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In c e r t a i n  p r o b l e m s  of app l i ed  m a t h e m a t i c s  i t  i s  n e c e s s a r y  to ob ta in  

n u m e r i c a l  so lu t i ons  of e x p r e s s i o n s  of the f o r m :  

/01 G , 0 Z  [0 F(¢, k}, E(¢,kl]d0 (I) 

where G is finite, real and continuous on the interval (0 I, Or), and 

¢ ¢ 

F ( ¢ , k } . - ' : /  d¢ , E ( ¢ , k )  & f J 1 - k Z s i n Z ¢  d¢ 
O J l_k Z sin z ~ o 

are the Incomplete Elliptic Integrals of the First and Second Kinds, respec- 

tively. @ is defined as the amplitude and k as the modulus. In equation (I}, 

both ~ and k are functions of 0 and [0_<~, O<k<l] . This e s s e n t i a l l y  a 

s p e c i a l  type of doub le  i n t e g r a t i o n  p r o b l e m ;  the  i n t e g r a t i o n  of G wi l l  be  d i s -  

c u s s e d  l a t e r :  

T h e r e  a r e  t h r e e  b a s i c  c o m p u t e r  m e t h o d s  of e v a l u a t i n g  the  e l l i p t i c  

i n t eg  r a l s :  

I.  Tab le  l o o k - u p  and i n t e r p o l a t i o n  
Z. S e r i e s  e x p a n s i o n  
3. P o l y n o m i a l  a p p r o x i m a t i o n  

F o r  the f i r s t  m e t h o d  the c l a s s i c  t a b l e s  of  L e g e n d r e  I a r e  a v a i l a b l e  

w h i c h  g ive  func t iona l  v a l u e s  of bo th  i n t e g r a l s ,  to 9 d e c i m a l  d ig i t s  of a c c u r a c y ,  

by one d e g r e e  i n c r e m e n t s  of the  a m p l i t u d e  and  the m o d u l u s .  F o r  a v e r y  r e -  

s t r i c t e d  r a n g e  of ~ and k, t ab le  l o o k - u p  wi th  l i n e a r  i n t e r p o l a t i o n  is  f e a s i b l e .  

F o r  any a m o u n t  of g e n e r a l i t y ,  a r a t h e r  l a r g e  tab le  m u s t  be  s t o r e d  and  n o n -  

l i n e a r  i n t e r p o l a t i o n  u s e d .  This  can  b e c o m e  qui te  c o s t l y  in bo th  space  and 

t i m e  in c o m p u t e r s  wi th  2000 (or  f e w e r )  w o r d  c a p a c i t y .  

T h e r e  a r e  s e v e r a l  s e r i e s  e x p a n s i o n s  a v a i l a b l e  for  the s e c o n d  m e t h o d ~ '  3 

Two s e r i o u s  fau l t s  ex i s t ;  the s e r i e s  in g e n e r a l  c o n v e r g e  r a t h e r  s lowly ,  and 

they  invo lve  h igh  o r d e r  t e r m s  of bo th  k and s o m e  f(#), w h i c h  n e c e s s i t a t e s  

r a t h e r  c o m p l e x  and e x t e n s i v e  p r o g r a m m i n g .  It  i s  p r o b a b l e  tha t  th i s  m e t h o d  

m i g h t  be  f e a s i b l e  o n  a l a r g e  s c a l e  c o m p u t e r .  
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A p a r t  f r o m  the  d i s a d v a n t a g e s  m e n t i o n e d ,  n e i t h e r  of  t he  a b o v e  m e t h o d s  

c a n  be  u t i l i z e d  in  the  i n t e g r a t i o n  of  G. I t  w o u l d  b e  d e s i r a b l e  to f i n d  a m e t h -  

od  w h i c h  a l s o  c o u l d  be  a p p l i e d  to t h e  e n t i r e  p r o b l e m .  T h i s  s u g g e s t s  t he  u s e  

of  p o l y n o m i a l  s .  

Of the  s e v e r a l  p o l y n o m i a l  a p p r o a c h e s  a v a i l a b l e ,  o n l y  G a u s s i a n  i n t e -  

g r a t i o n  p o s s e s s e s  t he  u n i q u e  a d v a n t a g e  t h a t  f o r  i n t e g r a t i o n  on  t he  i n t e r v a l  

( - 1 ,  1), i f  t he  n a b s c i s s a e  c h o s e n  a r e  t he  z e r o e s  of  t he  L e g e n d r e  p o l y n o m i a l  

Pn(X],  the  d i f f e r e n c e  b e t w e e n  the  a p p r o x i m a t i n g  p o l y n o m i a l  and  the  f u n c t i o n  

i s  a m i n i m u m  fo r  the  c o r r e s p o n d i n g  n o r d i n a t e s .  T h u s  

f l f(x} a I f(xl}+a 2 . . . .  + a fCXn  
-I n 

c o n t a i n s  2n a r b i t r a r y  c o n s t a n t s .  F o r  a l l  f u n c t i o n s  of  d e g r e e  S 2 n - 1 ,  t he  

e r r o r  i s  z e r o .  A n  e x a c t  e x p r e s s i o n  fo r  t he  e r r o r  i n v o l v e s  e v a l u a t i n g  the  

2n th  d e r i v a t i v e  o f  f(x}; 4 t h i s  a p p e a r s  to be  s o m e w h a t  h e r o i c .  T a b l e s  of  t he  

z e r o e s  {xi} and  t he  c o r r e s p o n d i n g  w e i g h t  c o e f f i c i e n t s  (ai} a r e  f o u n d  in  r e f -  

e r e n c e  {4}, to 15 d e c i m a l  d i g i t s  f o r  n = l  to  16. 

A t r a n s f o r m a t i o n  on  the  i n t e r v a l  (0, 1} i s  d e s i r a b l e  f o r  c o m p u t e r  a p p l i c a -  

t i o n s ,  h e n c e  

f l  n o [ o q ]  f q f (x}dx  = (p-q} F ( X } d X  ~ ( p - q } j ~ l  Ai  f { P - q ) X i  + (2} 
p o 

w h e  r e 

x . + l  a.  
X.= J A.= J 

--2--' j -2- 

Tables I and 2 give the transformed roots and coefficients for n=6 to ten 

d e c i m a l  d i g i t s .  

T a b l e  1 T a b l e  2 

X 1 = 0 . 0 3 3 7 6 5 2 4 2 9  X 4 = 0 . 6 1 9 3 0 9 5 9 3 0  A 1 = A  6 = 0 . 0 8 5 6 6 2 2 4 6 2  

X 2 = 0. 1693953068 X 5 = 0. 8306046932  A 2 = A 5 = 0. 1803807865 

X 3 = 0. 3806904070  X 6 = 0. 9662347571  A 3 = A 4 = 0. 2339569673  

A p p l y i n g  e q u a t i o n  (2} to the  e l l i p t i c  i n t e g r a l s  g i v e s  

n A. n 
J , g(O,k} ~ ~" j ~ l  A j J l - k 2 s i n 2 ( ~  "Xj~ 

F(0,k}~0" j~l j l _ k Z s i n 2 { ~  " x j  i (31 



It  i s  s e e n  f r o m  e q u a t i o n s  (3) t ha t  if  the r a d i c a l s  for  e a c h  X. a r e  c o m -  
J 

p u t e d  and  s t o r e d ,  the r e m a i n i n g  e v a l u a t i o n  of e i t h e r  e l l i p t i c  i n t e g r a l  i n -  

v o l v e s  on ly  a s u m m a t i o n  of n q u o t i e n t s  o r  n p r o d u c t s .  Th i s  t e n d s  to ap -  

p r e c i a b l y  r e d u c e  bo th  c o m p u t i n g  t i m e  and p r o g r a m m i n g .  H o w e v e r ,  a c o m -  

p r o m i s e  i s  n e c e s s a r y .  F(~,  k} has  no u p p e r  bound  and in g e n e r a l  i s  of h i g h e r  

degree (polynomial-wise~ than E(¢, k}. Computation of both from the same 

polynomial will give greater accuracy for E(@, k}. Therefore, it is neces- 

sary to investigate only how the accuracy of F(@, k~varies. In the partic- 

ular problem which gave rise to this investigation, it was found that for 

n=6 (11th degree polynomial, Tables 1 and Z} six decimal digit accuracy is 

d iv ide  the  r a n g e  of ~ in to  two e q u a l  p a r t s ,  i . e . ,  two i t e r a t i o n s  of the  p o l y -  

n o m i a l  a r e  r e q u i r e d  fo r  a t  l e a s t  the  s a m e  a c c u r a c y .  S i m i l a r l y ,  fo r  

[ .  7 •  k ~ .  9] , ¢ i s  d i v i d e d  into  t h r e e  equa l  i n t e r v a l s .  The  r a n g e  

[ - 9  • k • .  99] was not investigated; a large number of iterations would 

probably be necessary. {If only E(O,k} is desired, the same polynomial 

with only one iteration gives an error of Z in the 8th decimal place over 
P 

[0~ k~ lJ.} For greater accuracy, either increase n, decrease the for 

initial range of k, or both. Excluding double precision routines, n=10 is 

the largest practicable polynomial to use in this problem with machines of 

I0 decimal digit word length. All of the foregoing assumes that the neces- 

sary accuracy is available in the sine and square root subroutines used. 

The elliptic integral program uses only 115 words of storage~ exclu- 

sive of the subroutines. An expression for the approximate time (t} in 

seconds to compute both integrals is 

t = [ . 6  + . 3 5 n ] i l  $ 
w h e r e  n( $ 10} is  the  p o l y n o m i a l  t a k e n  and i the  n u m b e r  of i t e r a t i o n s .  Th i s  

p r e s u p p o s e s  m i n i m u m  a c c e s s  p r o g r a m m i n g  and  s u b r o u t i n e s  wi th  a f i xed  

n u m b e r  of t e r m s ~  The  s i m p l i c i t y  of p r o g r a m m i n g  m a k e s  the  m e t h o d  e a s i l y  

a d a p t a b l e  to any  i n t e r n a l l y  s t o r e d  p r o g r a m  m a c h i n e  and ,  w i t h  s o m e  r e s t r i c -  

t i o n s ,  to card-programmed calculators. 
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Now to c o n s i d e r  the in te .g ra t ion  of G. Us ing  the s a m e  e q u a t i o n  (2} 

as  for  the  e l l i p t i c  i n t e g r a l s ,  e q u a t i o n  Cl} m a y  be w r i t t e n  as 

-I 

w h e r e  F i and E i a r e  the  s a m e  as e q u a t i o n s  (3} e x c e p t  tha t  # and k a r e  now 

func t ions  of  the  X..  F o r  re=n,  the s a m e  p o l y n o m i a l  i s  u s e d ,  f u r t h e r  c o n -  
1 

s e r v i n g  to ta l  s t o r a g e  s p a c e .  A s e p a r a t e  p r o g r a m ,  of c o u r s e ,  i s  w r i t t e n  

fo r  the i n t e g r a t i o n  of G. 

It i s  s u g g e s t e d  tha t  a g r a p h  of G be d r a w n  if  i t s  a p p r o x i m a t e  b e h a v i o r  

i s  not  known.  The r a n g e  (0 I, 0Z} can  a lways  be d i v i d e d  in to  s u b - i n t e r v a l s  

if  G i s  qui te  i r r e g u l a r .  
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