xy  i s  a p r e f i x  of z i t  f o l l ows  tha t  xyu  s a t i s f i e s  (1) ,  t h e n  f o r  s o m e  y ' ,  x y ' u  i s  a p r e f i x  of z; (4) i f  xu 
i s  a p r e f i x  of z and  u c ~  t w h e r e  u i s  the i th  t e r m i n a t i o n  s y m b o l  of o p e r a t i o n  a i n  xu t h e n  Ga e v a l u -  
a t e d  a f t e r  the i th  ~ i n  x e q u a l s  u. 

A n  ~ - c o m p u t a t i o n  z t h e r e b y  r e p r e s e n t s  a s e q u e n c e  of i n i t i a t i o n s  a n d  t e r m i n a t i o n s  of o p e r a t i o n s  
w h i c h  i s  c o n s i s t e n t  wi th  the s c h e m a  c o n t r o l  ~ a n d  the  o u t c o m e  f u n c t i o n  G . The  m e m o r y  l o c a t i o n s  a r e  
r e a d  a n d  c h a n g e d  by  the  s e q u e n c e  of i n i t i a t i o n s  a n d  t e r m i n a t i o n s .  Upon  the  ~ n i t i a t i o n  of a n  o p e r a t i o n  a the  
v a l u e s  i n  l o c a t i o n s  D{a) a r e  r e a d .  T h e s e  v a l u e s  a r e  t h e n  u s e d  bo th  to c o m p u t e  ne w  v a l u e s  fo r  l o c a t i o n s  
i n  the se t  R(a) i n  a c c o r d  wi th  the f u n c t i o n  F , a n d  to d e t e r m i n e  the  o u t c o m e  of a d e f i n e d  b y  O fo r  t h i s  a a 
p e r f o r m a n c e  of o p e r a t i o n  a .  Upon  t e r m i n a t i o n  of the  o p e r a t i o n  a the  v a l u e s  c o m p u t e d  by  F a r e  s t o r e d  a 
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in locations R(a). In this way an ~ -computation z defines a sequence of contents for each cell i¢M 
and we denote this sequence by f2i(z ). A more detailed definition of computations and the resulting sequ- 
ences of memory values is given in [ I] but this description should suffice for our current purposes. 

A schema is called determinate if and only if for each pair of ~ -computations y and z, 
~l.(y) =~.(z) for each ieM. Two schemata ~ = (M,A,~) and ~' = (M,A,O') are called equivalent if 
1 I 

for each i~M and each interpretation ~ : 

{~i(Y) IY is an ~-computation for ~} = {~i(z) Iz is an & -computation for ~'}. 
A scheh%a ~ is called bounded if there is a constant K such that for every interpretation ~ any prefix x of any 

-computation has a number of initiation symbols which is no more than K greater than the number of 
termination symbols in x. If K can be taken as 1 then the schema is said to be serial. Suppose for 
schema ~, q is an arbitrary state in Q, and ~ and Ir are arbitrary distinct elements of ~E. ~ is 
persistent if whenever T(q,~) and v(q,~r) are defined then v(q,~Ir) and T(q, lr~) are also defined. 

is called commutative if whenever T(q,~r(r) and T(q,~r) are defined then T(q, lr~) = T(q,~r). 
is computationally commutative if whenever for some given interpretation ~ , xlr cr and x~ are O 

prefixes of ~-computations then T(q ,x~r~) = T(q ,x ~ir) If ir and ~ are both initiation symbols 
0 0 " 

is ~ermutable if whenever T(q,~r) is defined then T(q,~r) is also defined. ~ is called lossless if, for 

every acA, R(a) ~ ~. ~ is repetition-free if whenever an =Q -computation contains two initiation symbols 
of the same operation such as v a w a x then w contains a termination symbol of an operation c for 
which R(c)flD(a) ~ #. Finally, an operation a~A is said to be terminating if ~ occurs only a finite 
number of times in each computation of ,~ . 

A counter schema is a schema whose control ~ is specified by: a nonne~ative integer k {the 
number of co---~nters~ite set S with a distinguished element so; a vector II ~ N ~, where N denotes 
the nonnegative integers; a function v from the alphabet ~ into N ~ such that g~ ~t implies that 
v(~) -~ 0; and a partial function @ : S X ~E-- S which is total on S X ~t- Now for the control ,.~ =(Q, q0,~E,T) 
of the counter schema the state set Q = S x N k, q0 = (so, II), and T((s,x),~) is defined if O(s,~) is 
defined and x + v(~) -~ 0; when defined, T((s,x),(r) = (0(6,~), x + v(~)). 

III. THE BASIC CONSTRUCTION 

The elements of the constructions we use to prove undecidability are taken from [ i] along with the 
"reset" idea of [ 5], In those papers, as well as here, undecidability is proven by using the Post corres- 
pondence problem. The form of the Post correspondence problem we use can be stated as follows: Given 

two n-tuples X = Xl,Xz,... ,x n and Y = YI'YZ '''''yn of words over the alphabet {bl,bZ}, to decide 

.... YilYi Z" Ylp 
whether there exists a sequence of indices il,iz, .... ip such that XilXiz Xip .. . . This 

problem is denoted as P(X,Y). We show that the properties we wish to study for schemata are decidable 
only if this class of Post correspondence problems is decidable. Since undecidability holds for this class 
of problems, this is sufficient to prove undecidability for the schemata properties. 

For any particular Post correspondence problem P(X,Y) we construct an ~(X) and 2(Y) similar 
to that in[l]. For ~(X)and ~(Y): M = {l,g}, A = {a,b}, D(a) = R(a) = {I}, l~b) = R(b) = {Z} 
K(a) = K(b) = 3. Since neither operation affects the domain location of the other, the sequence of outcomes 
of a and b depend only on the interpretation and not on how the performance of a and b are interspersed. 
~(X) and ~(Y) are constructed in an identical manner so we describe the construction of ~(X) only. 
We say that an interpretation ~ is consistent with (X; i l,...,ip) if and only if: 

(i) if a could be executed repeatedly, beginning with the control in state q0 and the initial assigned 
contents of memory location i, the sequence of outcomes would have as a prefix: 

il-I iz-i i -I 
P 

al azal a2" " " al aza3 
and 

(ii) if b could be executed repeatedly, beginning with state q_ and the initial assigned contents of 
memory location Z, the sequence of outcomes would have t%e prefix: 

XilXi2 x i b 3. 
P 

Thus, ~(X) is designed so that under a consistent interpretation the outcomes of a determine a sequence 
of indices and the outcomes of b determine the word generated from X by this sequence of indices. The 
actual computation for ~(X) under a consistent interpretation would have performances of a and b 
interspersed so that the sequence of outcomes would be 

i l - 1  iz-1 iD-1 
al aZxilal azXiz...a{ azX i a3b 3. 

P 
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A c o n t r o l  f o r  ~ ( X )  to  a c c o m p l i s h  t h i s  i s  s k e t c h e d  in  F i g u r e  1. F o r  t e r m i n a t i o n  s y m b o l  t r a n s i t i o n s  
n o t  s h o w n  in  F i g u r e  1 t he  ~ ( X )  t r a n s i t i o n s  a r e  a l l  a s s u m e d  to go to  a s i n k  s t a t e  c o n s t r u c t i o n  w h i c h  i s  
s e r i a l  and n o n t e r m i n a t i n g .  

F r o m  the  c o n s t r u c t i o n  of  ~ ( X )  i t  i s  r e a d i l y  s e e n  t h a t  f o r  a n y  p a i r  ( X ; i l , i  2 . . . . .  i ) a n d  i n t e r p r e t a -  
t i o n  ~ s t a t e  qe i s  r e a c h e d i n  ~ ( X )  i f  a n d  o n l y  i f  ~ i s  c o n s i s t e n t  w i t h  P ( X ; i l , i  2 . . . . .  ip ) .  

If is not c o n s i s t e n t  w i t h  ( X ; i  l , i Z ,  . . . .  ip)  t h e n  e a c h  
in  l e n g t h .  

Now c o n s i d e r  s c h e m a  ~ ( X Y )  d e p i c t e d  F i g u r e  2. 

b3•• 
3 °2~ ~ \ \ /  

- / I  

l a a2 -~ / I 

o, / 

\ "1 SEQUENCE -b, bl,b 2 
CORRESPONDING TO %1 

SEQUENCE FOR ~2 

: / SEQUENCE FOR ~n 

/ 

F i g u r e  1: S k e t c h  of  ~ ( X )  C o n t r o l  F i g u r e  2: 

- c o m p u t a t i o n  r e a c h e  s the  "sink" and is infinite 

r I 

STATE q e - -  
OFQ (X Y) 

Schema $(X Y) with 

J (X) 

-~ (Y) 

r e s e t  o p e r a t i o n  r 

I n  s c h e m a  ~ ( X  Y) we  l e t  M = { 0 , 1 , 2 }  D(r )  = 0, R ( r )  = ( 1 , Z )  a n d  o p e r a t i o n s  a a n d  b b e  d e f i n e d  a s  
before for ~(X) and ~(Y). For convenience we denote state qe of ~(Y) in ~(X Y) as qe" Note 
that the first performance of operation r, preceding ~(X), initializes locations 1 and 2. The interpreta- 
tion is consistent with (X;i l,i2,...,ip) for some (11,12,...,ip) if and only if the computation reaches 

state q in the ~(X) part of ~(m Y). In this event operation r is performed a second time, and state 
q0 of ~(Y) is entered. The second performance of r must reset locatlons 1 and 2 to the same values 
that they had upon entering ~(X) (since F r is single valued, and location 0 is never changed). Thus,the 

s e q u e n c e  of  o u t c o m e s  f o r  a in  2 ( Y )  m u s t  h a v e  the  s a m e  p r e f i x  a s  the  s e q u e n c e  t h a t  o c c u r r e d  in  ~ ( X ) ;  

i l - i  i2-I i -i  
in particular the outcomes must have the prefix a I a2a I a 2 . . . a /  a2a 3. Now, the interpretation 

i s  a l s o  c o n s i s t e n t  w i t h  Y i f  a n d  o n l y  i f  s t a t e  q~ of  ~ ( X  Y) i s  r e a c h e d .  T h u s  q~ i s  r e a c h e d  in  s o m e  

c o m p u t a t i o n  i f  a n d  o n l y  i f  t h e r e  i s  a s o l u t i o n  to  t h e  P o s t  c o r r e s p o n d e n c e  p r o b l e m  P ( X ,  Y). T h u s  the  
¢ i s  u n d e c i d a b l e  f o r  t h i s  t y p e  of  s c h e m a .  a c c e s s i b i l i t y  of  s t a t e s ,  in  p a r t i c u l a r  s t a t e  qe ' 

F r o m  the  c o n s t r u c t i o n  i t  c a n  b e  s h o w n  t h a t  ~ ( X Y )  i s  a f i n i t e  s t a t e ,  o n e - v a l u e d ,  s e r i a l ,  d e t e r m i n -  
a t e ,  p e r m u t a b l e ,  p e r s i s t e n t ,  c o m p u t a t i o n a l l y  c o m m u t a t i v e ,  l o s s l e s s ,  c o u n t e r  s c h e m a .  

IV. THE UNDECIDABILITY THEOREMS 

Using ~(X Y) and minor variations the following new undecidability results can be obtained. 

Theorem i: It is undecidable whether a given finite state determinate, permutable, persistent, lossless, 
c o u n t e r  s c h e m a  i s  c o m p u t a t i o n a l l y  c o m m u t a t i v e  o r  s e r i a l .  

T h e o r e m  2: I t  i s  u n d e c i d a b l e  w h e t h e r  a g i v e n  f i n i t e  s t a t e ,  d e t e r m i n a t e ,  p e r m u t a b l e ,  p e r s i s t e n t ,  c o m p u -  
t a t i o n a l l y  c o m m u t a t i v e ,  l o s s l e s s ,  c o u n t e r  s c h e m a  i s  b o u n d e d .  
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Theorem 3: It is undecidable for a finite state, serial, determinate, permutable, persistent, computa- 
tionally commutative, lossless, counter schema whether a given operation aeA is terminating. 

q 

It is interesting to note that one sees directly from ~(XY) that the question of the existence of a 
finite computation is undecidable. From Theorem 3 we obtain a different result, namely that the question 
of the existence of an infinite computation is undecidable. 

Theorem 4: It is undecidable whether -a finite state, permutable, persistent, computationally commutative, 
lossless, counter schema is determinate. 

It can also be shown that in Theorem 4 the terms "persistent" and "permutable" can be removed 
and replaced by the term "serial". 

By a simple addition of an operation which is performed exactly once only when qe of ~(X Y) is 
reached we can obtain the related result: 

Theorem 5: It is undecidable for a finite state, serial, determinate, permutable, persistent, computation- 
ally commutative, lossless, counter schema whether, for a given operation c, any computation exists 
containing ~. 

V. THE BOUNDARY 

In [ I] a number of results were given showing the decidability of commutativity, boundedness, 
termination, and determinacy for repetition-free counter schemata. The results of the previous section 
yield undecidability results for these properties. By comparing these results we show that deletion of 
repetition-freeness ~rom the hypothesis of the decidability theorems changes each problem to an undecid- 
able one. Thus, in a sense, we are "close" to the borderline between decidability and undecidability. 

We proceed with this comparison. 

Theorem (4.5 of [i]): It is decidable whether a given repetition-free counter schema ~ is commutative. 

By inspecting the proof of this theorem it becomes evident that the result is also true if "computa- 
tionally commutative" replaces commutative. 

Corollary (of Theorem I): It is undecidable whether a given counter schema is computationally commutative. 

Theorem (4.6 of [I]): It is decidable whether a given repetition-free counter schema is bounded. 

Corollary (of Theorem 2): It is undecidable whether a given counter schema is bounded. 

Theorem (4.7 of [I]): It is decidable of a repetition-free counter schema ~ whether a given operation 
a~A is terminating. 

Corollary (of Theorem 3): It is undecidable of a counter schema g~ whether a given operation a~A is 
terminating. 

Theorem (4.9 of [i]): It is decidable whether a repetition-free, lossless, persistent, commutative 
counter schema is determinate. 

In this theorem the term commutative can also be replaced by "computationally commutative" 
since determinacy is a property that is concerned only with sequences that can arise from computations. 

Corollary (of Theorem 4): It is undecidable whether a lossless, persistent, computationally commutative, 
counter schema is determinate. 

From these theorem-corollary pairs it is evident that the removal of the single hypothesis of 
repetition-freeness changes the problem in question from a decidable problem to anundecidable one. Since 
only the one hypothesis is removed, these results are as tight as can be expected. 

It is interesting to note that the schema ~(XY), which is the basis for the undecidability results, 
is itself very reliant on the repetitive character of the "reset" operation. In particular, operation r is 
the only repetitive operation of ~(XY) and is performed at most twice in any computation. Thus 2(XY) 
is in some sense minimally repetitive since only one operation can be repetitive and this operation can be 
repeated only once. 

The corollaries of Theorems 1 through 4 were obtained simply by deleting some of the schema con- 
straints of the theorems. These constraints, or any combination of them~couldbe added back as hypo- 
theses in the respective corollaries. Of course, the constraints could also be added into the hypotheses 
of the decidability theorems for each of the theorem-corollary pairs since adding further constraints to the 
hypotheses of the decidability theorems could only tend to simplify the problem further. This thereby gives 
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a f a m i l y  of  c o m p a r a b l e  t h e o r e m - c o r o l l a r y  p a i r  s w i th  w h a t e v e r  c o m b i n a t i o n  of  c o n s t r a i n i n g  h y p o t h e s e s  
c o n s i s t e n t  w i th  T h e o r e m s  1 t h r o u g h  4 a r e  d e s i r e d .  

S i n c e  i t  i s  d e c i d a b l e  w h e t h e r  a g i v e n  c o u n t e r  s c h e m a  i s  r e p e t i t i o n - f r e e ,  ( T h e o r e m  4 . 4  of  [ 1 ] )  w e  
c a n  now s e e  r a t h e r  c l e a r l y  the  i m p o r t a n c e  of  r e p e t i t i o n - f r e e n e s s  in  s c h e m a t a .  A n a t u r a l  q u e s t i o n  f o r  
f u r t h e r  s t u d y  a r i s e s  f r o m  t h e s e  r e s u l t s  a s  to  w h e t h e r  s i m i l a r  r e s u l t s  c a n  b e  o b t a i n e d  b y  d e l e t i o n  of  one  
o r  m o r e  of  the  o t h e r  c o n s t r a i n i n g  h y p o t h e s e s  in  t he  d e c i d a b l e  t h e o r e m s .  F o r  e x a m p l e ,  d o e s  u n d e c i d a b i l -  
i t y  r e s u l t  i f  e i t h e r  p e r s i s t e n c e  o r  c o m p u t a t i o n a l  c o m m u t a t i v i t y  a r e  d e l e t e d  f r o m  the  d e t e r m i n a c y  t h e o r e m 7  
S i n c e  ~ (X Y) i s  r e p e t i t i v e  i t  i s  c l e a r  t h a t  a d i f f e r e n t  b a s i c  c o n s t r u c t i o n  w o u l d  be  r e q u i r e d  to  a n s w e r  
t h e s e  q u e s t i o n s .  
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